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FINITE ELEMENT APPROXIMATION
OF A PARABOLIC INTEGRO-DIFFERENTIAL EQUATION
WITH A WEAKLY SINGULAR KERNEL

C. CHEN, V. THOMEE, AND L. B. WAHLBIN

ABSTRACT. We give error estimates for the numerical solution by means of the
Galerkin finite element method of an integro-differential equation of parabolic
type with a memory term containing a weakly singular kernel. Optimal-order
estimates are shown for spatially semidiscrete and completely discrete methods.
Special attention is paid to the regularity of the exact solution.

1. INTRODUCTION

We shall consider the initial value problem (with u, = du/dt)

t
u,+Au=/ K(t—s)Bu(s)ds+ f(t) inQ, fort>0,
0

u=0 onodQ, t>0,
u0)=uy inQ,

where A is a linear positive selfadjoint elliptic and B a general partial differen-
tial operator of second order with smooth, time-independent coefficients, where
K is a weakly singular kernel K(t) such that

(1.2) IK()| < Ctr™® with0O<a<]1, fort>0,

and where Q is a sufficiently smooth domainin R?, d > 1. Integro-differential
equations of this nature appear in applications such as heat conduction in mate-
rials with memory, population dynamics, and visco-elasticity; cf., e.g., Friedman
and Shinbrot [3], Heard [5], and Renardy, Hrusa, and Nohel [12]. For equations
with nonsmooth kernels such as in (1.2), we refer to Grimmer and Pritchard
[4], Lunardi and Sinestrari [10], and Lorenzi and Sinestrari [9] and references
therein. Finite element methods for problems of the form (1.1) with a smooth
kernel K have been discussed in, e.g., Sloan and Thomée [13], Yanik and Fair-
weather [15], Thomée and Zhang [14], LeRoux and Thomée [6], Cannon and
Lin [1], and Lin, Thomée, and Wahlbin [7].
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588 C. CHEN, V. THOMEE, AND L. B. WAHLBIN

For the numerical solution we assume that we are given a family {S,} of
finite-dimensional subspaces of H} = H}(Q) such that

(1.3) Jnf {lv —xll +Allv = xl} < Ch*|vl2, VveH*nH;,
h

where || - || is the norm in L, = L,(Q) and |- ||; thatin H® = H5(Q).
We consider first the semidiscrete problem of finding uy, : [0, co) — S, such
that

(h.or 2)+ Al 1) = /0 K(t - $)Bus(s), 1) ds + (f(1), 7).

(1.4)
VYesS,, t>0,
up(0) = uo
where (-, -) is the inner product in L, and A(-, :) and B(-, ) are the bilinear
forms on H(} associated with the differential operators 4 and B, and where

Ugy 1s an appropriate approximation in S, of the initial data in (1.1). We shall
show that, for each T > 0, we then have the error estimate

t
(1.5) lun(t) = u(®)ll < Crh? {”uollz +/0 IqullzdS} fort<T.

We shall also consider the discretization in time of (1.4). Thus, let k be
a time step, and let U" € S, be the approximation of the exact solution of
(1.1) at time ¢, = nk . The time discretization considered will be based on the
backward difference quotient 8,U" = (U” — U"~')/k . The integral term then
has to be evaluated by numerical quadrature from the values of the U”, but
since the integrand is singular, even when the solution is smooth, we shall use
product integration: We shall approximate ¢ in J,(¢) = (f" K(t, — s)¢p(s)ds
by the piecewise constant function taking the value ¢(¢;) in (¢;, ¢;41), and thus

use
n—1 tist n—1
WO~ @)=Y [ Kl = 90()ds = Y kn-s8(0),
j=0"4L j=0
where
(1.6) k= [ K(s)ds.

t j—1
Our completely discrete scheme is therefore
(51Un ) X) + A(Un > X)

n—1

(1.7) =) KknjBU, X)+(f(ta), X), VX ESH, n>1,
j=0

U 0— Uop-
For this completely discrete method we shall show

tn
(1.8) |U" —u(ta)ll < Cr(hz+k){||uollz+/0 (llutt||+||ut||2)ds} fort<T.

Before we analyze these discrete methods, we shall discuss the existence and
regularity of the solution of (1.1) and show, in particular, that the regularity
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FINITE ELEMENT APPROXIMATION 589

required for the estimates (1.5) and (1.8) are satisfied under appropriate as-
sumptions on the data. In the case of a weakly singular kernel the regularity of
the solution with respect to time is limited, which makes higher-order quadra-
ture formulas less attractive, as well as quadratures based on the use of sparser
sets of time levels, such as those treated in [13] and [6].

2. AN EXISTENCE AND REGULARITY RESULT

In this section we shall study the existence and regularity of the solutions of
(1.1) and show, in particular, that the regularity required for the error estimates
(1.5) and (1.8) holds under appropriate assumptions on the data of (1.1).

We shall need the following version of Gronwall’s lemma.

Lemma 1. Assume that y is a nonnegative function in L\(0, T) which satisfies
t
(2.1) y(t) < b(t) + ,8/ (t=s)"y(s)ds forO<t<T,
0

where b(t) >0, B > 0. Then there is a constant Cr such that

y(@)<b(t)+Cr /Ot(t —s)"*b(s)ds fort<T.

Proof. Let K (s) = fs~* for 0 < s < T, and let K| *f denote the convolution

Ky £)(1) = /0 Ki(t - 5)f(s)ds.

Recall that this is a bounded operator on L,(0, 7). With K; the kernel of the
i times iterated convolution, we have

Ki(s) < C(i, a)s'!=o)71,

and we easily see that K; x b(t) < CK, x b(t) for i > 2. Hence, applying K,*
to (2.1) i times in succession, we obtain

y(1) < b(t) + C(Ky +b)(1) + (Ki * y)(2).
For i(1 —a)—1> 0, we have

(Kixy)(t) < C /0 y(s)ds

and we can use the ordinary Gronwall lemma. Since

/tb(s)ds < C(Ky* b)),
0

this concludes the proof. O
We shall also need the following lemma.

Lemma 2. Let K € Li(0, T). Then for each ¢ > O there is a constant C; =
Ce(IIKlILy0,1)) Such that

/ ' / " K- 9)f(s)f(t)dsdt
0 0

(2.2)
T T t

2 & - 2d d .

58/0 1) dt+C/0 K (T t)|/0f(s) sdt
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590 C. CHEN, V. THOMEE, AND L. B. WAHLBIN

Proof. In this proof, let (-, -) and |- || denote the inner product and norm in
L,(0, T). We have, using the Cauchy-Schwarz inequality,

! 2
(K * YO < ( [ ki@ —s)lds)

t
< IKllLo. 1 /0 K ()| 2(t - ) ds.

Hence, integrating with respect to ¢ and changing the order of integration, and
then changing variables,

T T
1K * £12 < 1K Iz, 0.7 /0 K| [ 72 s)deds

T T
= ||K||L.(o,r)/0 IK(T—T)I/0 f*(o)dadr.

Hence, for the left-hand side of (2.2),
1
(K xf, OI<IK*FIILI <elf 1P+ ;{;IIK*fII2

1 T t
<elf I+ g WKlon [ K@= 0] [ fs)dsd,
0 0

which is the desired inequality. O
The following is our main existence and regularity result.

Theorem 1. Assume that uy € H* N H}, f € €([0, T]; Hf~%) and 1'f; €
Lo (0, T; HE-2) with B > 2, 0 <y < 1. Then there exists a unique solu-
tion of (1.1) in Z([0, T]; Ly). Furthermore, u € €([0, T]; H*NH}), u, €
([0, T1; L) N Ly(0, T; H*NHY), and u, € Ly(0, T; Ly).

Proof. We shall use the procedure of Faedo-Galerkin. Let {¢;}{° be the eigen-
functions of 4. We first seek u” € %, = span[¢,, ..., ¢,] satisfying

t
u;’+Au"=/ K(t - s)P,Bu"(s)ds + P,f(t) inQ, fort>0,
0

(2.3) u"=0 ondQ, t>0,

u"(0) = Pyug in Q.

Here, P, denotes the L, projection into %, . By standard arguments, cf., e.g.,
Linz [8], this system of ordinary integro-differential equations has a solution
u" e €1([0, T) NZ2((0, T)).

We shall next derive a priori estimates for u”. We first show that, indepen-
dently of n,

T 1/p T 1/p
24 (/0 uu,"u’;dt) +(/0 ||u;;||pd,) < CrMy,,

for some p = p(a) > 1,
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FINITE ELEMENT APPROXIMATION 591

where
Mg , = Mg ,(uo, f) = lluollg + 1/ (0)lp-2 + igll)(sy||ﬁ(s)||ﬂ—2)-

Differentiating (2.3), we find that v" = u} satisfies
v/ + Av" = K(t)P,BPyuy

t
+/ K(t—s)P,Bv*(s)ds+ P, fi(t) iInQ, t>0,
0

(2.5) v"=0 ondQ, t>0,
v"(0) = — AP,up + P,f(0) in Q.

We now define w/ = w"+/, j> 1, inductively by

w! + Aw' = K({)P,BPyuo + P, fi(t) inQ, t>0,
w!=0, ondQ, t>0,
w'(0) = —APaup + P, £(0),

and then, for j > 2,

. . l . .
w + Aw =/ K(t - s)P,Bwi~\(s)ds = Wi~\(t) inQ, t>0,
0

w/' =0 ondQ, t>0,
w/(0)=0 in Q.

Setting z/ = v" — ZL, w!, we find for j > 1

. . l . .
z] + Az) = / K(t —s)P,B(z’ + w’)(s)ds
0

t
(2.6) = / K(t—s)P,Bz/(s)ds+g’ inQ, t>0,
0
z7=0 ondQ, t>0,
Z/(0)=0 inQ.

We shall show below that, forany j > 1 and 6 with 2<d < f, thereisa
constant C; = Cj(a, d) such that

(2.7) ||'wj(t)||,5 < Cjt_'Hﬁ_")/“”_”(l_“)Mﬂ,},.

Assuming this for a moment, we conclude first that

T 1/p
(2.8) (/ llw’|15 dt) <CjrMg , forsomep>1, j>1.
0
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592 C. CHEN, V. THOMEE, AND L. B. WAHLBIN

In order to bound z/, we first note that by (2.7)

t
1g'll = \ [ Ktu-spBus)ds
0

t
< C/ (t = s)es~HU-D0-agspry < CMy, if j(1—a)> 1.
0
We now multiply (2.6) by 24z/(¢) and integrate to obtain
. T .
J4V2ZHT)P +2 [ (1427 do
0

T pt ) ) T )
SC/O /0(t—S)"’||Z’(S)||2||Z’(t)||2a’sdt+C/0 ll2/||2ds Mg, ,.

Hence, using Lemma 2 with & suitably chosen for the double integral, and the
Cauchy-Schwarz inequality for the last term, we have

T T T t
2/ ||zf||§dngM§,y+/ nzf||§dt+C/ (T—t)“’/ 127(s)|3 ds dt.
0 0 0 0

Moving the second term on the right over to the left and using Lemma 1, we
conclude that

T
| Nz1Bde < g, forj(1-a) 2 1.
0

In particular, the estimate for 7 in (2.4) follows from this and (2.8).
It remains to show (2.7). For this purpose we first recall that the semigroup
E(t) generated by —A satisfies, for ¢ € H* with ¢ =0 on 0Q if u > 1

(2.9) IE@)¢ll, < Cr-"#P)glly, 0<u<v, p<25.

(For u > 2.5, further boundary conditions have to be imposed on ¢.) We
have the representation

w! = — E(t)AP,uo + E(t)P,f(0) +/t E(t — s)K(s)P,Bugds
0

t
+/ E(t—s)P,fi(s)ds,
0
so that for d < B (which we may clearly assume less than 2.5),
w|ls < Ct="+E=02(Jlug|| g + 1| £(0)l| g-2)

t
+C/ (t —5)"1+E=025=a ds|lug||5
0

t
+C [(= s IR f(5)p-) ds
0
< CrrHB-npy

We now proceed with a proof of (2.7) by induction for j > 2 and assume the
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result holds for j — 1. We note that then, for 2 <4J < 8,
t B
Wi~ (O)lls—z < C /0 (t — ) llw/=\(s)|ls ds

t
<C / (1 — )=~ HB=D)2+G-D0-0) g5 g,
0
< Gyt HB=DH G- gy

Thus, by (2.9), if ¢ < < B, we obtain

o= | [ CE(— )W (s) ds

€

t
<Cpy /0 (£ = 5)"+HO=D/ 2= LHB=0)24G=101-a) g b,
< Cpy B 00-e) g

which completes the proof of (2.7), and thus of the estimate for the first term
in (2.4). Clearly, we then also have ||u"()|; < C, and it follows easily from
(2.5) that the bound for ], in (2.4) is satisfied, and hence also that

(2.10) " (Oll2 + Nl (Ol <C for0<e<T.

We next proceed with a limiting argument. Writing (1.1) in weak form, we
have

(W, ém) + AWU", dm) =/tK(t—S)B(u", Pm)ds + (f(t), ¢m) for m<n,
0
u"(0) = P,ug.

By (2.10), a subsequence u” converges weak* in L, (0, T; H?), and we re-
fer to that limit as u. By (2.4) we may also assume that a (further) subse-
quence u? converges weakly in L,(0, T'; H?). Since u! converges to u, in
the distribution sense, the weak limit is u, alsoin L,(0, T; H 2) . In particular,
u, € L,(0, T; H?). Similarly, by (2.4) again, up, — uy in L,(0, T; Ly). By
(2.10) we may further assume that (u}, ¢p), AU", ¢m), and B(u", ¢n) all
converge weak * in L., (0, T), and the limits are (u,, ¢n,), A(u, ¢m), and
B(u, ¢m), respectively. Hence, for any y € L,;(0, T) and m >0,

T
/0 [ (Wel1) s bm) + A(u(1) , bu)
t
- /0 K(t - $)B(u(s), ¢m) ds — (f(1), ém)| w(t)d1 = 0.

Since (u;, $m) and (4, ¢m) both belong to L,(0, T), we have that (u;, ¢m)
is actually continuous on [0,7']. One similarly sees that A(u, @,,) and B(u, ¢p,)
are continuous. Hence, using the density of the ¢,, , one obtains the weak form
of (1.1). Since u € Ly(0,T; H*n H}) and u, € Li(0, T; H* N H}) , we
have actually u € ([0, T1; H>nH}). Similarly, u, € €([0, T]; L,), and one
concludes that (1.1) holds as an equation in ([0, T]; L;).

This completes the proof of the theorem. O
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594 C. CHEN, V. THOMEE, AND L. B. WAHLBIN
To see that, in general, u,, blows up as ¢t — 0, consider the problem
t
U+ Au = / (t—s5)""Au(s)ds in Q, fort>0,
0
u=0 onoQ, fort>0,
u(0)=¢ inQ,

where ¢ is an eigenfunction of A corresponding to the eigenvalue A. Setting
u(x, t) = ¢(x)y(t),, we have for the scalar function y

t
y'+/1y=/1/(t—s)“’y(s)ds fort>0,
0

y(0)=1,
and hence ,
Y'() =A=' (1) + /1/0 (t—s5)""yY'(s)ds.
Since y’ € #([0, T]), we conclude that, for this particular function, (cf. also
Miller and Feldstein [11])
|ugl| ~ At~ ast— 0.

3. DISCRETIZATION IN SPACE

In this section we shall derive the error estimate (1.5) stated in the introduc-
tion for the semidiscrete method (1.4).

For the analysis we introduce, following [1], the Ritz-Volterra projection ¥},
defined for an appropriately smooth function u by

(3.1) A((th—u)(t),x)=/0 K(t1—5)B((Vyu—u)(s), x)ds, Vyx€S, t=0.

We have the following error estimate:
Lemma 3. We have for the Ritz-Volterra projection
(Ve — u) ()| + Al (Vau — w)()]h

\ t
< Ch?sup [u(s)lz < Ch? {Iluollz ; /0 ||u,uzds}.
s

Proof. Let W = Vu and p = W — u. We begin with an H' estimate, and
introduce also the standard Ritz projection R, defined by
A(Rpju—u,y)=0, Vyxes,,.
We recall that (see Ciarlet [2, (18.3) and (19.13)]), under the assumption (1.3),
IRnte — ull + || Ry — ully < Ch?|jull;.
We have, using the definition of W, that, with ¢ > 0,
(W — Ryu)(0)II} < AW — Ryu, W — Ryu) = A(p, W — Ryu)(t)

/Kt—s p(s), (W — Ryu)(t))ds

< CH(W—Rhu)(I)Hn/O(t—S)‘“IIP(S)IlndS
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and hence

t
le@ll < C/O (t=5)"lp(s)ll1 ds + [[(Ryu — u) (D)1
Lemma 1 now implies

o)l < Crsup||(Ryu — u)(s)lly < Crhsup ||u(s)|2.
s<t s<t

We next turn to the L, estimate, which will be derived by a duality argument,
thus using

lp(0)ll = sup (p(2), ¢).
lgli=1

For each such ¢, we let y be the solution of
Ay =¢ inQ, v=0 ondQ,
and recall that

(3.2) lwll2 < Cligll = C.
Then, for y € Sy,

(p(t), ¢)=A(p, w)=A(p, ¥y —x)+A(p, 1)
Here,

Ap, x) = /0 K(t - 5)B(p(s). x)ds

- /0 K(t—)B(p(s), x — w)ds + /0 K(t - s)(p(s), B'w)ds,

and hence, with y = R,y , using (3.2),

t
(p(1), ¢) < Cssglt) leilIRey — vl + C/O (t=35)"llp(s)ll ds llwll2

t
< c{h2 sup u(s) + /0 (1= 5)=l1p(s)] ds}.
Thus,
t
1601 < CH sup )l + € [ (¢=5)llp(s)ds.

which by Lemma 1 completes the proof of Lemma 3. O

We shall also need the following estimate for the time derivative of the error
in the Ritz-Volterra projection.

Lemma 4. Under the assumptions of Lemma 3 we have, for p = Vu —u,

t t
/0 (lpell + Allpdls) ds < Ch2{||u0||2+ /0 ||ut||2d5}-
Proof. Writing (3.1) in the form

A(p(t), 1) = /0 K()B(p(t—5), x)ds, YyeS,
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596 C. CHEN, V. THOMEE, AND L. B. WAHLBIN

we obtain by differentiation

(3.3) A(p(1), x) = K(t)B(p(0), X)+/0 K(s)B(pi(t - ), x) ds.

We begin with the H! estimate. We have, for W = V,u,
clW: — Ryuy|1} < A(W; — Ryuy, Wy — Ryuy)
= A(p:, Wi — Ryuy) = K(£)B(p(0), Wi — Ryuy)

t
+ / K(t = $)B(pi(s), Wi — Ryur) ds.
0
Hence,

I(W; = Ru)(0)lls < CE=l1p(O)]ls + C /0 (t = 5)~2llpe(s) I ds

or

o)y < CENp(O)ll1 + [I(Rpser — ur)(D)l1 + C/o (t=35)"%lp(s)Il1 ds

t
< Ch{t™*||uoll2 + llue(D)1]2} + C/O (t=5)"%lpe(S)N1 ds.
Thus by Lemma 1,

t
oDl < Ch {t“’lluollz + lue(O)1l2 +/0 (1= 5)|ue(s)ll2 dS} ;
and finally

t t t 1)
/0 ||Pt||1dSSCh{||uollz+ /0 el ds + /0 /0 (s = ) llus(2) ]l d ds

t
< Ch{||u0||2+ /0 ||u:||2ds}-

We now turn to the L, bound and write, with the notation of Lemma 3 and
using (3.3),

(pt), 8) = A(pu(t), W)
= Alp(t), w -2+ /0 K(t - 9)B(pt), v — 1) + (pls), B*w)]ds
+ K()[B(p(0), w — x) + (p(0), B*y)].

With an appropriate choice of y we obtain that

(DIl < Ch {llpz(t)llx +/0 (& =) *llp(S)lls ds} + Ch2t™*ug|l

——

e /0 (t = ) llp(s) ds.

from which we conclude by Lemma 1 that

(D)l < Ch {IIP:(I)Iln +/0 (t=5)"pc(s)ls dS} + Ch2 ™ ||uo |2
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After integration and using the H! estimate already derived we have

t t t
/0 lpdlds < Ch /0 llpt(s)||1d5+Ch2||uo||2SCh2{||u0||2+ /0 ||ur(S)||2dS},

which thus completes the proof. O
Theorem 2. Assume that ug, is chosen so that
lluon — uoll < Ch*|lugll2.

Then for each T > 0 there is a constant Cr such that for the solutions of (1.1)
and (1.4)

t
I~ wOl < o {lualls + [ Nulads} fore<T.
Proof. In a standard fashion we write
up—u=up—Vyu)+ (Vau—u)=0+p.

Lemma 3 immediately gives the desired estimate for p, so it remains to bound
0.
We have directly from our definitions

(o,,x>+A<e,x>=/o K(t—$)B(6(s), 1)ds + (pi X)» V€ Sh.

and hence, setting y =0,
1d ! o
3710+ 40, 6) < C [ (=106 Nds + ol 1]

By integration this yields

T
l6(IP + /0 16112 ds

T t T
sc{||0<0>||2+ /0 /0 (t = 5)=10(5) [ |6(1) 1 dsdz + C /0 ||p,u||0udt}.

Using Lemma 2 with a suitable choice of ¢ for the double integral, we thus
have

T
16(T)| + /0 16112 dt

T T t
sC{II0(0)|I2+ /0 o161l 2 + /0 (T - 1) /0 u0<s)||%dsdt}.

By Lemma 1, therefore, we obtain the bound

T T
16(T)|1 + /0 ||0n%dtscr{u0(0>||2+ /0 np,uuendt},

whence, using also Lemma 4, and noting that V;,(0) = R,

T
16(T)) < Cr {uew)u + /0 ol dt}

T
<Cr {lluOh — Ryuo|| + A2 (||u0||2 +/0 lluell2 dS) } .
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598 C. CHEN, V. THOMEE, AND L. B. WAHLBIN

In view of our choice of u;, this completes the proof of the desired estimate
for 6, and thus of the theorem. O

4. THE COMPLETELY DISCRETE SCHEME

In this section we shall consider the completely discrete method (1.7).
In the next lemma we estimate a time-discrete L,(0, T; Ly(Q)) type norm
of the quadrature error

n—1 th
en(®) = 3 Kn_jd(1;) / K(ts - 5)8(s) ds,
j=0 0

where k; is defined by (1.6).

Lemma 5. For each T >0 there is a constant Cr such that, if $,€ L1(0,T;L,),
then

N N
kS llen(@)ll < Crk /0 \g(s)llds for Nk <T.
n=1

Proof. By the definition of the x; we have

t]+l

K(tn — 5)(¢(Lj) — d(s)) ds,

tj

so that by (1.2), for each X € Q,

n-lo gy i
len(®)] < |K (tn — 5| |p:(0)|do ds
X, e

n-1 Livi
< czua,n_,-/ \bu(o)|do,
Jj=0 ti
where

]
(4.1) Ha,j = / s7ds = (1-a)~' () - 1)2).

ti—y

By integration in x and use of Minkowski’s inequality this yields

]

n-1 i+
len(@)| < C_ tha,n—j / el ds.
Jj=0

Hence, by interchanging the orders of summation we find

it Tn
Zusn N<CS S ton ,/ Iodds < Cr [ Iods,

Jj=0 n=j+1
since
IN-j
Z Ko, n— ,—/ s%ds < Cr=(1-a)"'T' 2,
n=j+1
This completes the proof. O

The following two lemmas are discrete analogues of Lemmas 1 and 2, and
are proved similarly to these.
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Lemma 6. Let p, ; be defined by (4.1) and assume that y, > 0 and satisfies

n—1

Yn < bn + ﬂZua,n_jyj forn>0,
j=0
where b, >0, 8 > 0. Then for each T > 0 there is a constant Ct such that
n—1

Yn < bn+CTZ,ua,n—jbj fOr nk <T.
Jj=0

Lemma 7. Let K € L(0, T), and let k; be defined by (1.6). Then for each
€ >0 there is a constant C; = Co(||K||L,0,1)) Such that

N N-1 n—1
<ed [+ Ce)y lonaal ) S

n=1 n=0 Jj=0

N n-1

Kn—jf}f;l

n=1 j=0

The following error estimate is our main result of this section. Its proof will
require the inverse estimate

(4.2) Ixli < Ch7Yixll, VX €S
Theorem 3. Assume that S;, satisfies (4.2) and that ugy, is chosen so that
(4.3) lton = uoll < A2l
Then for each T > O there is a constant Ct such that for the solutions of (1.7)
and (1.1)
tn

1U" — u(ta)|| < Cr(h* + k) {lluollz +/0 (lueell + Iluzllz)dS} fort<T.

Proof. With V), the Ritz-Volterra projection introduced in (3.1), we write
U" —u(ty) = (U" = Vyu(tn)) + (Vau(tn) — u(tn)) = 6" + p".

The term p" is estimated as desired by Lemma 3. For 6" we have by our

definitions
n—1

(4.4) B:0", x)+ A0", x) =D Kkn_ B!, 1)+ (tn, X),
j=0

where

n—1

— . tn
(5o 1) = (0 =BVit 1)+ 3 e BV, )= [ Ktu=5)BThs). 1) .
j=0

Defining Bj,: H} — S, by

(Bh¢>X)=B(¢’ X)a VXESh,

we may write _
Ty =u; — 0, Vyu" + en(BpVyu).
We shall show by an energy argument that

N
(4.5) 6™l < ¢r (ne"n kY ||r,,||) for Nk < T.

n=1
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Assuming this for a moment, we then write 7, = Z}Ll ‘tf, , where

th=ul - 9,u",

12 =9,(u" - Vyu") = —9,p",
T3 = €x(Bhu),
T: = &n(Bpp).

We have at once

N N 1n tN
kS Il < ck Y / luall ds = Ck /0 luall s,
n=1 n=1

th—1

and, by Lemma 4,

N N tn I
SNEDD / il ds = / il ds
n=1 n=1"-1 0

v
< Ch2{||u0||2+ /0 ||ut||2ds}-

To estimate 73, we note that when u is smooth, B,u = P,Bu and hence,
by Lemma 5,

N In 1%
kS el < Ck /0 |1P,Bu, ds < Ck /0 o] ds.
n=1

Using the inverse assumption (4.2), we have

(Brp, 1) =B(p, 1) < Cllplhlixlls < Ch~lpllilxll s

so that
1 Brpll < Ch~Yplls-

Hence, for 74, we have by Lemmas 5 and 4,

N tn
kY lledl < Crk /0 1Byl ds
n=1

IN 175
< Crich™! /0 up,uldsscrk{nuouw /0 ||u,||2ds}.

Inserted into (4.5), these estimates show

v
6™l < Crlluon — Ruwoll + Cr(h* + k) {Iluollz +/0 (lueell + IquIIz)dS} -

In view of (4.3) this completes the proof.
It remains to show (4.5). For this we choose y = 6" in (4.4), which yields

n—1

%5,”0””2 + %k||5,t9"||2 + A(0", 6™) = Z x,._jB(Gf , 0") + (10, 07),
j=0
whence
n—1
31612+ 16713 < C Y tta,n—j167 1116”111 + Clizall 1671,
j=0
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and, after summation,

N N n-1
16N + k> 16™1F < 16°12 + Ck Y > tta,njll67111116™ 1
n=1 n=1 j=0
N
+CkY_ |ltall 167

n=1

Using Lemma 7 with K(¢) = Ct~*, we may conclude

N N
16M12 + k> 116™1F < 16°1* + Ck D llzall 167

n=1 n=1
N-1 -1
+C Y pa,non [ kY 1167)1
n=0 j=0
In combination with Lemma 6, applied to yy = k YN [|67||2, this shows

N
161> < Cr (IIG"II2 +k ) llTall IIO"II) for Nk < T,
n=1
from which (4.5) follows.
This completes the proof. O
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