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In this paper, we define a new finite element method for numerically approximating the solution of a
partial differential equation in a bulk region coupled with a surface partial differential equation posed on
the boundary of the bulk domain. The key idea is to take a polyhedral approximation of the bulk region
consisting of a union of simplices, and to use piecewise polynomial boundary faces as an approximation
of the surface. Two finite element spaces are defined, one in the bulk region and one on the surface, by
taking the set of all continuous functions which are also piecewise polynomial on each bulk simplex or
boundary face. We study this method in the context of a model elliptic problem; in particular, we look at
well-posedness of the system using a variational formulation, derive perturbation estimates arising from
domain approximation and apply these to find the optimal-order error estimates. A numerical experiment
is described which demonstrates the order of convergence.

Keywords: surface finite elements; error analysis; bulk—surface elliptic equations.

1. Introduction

Coupled bulk—surface partial differential equations arise in many applications; for example, they arise
naturally in fluid dynamics and biological applications. This paper studies mathematically a finite ele-
ment approach to a sample elliptic problem. The method is based on taking a polyhedral approximation
of the domain. Given a sufficiently smooth boundary, we go on to show error bounds of order #* in
the H' norm and order #**! in the L?> norm, where k is the polynomial degree in the underlying finite
element space.

1.1 The coupled system

For a bounded domain £2 ¢ RY (N =2, 3) with boundary I, we seek solutions u: 2 — Randv: I' —
R of the system

—Autu=f in, (1.1a)
9

(@u—p+2L=0 onr, (1.1b)
on
u

—Apv+v+a—=g on /. (1.1¢)
n

Here we assume that o and § are given positive constants and that f and g are known functions on
£2 and I', respectively. We denote by A the Laplace—Beltrami operator on I and by n the outward
pointing normal to I".

(© The authors 2012. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications. All rights reserved.

2102 ‘€7 1quaydag uo jsang £q /310°speurnolpioyxo-euflewr//:dyy woiy papeojumoq


http://imajna.oxfordjournals.org/

2 of 26 C. M. ELLIOTT AND T. RANNER

1.2 Applications

In recent times there has been a great deal of attention paid to problems involving diffusion on a sur-
face, for example, Dziuk & Elliott (2007b) and references therein. Of particular interest is cell biology;
see, for example, Schwartz er al. (2005) and Sbalzarini et al. (2006). Indeed, cellular metabolism and
signalling are mediated in part by trans-membrane receptors that can diffuse in the cell membrane; see
Alberta et al. (2002). There are also examples where this surface diffusion is coupled with diffusion
in the bulk. For example, fluorescence loss in photobleaching where surface diffusion of a signalling
molecule, G-protein Rac, cycles between the cytoplasm (bulk) and cell membrane (surface); see Novak
et al. (2007).

The coupling on the surface (1.1b, 1.1c) has been used by Novak ef al. (2007). It can be viewed as
a linearization of the more general equation

u
— + L(u,v) =0,
on

where L, >0 and L, <0, which has been used in Kwon & Derby (2001), Booty & Siegel (2010),
Medvedev & Stuchebrukhov (2011) and Ritz & Roger (2011) for example. We leave the numerical
analysis of more general couplings, the parabolic case and evolving domains, to future work.

1.3 Outline of paper

The paper is laid out as follows. In the second section, we will derive a variational form for the equa-
tions. The third section looks at existence, uniqueness and regularity of variational solutions. The fourth
section focuses on the approximations we make to the geometry of the problem. In the fifth section, we
develop the finite element method and in the sixth section we will look for error bounds for this method.
In the final section, we will show some numerical results.

2. Derivation of variational form
2.1 Surface properties

Throughout we will use the notation from Deckelnick ef al. (2005). We will assume that I” is a compact
(N — 1)-dimensional hypersurface without boundary and that I" is C2, so there exists a distance function
d: RN — R defined by

—inf{lx —y|:yeI'} ifxef2,
dx)=<0 ifxel,
inf{lx —y|:yerl} ifx¢ Q.
Since |[Vd(x)| =1 in a neighbourhood about I", we can define the normal to " for almost every x € I"
by
n(x) = Vd(x).

It follows that there exists a narrow band U = {x e RN : |d(x)| < &} about I", such that d € C*>(U), for
which we can also define the normal projection x — p(x) from U onto I" given by the unique solution
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of
x=p) +dx)n(px)). (2.1)

This is possible by the assumptions above; see, for example, Hildebrant (1982). Note that p(x) is the
closest point to x on I, so p is also the closest point operator. Since this decomposition is unique, we
can extend n to a vector field on all of U so that n(x) =n(p(x)).

For a function £: I — R, we define its surface gradient to be

Vr§ :=VE —(V§ -n)n,
where V& denotes the gradient with respect to ambient coordinates of an arbitrary extension to U of &.
Alternatively, we can denote this relation as V& = PVE, where P is an N x N tensor given by P =
d;; — n;n;. Note that P is symmetric. The Laplace—Beltrami operator is given by the surface divergence

of the surface gradient, that is,
Ar§:=Vr-Vré§.

We denote by H = V[ - n the mean curvature of I". For facts about tangential gradients, see Gilbarg &
Trudinger (1983, Chapter 16).
We denote by do the (N — 1)-dimensional surface measure on I". The formula for integration by

parts on I is given by
/(V[‘),s do= —/ EHH,‘ do.
r r

This gives us a surface Green’s formula for a surface without boundary,
/ (—Ary)E do= / Viy- Vrt do. 22)
r r

2.2 Variational form

We take functions 5, £ in a suitable space of test functions, multiply (1.1a) by n and (1.1c) by &, and
integrate by parts to get

9
/Vu-Vn—i—m)dx—/n—udo:/fndx, (2.3)
Q r on 2
3
/va~Vp§+v§d0+/ Me do:/gé‘do. (2.3b)
r r on r

The boundary condition (1.1b) gives us that

—/ na—ud0=/(au—,3v)ndo and /%éd0=—/(au—ﬂv)$d0. 2.4)
r on r Fan r

We substitute these into (2.3) to get
/Vu-Vn+undx+/(au—ﬂv)ndo=/fr;dx, (2.5a)
2 r 2

/ Vrv-Vpé +vEdo — / (au — Bv)& do =/ gndo. (2.5b)
r r r
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We now take a weighted sum of (2.5a) and (2.5b) to obtain the variational form

a/ (Vu~Vn+ur])dx—|—,3/(va~Vr§+v§)do
2 r
—i—/(au—ﬁv)(om—ﬂf)do:a/fndx+,3/gsdo. (2.6)
r 2 r

To help with notation later, we will write a((u,v), (,&)) for the left-hand side of this equation and
1((n,&)) for the right-hand side.
We will test this variational form over the space H 1(£2) x H'(I'") which we define to be

H'(2) x H(I') :={(n. &) Ine H' (), e H'(I")}. 2.7
We equip this space with the inner product

(1,81, 2, Vi @)xa () = (M1 M) H 2y + (1. 82 Hi () (2.8)

and induced norm given by
1, )l @ywirry = Unllz gy + 1E NG )" (2.9)

One may define higher-order spaces if I is more regular: to define H'(£2) x H'(I"), we require I"
to be ¢/ with [ <j + «k and k =0, 1. See Wloka (1987) for details of how to define the surface Sobolev
spaces.

Hence the variational formulation of the problem is to find (u,v) € H'(£2) x H'(I") such that

a((u,v),(n,&)) =1((n,&)) forall (n,&) e H'(2) x H'(I"). (2.10)

3. Existence, uniqueness and regularity

In this section, we apply the usual Lax—Milgram techniques (Evans, 1998) to the variational form devel-
oped in Section 2 in order to find a unique solution to (2.10). Following this, we split the equations to
show regularity with respect to the bulk and surface variables independently. To apply these techniques
we must show that @ is bounded and coercive and [ is bounded over H' (£2) x H'(I").

To see that a is bounded, note that

a(w,y),(m,8)) <alwla @) lnllai) + Blyla 1€ e
+ [ @w = pyran - perdo
r
< V2 max{a, B, Ml 2y<m oy 100, E) a2y xa ()

+ 2cF max{a, B W, Wla @yxa ooy |00 E) e (@) ()
<cellw, Ve @yxm iy 1y E) e (yxa (- 3.1
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Here, cr is the constant from the trace theorem; see Evans (1998). Coercivity of a is immediate since
we have

a((n,€), (1,6) = alnllz ) + BIUEIG o + lan — BEN L
= \/Emin{a, ,3}||(77"’;:)||12L]1(Q)><H1(1“)- (3.2)

Hence a is coercive if «, § > 0. By the Cauchy—Schwarz inequality, / is clearly bounded.

THEOREM 3.1 (Existence and uniqueness) Given f € H “1(2),ge H ' (I') and «, B > 0, there exists a
unique pair (u,v) € H'(£2) x H'(I") such that

a((u,v), (1,6)) =1((n,%)) forall (n,€) e H'(2) x H'(I'). (3.3)

Furthermore, if I" is C?, we can achieve bounds in the H? norms by setting 1 and & equal to zero in
turn.
For n =0, we get

,3/ Vrv-V5réE +vEdo + / BvE do= ,8/ gédo+ / afué do. (3.4)
r r r r
This is exactly the variational form of the equation

—BArv+ (B+BHv=Bg+aBfu onT. (3.5)

Hence by surface elliptic theory (Aubin, 1982), if I" is C3, we have that v € H*(I"). Since, by the trace
theorem, u € L*(I"), we have the bound

Vllzzry < cUliglizzary + IVIlizzary + lullai@))- (3.6)
For § =0, we get
ot/Vu-Vn+m7dx+/azund0=ot/fr;dx+/oc,3w7do. 3.7)
2 r 2 r

This equation arises as the variational form of the equations

—aAu+au=qaf in§2, (3.8a)
ad
M A au=pBv onT. (3.8b)
an

By the regularity theory of elliptic problems with Robin boundary data (see Ladyzhenskaia & Uralt-
seva, 1968; Gilbarg & Trudinger, 1983), if I" is C3, we have the following result:

lullmz ) < cUlf lzeey + Va2 0m))- (3.9
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THEOREM 3.2 (Regularity) If I is C3,fel*(2),ge L*>(I") and a, B > 0 and (u, v) solve the variational
problem (2.6), then

ue H*(£2) andve H*(I"),

and

1 W 2 2yxm2 oy < clf llzee) + llgllzary)- (3.10)

4. Domain perturbation and estimates
4.1 Domain approximation

The first step we take in discretizing the system (1.1) is to take kth-order approximations Q;(,k) and Fh(k)
of £2 and I'. We follow ideas taken from Lenoir (1986), Bernardi (1989) and Dubois (1990) in order
to define the triangulation of our bulk domain and use results of Dziuk (1988), Dziuk & Elliott (2007b)
and Demlow (2009) to make estimates about the perturbation of the boundary of this domain. To prove
the results in this section, we will assume I" is C**!. The higher-order surface finite element spaces,
used here, are described in Heine (2005).

Let §2, be a polyhedral approximation of §2 and I, =082,. We suppose that the faces of I, are
(N —1)- sunphces whose vertices lie on I so that I}, is an interpolant of I". We take a quasi-uniform
triangulation 9;, of £2;, (Brenner & Scott, 2002) consisting of closed simplices, either triangles in R? or
tetrahedra in R>. 5

We define h = max{diam(T) : T € .7},} and assume that / is sufficiently small so that fh C U, so that
forall x € Iv“h, there exists a unique point p = p(x) € I" defined by (2.1). Finally, we assume that for each
T e ﬂvh, TN fh has at most one face of 7.

4.1.1 Exact triangulation. In order to define our computational domains, we first define an exact
triangulation of §2. For each simplex T € .%,, we define an affine function F7: RY — RY which
maps the unit N-simplex 7 onto 7' (mapping the vertices of 7 onto the vertices of 7)) which we
write as

Fr(®) =Ark + br. “.1)

We say that a closed set T¢ is a curved N-simplex if there exists a C! mapping F$ that maps T onto T®
that is of the form

F;=Fr+ &7, 4.2)
where Fr is the affine map from (4.1) and @7 is a C' mapping from TtoRN satisfying

Cr:=sup |[DOr(M)A;'| < C < 1. (4.3)

xeT

From this definition we immediately have the following results.
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= |
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Yy
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V’s

Fi1G. 1. An illustration of the construction of the exact triangulation of §2. The point x is mapped onto y € 7 (the simplex spanned
by Y1, 2, ¥3) and then to X = F5.(x) by using the closest point projection (2.1) of y.

PROPOSITION 4.1 If the map F% exists, then itis a C' diffeomorphism from T onto T* and satisfies

sup [DFS.(3)| < (1 + Cp)|A7l,
xeT
sup [D(F5) ™ ()] < (1 — Cp) ' AT,

xeT*

(1 — Cp)| detAr| <|det DFS(®)| < (1 + Cp)V| det DFy| forallze 7.

There are several ways of defining such a @ given in the literature. Zlamal (1973, 1974) and
Scott (1973) considered problems with finite element spaces defined over curved spaces. Scott gives
an explicit construction of an exact triangulation in two dimensions which was generalized by Lenoir
(1986). Here, in this paper, we use a construction based on Dubois (1990) which uses the normal pro-
jection (2.1). We will adopt the notation of Biansch & Deckelnick (1999) and Deckelnick et al. (2009).

Bearing in mind our assumptions on the triangulation, each T" € J}, is either an internal simplex, with
at most one node on fh, in which case we set @7 = 0; or 7 has more than one node on the boundary.

We denote by / the number of nocvles of T that lie in fh and denote by ¥, ..., ¥y4 the vertices of T,
ordered so that ¥, ..., ¥, lie on I},. For each point x € T, we define barycentric coordinates by
N+1

X = Z )"jwj
j=1

and write X = (A1, ..., Ay) for the coordinates in 7. We next introduce

1
V=@ =) N 6={FeT: 1@ =0).
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In three dimensions, this falls into the following cases.

(1) TN T} isan edge of a tetrahedron (I =2), then ¢ is the inverse image of the edge spanned by

Y3, ¥4 under Fr.
2) Tn Iv“h is a face of a tetrahedron (/ = 3), then & is the point F;l (Yrg).

For X ¢ 6, we denote the projection of x onto T by y = y(X) € t by

Then using the normal projection p(y) € I" of y given by (2.1) and we define @7 by (see Fig. 1)

s\ k+2 _ AN
dr(R) = {()‘ YT (py) —y) ifxéo,
0 €

if

=>
Q>

We now follow a sequence of lemmas from Bernardi (1989) to show that @7 satisfies (4.3).

LEMMA 4.2 The mapping y is of class C**! on 7\ and satisfies
ch
||D?Y||Lw(?\a) <—— forl<m<k+1.
()\*)m
Proof. See Bernardi (1989, Lemma 6.3).

LEMMA 4.3 The mapping p(y) is of class C¥*! on 7\& and we have the bound

D2 () — ) <
% T Ve S yme
L>(T\o) (k )
Proof. We remark, using Bernardi (1989, Equation 2.9),
1 . r _ q i
IDF P) = Dllpingy <€ Y | 150D = Dlexoy [T IDD I 515,

r=1 g=1

where i = (iy, ..., i,) is a multiindex in N.

4.4)

(4.5)

(4.6)

We note that p(y) =y if y = ¥; for any 0 <j </, so y|; can be seen as a linear interpolant of p(y) on 7.
Hence, from our geometric assumptions on I" (Dziuk, 1988), IDS(p(») = W lr) < ch? 7 for0< r<2.
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Using (4.5) we see, if m < 2,

ch?
(m’

m
IDF(PO) = lming) < € B R0 )70t <

r=1

and if m > 2,

2 m
IDF (PG) = Wl ey < € (Z PR ) (30T ) Ny O i) () (e ‘f’“)

r=1 r=3

PROPOSITION 4.4 The mapping ®7(%) = (A*)**2(p(y) — y) is of class C¥! on 7 and satisfies

ID" @7l 3y < ch® forO<m<k+ 1. 4.7)
Furthermore, @ satisfies (4.3).
Proof. Using the Leibniz formula, we have for any % in 7\&,

D, ®r () = DI () — )
m
r

=y ( )(k +2)- (k43 = NOHTTDR) DI () — ),
r=0

so that applying (4.6),

m

ch?
1D (2 () = YD)l gy < € Z(W”*’W S (ke
r=0

The mapping @7 is of class CK*! on T\& with derivatives of order less than or equal to k + 1 tending
to zero when X tends to a point in &. Hence, it can be extended to a C**! mapping on T (Gilbarg &
Trudinger, 1983) which satisfies (4.7).

Since |3%;/9x;] < ¢/h (Ciarlet & Raviart, 1972a, p. 239), we know that

rl=5
This result together with (4.7) shows

Cr <sup |DOr(D)||A;| < ch,
el

hence @7 satisfies (4.3) for 4 small enough. O

REMARK 4.5 Note that we could have chosen @7(x) =A*(p(y) — y). However, this function is not
C'(T), and the interpolation theory of Bernardi (1989) would be unavailable. Our construction is a
combination of ideas from Lenoir (1986) and Dubois (1990).

2102 ‘€7 1quaydag uo jsang £q /310°speurnolpioyxo-euflewr//:dyy woiy papeojumoq


http://imajna.oxfordjournals.org/

10 of 26 C. M. ELLIOTT AND T. RANNER

FIG. 2. A plot of two sections of triangulations. The left shows three tetrahedra in ?Vh and the right shows the corresponding three
tetrahedra in .7;°. The surface is shown by spots on both sides. The red and yellow tetrahedra (left and right in each image) share
a face with the boundary (I = 3) and the blue tetrahedron (centre in each image) shares an edge with the boundary (/ =2). This
means that the red and yellow curved tetrahedra have four curved faces and the blue tetrahedron has two curved faces.

We will call the exact triangulation, defined by F§ above, .7,°. Note that under this construction,
simplices in .Z,°, which have more than one vertex on the boundary, can have more than one curved
face. See Fig. 2, for example.

4.1.2  Computational domain. We can now define our computational domains Q,Ek) and I“h(k). LetT €
Ipand ¢, ..., ¢’,§k be a Lagrangian basis of degree k on T corresponding to the nodal points &', ..., 3.
Then for % € T, we can define a parametrization of a polynomial simplex 7% by

Nk
FP®) = Fi@)ef ().
=1
We can carry out this procedure for each simplex T € ﬂvh Since the basis functions {d)}‘} are unisolvent,
F ;k) is also a diffeomorphism. We define .Q}(lk) as the union of elements Zl(k) given by

TO .= (FP®) :xeT), g0 =1V |T e F). (4.8)

Then Fh(k) is the boundary of the domain .Q}(lk) with the triangulation Zlm [ -w. This construction admits
h
quasi-uniform triangulations ﬂh(k) and ﬂh(k) -0 for .Q,Ek) and Fh(k), respectively. Note that, like the exact
h

simplices in 7%, the simplices in ﬂh(k) can have curved (polynomial) faces.

4.2 Bulk estimates

We define a function Gj,: 2 — 2 locally by Gylzw :=F o (FY")~! for each T® € 7. This is
a homeomorphism, which when restricted to interior simplices (those with at most one vertex on the
boundary) is the identity.

We use the notation DGy, for the gradient of Gj, where (DG,); = (9/0x;)(Gy);, and DGhT for its
transpose. We will also write DG,;1 for D(G,;l) = (DG))~". We denote by J,,|7 the absolute value of the
determinant of DGy,|T.
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We denote by By, the union of elements in ﬂh(k) which have more than one vertex on the boundary

Fh(k) and B, the associated exact elements in .Z;°. Note that By, is the region where G, is different from
the identity.
Let us use the notation that for a fixed x € T', we denote F }k) (X) = x; then one may write that

Gu(x) = FS((FY) ™' (0) = Fa () = x + (FE () — Fi¥ (3)). (4.9)

LEMMA 4.6 If I"is C**' then G| € CH1(T®) for each T® € 7% and we have that |Gy, || e+~ 7o)
is bounded independently of &.

Proof. Using (4.9), we can write Gy, as
Gu(x) = Fr (%) + @7(%).

Since x > & is smooth, G, is the sum of an affine function and a C**! function, so G, is of class C¥*!
on 7™ To achieve the bound independently of 4, we use (4.3). O

ProposITION 4.7 (Geometric bulk estimates) Let T € ﬂh(k) be a boundary simplex (one which has more

than one vertex on the boundary Fh(k)), and T the associated exact triangle in .7,°. Under the assumption
that .7}, is quasi-uniform, for sufficiently small &, we have that

IDG) |1 — 1d|| (1) < ch, (4.10a)
Inlr — Ulz=ery < cht. (4.10b)
Proof. We will bound

b}

8(G) 8
an hi Y

which will show the estimates above.
We start by taking the x; derivative of G, to get

3 AF) () A(Fe(R));

ax]' a)ACl

a(G)—
ij ht—l

where we have used the substitution F (Tk) (x) = x. We note that this means

3 OF) W AFE @) _ AFr) () _

- = 8jj.
; 0x; X, 0x;
Hence ©
0 d(Fr ) '), 0 . ®)
—(Gp)i — 6ij= — " (F5(X) - F i
g (G = > oy 7O~ @)

1
It is classical (Ciarlet & Raviart, 1972a, Lemma 7, p. 238) that

IF) @)
8Xj

ax;

8.Xj

C
< —

\h’
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and from standard interpolation theory, we see that
o (Fe( ) — FEP@)i| < cllDE F) o -

However, we may use the fact that |Dm+1x]| ch™ (Ciarlet & Raviart, 1972a, p. 239) and change coor-
dinates to see

k+1 k+1 k)\—1 k+1
DA (FE) e iy < ch I FS o (FS) ™D lwasroe rary = ch | G oo ooy

From Lemma 4.6, we know |Gy ||«+1. (7w is bounded independently of 4, this shows that

’(Gw, — 8| < cht.

We can now lift a function defined on .Q;(lk) onto a function defined on 2.
DEerINITION 4.8 For a function 7, : .Qh(k) — R, we define its lift ﬂf, 12— Rby
nhi=n,0G,".
For a function 7 : £2 — R, we can also define an inverse lift ¢ : 2 (k) — R by
rfe =no0Gy.
In this case, it follows that (n~%)¢ = 5.

We also have equivalence of norms via this lifting process.

ProrosiTiON 4.9 Let ny,: .Q ) R and let nfl: 2 — R be its lift. Then there exist constants ¢y, ¢2,
independent of A, such that

c ||77£||L2(9) < ||7)h||Lz(QI<Xk)) < Cz||77f,||L2(9), (4.11a)
Ve < IVl < e Vsl (4.11b)

Proof. We can write integrals over .Qh(k)

/th(x)dx /nh(y)Jh(y) y,

in the following way:

and the gradient on .Q,ik) as
Ve (x) = DGh »Vv nh(y)

The results follow simply from applying the previous proposition. g

In the subsequent error analysis, we will require the following narrow band trace inequality.
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I-

FIG. 3. A cartoon of the setup of §2; (yellow) and Iy lying inside £2 (red).

LeEMMA 4.10 Let NVs C U be the band of width § < § given by
={xef:-5<dkx) <0}

It holds that for n € H'(£2)
20 < €821l ). (4.12)
Proof. First, we may assume that € C'(£2), since the more general result will follow by a density

argument. Note that d € C*(Nj) and |[Vd|=1 on N;. We can apply the co-area formula to integrals
over N as follows:

/Nn<y>2dy /n(y) |Vd(y)|dy

/ / n Ipdods

Here I, denotes the C? hypersurface which is the inverse image of s under d, namely, I'; = {x € N :
d(x) = s}. Next, we wish to apply a trace-inequality type argument to bound the right-hand side of this
equation. We follow the proof of the trace inequality from Grisvard (2011, Theorem 1.5.1.10). Let the
vector field D: §2 — R be an extension of Vd of class C' on £2, equal to Vd on N, with the bound
IDllc1(e) < clldllczn;)- Setting 2, = {x € §2 : d(x) < s}, (see Fig. 3), we have that

/ vV(n?) -Ddx=2/ nVn - Ddx.
On the other hand, applying Green’s theorem, using the notation ny for the normal to Iy, we obtain

/V(nz)-Ddx:/nszSdo—/ n°V - Ddx.
2, Iy Q

s

Since D - ny =1 on Iy, combining these two equations we have that

/ n2D~nSd0=2/
I 2

nVn ~Ddx+/ n*V - Ddx,

2

s
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which means that
/n2d0<2m,aX|D|/ |n||Vn|dx+max|V~D|/ i d.
I 25 2 £2 2,

Since we have that £2; C €2, applying Young’s inequality gives

/nzdosanncl(g)/ V2] + o d.
I Q

Hence we have that

/ n* dy < e8|l o)- (4.13)
N

4.3  Surface estimates

We have the following geometric estimates for the surface I',. They follow since I, can be viewed as
an interpolant of I". Details can be found in Dziuk (1988), Dziuk & Elliott (2007a), Dziuk & Elliott
(2007b) and Demlow (2009).

PROPOSITION 4.11 (Geometric surface estimates) Under the above assumptions on " and I, we have

that
k—+1
”d”Loo(ph(k)) gCh .

Let 1), be the quotient of the measures on the surface and the approximate surface, so that do = w;, do,.
Then we have the estimate

sup |1 — pup| < ek, (4.14)

(k)
L

Let P and P, denote the projections onto the tangent spaces of I" and I}, respectively. We introduce the
notation

Q= i(Id — dH)PP,P(Id — d'H), 4.15)
Hon

then we have the estimate that
11d — 114, Qpl < ch**. (4.16)

A proof can be found in Dziuk (1988) and Dziuk & Elliott (2007a) for the linear case and Demlow
(2009) for higher orders.
We use the closest point operator (2.1) to define the lift and inverse lift of surface functions.

DEFINITION 4.12 Given &,: I'¥ — R, we define its lift, denoted by &': I' — R, by
£ (p(x)) 1= & (x).
Similarly, for a function £ : I" — R, we define its inverse lift, written gt Fh(k) — R, by

7L () = E(p(x)).

It can be shown that the following norms are equivalent via this lifting process (see Fig. 4).
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FIG. 4. A section of a surface triangulation with normal lifts shown in R3.

ProrosITION 4.13 Let &,: Fh(k) — R and let & : I' — R be its lift. Then there exist constants ¢y, ca,
independent of 4, such that

¢ ¢
Cq ||§h ||L2(F) < ||§h||Lz(ph<k>) < Cz||§h ||L2(F), (4.17a)

cllVrgillzey < ||Vrh§h||Lz(1~h(k>) <o lVrEfllzm. (4.17b)

A proof is given in Dziuk (1988), Dziuk & Elliott (2007a) for k =1 and Demlow (2009) for any
k> 1.

5. Finite element method

In this work we will use piecewise polynomial finite element functions of the same degree as the approx-
imation of the domain. This leads to so-called isoparametric elements which will give the optimal rate
of convergence. One could also implement this method with different order finite element functions, but
this would lead to suboptimal convergence.

5.1 Isoparametric finite element spaces

We use this section to define the finite element spaces V;, and §), that our finite element method will
be based on. We recall that the computational domains §2; and I, are defined elementwise by a
parametrization F' }k): T—1®C .Q,Ek) as in (4.8). In both the bulk and surface cases, we define the
finite element functions to be continuous functions which are piecewise polynomials of degree k with
respect to the barycentric coordinates of the reference element in dimensions N and N — 1. An important
part of the construction is that the trace of a function on I“h(k) in Vj, lies in Sj,.

More precisely, for the bulk finite element functions,

Vi ={nn € C(2°) : mulr = i o (FY) ™" with 7, € Po(T) for all T € 7).
For the surface finite element functions, we introduce

Sh=1{&n € C(IT0Y : &4, = & 0 (FY) ™ with &, € Pu(?) forall T € J, with T = T 0 I}, ).
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We have used the notation 7T = (F ;k))’l (7) for the face of the reference element T corresponding to 7,

and Py (w) for the space of polynomials of degree k on w.
From now on we will assume k is fixed and write £2;, I}, .7}, for .Q,Ek) , Fh(k) , 9,1(“, without ambiguity.

5.2 Description of the method

We define approximate data f,, g5 using the appropriate inverse lifts. That is,

fi=f"n ghn=g ‘un (5.1)

The approximate problem is then to find (uy, v,) € V), x S, such that

Ol/ Vuy - Vo, +upnpdx + B Vrve - Vrén +vida doy,
2 Iy

+ [ (cup — Bvp)(an, — B&;) do, = Ol/Q S dx + ,3/ gnén doy,
) I

I

for all (ny, &) € Viy X Sh, (5.2)

where V, is the surface gradient on I7,.

REMARK 5.1 This choice of f;, and g, is not fully practical for arbitrary (f, g) € L>(£2) x L*(I") as the
right-hand side integrals would need to be calculated via some numerical integration rule. We are not
concerned in analysing such errors in this paper and will assume that it is possible to calculate these
integrals exactly. For general results on numerical integration in the context of curved domains, see
Ciarlet & Raviart (1972b) and Barrett & Elliott (1987).

REMARK 5.2 To implement the method, we use exact quadrature rules to calculate mass and stiffness
matrices on reference elements using the transformation (4.8).

We introduce bilinear and linear forms on V), x Sj,:

an(Wpyn), My &r)) = a/ Vwy, - Vi + wyny, dx

2

+B [ Voyw- V& + yuéndoy
1—71

+ /F (awi — By (@i — BE) don,

(&) = / fmdx+ 8 [ giadon,
25

T

so that we can write (5.2) as: find (uy,, v,) € V, X Sj, such that

an((up, vi), n, &n)) =1 ((p, &) for all (np, ) € Vi, x S (5.3)
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THEOREM 5.3 The finite element method defined in (5.2) has a unique solution (i, v;,) € V), x S, which
satisfies the bound

| s vid ll it 2y < () < N (F> @) 2@y xi2ry» Tor all A. (5.4)

Proof. 1Ttis clear that the equations have a unique solution since ay, is also coercive; This follows from
the same reasoning as (3.2). To show the bound, we use the coercivity of a, the equivalence of norms
shown in (4.17a), (4.11a), (4.14) and (4.10) to see that for 4 small enough,

| Cans vid L 2y sy < N> &) 22 x22()

<l Nzy<xeeary-

5.3 Lifted finite element spaces

In order to prove error bounds, we define the lifted finite element spaces that lifts of finite element
functions live in. In particular, this allows us to define (ufl, vfl): the lifts of the finite element solution
defined on the same domain as the solutions of the continuous problem. We define the lift of the finite
element spaces as

Vi=1{n,:meVi) SH (2),

0 [ 1 (5-3)
Spy=1&,: &St CH (IN).

It is important to note that the traces on I” of functions in V} live in Sj.

PROPOSITION 5.4 (Approximation property) For the lifted finite element spaces V/,S: defined above,
there exists an interpolation operator I, : H**1(£2) x H**'(I") — V! x S} such that for2<m <k + 1,

lw,») = Iiw, 2 @)ysr2cry + 2w, y) = Liw, Mg @)y<mt (ry < k™ [l w, W llam@yxamary  (5.6)

for all (w,y) € H*(£2) x H*(I").

Proof. We start by defining the interpolation operator I, - H*(2) x HX(I') = V}, x ), so that (w, y)
and I, (w,y) agree at the nodes of §2;, and I,. We use both lifts to define I,(w,y) = (7/, (w, )¢ The
error bounds follow from given interpolation theory; see Bernardi (1989, Corollary 4.1) for the bulk
and Demlow (2009) for the surface. ]

Using the fact that

V(wh) =V(w, 0 G, ") =DG, " (Vwy)",
(writing DG;, " for (DG, ")T) and from Dziuk (1988),

(Py(Id — dH) V() = (Vi
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we have that

an (O3, (T 1)) = / (DGIVW, ~DGZVn,1+whnh>
2

+8 [ Qv vrg il do

r My

1
+/m%—mﬂwﬁ%%%ﬂo

r 1593

= a, (Wi, y1)s (05, ED)),
for all (wi, yn), (4, &) € Viy x Sy with lifts (wy, 1), (75, &4) € Vi x S}

For the right-hand side, we immediately have that I, (1, &) = l((nﬁ, E,f)) since

fimndx= [ (F“Tnpdx= / FIn'n;, dx / thnh dx = / Sy dx
2

2 2

and

1
/ gnén doj, = / (8" un)&y doy = / (g ‘un)" E;,*dO— / gupEr— do= / g€, do.
,bLh r My r

Hence, we may rewrite (5.3) as: find (u},, v}) € V} x S}, such that

ay, (s v, (s ) = (g, §)) - for all (7, &) € Vi X S (5.7

In the following, we will make use of the fact that af now makes sense for all function pairs in
H'($2) x H'(I')

6. Error analysis

In this section, we wish to compare the error of the solutions (u,v) of the exact problem (1.1) to the
solutions (uy, v;,) of the approximate problem (5.2) defined in Section 5.

One of the problems we have to overcome is the fact that the two problems are posed over different
domains. However, the lift operators we have defined will help us.

In order to derive optimal order estimates for k > 1, we must assume higher regularity of the smooth
solution (u,v) of (2.10) and the surface I". We require (u,v) € H**'(£2) x H*(I") which requires I”
to be C¥2 (Wloka, 1987).

THEOREM 6.1 Let (u,v) € H*T'(£2) x H**'(I") be the solution of the variational problem (2.10) and
let (up,vy) € Vi, x Sy, be the solution of the finite element scheme given by (5.2). Denote by ufl and Vﬁ
the lifts of u;, and vy, respectively. Then we have the following error bounds:

I (e — Mh, V},)”H'(Q)XH'(F) Cl s (6.1)

where

Cr = c(lu, V) g1 @y xme1(ry + 1 D zy<ezar))s
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and
I — g, v — Vi)l 2@yxizry < Gl (6.2)

where
Co=c(||(u, V)||Hk+1<9)xﬂk+l(r) + ||(fag)||L2(Q)xL2(r))-
6.1 Geometric errors

Part of the error of the finite element method comes from the fact that there is a so-called ‘variational
crime’, that is, we are using different bilinear forms in the exact and approximate formulations and
V, £ H'(2) and S, € H'(I"). These errors come from the change in geometry of the computational
domain.

LEMMA 6.2 For (w,y), (n,€) € Vi x S, we have
la((w, ), (1,6)) = ai,(w,), (1, €))]
<M Wl gy Il sty + R N0 ) e )t (11 E) Lt )it y- (6.3)

Proof. To prove this lemma, we will split the forms a and aj, into bulk, surface and cross terms. That
is,

a(Q)(w,n)zcx/ Vw - Vn 4+ wndx,
2

aD(y.6) = B / Viy- Vi 4y do,
r
(0, y), (1,€)) = /F (aw — By) (e — BE) do.

We define a;)e similarly.
Given w,n € Vf, for the bulk term we see that

/ VWZ.Vn‘fdx—/VW-Vndx‘:A1+A2+A3,
2, 2
where

1
A =/(DG{—1d)vW-DG{vn7dx,
2 Jh

1
A =/ Vw - (DG, —1d)Vn—; dx,
2 Jh

1
A3=/VW~V17(Z—1)(1X.
2 Jh

Making use of the fact that

1
77— 1=0 and DG} —1d=0, in 2\B,
h
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we actually have

1
A= / (DG, —1d)Vw - DG, Vi — dx,
B, I

1
A2=/ Vw-(DG{—Id)Vnﬁdx,
B

h h
A /
B

1
f'VW'V71<J;;,—1>dx.

Using Proposition 4.7, we see that the three terms .A; are bounded by
ch VWil gty V1l 22)-

Similarly,

Given y, & € Sﬁ, using Proposition 4.11, we see that for surface terms,

’/ V5iy * - VrE  doy — / Vry-Vr&do
I r

/r (Id = 1Q) Yy - VrE do

/y‘fé‘[doh—/yédo z‘/yé <1{_1> do
o r r M

Using the previous result, we also have that

f+1
<NV Y IV rE 2

and

(™ = By~ an ™ = e~y doy — [ (e = By — pe) do

1
[ @~ pian - pe) (Z - 1) do
r M

1
LI 2y ez 10 E) l2cryxzzcr

Iy

k+1
<ch * ||(W7Y)”H‘(.Q)><H1(I‘)||(77’§)“H1(.Q)><H‘(1")-

This shows (6.3).

e _ 1
/ w 'y ZdX—/ wr]dx‘ = ’/ wi) (e - 1) dx) ’ < chf Wl Inllzze)-
o Q Q Iy

k1
S Myl 1€z ry-

O

We remark briefly that since Bfl is contained in £2, we also have for functions (17,&) € H'(£2) x

H'\(I),

la((w,y), (1,€)) — aj((w,), (1,€))

< cht W, M @yxa (a1 (1, &) |t @yxm (r)-

6.4)
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Finally, we remark that we can use Lemma 4.10 for integrals over Bf.

LeEmMA 6.3 Forne H'(2),
Il 2 < k'l g)- (6.5)

Proof. We may apply Lemma 4.10 to the domain Ns5. We can choose § such that 7 > ch > 8 > h >0,
since the width of BY, is just one element. Hence

12 12
Il 20 < Iz < 82 Inllag) < ch'lnlla ). O

6.2 Proof of error bounds

Let (u,v) € H*1(£2) x H*'(I") be the solution of the variational problem (2.6) and let (u;, v;) € V), X
Sy, be the solution of the finite element scheme given by (5.2). Denote by ufl and vfl the lifts of u;, and vy,
respectively. Define F;, : H'(2) x H'(I') — R by

Fi((n,€)) 1= a(( = uj, v = v), (1, ). (6.6)
LEMMA 6.4 If (n,€) = (n},&f) € V) x S}, then Fy, is bounded by

|F3 (s ED] S B N iy, Vi) e (st oy | s E8) Lt 2yt (1) - (6.7)

If (n,&) e H*(2) x H*(I"), then we can improve the bound on F}, to

|Fiu(n,£)] < (ch! Nl @ty Vi) Il 2yt () + ch* Il uly — u, vy — W) |1 @yxa )
+ ch* ! Il (u, V)”HZ(.Q)XHZ(F))”(U» §)||H2(Q)xH2(r)~ (6.8)

Proof. First, we note that if (n,&) = (n},&f) € Vi x S§, using the fact that (u,v) satisfies (2.6) and
(u,v}) satisfies (5.7), Fj, can be written as

Fu((n, &) = a((u — uj, v = v), (0, €1)
= I((nj. &) — a((u}, Vi), (n}, &)
= (. &) — L. &)
— (@((uy, vy, (71 E0)) — ay (W vy, (052 E0)))
= —(a((u},v}), (1. D)) — af (uf, Vi), (. ED)).

Applying the result from (6.4) gives (6.7).
To show the second result, we assume (1,&) € H*(£2) x H*>(I') and introduce the interpolant
Iy(n,€) € V} x S} of (,£), so that

Fiu((0,8)) = a((u — ujp,v — vh), (1,€))
= a((u — up, v —vi), (0,&) — L, €)) + a((u — ujy,v — vi), (1, §)).

Then, again we can use the fact that (u, v) satisfies (2.6) and (ufl, vf,) satisfies (5.7), so that

Fiu((0,8)) = a((u — ujp, v — vi), (0, €) — L(m, €)) + (@), (), vi), In(n, €)) — a((up, v}, n(1, €))).
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Hence we have that

Fi((n,8) = a(u — uj, v = v3), (0,6) — L1, €))
+ (@l (i) I (0.8) — (0, €)) — a((uh, vi). In(n, ) — (1,€)))
+ (ap (@, — u,vh —v), (0.6)) — a((uf — u, v}, —v), (,€)))
+ (@ (@, v), (1,8)) — a((u, v), (n,€))). (6.9)

We bound each of the terms on the right-hand side of (6.9) in turn. For the first term we apply (6.1)
together with the approximation property (Proposition 5.4) to see

la(u = v = i), (0,8) = L, )| < CLh chll (0, 6) 22y <) -

For the second term, we use the geometric bound (6.4), again with the approximation property
(Proposition 5.4) to get

lal, (g, vi), I, ) — (1, €)) — a((uy, vi), Iy(n, &) — (n,€))]

kol L
<ch ||(uhaVh)”H‘(.Q)xH‘(F)Ch”(nv§)||H2(Q)><H2(F)~

A bound for the third term follows by applying the geometric bound (6.4):

|aj, ((uj, — —v), (1,8)) — a((uj, — =), (1,8))]

k
<ch ||(M;, —u, Vh - V)||H1(9)le(r)||(Tl,E)”Hl(.o)le(r)-

Finally, for the fourth term, we simply apply (6.3) followed by the result from Lemma 6.3 to see

laj, (@, v), (0,6)) = a((u, ), (11, €))]
<M lull g g 1l gy + R @ @ o 100, E) i @2y 1y

LN ) |22y w2 10 E) 2@y x i) -
Adding the previous four results into (6.9) gives (6.8). [
REMARK 6.5 Note that for (n,&) = (i, &) € Vi, X S, in the absence of domain perturbation then

Fn((mn, &) =0,

where this is simply Galerkin orthogonality, whereas in the absence of the bulk equations then the bound
would be of order 2! (see Demlow 2009).
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Proof of Theorem 6.1. The error estimate (6.1) follows simply by combining the approximation
property (Proposition 5.4) with the bound on Fj, from (6.7). We rewrite the error as
a((u —ug,v —vi), (U — uy, v — )
= a((u — uy, v —vp), (,v) = Ly, )
+a(( = v = vi), I, v) = (1, v}))

= a((u — uy, v — vi), (4, v) = Iy(,v)) + Fp(In (e, v) = (u, v),)).
The result follows from the application of a Cauchy inequality and the coercivity of the bilinear form
a in (3.2). To show the given value of C; we use (5.4) from Theorem 5.3 and (4.17), (4.11) to bound
Gt Vi)l 2y () -

We will use an Aubin—Nitsche duality argument to show the L? bound. For ¢ = (¢1, &) € L*(2) x
L*(I'), we define the dual problem: find z; € H'(£2) x H'(I") such that

a((n,€),2¢) = (¢, (0, &) 2@yxrzry  forall (n,&) e H'(2) x H'(I'). (6.10)

Here, ((w,y), (n,&)) € L*>(£2) x L>(I") denotes the sum of the L? inner products between w and 1 on £2
and y and £ on I". Similarly to Theorem 3.2, one can show the following regularity result for the dual
problem:

lze L2y xmzcry < el iz @yxe2ary- (6.11)

We write the error,
e=(u— ufl,v — vf,) S LZ(Q) X LZ(I"),

as the data for the dual problem and test with (1, &) = e so that
”e”iZ(Q)X[}(F) =a(e,z.) = Fp(z.).
Hence, using (6.8) combined with the H' error bound (6.1) and the dual regularity result (6.11), we have

2 k+1
”enLZ(Q)XLZ(r) =Fy(z.) < Gh * ”e”LZ(Q)xLZ(F)’

with C, as in the statement of the theorem. O

7. Numerical results

We have implemented the above finite element method using the ALBERTA finite element toolbox
(Schmidt et al., 2005).
The data were chosen, with « = 8 = 1, so that the exact solution is

u(xy, x2,x3) = Bexp(—xy(x; — Dxa(x2 — 1)),

v(x1, x2,x3) = (o + x1 (1 = 2x1) + x2(1 — 2x2)) exp(—x1 (x1 — Dxa(x2 — 1)).

We calculate the right-hand side by setting (f;, g5) =1 (f, g). We ran two simulations: one with k =1,
one with k =2. We present the error calculated after solving the matrix system at each mesh size in
Tables 1-4. A plot of the solution is provided in Fig. 5. We define the experimental order of convergence

(eoc) between two errors E(h;) and E(hy) at mesh sizes h; and h; by eoc(hy, hy) = log EEB (log %)‘1.

2102 ‘€7 1quaydag uo jsang £q /310°speurnolpioyxo-euflewr//:dyy woiy papeojumoq


http://imajna.oxfordjournals.org/

24 of 26

TABLE 1 Error table for the case k = 1: bulk errors, ||[u — uy||

C. M. ELLIOTT AND T. RANNER

h

L? error

€0C

H! error

€0C

1.000000e+00

1.556084e—01

4.068547

8.412952e—01

8.201523e—01 6.945582e—02 6.031542e—01 1.678406
4.799888e—01 2.375760e—02 2.002490 3.485974e—01 1.023385
2.555341e—01 6.692238e—03 2.009740 1.831428e—01 1.021009
1.321787e—01 1.744647e—03 2.039433 9.301660e—02 1.027742
6.736035e—02 4.427043e—04 2.034429 4.672631e—02 1.021320
3.399254e—02 1.112504e—04 2.019429 2.339324e—02 1.011617
TABLE 2 Error table for the case k = 1: surface errors, ||v — v ||

h I? error eoc H! error eoc
1.000000e+-00 5.080238e—01 — 2.908569¢+-00

8.201523e—01 1.591067e—01 5.855554 1.607240e+00 2.991664
4.799888e—01 4.342084e—02 2.424061 8.413412e—01 1.208220
2.555341e—01 1.108272e—02 2.166144 4.247143e—01 1.084348
1.321787e—01 2.785873e—03 2.094697 2.128454e—01 1.048012
6.736035e—02 6.973524e—04 2.054635 1.064757e—01 1.027520
3.399254e—02 1.743772e—04 2.026669 5.324210e—02 1.013381
TABLE 3 Error table for the case k = 2: bulk errors, ||u — uy||

h L? error eoc H! error eoc
1.000000e+-00 3.894207e—02 - 3.511490e—01

8.172473e—01 1.034114e—02 6.570149 1.476235e—01 4.293793
5.060717e—01 1.304277e—03 4.320133 4.026584e—02 2.710747
2.773996e—01 1.737998e—04 3.352355 1.061322e—02 2.217832
1.447909e—01 2.259868e—05 3.137667 2.723960e—03 2.091786
7.391824e—02 2.882693e—06 3.062727 6.894787e—04 2.043497
TABLE 4 Error table for the case k = 2: surface errors, ||v — v ||

h L? error eoc H! error eoc
1.000000e+-00 1.538024e—01 - 1.258018e+00

8.172473e—01 2.188515e—02 9.661695 3.745396e—01 6.003538
5.060717e—01 3.332406e—03 3.927097 1.052173e—01 2.649211
2.773996e—01 4.516347e—04 3.324205 2.718041e—02 2.251310
1.447909e—01 5.816879¢—05 3.152298 6.874227e—03 2.114402
7.391824e—02 7.342240e—06 3.078402 1.725037e—03 2.056324
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u h v_h
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FI1G. 5. Plot of the solution of the finite element scheme at 7~ .2, k =2, along the plane x =y in £2j, with mesh (left) and the
surface I, (right).

Acknowledgements

The authors thank the Centre for Scientific Computing at the University of Warwick for supplying
valuable computation time.

Funding

The work of C.M.E. was supported by the UK Engineering and Physical Sciences Research Council
(EPSRC) Grant EP/G010404 and the work of T.R. was supported by a EPSRC Ph.D. studentship.

REFERENCES

ALBERTA, B., JOHNSON, A., LEwis, J., RAFE, M., ROBERTS, K. & WALTER, P. (2002) Molecular Biology of the Cell,
4th edn. New York: Garland Science.

AUBIN, T. (1982) Nonlinear Analysis on Manifolds, Monge—Ampére Equations. New York: Springer.

BANSscH, E. & DECKELNICK, K. (1999) Optimal error estimates for the Stokes and Navier—Stokes equations with
slip-boundary condition. Math. Model. Numer. Anal., 33, 923-938.

BARRETT, J. W. & ELLiOTT, C. M. (1987) A practical finite element approximation of a semi-definite Neumann
problem on a curved domain. Numer. Math., 51, 23-36.

BERNARDI, C. (1989) Optimal finite element interpolation on curved domains. SIAM J. Numer. Anal., 26,
1212-1240.

Boory, M. R. & SIEGEL, M. (2010) A hybrid numerical method for interfacial fluid flow with soluble surfactant.
J. Comput. Phys., 229, 3864-3883.

BRENNER, S. C. & ScotT, L. R. (2002) The Mathematical Theory of Finite Element Methods. New York: Springer.

CIARLET, P. G. & RAVIART, P.-A. (1972a) Interpolation theory over curved elements, with applications to finite
element methods. Comput. Methods Appl. Mech. Eng., 1, 217-249.

2102 ‘€7 1quaydag uo jsang £q /310°speurnolpioyxo-euflewr//:dyy woiy papeojumoq


http://imajna.oxfordjournals.org/

26 of 26 C. M. ELLIOTT AND T. RANNER

CIARLET, P. G. & RAVIART, P.-A. (1972b) The combined effect of curved boundaries and numerical integration
in isoparametric finite element methods. The Mathematical Foundation of the Finite Element Method with
Applications to Partial Differential Equations (A. K. Aziz ed.). New York: Academic Press.

DECKELNICK, K., Dz1UK, G. & ELLIOTT, C. M. (2005) Computation of geometric partial differential equations and
mean curvature flow. Acta Numer., 14, 139-232.

DECKELNICK, K., GUNTHER, A. & HINZE, M. (2009) Finite element approximation of Dirichlet boundary control
for elliptic PDEs on two- and three-dimensional curved domains. SIAM J. Control Optim., 48, 2798-2819.

DemLow, A. (2009) Higher-order finite element methods and pointwise error estimates for elliptic problems on
surfaces. SIAM J. Numer. Anal., 47, 805-827.

Dusors, F. (1990) Discrete vector potential representation of a divergence-free vector field in three-dimensional
domains: numerical analysis of a model problem. SIAM J. Numer. Anal., 27, 1103-1141.

Dziuk, G. (1988) Finite elements for the Beltrami operator on arbitrary surfaces. Partial Differential Equations
and Calculus of Variations (S. Hildebrandt & R. Leis eds). Lecture Notes in Mathematics, vol. 1357. Berlin:
Springer, pp. 142-155.

Dziuk, G. & ELLioTT, C. M. (20072) Finite elements on evolving surfaces. IMA J. Numer. Anal., 27, 262-292.

Dziuk, G. & Erriort, C. M. (2007b) Surface finite elements for parabolic equations. J. Comput. Math., 25,
385-407.

Evans, L. C. (1998) Partial Differential Equations. Providence, RI: American Mathematical Society.

GILBARG, D. & TRUDINGER, N. S. (1983) Elliptic Partial Differential Equations of Second Order. Berlin: Springer.

GRISVARD, P. (2011) Elliptic Problems in Nonsmooth Domains. Philadelphia, PA: SIAM.

HEINE, C.-J. (2005) Isoparametric finite element approximation of curvature on hypersurfaces.

HILDEBRANT, S. (1982) Analysis 2. Berlin, Heidelberg, New York: Springer.

KwoN, Y.-I. & DERBY, J. J. (2001) Modeling the coupled effects of interfacial and bulk phenomena during solution
crystal growth. J. Cryst. Growth, 230, 328-335.

LADYZHENSKAIA, O. A. & URALTSEVA, N. N. (1968) Linear and Quasilinear Elliptic Equations (Translated by
Scripta Technica. Translation editor: Leon Ehrenpreis). New York: Academic Press.

LENOIR, M. (1986) Optimal isoparametric finite elements and error estimates for domains involving curved bound-
aries. SIAM J. Numer. Anal., 23, 562-580.

MEDVEDEV, E. S. & STUCHEBRUKHOV, A. A. (2011) Proton diffusion along biological membranes. J. Phys.:
Condens. Matter, 23, 234103.

Novak, I. L., Gao, E., CHol, Y.-S., REsAsco, D., SCHAFF, J. C. & SLEPCHENKO, B. M. (2007) Diffusion on a curved
surface coupled to diffusion in the volume: application to cell biology. J. Comput. Phys., 226, 1271-1290.

RATZ, A. & ROGER, M. (2011) Turing instabilities in a mathematical model for signaling networks. J. Math. Biol.
Online First, 1-30.

SBALZARINL L. F., HAYER, A., HELENIUS, A. & KoumouTsakos, P. (2006) Simulations of (an)isotropic diffusion
on curved biological surfaces. Biophysics J., 90, 878-885.

ScHMIDT, A., SIEBERT, K. G., KOSTER, D. & HEINE, C.-J. (2005) Design of Adaptive Finite Element Software: The
Finite Element Toolbox ALBERTA. Berlin—Heidelberg: Springer, p. 315.

SCHWARTZ, P., ADALSTEINSSON, D., COLELLA, P., ARKIN, A. P. & OnsuM, M. (2005) Numerical computation of
diffusion on a surface. Proc. Natl. Acad. Sci. USA, 102, 11151-11156.

Scort, L. R. (1973) Finite element techniques for curved boundaries. Ph.D. Thesis, Massachusetts Institute of
Technology, Cambridge, MA.

WLOKA, J. (1987) Partial Differential Equations. Cambridge, UK: Cambridge University Press, p. 532.

ZLAMAL, M. (1973) Curved elements in the finite element method. I. SIAM J. Numer. Anal., 10, 229-240.

ZLAMAL, M. (1974) Curved elements in the finite element method. II. SIAM J. Numer. Anal., 11, 347-362.

2102 ‘€7 1quaydag uo jsang £q /310°speurnolpioyxo-euflewr//:dyy woiy papeojumoq


http://imajna.oxfordjournals.org/

	Introduction
	The coupled system
	Applications
	Outline of paper

	Derivation of variational form
	Surface properties
	Variational form

	Existence, uniqueness and regularity
	Domain perturbation and estimates
	Domain approximation
	Exact triangulation.
	Computational domain.

	Bulk estimates
	Surface estimates

	Finite element method
	Isoparametric finite element spaces
	Description of the method
	Lifted finite element spaces

	Error analysis
	Geometric errors
	Proof of error bounds

	Numerical results

