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FINITE ELEMENT APPROXIMATION OF STEADY FLOWS OF COLLOIDAL
SOLUTIONS
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KUMBAKONAM R. RAaJAGOPAL* AND ENDRE SULI®

Abstract. We consider the mathematical analysis and numerical approximation of a system of non-
linear partial differential equations that arises in models that have relevance to steady isochoric flows of
colloidal suspensions. The symmetric velocity gradient is assumed to be a monotone nonlinear function
of the deviatoric part of the Cauchy stress tensor. We prove the existence of a weak solution to the
problem, and under the additional assumption that the nonlinearity involved in the constitutive rela-
tion is Lipschitz continuous we also prove uniqueness of the weak solution. We then construct mixed
finite element approximations of the system using both conforming and nonconforming finite element
spaces. For both of these we prove the convergence of the method to the unique weak solution of the
problem, and in the case of the conforming method we provide a bound on the error between the
analytical solution and its finite element approximation in terms of the best approximation error from
the finite element spaces. We propose first a Lions—Mercier type iterative method and next a clas-
sical fixed-point algorithm to solve the finite-dimensional problems resulting from the finite element
discretisation of the system of nonlinear partial differential equations under consideration and present
numerical experiments that illustrate the practical performance of the proposed numerical method.
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1. INTRODUCTION

The classical incompressible Navier—Stokes constitutive equation and its usual generalisations, the constitutive
relations for the incompressible Stokesian fluid, are explicit expressions for the Cauchy stress in terms of the
symmetric part of the velocity gradient. The Stokesian fluid is defined by the constitutive expression

T =—pI+f(D), (1.1)
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where T is the Cauchy stress, —pI is the indeterminate part of the stress due to the constraint of incompressibility
and D is the symmetric part of the velocity gradient, D = % (Vu + (Vu)t) The incompressible Navier—Stokes

fluid is a special sub-class of (1.1) that is linear in the symmetric part of the velocity gradient and is defined
through:
T =—pl +2uD, (1.2)

where p is the viscosity of the fluid. Power-law fluids are another popular sub-class of (1.1), the power-law fluid
being defined through the constitutive equation

T = —pI + 24 (1 + atr (D*))" D, (1.3)

where pp and « are positive constants and m is a constant; if m is zero we recover the Navier—Stokes fluid
model, if it is negative we have a shear-thinning fluid model and if it is positive we have a shear-thickening fluid
model. There are however many fluids that cannot be described by constitutive equations of the form (1.1) but
require “relations”, in the true mathematical sense of the term, between the Cauchy stress and the symmetric
part of the velocity gradient. Implicit constitutive relations that involve higher time derivatives of the stress
and the symmetric part of the velocity gradient have been proposed to describe the response of non-Newtonian
fluids that exhibit viscoelastic response’ (see Burgers [13], Oldroyd [30]); that is fluids that exhibit phenomena
like stress relaxation. However, purely implicit algebraic relationship between the stress and the symmetric part
of the velocity gradient were not considered to describe non-Newtonian fluids until recently. Such models are
critical if one is interested in describing the response of fluids which do not exhibit viscoelasticity but whose
material properties depend on the mean value of the stress and the shear rate, a characteristic exhibited by
many fluids and colloids, as borne out by numerous experiments. Consider for example an incompressible fluid
whose viscosity depends on the mechanical pressure® (mean value of the stress) and is shear-thinning, whose
constitutive relation takes the form

T = —pI +2u (p, tr (D?)) D. (1.4)
Since tr (D) = div (u) =0,
tr(T) = —3p, e, p= —%tr (1), (1.5)
the above equation takes the form
T:%(tr(T))I—&—Qu (—;tr(T),tr (D2)> D. (1.6)

(The factor 1/3 is related to the number of space dimensions d = 3; in two dimensions it would be replaced by
1/2.) The above expression is of the form
f(T,D)=0, (1.7)

which is an implicit relationship between the stress and the symmetric part of the velocity gradient. Rajagopal
[34,35] introduced the implicit relationship of the above form (and also the much more general implicit relation-
ship between the history of the stress and the history of the deformation gradient) to describe materials whose
properties depend upon the pressure and the shear rate. In fact, the properties of all fluids depend upon the
pressure: it is just a matter of how large the variation of the pressure is in order for one to take the variation of
the properties into account. The book by Bridgman [9] entitled “Physics of High Pressures” provides copious
references to the experimental literature before 1931 on the variation of the viscosity of fluids with pressure,

IWhile the Maxwell fluid (see [28]) is defined through a constitutive relation involving the derivative of the stress, it is not an
implicit model in that the symmetric part of the velocity gradient can be explicitly defined in terms of the stress and the time
derivative of the stress.

2The terminology “pressure” is often misused, especially in nonlinear fluids; see Rajagopal [37] for a detailed discussion.



FINITE ELEMENT APPROXIMATION OF COLLOIDAL FLUIDS 1965

and one can find recent references to the experimental literature on the dependence of viscosity on pressure
in Mélek and Rajagopal [27]. Stokes [40] recognised that the viscosity of fluids varies with pressure, but in
the case of sufficiently slow flows in channels and pipes he assumed that the viscosity could be considered a
constant. Suffice to say, constitutive relations of the class (1.7) are necessary to describe the response of fluids
whose viscosity depends on the pressure. Also as mentioned earlier, the implicit constitutive relation (1.7) is
useful to describe the behaviour of colloids. Recently, Perldcové and Priisa [32] (see also Le Roux and Rajagopal
[39]) used an implicit model belonging to a sub-class of (1.7) to describe the response of colloidal solutions as
presented in the experimental work of Boltenhagen et al. [4], Hu et al. [21], Lopez-Diaz et al. [26] among others.
Notice that while one always expresses the incompressible Navier—Stokes fluid by the representation (1.2), it is
perfectly reasonable to describe it as

1 P
D=¢pl+—T h = 1.8
pl+ o T, where = o (1.8)
In fact, it is the representation (1.8) that is in keeping with causality as the stress is the cause and the velocity
and hence its gradient is the effect, and this fact cannot be overemphasised. Such a representation would imply
that the Stokes assumption that is often appealed to is incorrect (see Rajagopal [36] for a detailed discussion
of the same). Mdlek et al. [33] generalised (1.8) to stress power-law fluids, namely constitutive relations of the
form:

T = —pI +T9,
D=~ [1+ﬂtr<(Td)2>er, (1.9)

where T9 is the deviatoric part of the Cauchy stress, v and § are positive constants, and n is a constant that
can be positive, negative or zero. The constitutive relation (1.9) is capable of describing phenomena that the
classical power-law models are incapable of describing. For instance, the constitutive models (1.9) can describe
limiting strain rate as well as fluids which allow the possibility of the strain rate initially increasing with stress
and later decreasing with stress; both such responses cannot be described by the classical power-law fluid model
(1.3) (see the discussion in Mdlek et al. [33] with regard to the difference in the response characteristics of the
stress power-law fluid and the classical power-law fluid). We are interested in a further generalization of the
constitutive relation of the form (1.9) that is appropriate for describing the response of colloidal solutions. This
constitutive relation takes the form:

D- {7 {1+ﬂtr(<Td)2>]n+a}Td, (1.10)

where «, 3, and 7y are positive constants, n is a real number, and T is the deviatoric part of the Cauchy stress.
The shear stress in a fluid undergoing simple shear flow, that is described by the constitutive relation given above,
increases from zero to a maximum, then decreases to a local minimum, and then increases monotonically as the
shear stress increases from zero. As discussed by Le Roux and Rajagopal [39], and Perldcova and Prusa [32],
many colloids exhibit such behavior. The constitutive relation that we introduce first in (2.10) and next in
(3.1) includes (1.10) as a special sub-class. It can be posed within a Hilbert space setting owing to the presence
of the coefficient « in (1.10), but nevertheless, it is a challenging problem as it involves two nonlinearities:
the monotone part in the constitutive relation and the inertial (convective) term. The problem without the
inertial term, see Section 2.2 below, has already been analysed in [5], while the analysis of the steady-state
incompressible Navier—Stokes equations is well-established, see for instance [19,41]. With both nonlinearities
present in the model, proving the existence of a weak solution, for instance, to the best of our knowledge cannot
be done by simply coupling the techniques used for these two problems, namely the Browder—Minty theorem
and the Galerkin method combined with Brouwer’s fixed point theorem and a weak compactness argument.
More refined arguments are needed; they are crucial to the proofs of Lemmas 3.7 and 3.8 below.
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This work is organised as follows. The notation and the functional-analytic setting are recalled in the next
subsection. In Section 2, both linear and fully nonlinear versions of the formulation are briefly analysed for the
Stokes system, i.e., without the inertial (convective) term. The theoretical analysis of the complete nonlinear
system is carried out in Section 3. The main results of this section are Theorem 3.9 for the existence of a
solution and Proposition 3.10 for the uniqueness of a solution under additional assumptions on the input data.
In Section 4, conforming finite element approximations of these models are proposed and error estimates are
derived. The cases of both simplicial and hexahedral elements are discussed. The analysis of the latter is less
satisfactory as it requires subdivisions consisting of parallelepipeds and suffers from a higher computational cost.
This motivates the introduction of nonconforming approximations in Section 5. In Section 6, two decoupling
algorithms are presented and compared: a Lions—Mercier algorithm adapted to a system with a monotone part
and an elliptic part, and a classical fixed-point algorithm alternating between the approximation of a Navier—
Stokes system and the nonlinear constitutive relation for the stress. Numerical experiments are performed with
conforming finite elements on a square mesh in two dimensions. The theoretically established convergence of
the scheme is confirmed and convergence of both decoupled algorithms is observed.

1.1. Notation and preliminaries

Let Q C R, d € {2,3}, be a bounded, open, simply connected Lipschitz domain. We consider the function
spaces

Q:=12(Q), V:i=H'(Q)? and M:= {s e L2 ()4 tr(8) = o} (1.11)

sym

for the pressure, the velocity, and the deviatoric stress tensor, respectively. As usual,

L3<Q>={qeL2<Q>:/ﬂq=o},

the zero mean value constraint being introduced to fix the undetermined additive constant in the mechanical
pressure. Here the subscript sym indicates that the d x d tensors under consideration are assumed to be sym-
metric. Henceforth, the symmetric gradient of the velocity field v (or, briefly, symmetric velocity gradient) will
be denoted by

1 t
D(v):= 3 (VV+ (Vv) ) (1.12)
and the deviatoric part of a d x d tensor S is defined by
1
§d.=5 - Str ()1 (1.13)

with I the d x d identity tensor; thus the trace of 54 is zero. We denote by V the subspace of V' consisting of
all divergence-free functions contained in V; that is,

V:i={veV:di(v)=0} (1.14)
For vector-valued functions v :  — R?, we write
IVliz2) =l ¥llr2@) and [[v]ze(o) = [ [V]]lz=(e)
with | - | signifying the Euclidean norm on R¢, while for tensor-valued functions S :  — R4 we define
1Sl z2(0) = [11S] l22(),

where now

1S|:=v5:8
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is the Frobenius norm of S. Clearly, M is a Hilbert space with this norm. We recall the Poincaré and Korn
inequalities, which are, respectively, the following: there exist positive constants Cp and Ck such that

[vllL2() < CplIVllLa) Vv € Hy (Q) (1.15)
and
[VVlL2) < Ck[[D (V) [|r2@) Vv eV (1.16)
We endow V' (and V) with the norm
- Mlv = 1D () llz2 (- (1.17)

Both V and V are Hilbert spaces with this norm, because | - ||y is equivalent to both the H* (2)*** norm and

the H' (2)"*? semi-norm, thanks to (1.15), (1.16) and the trivial relation || D (v) ll2) < IVV|lL2)-

2. STOKES SYSTEM WITH LINEAR AND NONLINEAR CONSTITUTIVE RELATIONS

In this section we study two preliminary model problems without the inertial term; the first one simply
reduces to the Stokes system, while the second model problem involves a monotone nonlinearity treated by the
Browder—Minty approach.

2.1. The Stokes system

Let us consider the problem

—div(T) =f in Q,
D(u) =aT? inQ,
div (u) =0 in €, (2.1)
u=0 on 012,

where f : Q@ — R? is a prescribed external force, D (u) is defined by (1.12), the unknown tensor T is symmetric,
and « is a given positive constant, the reciprocal of the viscosity coefficient. Here, we assume that f € L? (Q)d
for simplicity, but a similar analysis holds for the general case f € V/ = H~! (Q)d; see for instance Remark 3.3
in Section 3. By decomposing the Cauchy stress T as T = T + %tr (T') I and inserting this in the first equation
of (2.1) we arrive at the following equivalent problem:

— div (Td) — 1Vt (T) = £ in Q,
D (u) = aT? inQ, (2.2)
div(u) =0 in Q,
u=20 on 0f),
which we recognise to be the Stokes system where the mechanical pressure (mean normal stress) is p := —étr (T).

Recalling the spaces M,V, @ defined in (1.11) and using the relation

D(v):S=Vv:S,
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which holds? for any symmetric tensor S, the weak formulation of problem (2.2) can be written as follows: find
a triple (Td, u,p) € M xV x @ such that

/Td:D(v)—/pdiv(v):/f-v Vvev,
Q Q Q
a/Td:S—/S:D(u):O VS e M, (2.3)
Q Q
—/qdiv(u)zO Vg€ Q.
Q
Forany S € M, v €V, and q € @, we set
b1 (S,v) = / S:D(v),
Q
by (v,q) := f/ qgdiv (v).
Q
As is usual for the Stokes problem, the unknown pressure can be eliminated from (2.3) by restricting the test
functions v to V. In addition, the variable u can also be eliminated by treating the first line of (2.3) as a

constraint, thus leading to an equivalent (reduced) problem for which the two variables p and u are eliminated.
The equivalence is based on the following (inf-sup) conditions

bl (S,V)

inf sup > 2.4
veVsem [|S]lLz@ | D (V) [|z2(a) 24

and b b
38 >0: inf sup 2 (v,9) > inf sup 2(v,9) > 83, (2.5)

9€Q vev |lallL2@)llD (V) l2) ~ 9€@vev lallL2@)V V2 ~

where we have used that || D (v) |2 < [|[VV]|L2(q). It is well-known that the spaces V' and @ defined in
(1.11) satisfy the inf-sup condition (2.5), see for instance [19], while the relation (2.4) can be easily shown by
observing that, for a given v € V, we have R := D (v) € M since tr (R) = tr (D (v)) = div(v) = 0 and D (v)
is symmetric. Therefore, b (R, v) = | D (v) HQLQ(Q) and thus

b1 (S,v) b1 (R, V)

sup > = ||D (v) ||r2(q)-
sem Sl — I1R|lL2 ) @)

We can then eliminate the incompressibility constraint by seeking u € V, yielding the (partially reduced)
problem: find (Td, u) € M x V such that

/Td:D(v):/f~v Vvey,
Q Q

(2.6)
a/Td:S—/S:D(u):O VS e M.
Q Q

Clearly, each solution of (2.3) satisfies (2.6). Conversely, it follows from the inf-sup condition (2.5) that for any
solution (Td,u> of (2.6) there exists a unique p € @ such that (Td,u,p) is the solution of (2.3); see [19].

3For any R, S € R4%4 with S symmetric, we have that S : R = <S+25t) ‘R = %S R+ %St ‘R= %S R+ %S R =S
(=5%)
S .



FINITE ELEMENT APPROXIMATION OF COLLOIDAL FLUIDS 1969

Hence these two problems are equivalent. Furthermore, we can eliminate the unknown u by proceeding as
follows; see [5]. First, we introduce the decomposition M = M & M=+ with

M:={SeM:b(Sv)=0 VveV}, (2.7)
the kernel of b1, and
Ml:{SGM:/s:Ro VREM}
Q

its orthogonal complement in M, and we write T = T§ + T with TS € M and T§ € M*. The condition
(2.4) ensures the existence and uniqueness of T'§ € M satisfying

by (Tiv) :/f~v ¥veVv and ||TEL2@ < CrCxllflrz(o (2.8)
Q

with Cp and Ck the constants in Poincaré’s and Korn’s inequalities (1.15) and (1.16), respectively. We finally
get the (fully reduced) problem: find T§ € M such that

a/Tg:sz—a/T;i:s VS e M. (2.9)
Q Q

The well-posedness of problem (2.9) follows from the Lax—Milgram lemma, while its equivalence to the original
problem (2.3) is guaranteed by (2.4) and (2.5).

Of course, in this simple model with a linear constitutive relation, Tg = 0 since the right-hand side of (2.9)
vanishes and « (-, "), is an inner product on M. However, the framework developed here will be used in the
sequel in a more general setting.

2.2. Stokes model with a nonlinear constitutive relation

Next, we consider the following Stokes-like system with a nonlinear relation between the stress and the
symmetric velocity gradient:

_ div (Td) —ivt(T) = ¢ in Q,
D (u) = oT% 4+ v (‘Td’) T inQ, (2.10)
div(u) =0 in Q,
u=20 on 0N

with 7 a given positive constant, and where p € C* ((0,400)) NC° ([0, +00)) is a given function satisfying

d

P (n(a)a) >0 VaeRsg (2.11)

and
p(a)>0 and p(a)a<C; VaeRs (2.12)

for some positive constant C. Since y is continuous on any subinterval of R>, the second part of (2.12) implies
that p is bounded above and we denote its maximum by fmax,

0<p(a) < pimax Vae€Rsg. (2.13)

Moreover, proceeding as in the proof of Lemma 4.1 from [12], we deduce from (2.11) and (2.12) that for any
R, S € R%*4, the following monotonicity property hold:

(n(R|) R—pu(|S])S): (R=S8) =0 (2.14)
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with equality if and only if R = S.
Introducing again p := —étr (T), the weak formulation of problem (2.10) reads as follows: find a triple

<Td,u,p) € M xV x @ such that
/Td:D(v)f/pdiv(v):/fv Vvev,
Q Q Q
a/Td:S+7/u(’TdDTd:S—/S:D(u):O VS e M, (2.15)
Q Q Q

—/qdiv(u):O Vg€ Q.
Q

Proceeding exactly as in Section 2.1, we first eliminate the pressure, and we thus deduce that problem (2.15)
is equivalent to the following problem: find (Td, u) € M x V such that

/Td:D(v):/f~v Vvev,
Q Q

(2.16)
a/Td:S—ny/M(’TdDTd:S—/S:D(u)zo VS e M,
Q Q Q
which is further equivalent to the following problem: find Tg € M such that
a/ (T3+T?) ;s+7/ u(‘TS-ﬁ-T?D (T3+T‘§) :§=0 VSeM (2.17)
Q Q

with T§ € M- the solution of (2.8). The Browder-Minty theorem, see for instance [29], guarantees the existence
of a solution to problem (2.17). Indeed, let A : M — M’ be defined for R, S € M by

<A(R),S>M::a/QR:SJrfy/QuﬂRDR:S, (2.18)

where (-,-)ps denotes the duality pairing between M and its dual space, M’. It then easily follows that the
mapping Tf)l — A (TB1 + T‘fj) is bounded, monotone, coercive and hemi-continuous. By the Browder—Minty

theorem these imply surjectivity of A and thereby existence of a solution, while its uniqueness follows from the
strict monotonicity of A.
3. NAVIER—STOKES WITH NONLINEAR CONSTITUTIVE RELATION

Now, we focus on our problem of interest, where a convective term is added to the first equation of (2.10),
i.e., we consider the problem

(u-V)u—-div(T)=f1 in Q,
D (u) :aTderL(’TdD T inQ, 51)
div(u) =0 in Q,
u=0 on 0N).

We prove a priori estimates, construct a solution, and give sufficient conditions for global uniqueness.
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3.1. Reformulation

By introducing the pressure p := —étr (T), problem (3.1) can be rewritten as follows:
(u-V)u—div(Td)—l—Vp:f in Q,
D (u) = oT? +ypu (’TdD T inQ, (3.2)
div(u) =0 in €,
u=20 on 0f.

In order to bring forth an elliptic term on the left-hand side of the first equation of (3.2), we rewrite the second
equation in (3.2) as

1
T = -D)- Ly (’Td‘) T4, (3.3)
e !
and thus by substituting this relation into the first equation of (3.2) we get
(- V)u—Ldiv(D(u)+Vp=f— 2 div (u(‘TdDTd) in Q,

T +yp (‘Td ) T = D (u) in £, (3.4)
div(u) =0 in Q,
u=0 on 0N.

The weak formulation of (3.4) reads: find (Td, u,p) € M x V x @ such that

/Q[(u-V)u]~v+é/QD(u):D( /pdlv /f v+ = /u(‘TdDTd:D(v),
a/QTd:S—i—v/Qu(‘TdDTd:S:/QD(u):S, (3.5)

/ gdiv(u) =0
Q
for all (S,v,q) e M xV x Q.
As previously, we eliminate the pressure by restricting the test functions to V, and we thus obtain the following
equivalent reduced problem: find (Td, u) € M x V such that

/ “V+— /D /Qf-v—kg/ﬂ,u(‘TdDTd:D(v), (3.6)
/Td S—&—v/u(‘TdDTd:S:/QD(u):S (3.7)

for all (S,v) € M x V.

Interestingly, (3.6), (3.7) can be further reduced by observing that, given u, (3.7) uniquely determines T
thanks to the Browder—Minty theorem; see the end of Section 2.2. Thus, we define the mapping G : V — M by
u— T9 with T9 € M being the unique solution of

<A (Td),S>M=/D(u):S VS e M, (3.8)
Q

where we recall that A is defined in (2.18). With this mapping, (3.6), (3.7) is equivalent to the following problem:
find u € V such that

[y [ DD = [ £+ L [ uigmhow: D). (39)

Before embarking on the proof of existence of a solution to problem (3.6), (3.7) we establish a series of a
priori estimates under the assumption that a solution exists.
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3.2. A priori estimates

Assuming that problem (3.6), (3.7) has a solution, the following a priori estimates hold for any solution
(Td, u) eMxV.

Lemma 3.1 (First a priori estimates). Let |Q| denote the measure of Q. Then,
1D ()] 2 < aCpCx ]l r2() +7C1 102 (3.10)

and

|~

Y 1
< f —C1|Q A1
L2 CrCk|fllra () +  C1lQ (3.11)

with Cp and Ck signifying the constants in Poincaré’s and Korn’s inequality, respectively, and Cy the constant
n (2.12).

Proof. Taking S = T9 in (3.7) yields

2
d d d d d
@ HT ‘ L2(Q) +7/ (‘T ‘T / D(u): T < |ID (Wl o) HT ’ 2(Q)
Using then the positivity of u, see (2.12), we get
T <Lyp 3.12
|72 = 5 1D @20 (3.12)
To obtain a bound for u, we recall the well-known relation
/[(u.V)V].VZO YueV, Vvev, (3.13)
Q
which is easily obtained by integration by parts, as follows:
1 2 1 . 2
(u-V)v]-v== [ u-V(v]*)) === [ div(u)|v]* =0.
Q 2 Ja 2 Ja
Therefore, taking v =u in (3.6) and using (2.12) we obtain
1
D@y = [ £ /u(]Td\)Td:Dm)
@ Q
< (CrCxltliam + LC11QI2) 1D (W) 120 -
from which we directly deduce (3.10); (3.11) follows by applying (3.10) to (3.12). O

Lemma 3.2 (Second a priori estimates). Recall that fimax = SUP,¢[g ooy 14 (). We also have
D (W)l 120) < (@ + Yimax) CPCK ]l 22(0) (3.14)

and

1
|7 .. = = (@ i) CoC 12 0. (3.15)

L2()

The advantage of the estimates (3.14) and (3.15) is that if £ = 0, then we can directly deduce that u = 0
and T9 = 0 (and consequently p = 0).
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Proof. The ingredients of the proof are similar to those used in the proof of Lemma 3.1 and only the derivation
of the bound for D (u) is different. First notice that combining (3.6) and (3.7) we have

/[(u~V)u]-V+/Td:D(V):/f~v Vvevy. (3.16)
Q ) )
Taking v = u in (3.16) we then find that
[T D () < ol 1D (@)l (3.17)
Notice that T9 : D (u) > 0 a.e. in Q. Indeed, from (3.7) we have that
(a+w (‘Td‘»Td —D(u) inM (3.18)

and thus
(a + i (’Td‘)) T9:D(u)=|Du)|>>0 ae in Q.

>0

Therefore, taking S = D (u) in (3.7) and using the upper bound fimax for g and the bound (3.17) we have
1D (0)[122 0 :a/QTd:D(u)+'y/ﬂ,u(’TdDTd:D(u)
< (Oé +'7,U/max)/ Td : D (u)
Q
< (@ 4+ Ypmax) CpCk|[fl| 20 1D (W) 20 »

which yields (3.14). Finally, the bound (3.15) for T is obtained by substituting (3.14) in (3.12). O

Remark 3.3. Similar a priori estimates can be derived in the case when f € V’ (with V/ = H~! (Q)d). More
precisely, all occurrences of CpCrk||f|12(q) can be replaced by ||f|y/, where
<f, V> 1% <f7 V> \%

[f]lyr := sup = sup ————, (3.19)
vev vy vev ID (V) [z

and (-, -)y denotes the duality pairing between V' and V. The same observation holds for all that follows.

Remark 3.4. By a direct argument we can also prove that
1 2
D ()l 20y < - (@ + Ytmax)” CrCK || L2(0)- (3.20)
This leads to the same a priori bound (3.15) for T,

1
< — (a + 'Y,Umax) CPCK||f||L2(Q)

=
L2(Q) ~ o

Indeed, the choice S = D (u) in (3.7) gives directly (without invoking (3.18))

ID @)@ = [ T D+ [ w(|T9) 7 D (@) < (0 + g |79

L) 1D (0)]| 20 -

Hence

1D (W)l 2y < (@ + i) | T

L2(Q)
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and
2

)
L2 ()

2 2
1D (@)l 72(0y < (0 + Vi) | T

Then (3.20) follows by substituting the bound

offr|

2
.pd
L2() < /QD (11) T = /Qf u< CPCK||f||L2(Q) ||D (u)||L2(Q)

into the preceding inequality. This also yields (3.15).

3.3. Construction of a solution

In this subsection we prove the existence of a solution in a bounded Lipschitz domain without any restrictions
on the data, other than those stated at the beginning of Section 2.2. The first part of the construction is
fairly standard: a suitable sequence of (finite-dimensional) Galerkin approximations to the infinite-dimensional
problem is constructed, followed by Brouwer’s fixed point theorem to prove that each finite-dimensional problem
in the sequence has a solution; uniform a prior:i estimates, similar to those derived in Lemma 3.1, are established
for the Galerkin solutions, which are then used for passing to the (weak) limit, via a weak compactness argument.
However, because of the combined effect of the nonlinearities, identifying the limit as a solution to the infinite-
dimensional problem requires a more refined argument.

For the sake of clarity, the argument is split into several steps.

Step 1 (Finite-dimensional approximation). Formulation (3.9) lends itself readily to a Galerkin discretisation.
Since the only unknown is u in V, a separable Hilbert space, we introduce a countably infinite basis {w1,ws, ...}
of orthonormal functions of V with respect to the inner product

(u,v) := / D(u):D(v), (3.21)
Q
whose span is dense in V. Next, we truncate this basis, i.e., for each m > 1 we define
Vi = span{wy,..., Wy, },

and for u,, € V,, we denote by 0, € R™ its representation with respect to this basis. Finally, we fix m > 1
and consider the following finite-dimensional problem: find u,, € V,, such that, for all 1 < 7 < m,

1
[l Dywn) w2 [ D) D) = [ £+ 2 [ (|ra]) 78 D) (3.22)
Q @ Ja Q @ Ja
with T9 := G (u,,). In other words, TS, € M solves

a/ﬂTg;s+7/§2u(‘Tg’)T§:sz/§2D(um);s VS e M. (3.23)

Problem (3.22), which can be seen as the projection of (3.9) onto V,,, is equivalent to the following: find @, € R™
such that
F (4,,) =0,

where F = (F,. .. ,Fm)t :R™ — R™ is the continuous function defined, for j = 1,...,m, by

o Jo

F; () = /Q[(um-V)um].wj+l D(um):D(wj)_/nf-wj_%/QMQT;DT;:D(wj).

Step 2 (Existence of a discrete solution). Problem (3.22) is a system of m nonlinear equations in m unknowns.
The existence of a solution to this problem can be established by the following variant of Brouwer’s fixed point
theorem (see e.g. [17,19]).
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Lemma 3.5. Let F: R™ — R™ be a continuous function that satisfies
F(x)- x>0 if |x|=r
for some r > 0. Then, there exists a point x € By, (0,7) := {x € R™: |x| <r} such that
F(x)=0.
Proposition 3.6. Problem (3.22) has at least one solution u,, € V,, that satisfies the uniform bound
1D (wm)l| 2y < aCPCrc|If] L2 +7C1IQ2. (3.24)

Moreover, Tfn = G (u,,) satisfies the uniform bound

kad

! gl 1
< I (um = f —CilQ>. 2

Proof. We infer from Lemma 3.5 that F has a zero in the ball By, (0,r) with
ri= OéCpCKHfHLz(Q) + ’yCl|Q|%

Indeed, using the antisymmetry property (3.13), which holds because u,, € V,,, C V, we get
1
Fln) b= o [ D) P [ £oun =2 [ (|78]) T D)
@ Ja Q @ Ja
1 Y 1
> (21D () 2y~ CrCalifliney - LCI9UH ) 1D () oo,

where we have used Poincaré’s and Korn’s inequalities (1.15) and (1.16), respectively, to bound the second term
and the relation (2.12) for the third one. As ||D (u,) ||12(q) = [@m|, we deduce from the last inequality that if
|Q,,| = r with r as defined above, then

" " 1. 1) -
F(a,) -4, > <a|um| - CpCk|fll L2 () — ZCl|Q|5) |G| = 0.

Thanks to Lemma 3.5, there exists a point G, € By, (0,r) such that F (a,,) = 0, i.e., problem (3.22) has a

solution u,, € V,, that satisfies the uniform bound (3.24). Finally, it is easily shown that T, := G (u,,) satisfies
the bound (3.25). O

Step 3 (Passage to the limit m — oo and identification of the limit). We consider the sequences (u,),,, and
(Ti) . with u,, € V,, and TS = G (u,,) € M. Thanks to the uniform estimates (3.24) and (3.25) there

exist two subsequences (not relabelled) such that

lim u, =u weakly in H} () (and thus also in V),

m—00
lim u, =a strongly in LY (Q)? with1<g<oo if d=2, and 1< q<6 if d =3,
lim T = T weakly in L? (2)?*? (and thus also in M)

for some @ € V and T® € M. Our objective is to show that the pair Td,ﬁ € M x V is a solution to the
problem under consideration by passing to the limit in (3.22), (3.23).
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Passing to the limit in (3.22), (3.23) is however not straightforward because of the lack of strong convergence
of T‘,jn in M. Identifying the pair (Td, ﬁ) € M x V as a solution will be achieved by means of the following
two lemmas, the first of which (Lem. 3.7) relies on the equations and the strong convergence of the sequence

(Wm),,>, in L9 (€)% shown above, and the second lemma (Lem. 3.8) follows from the monotonicity property
(2.14).

The proof, included below, that the pair (Td, ﬁ) satisfies (3.7) is inspired by the arguments in [11], where a

more general constitutive relation than (3.3) was considered. Specifically, the conclusion of Lemma 3.8 follows
from Lemma 2.4.1 of [11], the hypothesis (2.12) of Lemma 2.4.1 of [11] being fulfilled thanks to Lemma 3.7;
however we provide a proof here that is directly tailored to our problem.

Lemma 3.7. The following limit holds:
lim [ T9 :D(u,) = / T :D(n). (3.26)
Q

m—00 Q

Proof. By testing equation (3.23) with § = D (w;) and substituting into (3.22) we deduce that

/[(um-V)um}-Wj—&—/TSl:D(Wj):/fwj V1<j<m. (3.27)
Q Q Q

Multiplying (3.27) by (@ );, summing over j, and applying (3.13), we derive

/T:‘n;D(um):/f-um. (3.28)
Q Q
Thus we obtain on the one hand

lim [ T9:D(u,)= lim f-um:/f~ﬁ. (3.29)

On the other hand, letting m tend to infinity in (3.27) for fixed j and considering the strong convergence of u,,,
we infer that

L@y [ 74 D) = [ £y vz,

and the density of {J,,,>; Vm in V therefore implies that

/Q[(ﬁ~V)ﬁ]-v+/QTd:D(v):/ﬂf~v Vv ev. (3.30)

In view of (3.13), the choice v = u in (3.30) yields

/QTd:D(ﬁ)z/Qf.ﬁ, (3.31)

and (3.26) then follows from (3.29) and (3.31). O

Lemma 3.8. We have that L
T =G (u). (3.32)

Proof. Let T4 = G (u); since T := G (u,,), we have by definition

a/Q(Tg_Td):sﬂ/g(M(]Tg\)T;_M(]Td))Td);sz/Q@(um_a) :

¢))
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for all S € M. Taking then S = TS1 — T’d and using the monotonicity property (2.14) we get
~d|2 -
a/ ‘T%—Td‘ g/ (D (u,, — 1)) : (Tfn—Td)
Q Q
d ~d _ d ~d

= {D(um):Tm—D(um):T —D(u): (Tm—T )} .

Q
Finally, we take the limit m — oo of both sides and apply (3.26) to obtain

a lim /’Tg—:i“drg/ {D(ﬁ):Td—D(ﬁ):Td—D(ﬁ):(Td—Tdﬂ:O,
Q Q

which implies (3.32) as well as the strong convergence in M of TS, to T°. O

Theorem 3.9 (Existence of a solution). The pair (Td, ﬁ) € M xV solves (3.6), (3.7).
Proof. It follows from Lemma 3.8 that on the one hand (Td, ﬁ) solves (3.7) and on the other hand,

lim p (‘Tfn‘) Tg1 =pu (’Td‘) ¢ weakly in M.

m—00

Indeed, passing to the limit in (3.23) gives, for any S € M,

limw/,u(‘T?nDTfn:S:lim (/D(um):S—a/Tgl:S)
m—oo ' Jq m—oo \ Jo Q

= D(ﬁ):S—a/Td:S
Q Q

(s

Therefore, taking the limit as m — oo in (3.22) we get

[ 9w+ = [ D@ D) = [ row+ 2 [ (jr]) 7 Doy

for each j = 1,2, ..., and thus the density of Um21 Vi in V implies that

/Q[(EV)ﬁ]-v—ké/QD(ﬁ):D(v):/ﬂf'v—k%/QuQTdDTd:D(v) Vvev,
which is precisely (3.6). O

3.4. Global conditional uniqueness

We now prove global uniqueness of the solution under additional assumptions on the function p and the input
data. The notion of uniqueness we establish is global and conditional in the sense that it holds under suitable
restrictions on the data, but it is also global because no other solution exists.

Let R(si;ntl{[) denote the space of symmetric d x d matrices with vanishing trace and let C's be the smallest
positive constant in the following Sobolev embedding;:

[VliLi@) < Cs| Ve VveV. (3.33)
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Proposition 3.10 (Uniqueness). Assume that the function T W (‘TdD T s Lipschitz continuous in

ngxrgo’ i.e., there exists a positive constant A such that
‘u (‘TdD T~ i (57 sd‘ <A ‘Td - sd‘ v, 54 e RO ). (3.34)
If the input data satisfy
%A—kaQC’%CpC}l(HfHLz(Q) +anCEC3.C1I0% < 1 (3.35)

then the solution of problem (3.6), (3.7) is unique.

Proof. We use a variational argument. Suppose that (T‘f, u1> , (Tg, uQ) € M x V are solutions of (3.6), (3.7).
Let us write 6T% := T¢ — T and du := u; — uy. Subtracting the equations solved by (Tg, ug) from those

solved by (T‘f, u1) we get for all (S,v) € M x V the following pair of equalities:
/Q [(u1-V)ug — (ug - V)ug] - v+ — / D (6u): D(v) = l/ ( (’Td’) TS — ()TSD Tg) : D (v), (3.36)

a/QaTd:S+7/Q(M(‘T;*DT? (’Td Td : /D (6u) : S. (3.37)

The choice § = 6T in (3.37), thanks to the monotonicity property (2.14), leads to

Jore|

ey < 21D O 2200 (339)

Then, by noting that

[ 9y = o Wyl v = [ (Gue)w]ov e [ V) oy

Q
by testing (3.36) with v = du, and recalling (3.13) we obtain

LD = l/g(u(T?DT?—u(\TSDTS):D(éu)—/g[wu-wul]-au

(07

(3.34) ~y a )
< oA, ) 1D 6l + 15l e Vo

1D (6u) || 2() + CECKD (1) || L2 1D (6u) (172 (o

(3.33), (1.16)
2 o
@ L2(Q)

(3.38), (3.10)
< [Z5A+ CECE (aCpCilElia) +7C1IQ1) 11D (5u) 132

The assumption (3.35) on the data guarantees that the factor on the right-hand side of the last inequality is
strictly smaller than 1, thus implying that || D (6u) ||r2(q) = 0, i.e., u; = up. Finally, applying this result to
(3.38) yields TS = T. O
Remark 3.11. The strategy used in deriving the second a priori estimate stated in Lemma 3.2 leads to
uniqueness when (3.35) is replaced by

gA +aC2CpCE (@ + Ytimax) Il 22 () < 1. (3.39)

In fact both strategies lead to the same condition (3.39); namely, we also get (3.39) by using (3.14) instead of
(3.10) to bound || D (uy) ||2(q) in the proof of Proposition 3.10.
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Note that both (3.35) and (3.39) hold when v and f are sufficiently small.

Remark 3.12. Under the Lipschitz condition (3.34), the proof of (3.20) and (3.15) is valid with pimax replaced
by A, and the L2 (Q)d norm of f (multiplied by CpCk) replaced by its norm in V', see Remark 3.3. More
precisely,

1
1D (Wl 2y < - (a+ YA [1Ellyr, (3.40)

1
| < A) [l 3.41
|7, = 5 (et 20 D (3.41)

3.5. Comparison of the a priori estimates

At this stage, it is useful to compare the a priori estimates derived in the previous subsections. We have

. 11
1D W20y < Coi= i { @4 ) [l + USRI, - 70)° [ | (3.42)
. 1 11
|79, 0y < Crw i min {2 @4 vpimas) el el + 201 S @) e | (33

where A is replaced by pimax if we do not make the Lipschitz assumption (3.34). For p we have

1 . . max YA 1
||p||L2(Q) < E (C'%C?(Cﬁ + Hf”(vL)/ + min {mln (17 ’Yuaa ’7a> Copa, %01|Q|§ }) ;

where V1 denotes the orthogonal complement of V in V with respect to the inner product (3.21).

Remark 3.13. We can replace C% by the product C,C, of the smallest constants C,, and C, from the Sobolev

embedding of H' (@)% into L? ()% and L” (Q)d, respectively, with p = 6 and r = 3. We could also use the best
constant C' such that

/Quu V)V w < O Vulle o |9V 2 IVW] 2,
or even

/Q[(u V)V w < CD ()l g2y 1D (v) [l22() | D (W) || 22 (0.

In the former case, C < C,C, while in the latter case, C < C%CPC’T.

4. CONFORMING FINITE ELEMENT APPROXIMATION

In this section, we study conforming finite element approximations of problem (3.2), where conformity refers
to the discrete velocity space. To facilitate the implementation, it is useful to relax the zero trace restriction on
the discrete tensor space, but this is not quite a nonconformity because the theoretical analysis of the preceding
sections holds without this condition. In particular, the inf-sup condition (2.4) is still valid (supremum over a
larger space).

We start with the numerical analysis of general conforming approximations, including existence of discrete
solutions, convergence, and error estimates, and give specific examples further on.
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4.1. General conforming approximation

As stated above, here M = L? (Q)g;rg . Up to this modification, we propose to discretise the formulation

derived from (3.2): find (Td, u,p) € M x V x @ such that

[y [19: D)+ batvp) = [£ov —
Q Q 0
a/QTd;S+v/ﬂu(‘TdDTd;S=/ﬂp(u);s VS e M, (4.1)
b2 (u,q) =0 VqeQ.

Note that, since div (u) = 0, by taking § = I the second line of (4.1) implies that the solution T® of (4.1)
satisfies tr (Td> =0 a.e. in 2, even though this condition was not explicitly imposed on elements of M.
Let A > 0 be a discretisation parameter that will tend to zero and, for each h, let V,, C V, Q) C @ and

My, C M be three finite-dimensional spaces satisfying the following basic approximation properties, for all
SeM,veVandqge€Q:

li inf |[|S), -8 =0
1 h}thH h HL?(Q) )

70 S im il ||D (vi = V) |z2) =0, lim inf llan —allz2) = 0.

1
h—0vpEV,

Moreover, let
Vio :={vh € Vi ba(Va,qn) =0 VYan € Qn}. (4.2)

We assume on the one hand that the pair (V}, @) is uniformly stable for the divergence, i.e.,

. b2 (Vhth) *
inf sup 2
0 €Qn v,ev, 1D (Vi) [lzz@)llan 2 (o)

(4.3)

for some constant 8* > 0, independent of h, and on the other hand that M} and V}, ¢ are compatible in the
sense that
D (Vh) eEMy, Vvpé€ Vh70. (4.4)

Note that the latter assumption may be prohibitive when considering conforming finite elements on quadrilateral
(d = 2) or hexahedral (d = 3) meshes, see Section 4.2; this motivates the study of non-conforming finite elements
considered in Section 5. The inf-sup condition (4.3) guarantees that

lim inf ||D (v, — —0 L
fioy L nf D (va = 1) [lz20) =0 (4.5)
Indeed, (4.3) implies the relation
1 Cp .
L, 1P - < |1+ 27 ) inf |[D(u- 4.6
B WD =) < (14 52) i, 1D (=) (16)

which can be shown using a standard argument; see for instance [19]. Here, ¢, denotes the continuity constant
of ba (-,) on V x Q.

As the divergence of functions of V}, o is not necessarily zero, the antisymmetry property (3.13) does not hold
in the discrete spaces. Since this property is a crucial ingredient in the analysis of our problem, it is standard
(see for instance [19,41]) to introduce the trilinear form d: V x V x V' — R defined by

d(u;v,w) ZZ%/Q[(U'V)V]-W—§/Q[(U~V)W]-V. (4.7
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The trilinear form d is obviously antisymmetric and it is consistent thanks to the fact that
d(u;v,w) :/ [(u-V)v]-w YueV, Vv,wel.
Q

Moreover, a standard computation shows that there exists a constant D < min (C’g, 0306) C3. such that
d(u;v,w) < DD (w) || 2@ lID (v) |20 |D (W) [ 12@) Yu,v,w eV (4.8)

We then consider the following approximation of problem (4.1): find (T, up, pp) € My x Vi, x Qp, such that

d(up;up, vy) + /Th 2 D (vy) + b2 (Vi,pn) = /f'Vh Vv € Vg,
Q Q

o Th:Sh—l—’y//,L(‘Thl)ThZSh: D(uh):Sh VS € My,
Q Q Q

bz (up,qn) =0 Van € Qh.

4.1.1. Ezistence of a discrete solution

Existence of a solution to problem (4.9) without restrictions on the data is established by Brouwer’s fixed
point theorem, as in Section 3.3. To begin with, for any function v € V', we define the discrete analogue of the
mapping G, see (3.8); namely, Gy, (v) € M, is the unique solution of

a/Qh(v):Sh+’7/u(|gh(v)|)gh(v):Sh:/D(v):Sh V' Sy € M. (4.10)
Q Q Q

This finite-dimensional square system has one and only one solution Gy, (v) thanks to the properties of the
left-hand side: the first term is elliptic and the second term is monotone. As in Section 3.3, in view of the inf-sup
condition (4.3), problem (4.9) is equivalent to finding u;, € V4 o solution of

d (up;up,vp) +/ Ty :D(vy) = / f-vy, Vv € Vi, (4.11)
Q Q

where T}, := G, (up,). By proceeding as in Proposition 3.6, it is easy to prove that problem (4.11) has at least
one solution uy, € Vj, o, and by the above equivalence, each solution uy, determines a pair (T, py) € Mj, X Qp, s0o
that (T, up, pr) solves problem (4.9). Moreover, each solution of problem (4.9) satisfies the same estimates as
in (3.10) and (3.11). For the sake of simplicity, since the approximation is conforming, we state them in terms
of the norm of f in H=* ()*,

1D (un) |22y < @llflls-1() +1CalQ* (4.12)

and . .
1Trlz2) < Ifllg-1(Q) + ECHQF- (4.13)

Regarding the other a priori bounds, (3.20) and (3.15) are satisfied by up, and T}, and, if (3.34) holds, so are
(3.41) and (3.40), all up to the above norm for f. In contrast, however, we do not have enough information to
claim that (3.14) is valid because it relies on the nonnegativity of T, : D (uy) almost everywhere in €2; the
integral average is positive but this does not always guarantee pointwise nonnegativity. Thus we replace the
constant Cy, of (3.42) by the constant C, in the following inequality:

-~ . 1 1 1
1D (i) 120y < Cai= i { 2 @+ ) €3l -0y +9C11 2 (249 [El-sco
(1.14)
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where the last term is included when (3.34) holds. Because Cy < 6;, we shall use CN'u to bound both u and uy,
in order to simplify the constants in the computations that will now follow.

Finally, let us establish the convergence of the sequence of discrete solutions in the limit of h — 0. The above
uniform a priori estimates imply that, up to a subsequence of the discretisation parameter h,

}llin% u, =u weakly in H} (Q)d7
lim u, =0 strongly in LY with1<g<oo if d=2, and 1 < q<6 if d=3,
%ir%Th =T weakly in L? (Q)dXd
for some @ € H} (Q)? and T € L2 (2)**%. Clearly, the symmetry of T, implies that of T and div (@) = 0

follows from the fact that u; belongs to V}, 9. Then the approximation properties of the discrete spaces and
(4.5) permit to replicate the steps of the proof of Lemma 3.7 and yield

fltii%/QTh:D(uh):/QT:D(ﬁ). (4.15)

~d
To fully identify the limit, in addition to T := G (@), which has trace zero since div (@) = 0, we introduce the
auxiliary tensor T'p, := G, (). On the one hand

a/Q(Th—Td) :Sh+7/g(u(‘i“h‘)fh—u(‘:i“d‘):i‘d) .S, =0 VS, €My,
thus implying that, for all Sy, in My,
vy * [, G (E]) 2 (7)) ) < (2077
o [ (1) (1) o f (o) 7 (1) 5 (51 7).

Since both T’ and Td are bounded in M uniformly with respect to h, and

aHTthd‘

~ ~ ~d|\ ~d 1
e (|Z0]) Tn = e (|7°)) 7012200y < 2€01020%,
again a uniform bound, then the approximation properties of Mj and the monotonicity property (2.14) imply
that 4
lim [T =T [|220) = 0. (4.16)

On the other hand, the auxiliary tensor T, permits us to argue as in the proof of Lemma 3.8. Indeed, the
monotonicity property (2.14) yields

ol|Th — Thl2a0 S/QD(uh):(Th—Th) —/QD(ﬁ): (70~ T4)

:/D(uh):Th—/ D(uh):T’h—/D(ﬁ) : (Th—Th).
Q Q Q
From (4.15) and (4.16), we easily derive that the above right-hand side tends to zero. Hence

}lii% ITh — Thllr2) =0,
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and then combining this with (4.16) we infer that

, -d
lim [Th =T || £2(0) = 0. (4.17)

- ~d
Hence uniqueness of the limit implies that T =T = G (a). This, and (4.3), permit to identify the limit as in
Lemma 3.8 and Theorem 3.9, and proves convergence to a weak solution without restrictions on the data. Thus
we have proved the following result.

Theorem 4.1 (Convergence for all data). Under the above approximation properties and compatibility of the
discrete spaces, up to a subsequence,

}llirr%) u, =u  weakly in H (Q)?,
}llin%uh =u  strongly in Lq(Q)d with 1 <g<ooif d=2,and 1 <g<6if d=3,

’Ein% T, =T strongly in L? (Q)dXd ,

}llir%ph =p weaklyin L*(Q),

where (Td,u,p) is a solution of (3.6), (3.7).

4.1.2. Error estimate

We now prove an a priori error estimate between (Td, w,p) and (T}, up,pr), under the assumption (3.34)

that has not been used so far, and the small data condition (4.18) below. Note that this small data condition
is in fact the same as the uniqueness condition (3.35), upon replacing Cy by 6’:1 To simplify the notation and
compress some of the long displayed lines of mathematics, we shall write || - ||y, || - ||a and || - || instead of
D () lz2(0) (as anorm on V), || - [|2(q) (as a norm on M) and || - [[z2(q) (as a norm on @), respectively.

Theorem 4.2. In addition to (3.34), let the input data satisfy
IA+aDCy <0 <1, (4.18)
o)

where 0 < 0 < 1 and D is the constant from (4.8). Then, there exists a constant C > 0 independent of h such
that the difference between the solution (T'y,up,pr) of (4.9) and (Td,u,p) of (4.1) satisfies

- Td—TH - <c| inf Ju- inf
lu=unlly + 2% =Ta| +lIp=pilo < C | inf Jlu=vily+ inf

h M aneon Hp qh”Q

h

Proof. Since we are using conforming finite element spaces, taking (S,v,q) = (Sp, vh, qn) in (4.1) and subtract-
ing the equations of (4.9) we easily get

d(w;u,vy) —d(up;up, vp) + /
Q

(TdfTh) : D (vp)+ba(vip,p—pn) =0 Vv € Vi,
a/ﬂ (Td —Th) 2 Sh —}—7/9 (,u (‘TdD T —,u(|Th|)Th) 28y = /QD(u— up): Sy VS, € My,

(4.20)
b (u—up,qn) =0 Van € Qn-

The rest of the proof is divided into three steps.
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Step 1 (Error bound for the pressure). By the triangle inequality we have, for any g, € Qp,
I = prlle < llp — anlle + llan — pullo
and it therefore suffices to derive a bound on ||gs, — pi||g. From the (discrete) inf-sup condition we have

b2 (Vi, P — Gn
B*llpn — qnllq < sup b2 (VnaPh — n),
VREVL ||Vh||V

Again, using the first equation of (4.20) we have
b2 (Vi pn = qn) = b2 (Vi,pn — p) + b2 (Vi,p — an)

=d(u;u,vy) — d(up;up, vy) +/

A (Td - Th) : D (vy) + b2 (Vi — qn)

< [(Dially + Dlrwnllv ) a = wnlly + |70 =T +ellp = anlle] Ivallv
< [2DCull—willy + |19 =Ta| | +erllp—anlla] Ivallv.

where we can take ¢, = Ck using the relation || div (v) HQLQ(Q) + || rot (v) ||2L2(Q) = ||Vv||2L2(Q) that holds because

we have homogeneous Dirichlet boundary conditions (otherwise take ¢, = \/EC’K). Thus, we obtain
2DC,
ﬁ*

I —prlle < u —unlly +

1
-, + (1+ﬁ> Ip— anllo (4.21)

for any q;, € Q.
Step 2 (Error bound for the stress tensor). Again, we start with the triangle inequality; for any S} € M) we

have that
HTd - ThH < HTd - ShH + 118k = Thllar,
M M

and we then bound || Ty, — Sp||ar. Thanks to the monotonicity property (2.14) and the second equation of (4.20),
we have

allT) — Snl3; < a/Qm—shP+v[2<u<|Th|>Th—u<|sh|>sh> (Th — Sn)
:a/ (Th -1+ 17~ 5,): (T;L—Sh)+’y/ ((IThl) Th — 1 (ISw]) S1) : (Th — Si)
Q Q
:/QD(uh—u):(ThfSh)nL’y/Q(u(’TdDTd—uﬂShDSh):(ThfSh)
+a/Q(Tdeh):(Th—Sh)
< [la=unlly +a |7 = 8|+ [T = 80| JIT0 = Sllas,

and thus
d 1 yA d
HT —Tﬂ < —lu—w, + 2+—f‘ﬁ‘—sq‘ (4.22)
M [0 (6] M

for any Sy, € My,

Step 3 (Error bound for the velocity). Recalling the definition of V}, ¢ in (4.2), let vy, := v 0 — up € Vi o with
Up,0 € Vio. We will first show the relation (4.19) by taking the infimum over V}, ¢ instead of V. As before, we
use the triangle inequality to get

lu—uplly < lu—vhollv +[[Vio — un|v.
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Thanks to the assumption (4.4), we can take Sj, = D (vy) in the second equation of (4.20) yielding
/ D(u—up):D(vp) = a/ (Td fTh) . D (vy) +’y/ (u (’Td‘) T4 fu(\ThDTh) . D (vy).
Q Q Q

Using the first equation of (4.20), we can easily derive the equality
||Vh0 uh||v—/D Vho—uh Vh /D Vho—u D(Vh)—a(d(u;u,vh)—d(uh;uh,vh))

~ aba (vip — ) +7/Q (i (j7*)) 7 = (T T2 ) - D (),

thanks to the fact that bs (vi, gn — pr) = 0. To bound the convective term, we use
d(uu,vp) —d(up;up, vp) = d(u—up;u,vy) +d(up;u—up, vy)
=d(u—vpo;u,vy) +d(vho—upu,vy)

+d (up;u—vp0,vi) +d(up;vho —ap, vp)

=0
< [Dlullvlu=vhollv + Dllullv[[vho — uplly + Dlugllvilu = viollv] [vho — uplly
x < [2DCullu = vaollv +DCulvio = unllv | Ivao = willv,
from which we get

[Vio — unllv < Ju—viollv + 2aDCyllu — vy ollv

d _ ThHM + Ozf)OuHVh,O — uh||V.
Now using (4.22) we arrive at
YA
Va0 = unllv < (1 +2aDC, ) la = vaollv +acllp —anllq + - lu—unlly
A N —
+7A (2 + 7@) 1T = Shllar + aDCyl[vao — wnllv
< (142000, + 12 d
< (1+2aDCu + — | lu—viollv +7A 2+ 1T = Shllnm
YA
+aclp—anle + (= +aDCu ) vao — unlv.
Therefore, using the assumption (4.18) on the input data, we obtain

1
IVho —unl|lv < 1-4 [(1 +2aDC’ + ) la—vhol, +7A <2+ ) HTd S,

ut acllp — anllq

and thus

N~ A
1+ 2aDCy + 22 7A<2+%)
[u =, < <1+ — 1T -

=4 ) fo=violv 4 ———5—

for any vi o € V3, 0. Finally, combining (4.21)—(4.23) we obtain

(4.23)

lu—wnlly + T4 =Tn|| +lIp—prlo<er inf Jlu=viollv+es inf

T -8 H +cg inf |p—
Vh,0€EVh,0 hEMp h M 3 ahEQH ”p QhHQ
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with
B L+ﬂii+1 Ly 1+1+%ﬁ5;+%
o= B Ta\l B 1-6 ’
A
o= (14— 2+1é 1+2DC Lol Iﬁ@jji}
RN g Ta -6
p 2DCy 1 ( 1 ) < >
=1+ 22 1+ = —
’ < 6*) 5 o
We can then conclude the proof using (4.6). O

4.2. Examples of conforming approximation

From now on, we assume that the boundary of the Lipschitz domain  C R? is a polygonal line (when d = 2)
or a polyhedral surface (when d = 3), so that it can be exactly meshed. For each h, let 7;, be a conforming
mesh on € consisting of elements E, triangles or quadrilaterals in two dimensions, tetrahedra or hexahedra (all
planar-faced) in three dimensions, conforming in the sense that the mesh has no hanging nodes. As usual, the
diameter of E is denoted by hg,

h = sup hg,
EeTy,

and pg is the diameter of the largest ball inscribed in E.

4.2.1. The simplicial case

In the case of simplices, the family of meshes 7}, is assumed to be regular in the sense of Ciarlet [14]: i.e., it
is assumed that there exists a constant o > 0, independent of h, such that
hg
— <o VEe€T,. (4.24)
OE
This condition guarantees that there is an invertible affine mapping Fg that maps the unit reference simplex
onto E.

For any integer k > 0, let P, denote the space of polynomials in d variables of degree at most k. In each
element F, the functions will be approximated in the spaces Pr. The specific choice of finite element spaces is
dictated by two considerations. First, conditions (4.3) and (4.4) must be satisfied. Next, since the number of
unknowns in (4.9) is large, the degree k of the finite element functions should be small. It is well-known that
the lowest degree of conforming approximation of (u,p) satisfying (4.3), without modification of the bilinear
forms, is the Taylor-Hood IP’;LIPH element, see [3,19], provided each element has at least one interior vertex. In
view of (4.4), this implies that T9 is approximated by IP“liXd. Thus the corresponding finite element spaces are

Vii={vie HH(@": vipeP§ VEET},
hi={a € H' (O)NL(Q): qup€P1 VEET},
M%ﬁ:{shezﬁ(nﬂxd. Ship € (P)2¢ vzae7;}.

sym sym

It is easy to check that with these spaces on a simplicial mesh, under condition (4.24), problem (4.9) has at
least one solution. Furthermore, if the data satisfy (4.18), then Theorem 4.2 yields

1D (= wn) 2oy + [T = T

— < Ch? 4.25
L2@) +lp = prllz2@) < ; (4.25)
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provided that the solution is sufficiently smooth, namely u € H3 ()% N H} % T e H2(Q)™, and p €
H?(Q) N L3 (Q). Therefore the scheme has order two for an optimal number of degrees of freedom, i.e., this
order of convergence cannot be achieved with fewer degrees of freedom.

4.2.2. The quadrilateral/hexahedral case

The notion of regularity is more complex for quadrilateral and much more complex for hexahedral elements.
In the case of quadrilaterals [19], the family of meshes is regular if the elements are convex and, moreover, the
subtriangles associated to each vertex (there is one per vertex) all satisfy (4.24). In the case of hexahedra with
plane faces, convexity and the validity of (4.24) for the subtetrahedra associated to each vertex are necessary
but not sufficient. This difficulty has been investigated by many authors, see for instance [23,42]; the most
relevant publication concerning hexahedra with plane faces is however [22], where the minimum of the Jacobian
in the reference cube F is bounded below by the minimum of the coefficients of its Bézier expansion and this
minimum is determined by an efficient algorithm. The details of this are beyond the scope of this work, and we
shall simply assume here that the minimum of these Bézier coefficients is strictly positive and that furthermore,
denoting by Jg the Jacobian determinant of Fpg,

Je (X) > ¢os, VXEE (4.26)

with a constant ¢ independent of F and h. If these conditions hold, there is an invertible bi-affine mapping Fg
in two dimensions or tri-affine in three dimensions that maps the unit reference square or cube onto E.

We let Qi be the space of polynomials in d variables of degree at most k in each variable. In contrast to
the case of simplicial meshes, the space Qf is not invariant under the composition with Fg, which makes the
compatibility condition (4.4) between D (V},) and M}, problematic. To circumvent this issue, we restrict ourselves
to affine maps Fg, thereby allowing subdivisions consisting of parallelograms/parallelepipeds. In addition, the
situation is less satisfactory when a quadrilateral or hexahedral mesh is used, because although the Taylor-Hood
Q4-Q; element satisfies (4.3), the second condition (4.4) does not hold if T? is approximated by Q‘fXd since
the components of the gradient of Q2 functions belong to a space, intermediate between Q2 and Q;, that is
strictly larger than both Q; and Py. Therefore, in order to satisfy (4.4), the simplest option is to discretise each
component of T9 by Q.. The corresponding finite element spaces are

Vi, = {vheﬂg(md; viip € QY VEeTh}
Qn:={an e HQNLG(Q): anpeQ VYEeT},
M, = {Sh e > QX Shipe Q)Y VEe Th}

sym sym
With these spaces and under the above regularity conditions, problem (4.9) has at least one solution and the
error estimate (4.25) holds if the data satisfy (4.18). However, this triple of spaces is no longer optimal, because
the degree two approximation of T9 now requires far too many degrees of freedom with no gain in accuracy.
For instance, when d = 3, its approximation by (Q2)3X3 requires 27 x 6 = 162 unknowns inside each element

sym
instead of 8 x 6 = 48 unknowns for (Q1)§yxri .

The nonconforming finite element approximations discussed in Section 5 do not require an affine mapping
FE and, by considering P-type approximations on the physical element E, do not suffer from the computational
cost overhead mentioned above.

5. NONCONFORMING FINITE ELEMENT APPROXIMATION

The nonconforming approximations developed here will not only allow the use of elements of degree one
for u, but will also lead to locally mass-conserving schemes. Because of the discontinuity of the finite element
functions, the proofs are in some cases more complex; this is true in particular for the proof of the inf-sup
condition for the discrete divergence.
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5.1. The quadrilateral/planar-faced hexahedral case

Here we consider quadrilateral /hexahedral grids 7, with planar faces, satisfying the regularity assumptions
stated in Section 4.2. There is a wide choice of possible approximations with nonconforming finite elements. Here
we propose globally discontinuous velocities in ]P’z, k > 1, in each cell associated with globally discontinuous
pressures and stresses both of degree at most k — 1. Thus we consider Vj, C L2 (Q)%, Q) C L3(Q) and M), C
L2 ()24 defined by

sym
Vi, = {vheL2(Q)d: Viip € PY VEeTh}, (5.1)
Qn={an € L§(Q): qnp€Proy VEET,}, (5.2)
My, = {sh eLX (Wit Ship € (Peo1)a VEE Th} . (5.3)

As usual, the full nonconformity of V}, is compensated by adding to the forms consistent jumps and averages
on edges when d = 2 or faces when d = 3; see for instance [38]. Let '), = F}; U Fl;L denote the set of all edges
when d = 2 or all faces when d = 3 with T and T'} signifying the set of all interior and the set of all boundary
edges (d = 2) or faces (d = 3), respectively. A unit normal vector n. is attributed to each e € T'y; its direction
can be freely chosen. Here, the following rule is applied: if e € 1"2, then n, = ng, the exterior unit normal to
Q; if e € T4, then n. points from E; to E;, where E; and E; are the two elements of 7;, adjacent to e and the
number ¢ of E; is smaller than that of E;. The jumps and averages of any function f on e (smooth enough to
have a trace) are defined by

@) = f @
U@=5(£@) 15+ @ 5,).

g, — f(2) 5, when n. points from E; to Ej,

When e € FZ, the jump and average are defined to coincide with the trace on e.
The terms involving jumps and averages that are added to each form are not unique; here we make the
following fairly standard choice:

/SD( )Nblh Sh,Vh
Q

= / Sn:D(vn) Z/{Sh}ene [Vhe- (5.4)

E€T, eel’y
The trilinear form d is approximated by a centred discretisation, as follows:

dp (ap; Vi, Wp) ¢ Z/ up - V)vp]-wp + = Z/dlv up) (v - wp)

EeTh Ee:r

) Z /“he ne{vi - wite = ) /{uh}e-ne[vh]e~{wh}e. (5.5)

pEF PEF;/ €

The divergence form bs is approximated by

bar, (Vi qn) : Z /qhdlv (vn) Z/Vhe ne{qnte- (5.6)

EeT, eely

Clearly, the jump terms in (5.4) and (5.6) vanish when v}, belongs to Hg (Q)d. Likewise, the jump and diver-
gence terms in (5.5) vanish when u;, and vy, belong to Hg (€)% and div (u;) = 0. Moreover, equation (5.5) is
constructed so that dj is antisymmetric,

dp (ap; vy, Wp) = —dp (ap;wy, vy)  Yug, v, wy € Vi, (5.7)
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Finally, the following positive definite form acts as a penalty to compensate the nonconformity of uy:

J uh,vh Z Je/uh Vh (58)

ecly,

where h, is the average of the diameter of the two elements adjacent to e, if e € I}, or the diameter of the
element adjacent to e otherwise. The parameters o, > 0 will be chosen below to guarantee stability of the
scheme, see (5.28) and (5.24). This form is also used to define the norm on V}, by

=

Ivallv, == (1D (va) 17 + Jn (Vi Vi), (5.9)

where .
2
D (vi) |l = (Z D (vh ||L2(E)) (5.10)
Ee€Ty,

denotes the associated semi-norm. Also, in view of (5.6), we define the space of discretely divergence-free
functions,

Vh,O = {Vh (S Vh : th (Vh,qh) =0 th S Qh} (511)

The discrete scheme reads: find (T'y, up, pr) € My, X Vi, X @y, solution of

dp (up;up, vi) +bin (Th, Vi) + ban (Vi pr) + Jn (up, v) = / f-vy Vvy €V,
Q

12
a/Th:Sh—i-’y//L(|Th|)Th:Sh=b1h(Sh,uh) VShEMh, (5 )
Q Q

bon (up, qn) =0 Van € Q.

As expected, bop, (Vp, 1) = 0, and therefore the system (5.12) is unchanged when the zero mean value constraint
is lifted from the functions of @Qj,.

5.1.1. Properties of the norm and forms

All constants below depend on the regularity of the mesh but are independent of h. In particular, we shall use
C to denote such generic constant independent of h. In addition, we shall use the following “edge to interior”
inequality. There exists a constant C , depending only on the dimension d and the degree of the polynomials,
such that for all v, € V},, all e € 'y, and any element E, adjacent to e,

<C
Ml < € (151

> [VallLe(m)- (5.13)

It is easy to check that (5.9) defines a norm on V. Next, the results in [6,7] yield the following consequences of
a discrete Korn inequality:
[Valle2) < Cllvillv,  Vvi € Vi, (5.14)

and
Vvl < Cllvellv, Vi € Vi, (5.15)

where Vv, is the broken gradient (i.e., the local gradient in each element). Moreover, by following the work
n [10,20,24], this can be generalised for all finite p > 1 when d = 2 and all p € [1,6] when d = 3, to

IVillze) < C () IVallvi, Vvi € V. (5.16)
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With this norm, the following compactness result holds for any sequence vy, in Vj,, see [2,10,20]: if there exists
a constant C' independent of h such that
Ivallv, < C,

then there exists a function v € H} (€)% such that for all finite p > 1 when d = 2 and all p € [1,6) when d = 3,
}ILLH%)HV}I *VHLP(Q) =0. (517)

Regarding the forms, a straightforward finite-dimensional argument shows that, for all uy, vy, wy € Vp,

Z /uh e ne{Vh Wh} < C (Jh (uh,uh)) th||L4 Q)||Wh||L4 (Q)> (5.18)
ecl'y,
> /{uh}e “ne[Vile - AWn}e| < Cllunllza) (Jn (Vi, Vi) 2 [WallLa@)- (5.19)

i €
ecl’y,

Hence we have, for all uy, vy, wy € Vy,,

1
|dn (un; v, wi)| < Cllup|lpa) (Jn (Vs va)) 2 [Wallza@) + [ IVRVellLz@llusl 2 @)

2
1
(Z ||div(uh)|%2(E)> +C (Jn (un,un))? | [[vallza) | IWallLa@)-  (5.20)
EeTy,

Similarly,

Nl=

1

2

[b2n, (Vi an)| < ( > |Idiv (Vh)||2Lz(E)> +C(In(va,vi)? | lanllzz) Vva € Va,an € Qn, (5.21)
EeT,

b1n (S, vi)| < (HD(Vh) [n 4+ C (Jn (Vh,Vh)P) [Shllz20) Vvn € Vi, Sp € M. (5.22)

Finally, the inequality below is used in choosing o.. Its proof is fairly straightforward, but it is included here
for the reader’s convenience.

Proposition 5.1. For any uy, € V3, any choice of . > 0 and any real number § > 0, we have

1 Ch,
D (u n.-ju < — Jr (up,u JiDu 5.23
S [p e i< (5 o)+ 5—C— D). (5.23)
where
— 24 (2 el lel
Ch = 2d C* max (gg){ (he ]rr:uio; EJ|> 722?‘%; (he | , (5.24)

Ey and Ey are the elements that share the face e € T, E is the element that has face e € T%, and C is the
constant appearing in inequality (5.13) solely depending on d and the polynomial degree.

Proof. For a face e € 1"27 which is shared by elements E; and Es, we have

< (2) it (%) SZ () 1w

[ D @), n .
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L (1oe 2 he Ao | |
<3 (5he||[uh]€|L2(e) + 50, \E | (||D (un) 72z, + 1D (un) HL2(E2))

Similarly, for e € FZ, which is the face of an element E adjacent to OS2, we have

le]

1 /1o, 9
N <7 N 2 2
(D (wpen - [, _2(5m;mu|u o+ C|END0%>L<E)

By using the last two inequalities in

/{D w)}en, - [uple| < Y

ecly,

/{D up)tene - [uple

ecly,

and splitting the sum on the right-hand side into sums over the disjoint sets '} and '}, we have that

1(1 Oe
/meumsigxwmmme SO EID () I

eel’t ecl't

ecl'y

55 3 Tl

eeF’ eEFZ

O s (1D () [ + 1D () i)

with the notational convention that when summing over e € FZ the element E under the summation sign is
the element adjacent to dQ with face e, and when summing over e € I'i the elements F; and E> under the
summation sign are the ones that share the face e. Hence,

1 (1 5 s
/{D up)tene - [uple| < 5 th (up,up) + mc f}é?},}( |E|) Z D (up HL2(E
ecly, ecly h pr
L rmaxery (hemax ALY ST L (1D ) 22, + 1D ) 12
2 \ minger; oe €l i=1,2 | E}| 2 h)1IL2(Br) h) L2 (Es)

eel’

The asserted result (5.23) follows from the last inequality by noting that, for each E € 7}, the factor
|D (up,) ||%2(E) appears at most 2d times. O

Concerning the expression appearing in (5.24) we note that, thanks to the regularity assumption on the
family of meshes, we have that h, \‘Ell < C and so

Cn < C. (5.25)

5.1.2. First a priori estimates

By testing the first equation of (5.12) with v, = uy, applying the third equation and the antisymmmetry
(5.7) of dy,, we obtain

bin (Th,un) + Ja (uh,uh)Z/f'uh-
Q

Next, by testing the second equation of (5.12) with S}, = T, and substituting the above equality, we deduce
that

al|Th|Z2) + Jn (un, up) < /f uy,.
Q
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Thus, in view of (5.14), we have our first bound:
al|Thll72 gy + Jn (an, un) < CJIf]| 2o anlvi,- (5.26)
A further bound is arrived at by testing the second equation of (5.12) with S}, = D (uy,); hence,
o [ TwiD )+ [ (T T D) = 1D ) [ = 3 [0 (wn)ene - .
eel'y, V€

Then Proposition 5.1 gives, for any § > 0,

1 1
1D (un) I} < @l Tl 2@ 1D (wn) [ +C1IQI2 1D (un) [1n + 5

1 C
3 (5 w45 D 7).

) MiNeer, O
(5.27)
We choose § = 1 and, upon recalling (5.25), assume that o, is chosen so that
mineer, 0 > Ch. (5.28)

Next, by adding J;, (up,up) to both sides of (5.27), applying (5.26) to bound this term, and using the norm of
Vi, we infer that

1 1
s, < @l Tallzz @)D (an) I +yC1lQUZ 1D (wn) [ + ClIEll 2oy l[anllvi, + 51l
and thus .
slunllvi, < allTullza) +1Ca121% + Ol 2(0)- (5.20)
To close the estimates, we return to (5.26) and get
2 1 2 C? o2
T nllz20) + Tn (an,un) < 5 { G2l unllys, + —lIf22 (o)
for any 2 > 0. Thus
\/& Oé52
a||Thllrzi) < —==C|f||r2(0) + —=||u ,
Il < S5t + 52 v,
and the choice 6, = g~ yields
1
a||Thllz2(0) < 2aC|fL2() + ZHuhHVw
Thus, we have shown the following uniform and unconditional bounds:
1 C 1
[unllv, < 4C (1 +20) 2@ + 9L, [ Tallzeo) € = (Ga+ 1) €l + 2CIQE. (5.30)

An a priori estimate for the pressure requires an inf-sup condition. This is the subject of the next subsection.

5.1.3. An inf-sup condition

In the nonconforming case considered here, the analogue of (4.3) reads

inf sup ban (Vi: Gn) > B (5.31)

0 €Qn v,evy, [IVallvi llanllzz(a)

with a constant 5* > 0 independent of h. To check this condition, recall Fortin’s lemma, see for instance [19].
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Lemma 5.2. The discrete condition (5.31) holds uniformly with respect to h if, and only if, there exists an
approximation operator Iy, € L (H& (Q)d ; Vh) such that, for all v.e H} (Q)d,

bor (II (V) —v,qn) =0 Vi € Qp, (5.32)

and
1Tk (V) (v, < Clvlm(a) (5.33)

with a constant C independent of h.

Originally, Fortin’s lemma was stated for discrete functions in subspaces of H} (Q)d, but the extension to spaces
of discontinuous functions is straightforward, as long as the form by (-, ) is consistent with the divergence,
which is the case here.

As the proof of (5.32), (5.33) is fairly technical, we restrict the discussion to the first order case, i.e., k =1,
in hexahedra. The quadrilateral case is much simpler.

5.1.4. The inf-sup condition in planar-faced hexahedra for k =1

The construction of a suitable operator II;, is usually done by correcting a good approximation operator Rj,.
For instance, we can use the L? projection onto the space of polynomials of degree one defined locally in each
element, so that Ry, (v) belongs to V}, and satisfies optimal approximation properties; see for instance [8]. Then
Ry, (v) is corrected by constructing ¢, € V}, such that

ban (Chy qn) = ban (Ru (V) — v, qn)  Vqn € Qp. (5.34)

By expanding by, and denoting by ¢g the value of ¢, in E, (5.34) reads

- > QE/EdiV(Ch)+ Do [ lenle ne{ante=— QE/EdiV (Bo (v) =)+ > [ [Rn(v) = V], nefan)e.

EeTy, eely, V¢ EeTy, e€lp, V€

Green’s formula in each element yields

-y qE/aEch-nm 3 /[ch]e~ne{qh}e . qE/BE (R () =v) s+ S B (v) =Vl n{an)e

EeTy, ecl'y EeT, e€l, V¢
(5.35)

with ng the unit exterior normal to E. Consider now an interior face e shared by F; and Fs, so that n. is
interior to E2; the contribution of e to the left-hand side of (5.35) is

1
—4B: [ Chim Met 4B, [ Chim Bt [ 5 (qm, +qm,) (ChiE, — Chip,) Ne = — [ [gn]e{Ch}e - ne

with a similar contribution to the right-hand side. Notice also that the contribution of a boundary face e € T'
is equal to zero on both sides of (5.35). Therefore a sufficient condition for (5.35) is that

/ch\E-ne:/(Rh(v)—v)\E~ne. (5.36)
e €
We will thus construct c;, € V, by imposing (5.36) for each element F € 7}, and each face e € F. To simplify
the notation, we will write from now on ¢, and (Rp (v) — v) instead of cj g and (Rp (V) — V) |, respectively.
Let E be an arbitrary hexahedral element of 7;, with faces e;, centre of face b;, and exterior unit normal
n;, 1 <i < 6. To be specific, let a;, i = 1,2, 3,4, be the vertices of ey, a;, i = 1,3,5,6, the vertices of es, a;,
1 =1,2,5,7, the vertices of e3, a;, i = 5,6,7,8, the vertices of ey4, a;, i = 2,4,7,8, the vertices of es, and a;,
i = 3,4,6,8, the vertices of eg. The ordering of the nodes is illustrated in Figure 1. Note that for ¢ = 1,2, 3,
ei+3 is the face opposite to e;, opposite in the sense that its intersection with e; is empty.
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T

FIGURE 1. Some notation for the “reference” element F.

Without loss of generality, we assume that the vertex aj is located at the origin and that the face e; lies
on the 3 = 0 plane. Indeed, this situation can be obtained wvia a rigid motion (translation plus rotation),
which preserves all normal vectors. Therefore, the normal to the face e; is parallel to the x3 axis. Now, the
idea is to transform E onto a “reference” element E by an affine mapping Fg so that the subtetrahedron S;
of F based on e; and containing the origin a; is mapped onto the unit tetrahedron Sy. More precisely, as e
and ez are both adjacent to ej, S; is the subtetrahedron with vertices a;, as, as, and a5, and S, has vertices
a; = (0,0,0), a, = (0,1,0), a3 = (1,0,0), a5 = (0,0, 1), see Figure 1 for an illustration and some notation.
This transformation and notation will be used till the end of this subsection. It stems from the regularity of the
family of triangulations that there exists a constant M, independent of E and h, such that

diameter (E) < M. (5.37)
The affine mapping Fr has the expression
x = Fg (x) = Bx,

where the constant term is zero since a; is the origin, and the matrix B is nonsingular; its columns are
respectively ag = (aé, a3, O)t, as = (a%, a3, O)t and a5 = (a%, a2, ag)t. The image of the remaining vertices of E
are a; = Fp ! (a;), i = 4,6,7,8. As Fg is an affine transformation, it transforms faces onto faces, edges onto
edges, and vertices onto vertices. Thus, since a, is in the plane 3 = 0, then a4 is in the plane 23 = 0. Likewise,
ag is in the plane Zo = 0, a7 in the plane &7 = 0, and ag in the plane determined by a4, as, a;, as well as the
plane determined by a7, as, ag, and the plane determined by ag, as, a4, hence in the intersection of these three
planes. Therefore F is located in the first octant of R3. Let n; denote the unit exterior normal vector to &;. It
is related to n; by the general formula

Btni
N |Btni\

n;

(5.38)

The advantage of having e; on the plane x3 = 0 is that n; = n; = (0,0, —1)t. We also have ny = (0, -1, O)t,
and fig = (—1,0,0)". Thus
A3| = |A5] = |ag| = 1, (5.39)

and the regularity of the family 7} implies that there exists a constant vg, independent of h and FE, such that
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With this transformation, and after cancelling |detB| on both sides, (5.36) reads locally

Jon (B he = [ (R =) (B9 ae

€

where the hat denotes composition with Fg. Thus, by performing the change of variable
&h = B_léh
and defining the face moment

me (f) |1|/f

equation (5.36) is equivalent to
. o 1 N . )
me, (dh) ‘N = §; = m B (Rh (v) — v) -n;, 1<i<6. (5.41)
€; é;

This is a linear system of six equations in twelve unknowns, the coefficients of d),. Therefore, we can freely
choose six coefficients and we have the following existence lemma.

N NN
Lemma 5.3. There exists exactly one polynomial vector dy, = (dl,dg,dg) that satisfies (5.41) and the follow-

ing siz conditions:
Me, <J1) = Me, (cil) = Me, ((22) = Mg, (622) = me, ((fg) = Mg, (czg) =0. (5.42)

Proof. Once the six conditions (5.42) are prescribed, we are left with a square linear system of six equations in
six unknowns. Therefore it suffices to prove that the only solution of the corresponding homogeneous system is
the zero solution. To begin with, we consider the lines ¢ = 5 and ¢ = 6 in (5.41). In view of (5.39) and (5.40),
the strategy for the choice (5.42) is to set to zero the coefficients of 7% and 73 and those of 7} and 73, i.e.,
prescribe me, <Jl) = M, (dg) = Me, (cig) = M, (dg) = 0. With this assumption, the lines i = 6 and i = 5

reduce respectively to

Me, (dl) =0, me, (JQ) =0. (5.43)
Next, we consider the line i = 1. As 23 = —1 is the only nonzero component, it reduces to
me, (&3) —0. (5.44)

Similarly, when i = 2 and 7 = 3 we have, respectively
me, (Cig) = O7 Mey (Ci1> =0. (545)

Collecting these results and the two extra assumptions m., (a?l> = Me, (dg) =0 in (5.42), we find that

s () = () = () = () =0,
s () = () = () = () =0,

The three faces é1, é5, ég share the vertex a4, and the regularity of the hexahedron implies that the three vectors
along the segments [a4, a3], [a4,ag), and [a4, &g is a set of three linearly independent vectors of R3. Then the
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regularity of the hexahedron implies that a polynomial of degree one is uniquely determined by its moments on
the four faces é1, és, ég, é; for any ¢ in the set {2, 3,4}. Hence, as dy (respectively, dg) is a polynomial of degree
one, the first set (respectively, second set) of equalities and the regularity of the hexahedron imply that dy = 0,

respectively, ds = 0. When i = 4, this leads to me, (623) = 0. Consequently,

s () = () = () = () =0,

and 623 = 0. Thus &h = 0 and the system has a unique solution. O

Let M ; be the 6 x 6 matrix of the system (5.41) under the restriction (5.42). It stems from Lemma 5.3 that
M ;, is nonsingular. Furthermore, the regularity of the hexahedron implies that M ; is a continuous function
of E’, thus continuous in a compact set of R3. Hence the norm of its inverse is bounded by a constant C’,
independent of E,

‘M;’ <C. (5.46)
The stability of the correction follows now easily.

Lemma 5.4. There exists a constant C‘, independent of h and E, such that for all E in Ty, and all e in Ty,

~ ~ o\ 2 ~
lenllrzey < Che Ve,  lenlmiz) < CWV|ai(e), (h) Ilenlellzoe) < C (Ve + Va1 (&)
(5.47)

where E1 and Fo are the two elements sharing e, when e is an interior face, and the sum is reduced to one
term, namely the element E adjacent to e, when e is a boundary face.

Proof. The notation C below refers to different constants that are all independent of h and E. Recalling (5.41),
(5.37) and the transformation from S; onto S, we observe that, for any 4,

—~ é
Ry, (V) —v
05, w () Ll(éz) 0s,

Ry (%) - ¥

1 _
19i] < L2

By a trace inequality in E and the approximation property of ]TE; in £, we have

6
;H}zh (@) - 9| poiey <[ Be®) —oHHl(E) < Ol ().
Then, by reverting to F,
6
—~ ., hs,
Ry (V) —v C v
;H ) =9 < O

In view of (5.46) and the regularity of the family 75, the above relations lead to the following bound on dy:

h

||&h||LW(A) < | la1(B) < T \V|H1 (B);

with ¢, = Bah, this yields
~ hs

llenllzoe () = lEnll oo (i) < C|E‘1 IVlm(m)- (5.48)



FINITE ELEMENT APPROXIMATION OF COLLOIDAL FLUIDS 1997

Since hg, < hg, we immediately deduce from (5.48) the first two inequalities in (5.47). Finally, the third
inequality follows from (5.48) and

1 1
o, \ 2 g.\2 1
(h) lenllzae) < (h) el el s,

That completes the proof of the lemma. O

As a consequence of Lemma 5.4 we have the following bounds:

v < Clvlm (o). (5.49)

lenllzz@) < ChIvim ), el

Finally, since the construction of Lemma 5.3 yields a unique correction, it is easy to check that the mapping
v — ¢y, defines a linear operator from V}, into itself, i.e., ¢, = ¢p, (V).

On the other hand, we infer from standard approximation properties of R; and the regularity of the mesh,
that

[v—Rp (V) lz2m) < Chg Vi), |Ba(V)|aiE < O|V|H1(E)a
, (5.50)

oe \ 2 R
(7)1 el < € (Wlance + Vlance)

and
v —=Rn (V) 22(0) < Ch vy, [Ra(V) v, < Clvlmo)- (5.51)

Thus IIj, (v) = Ry, (v) — ¢p, (v) satisfies the conditions (5.32) and (5.33) of Lemma 5.2. This proves the inf-sup
condition as stated in the next theorem.

Theorem 5.5. Let the family of hexahedra Ty, be reqular in the sense defined above. Then the form bsy defined
in (5.6) with the pair spaces Vi, and Qp, for k =1, see (5.1) and (5.2), satisfies the inf-sup condition (5.31) with
a constant 3* > 0 independent of h.

5.1.5. A bound on the pressure

As usual, the inf-sup condition (5.31) yields a bound on the pressure. Indeed, it follows from the first equation
of (5.12) together with (5.22), (5.20), (5.15) and (5.16) that

lban (Vi pn) | < C (ITwll () + lanllvi, + [lunll¥, + 1€llz2 ) [Vallvi-
Then (5.30) implies, with a constant C' independent of h (but depending on «), that
bon (Vs pr) | < Clvallv,, Vv € Vi,
With the inf-sup condition (5.31), this implies that

lpnllz2@) < C (5.52)

for another constant C' independent of h.

5.1.6. Existence and convergence

The proof of existence of a solution of (5.12) is the same as in the conforming case. Recall that the case
of interest is k = 1, which is assumed for the remainder of this subsection, but all of what follows can be
straightforwardly extended to a general polynomial degree k > 1 as long as the inf-sup condition (5.31) holds.
First, the problem is reduced to one equation by testing the first equation of (5.12) with v;, € Vj o and by
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observing that the second equation determines for each u, € Vj a unique Ty in Mj. This is expressed by
writing T, = Gp, pa (u,). Then, equation (5.12) is equivalent to finding a uy, € Vj, o such that

dp (up;up, vi) + bin (Gr.pe (Un), vi) + Jp (up, vp) = / f-vi, Vv € Vyp. (5.53)
Q

By means of the a priori estimates (5.30), existence of a solution is deduced by Brouwer’s fixed point theorem.
Regarding convergence, the a priori estimates (5.30) and (5.52) together with (5.17) imply that there exist
functions T' € L? (Q)dXd ue H} ()%, and p € L3 () such that, up to subsequences,

’llirr%)Huh—ﬁHLq(Q):O withl1 <g<oo if d=2, and1<¢g<6 if d=3,

%IH%J T, =T weakly in L? (Q)"*¢,

and

}llimoph =p weakly in L? ().

However, in order to pass to the limit in the equations of the scheme, following [16], we need to introduce
discrete differential operators related to distributional differential operators. These are G}"™ (v;,) € M}, and
G (vy,) € Oy, defined for all vj, € Vj, by, respectively,

/GSym (Vh) Ry, = by (Rh,Vh Z / D Vh Ry, — Z /Vh {Rh}ene VR € Mh, (554)

EeT), eel’y,
/ G%iv (Vh) rTh = bgh Vh,Th Z / Th le Vh Z /Vh Ile{’l’h}e Vr, € @h, (555)
Q2 E€T, €Ty,

where
O,=1{0,€Ll?(Q): g €P, VEECT,).

The polynomial degree one in this space is convenient for proving the convergence of the nonlinear term; see
(5.62). The straightforward scaling argument used in proving Proposition 5.1 shows that

1GE™ Vi)l oy < € IWallv,, Vi € Vi (5.56)

and

Nl

IGHY (vi) ll2(0) < <Z [ div (vh) ||2L2(E)> +CJn (Vi va)?

EcT;,

and thus by (5.15)
IGRY (Vi) l2@) < Cllvallv, Vva € Vi (5.57)

with different constants C' independent of h. At the same time, this gives existence of these two operators. The
next proposition relates G3"™ (uy,) and D (@). The proof is an easy extension of that written in [16], but we
include it below for the reader’s convenience.

Proposition 5.6. Up to a subsequence, we have

}lbir% GY™ (up) = D (u) weakly in L? (). (5.58)
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dxd

sym such

Proof. On the one hand, the bounds (5.56) and (5.30) imply that there exists a function w € L? (Q)
that, up to a subsequence,

lim G (w,) =W weakly in L2 ()™, (5.59)
On the other hand, take any tensor F in H' (Q)7*? and let P) (F) be its orthogonal L? ()¢ projection on

sym
constants in each E. We have

G (up) : (F — P (F))| < Clluy
Q

Vi |[F = Py (F) || 20,

that tends to zero with h. Therefore, the definition (5.54) of G};”™ (uy,) implies that

Tim, GY™ (up) : F = Tim by, (PP (F),up) = Tim, (bin (P (F) — F,up) + by (F,uy))
— Q — —

and a straightforward argument yields that the first term tends to zero. Hence

lim [ GY™(u): F = lim b, (F,u,) VFeH' (Q)gxrrcf :
h—0 Q h—0 Y

Now, an application of Green’s formula in each E gives
bin (F,up) Z / uy, - div (F
EeT,
Therefore

lim Gym(uh):F:—/ﬁ-diV(F)z D(u):F VYF e H ()
Q Q

h—0 QO sym

A comparison with (5.59) and uniqueness of the limit yield
D (u) =w,
thus proving (5.58). O
Remark 5.7. The fact that u belongs to H} (Q)d is an easy consequence of the above proof.
A similar argument to the one in Proposition 5.6 gives that

Jim GV (uy,) = div (@)  weakly in L2 (). (5.60)

Hence, by passing to the limit in the last equation of (5.12), we immediately deduce that div (@) = 0; thus u
belongs to V and satisfies the third equation of (4.1).
In the next theorem, these results are used to show that the limit satisfies the remaining equations of (4.1).

Theorem 5.8. Let the family of hexahedra T;, be regular in the sense defined above. Then the triple (T, 1‘1,}5)
solves (4.1).

Proof. The proof proceeds in two steps.
Step 1. Let us start with the first equation of (5.12). Take a function v € D(Q)d and let v, € V}, be the

L? (Q)d orthogonal projection of v on P¢ in each element. It is easy to check that

}1111%6‘ m (v),) = D (v) strongly in L? ()7,
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Therefore the weak convergence of T', and the definition of G}>™ (v},) imply that

lim blh (Th,Vh) = / D (V)
h—0 Q
Similarly,
lim bap, (Vh,pn) = — / pdiv (v).
h—0 Q

AIS()
im v =0
i Jh (uh7 h) .

As the right-hand side tends to fQ f - v, it remains to examine dj, (up;up, vy). Recall that

dp, (Upsup, vi) = Z/ up - V)uy] - Vh—*b2h(llh,uh Vi) — Z/{uh}e'ne[uh]e'{vh}e-

EeT, eel't

Thanks to the antisymmetry of dj, we have

dpn, (up;up, vy) = Z/ [(up - V) vp]-up + b2h (up,up - vp) Z/{uh}e ne[vple - {unte.  (5.61)

EeT, eel,

For the first term, the strong convergence of uy, in L* (Q)d and the strong convergence of the broken gradient
. 2 d><d
Vipvp in L2 ()77 imply that

~Jim 3 [ Vvl ow= = [ (@9 a= [ (@ vyaly,

E€T,,
since u € V. For the second term, take any piecewise constant approximation v, of v. Then
bon (Un, up - Vi) = bap (Up,up - (Vi — V) + bap (Up, up - vp)

The boundedness of uy in V, and the convergence to zero of v, — vy, in L™ (Q)d imply that the first term tends
to zero. For the second term, we deduce from the definition of G§I (uy,) that

bop, (uh, uy - \_fh) = /QG%iV (uh) (uh V) - (5.62)

As div (@) = 0, GV (uy,) tends to zero weakly in L? (Q2). Then the strong convergence of uy, in L? ()% and
that of v, in L ()% show that this second term tends to zero. It remains to examine the last term of (5.61).
Here we use the fact that, for any v € W2 (Q)d,

th — VHLOC(e) < Ch3|v‘w2,oo(g).

This, with the boundedness of uy in V},, gives that this last term tends to zero. Thus, we conclude that

Tim dy, (s s, vi) :/[(a-V) v Vvew2e@)n ()
- Q

The conclusion of these limits and a density argument is that the triple ( p) satisfies the first equation of

Y /Q[( v+/T D(v /pdlv( )= /Qf-v Vv e HL Q). (5.63)
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Step 2. The argument for recovering the constitutive relation T' = G (1) is close to that for the conforming
case, up to some changes. On the one hand, we observe that

lim (bip, (Th,un) + Jp (up,up)) = / f-u
h—0 Q
and, since J, (up,uy) is positive and bounded, this implies that
lim by, (Th, uh) < / f-a.
h—0

Q

On the other hand, we infer from (5.63) that
T:D(ﬁ):/f-ﬁ.
Q Q

lim by, (Th, uh) < / D (ﬁ) :T. (564)
h—0 QO

Hence

Next, we set

and define T, = Gy pe (@), i.e.,
a/Th:Sh +’7/ (‘ThD Th Sh—blh Sh, /D : S, VS, € My,
Q

where the second equality holds thanks to the fact that @ belongs to H} (€2). The fact that div () = 0 implies

~d
that the trace of T' is zero and justifies the above superscript. Therefore

[ 1) s f (o) T (7)) 500 v

and, as in the conforming case, we conclude that

lim HTh _ Td(
h—0

=0. 5.65
o) (5.65)

Finally, the difference between the equations satisfied by T';, and T, yields
a/Q (10 ~T0) : S ”/Q (o Do — o (|T0]) T0) - S = bun (S ) —/QD(ﬁ) .S, VS, € M.
By testing this equation with S;, =T}, — T, and using the monotonicity property (2.14), we deduce that
a HTh — ThH;(Q) < by (Thyap) = bip (Th,Uh) - /QD (w): (Th - Th) : (5.66)

However, by (5.54),
b1 (Th,llh) = / GY™ (up) : T,
Q
and it follows from Proposition 5.6 and (5.65) that

lim bqp, (Th,uh) = / D (ﬁ) : Td.
h—0 [9)
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Then, by passing to the limit in (5.66), we obtain in view of (5.64) the inequality
alim || T, — T30 g/D(ﬁ):T—/D(ﬁ):Td—/D(ﬁ) : (T_Td) —0,

lim ||T) — T =
h{%” h rllL2) =0,

whence

and uniqueness of the limit yields

T=T"=¢®@).

This proves that (7', 1) satisfies the second equation of (4.1). O

5.2. The tetrahedral case

Here we study briefly two examples of finite element discretisations on tetrahedral meshes, the triangular case
being simpler. Many of the details are skipped because they follow closely those in the previous subsection. The
family of meshes 7}, is assumed to be regular as in (4.24). Let us start with the same spaces Vj,, Qp, and M,
defined on 7, by (5.1), (5.2), and (5.3), respectively, and the same bilinear forms byp, (Sp, Vi), dp (Up; v, Wp),
and bap, (Vh, gn) defined by (5.4), (5.5), and (5.6), respectively. Then the scheme is again given by (5.12) and,
under assumption (4.24), all proofs from the previous subsections are valid in this case, except possibly the proof
of the inf-sup condition. In fact, Theorem 5.5 holds with a much simpler proof. Indeed, take any tetrahedron
E. Recalling that the case of interest is k = 1, a polynomial of P; is uniquely determined in E by its values at
the centre points b, of its four faces e. Then, instead of (5.36), we can use the sufficient condition

Ch e E / Rh ‘E VEG’];“ V(iGaE, (567)

and this defines uniquely the correction c¢. Furthermore, thanks to (4.24), the stability of this correction follows
from the fact that F is the image of the unit tetrahedron F by an invertible affine mapping whose matrix satisfies
the same properties as the matrix B used above. Thus the conclusion of Theorem 5.5 is valid in this case.

As a second example, it would be tempting to use the Crouzeix—Raviart element of degree one on tetrahedra;
see [15]. This would be possible if the analysis did not invoke Korn’s inequality (with respect to the broken
symmetric gradient), because it is not satisfied by the Crouzeix—Raviart element; c¢f. [18]. Thus, the simplest
way to bypass this difficulty is to introduce the jump penalty term J, (up, vy) defined in (5.8). Let us describe
this discretisation. Again, we suppose that (4.24) holds. The discrete spaces @ and M), are the same, with
k=1, as in (5.2) and (5.3), respectively. However, instead of V},, we now use the space V,C% whose elements
are also piecewise polynomials of degree one in each element, but in contrast with (5.1), they are continuous
at the centre points of all interior faces e € I}, and are set to zero at the centre points of all boundary faces
e € Fb. Thanks to this pointwise continuity and boundary condition, the scheme now involves the following
bilinear/trilinear forms, compare with (5.4)—(5.6):

/QD(V): ~ b5 (Shyvn) = Y / D (vy): S, (5.68)

EeTy,
ng (up;vp, wp) = = [Z / up - V)vpl-wy, — Z / uy, - V) wy) Vh] , (5.69)
E€T, EecTy,

b5 (Vi qn) : Z /Qh div (vy,) (5.70)

EeTy,
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With these new forms, analogously to (5.12), the finite element approximation of the problem reads as follows:
find a triple (Th,up, pn) € My, X VhCR X @y, such that

dS (ap;ap, vi) + 0GE (Th, vi) + 052 (Vi pn) + I (Un, vi) = /f “Vh Vv, € ViOE,
Q

a/Th : Sh+v/u(|Th|)Th :Sp =05 (Sh,un) VS, € M, (5.71)
Q Q

bSE (ap, qn) =0 Van € Qn.

Note that blchR (Sh,vy) coincides with by, (Sh,vy) and bghR (Vh,qn) coincides with bay, (v, qn) because the
additional face terms vanish for elements of the space V,CF. This is not necessarily the case with d$'% and dj,,
but de is obviously antisymmetric and is simpler. Although the norm of the broken gradient is a norm on
V,CR | the mapping vy, +— || D (v4) || is not a norm on V,°F. According to Brenner [6,7], we have instead (5.14)
and (5.15). That is why we use again the norm ||v]|y, defined in (5.9) and keep the term Jp, (up, vy) in the first
line of (5.71). Note however that the parameters o. need not be tuned by Proposition 5.1 since there are no
surface terms in b?hR (T'h,vp); thus it suffices for instance to take o, = 1 for each face e. Moreover, the analysis
used for the general discontinuous elements substantially simplifies here. First, as there are no surface terms
in the bilinear forms, the bounds are simpler. Next, the operator II; satisfying the statement of Lemma 5.2 is
constructed directly by setting, for v in H} (Q)d,

1
0, (v) (be)E_|e|/v VE €T, Ve € OE, (5.72)

see [15]. Clearly, as v € H} (Q)d, (5.72) defines a piecewise polynomial function of degree one in V,¢. Finally,
convergence of the scheme is derived without the discrete differential operators G;”™ and G%i". Indeed, property
(5.17) can be extended as is asserted in the proposition.

Proposition 5.9. Let the family T}, satisfy (4.24). If vy, is a sequence in V,LCR such that
[Vhllv, <C
with a constant C' independent of h, then there exists a function v € H} (Q)d satisfying (5.17) and
lim Dy, (vi,) = D (v)  weakly in L2 ()™ (5.73)

where Dy, stands for the broken symmetric gradient.

The proof, contained in [15], relies on the fact that the integral average of the jump [v,]. vanishes on any
dxd

)

face e and hence, for any tensor F in H! ()

/ane = [(F=Cne -l YO R

€

Thus, there is no need for G;”™; the same is true for G?Li". This permits to pass directly to the limit in (5.71).

6. NUMERICAL ILLUSTRATIONS

We introduce two decoupled iterative algorithms. The first one is based on a Lions—Mercier decoupling
strategy while the second one is a fixed point algorithm. All the algorithms are implemented using the deall.i
library [1]. For simplicity, we focus on conforming finite element approximations for which an a priori error
estimate has been derived in Section 4.1.2. Performing numerical experiments in the case of the nonconforming
approximation scheme will be the subject of future work.

The general setup is the following:
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— Dirichlet boundary conditions are imposed on the entire domain boundary (not necessarily homogeneous);

— A sequence of uniformly refined meshes with square elements of diameter h = v/2/2", n = 2,...,6 (level of
refinement) are considered for the mesh refinement analysis;

— The finite element spaces My, V;, and @) consist, respectively, of discontinuous piecewise polynomials of
degree 2, continuous piecewise polynomials of degree 2, and continuous piecewise polynomials of degree 1
(see Sect. 4.2.2).

Following [5], we replace the constitutive relation
T + yp (‘Td‘) T — D (u) =0

by
ot () Do

to design an exact solution. Then, given Td, u and p, we compute the corresponding right-hand sides g and f
(forcing term), where we recall that

_ 1. 7. |\ prd
f=(u-V)u adlv(D(u)) +Vp+ ale (u (‘T ‘)T ) .
Finally, we choose u (s) = ﬁ which corresponds to (1.10) with 8 =1 and n = —1/2.
6.1. Lions—Mercier decoupled iterative algorithm

We present here an iterative algorithm to compute approximately the solution to problem (3.5), which is
based on the formulation (3.4): find (T, up, pn) € My, x Vi x @y, such that

dwiunvi) + 5 [ D)D) = v = [ vt D[ uTu) T D).
a/QTh:Sh—&—'y/Qu(\Th\)Th:Sh:/QD(uh):Sh, (6.1)
/Qh div (up) =0
Q

for all (Sh,vh,qn) € Mp X Vi, X Qp, where d : V x V x V — R is defined in (4.7). Note that problem (6.1) is
equivalent to problem (4.9) analysed in Section 4.

To compute the solution to problem (6.1), we propose a decoupled algorithm based on a Lions—Mercier
splitting algorithm [25] (alternating-direction method of the Peaceman—Rachford type [31]) applied to the
unknown T'j,. Following the discussion in Section 7 of [5], the algorithm reads, for a pseudo-time step 7 > 0:

Initialisation: find (Tgo), uELO),pglo)) € My, x Vi, x @y such that

1 .
d(wsa? o)+ - [ D (af?) D)~ [ div i) = [£v, Vi€ Vi,

a/ T :8,= | D (uﬁf)) .S, VSheM, (62
Q Q

/Qh div (uglo)> =0 th € Qh.
Q

Then, for £ = 0,1, ..., perform the following two steps:
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1
Step 1. Find Tngrz) € Mj, such that

1 1 1 1
;/ (T,(f“) T§P> :Sthfy/ " (‘TSHQ) >T,<f+2) : S,
Q Q
:/D(ugﬂ)) :Sh—a/TEIk)ZSh VS, € M,.
Q Q
Step 2. Find (Tgfﬂ),ugc“) (k+1)> € My, x Vi, x @y, such that
d (ugﬂ'l); uElkH), /D (k+1 : D (vy) — /pglkJr ) div (vh)
/f vy, + / (’T}(LIH?) )T}SIHZ) : D (vp),

1 1 1 1
L (s ) s s o) 5o ()b,
TJQ Q Q

/qh div (ug “)) —0 (6.3)
Q

for all (Sp, v, qn) € My x Vi, X Qp.

(0

The solution to (6.2) is obtained by first determining u,, ) and pgbo ) as the solution to a standard steady-state

Navier—Stokes equation (first and third equations in (6.2)) and then by setting T,(lo) =iD (uh ) Similarly, the

(k+1) (k+1) and

solution to problem (6.3) can be obtained by first solving the first and third equations for u, and p;,

then solving the second equation for T;L’H_l). A standard argument shows that the above algorithm generates
uniformly bounded sequences. Thus they converge up to subsequences. However, the identification of a unique
limit for the entire sequence is currently unclear.

Regarding the implementation, we make the following comments:

— Stopping criterion: for the main loop (Lions—Mercier algorithm), the stopping criterion is

HTELkJrl) _ Tgk)‘ n Hv (u(k+1) _ ug«))‘ Hp(k+1)
L2(Q) L2(Q) L2 107°: (6.4)
T S L I i *
L2(Q) L2(Q)

— Initialisation: we solve the Navier—Stokes system associated to problem (6.2) using Newton’s method (the
iterates are indexed by m) until the following stopping criterion is met:

(m+1) _ _(m) ‘ H (m+1) (m)‘
HV (uh h ) L2(Q)+ Ph L) 196
Hvu(mﬂ)’ H (m+1)’ = )
h h
L2(Q) L2(Q)

As an initial guess, we take the solution of the associated Stokes system without the convective term.
The solution to each saddle-point system of the form

A BT Uy [(F
B 0 P/ \G
is obtained using a Schur complement formulation

BA7'BTP = BA~'F - G, AU =F - BTP.
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To solve for P, we use the conjugate gradient algorithm in the case of the Stokes problem and GMRES for
the (linearised) Navier-Stokes problems. In both cases, the pressure mass matrix is used as preconditioner
and the tolerance for the iterative algorithms is set to 107¢||BA™!F — G|, A direct method is advocated

for every occurrence of A~! and also to obtain T;LO).

k41l
— Step 1 (monotone part): T,S +3) is the zero of the functional

F(Ty) == Th+ 7m0 (|Th|) T — 7D (ug’”) —(1—anT®.

Recall that discontinuous piecewise polynomial approximations are used for the stress and so T’ is deter-
mined locally on each element E € 7}, as the solution to

/F(Th)IShZO VSh € Qs.
E

We again employ Newton’s method starting with T;lo) = T;lk) \ 5 and use the stopping criterion

I () =
L2(B) Q|

so that the global residual is less than 1076, Note that in this case, it might happen that no iteration is
(3)| i)
E~ *h lE
(k) (k)

needed (e.g. when v = 0), in which case T'),
— Step 2: this step is similar to the initialisation step except that we take (uh 2Dy, ) as our initial guess for

Newton’s method for solving the finite element approximation of the Navier—Stokes system.

6.1.1. Case 1: smooth solution
We consider the case Q = (0,1)* and

T < w 0 ) u— ( — cos (7z) sin (ﬂy; ) cos (2mz) + cos (27y)

0 cos(2my) —cos(2nz) sin (7z) cos (Ty T 4 '

Note that T is the deviatoric part of T' defined by

cos(2mx) 0
T=| 2
cos(2my) |
( 0 2 : >

and in particular it has vanishing trace. We observe that u is divergence-free. Moreover, the pressure satisfies
p= —%tr (T) and has zero mean. We report in Table 1 the error for each component of the solution for the case
a =1 and v = 0, while Table 2 contains the results for a = v = 1. Note that we use the H' semi-norm for the
velocity and not the (equivalent) L2 (2)?*? norm of the symmetric gradient.

We observe in Table 2 that all three errors are O (h2). The deterioration of the convergence rate we observe
for T% and p in Table 2 is due to the stopping criterion. Indeed, if we use 107 instead of 10~ in the stopping
criterion (6.4) for the main loop, then for A = 0.044 (n = 5) we need 250 iterations and we get

|7~ oy = MOS8 X 107 =l g) = 1ABLIS X 107 and [lp— pu ) = 362581 x 107,
L

compare with the fourth row of Table 2.

We give in Tables 3-5 the results obtained when a larger pseudo-time step is used.

We see that the larger the pseudo-time step, the fewer the number of iterations. Moreover, for all cases
7 =0.05, 7 = 0.1 and 7 = 0.5, there is no deterioration of the convergence rate in contrast to what we observed
in Table 2 (due to the stopping criterion).
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TABLE 1. Case 1, a=1,v=0,8 =107°, 7 = 0.01.

n h T —ThHLz(Q) IV(u—up) ez Ip—prlleze — Tter

2 0.354 6.04199 x 1072 7.51266 x 1072 3.02263 x 1072 1

3 0.177 1.44750 x 1072 1.82293 x 1072 6.18331x 1072 1

4 0.088 3.58096 x 1073 4.52460 x 1073 1.46371x 1073 1

5 0.044 8.92901 x 10~* 1.12913 x 1073 3.60874x107% 1

6 0.022 2.23079x107* 2.82155 x 107* 8.99041 x 107° 1
TABLE 2. Case 1, a =v=1,8 =107°, 7 = 0.01.

n h ||Td —ThHLz(Q) IV (u—un) HL2(Q) HP—PhHLZ(Q) Tter

2 0.354 3.57579 x 1072 8.21275 x 1072 3.01953 x 1072 183

3 0.177 7.78829 x 1073 1.86706 x 1072 6.18695 x 1073 182

4 0.088 2.00882x 1073 4.55378 x 1073 1.50017 x 1072 182

5 0.044 8.86597 x 1074 1.13687 x 1073 491418 x 107% 182

6 0.022 7.66438 x107* 3.05389 x 1074 3.45733 x 107% 182
TABLE 3. Case 1, a =~y =1, 8 =107°, 7 = 0.05.

n h T *ThHLz(Q) IV(u—upn) oz Ip—prlleze — Iter

2 0.354 3.57161x 1072 8.21200 x 102 3.02043 x 1072 47

3 0.177 7.74372x 1073 1.86697 x 1072 6.18194 x 1073 47

4 0.088 1.86276x 1073 4.55240 x 1073 1.46465 x 1073 47

5 0.044 4.77556 x 107* 1.13167 x 1073 3.65463 x 10™* 47

6 0022 1.72916 x 107* 2.85469 x 1074 1.06995 x 10~% 47
TABLE 4. Case 1, a =v=1,8 =107%, 7 =0.1.

n h T —ThHLQ(Q) IV(a=un) 2@ P —prllez — Iter

2 0.354 3.57060 x 1072 8.21133 x 1072 3.02054 x 1072 26

3 0177 7.74150 x 1073 1.86693 x 1072 6.18213x 1072 26

4  0.088 1.85887x 1073 4.55234 x 1073 1.46384 x 1072 26

5 0.044 4.63124x107* 1.13153 x 1073 3.61820x 107* 26

6 0.022 1.27963 x 107* 2.84928 x 10™* 9.37426 x 107° 26

6.1.2. Case 2: non-smooth velocity
We consider now the L-shaped domain Q = (-1, 1)2 \ [0,1)?; we take T and p as above, but here

1
2 2\ 3
N NTCSTORY
—r (332 + y2) 3
which is divergence-free. The results when o = 1 and 7 = 0 are given in Table 6 while Tables 7 and 8 contain
the results for the case a = =1 with 7 = 0.01 and 7 = 0.5, respectively.
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TABLE 5. Case 1, a =y =1,6=107%, 7 =0.5.

n h HTd _T}LHL2(Q) HV(U—U}L) HLz(Q) Hp_thLQ(Q> Iter

2  0.354 3.57028 x 1072 8.21057 x 1072 3.02063 x 1072 10

3 0.177 7.73342x 1073 1.86606 x 1072 6.18238 x 1073 7

4 0.088 1.85742x 1073 455172 x 1073 1.46368 x 1073 7

5 0.044 4.59753 x107* 1.13121 x 1073 3.60876 x 107* 7

6  0.022 1.15437x107* 2.83829 x 1074 8.99203 x 10°° 7
TABLE 6. Case 2, a=1,7=0,6 =105, 7 = 0.5.

n h ||Td —ThHLz(Q) IV(a—un)lle2 P —pullez@ Iter

2 0.354 3.65187 x 1072 3.80529 x 102 5.22497 x 1072 1

3 0.177 5.61550 x 1073 6.85310 x 1073 1.07102x 1072 1

4 0.088 1.32332x1073 1.86233 x 1073 2.53671x 1072 1

5 0.044 3.95496 x 1074 5.79343 x 10~ 6.25652 x 107% 1

6 0.022 1.24435x 104 1.83765 x 1074 1.55951 x 1074 1
TABLE 7. Case 2, a =y =1, = 107%, 7 = 0.01.

n h T —ThHLz(Q) IV (u—un) ez P —prllpe — Tter

2  0.354 3.51269x 1072 6.79039 x 1072 5.22609 x 1072 198

3 0.177 4.65311x 1073 9.59150 x 1073 1.07129 x 1072 198

4 0.088 1.10623x 1073 2.04375 x 1073 2.55916 x 1073 198

5 0.044 7.88026 x 10™* 6.03974 x 1074 7.14457 x 107* 198

6 0.022 7.63053x107* 2.28218 x 1074 3.79151 x 10~% 198

TABLE 8. Case 2, a =v=1,8 =107°, 7 =0.5.

n_h HTd _ThHLz(Q) IV (u—up) HL2(Q) Hp—thL2(Q) Iter

2 0.354 3.50999 x 1072 6.78690 x 102 5.22585 x 1072 11

3 0177 4.56878 x 1073 9.56288 x 1073 1.07075x 1072 8

4 0.088 8.00090 x 10~* 2.03639 x 1073 2.53571x 1072 7

5 0.044 2.08125 x 1074 5.91247 x 10~4 6.25280 x 107* 7

6 0.022 6.85220x% 107° 1.92531 x 1074 1.55842 x 107% 7
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TABLE 9. Case 1, a =y =1,6 = 1075,

n h T —ThHLz(Q) IV(u—up) ez Ip—prlleze — Tter
2 0.354 3.57082x 1072 8.21052 x 1072 3.02063x 1072 10
3 0177 7.73745%x 1073 1.86629 x 1072 6.18241 x 1072 8

4  0.088 1.85777x 1073 4.55234 x 1073 1.46369 x 1072 8

5 0.044 4.60268 x 107* 1.13344 x 1073 3.60885 x 107* 8

6  0.022 1.17442x107* 2.92590 x 107 8.99455 x 107° 8

TABLE 10. Time (in seconds) needed to meet the stopping criteria (6.4) for the Lions-Mercier
type algorithm (setup of Tab. 5) and the algorithm of Section 6.2.

Lions—Mercier, 7 = 0.5 Alt. Algo
h Iter CPU time [s] Wall time [s] Iter CPU time [s] Wall time [s]
0.354 10 10.33 14.76 10 7.30 10.22
0177 7 32.56 39.92 8 25.57 32.70
0.088 7 134.28 162.05 8 94.76 111.77
0.044 7 474.41 565.44 8 364.79 414.95
0.022 7 1542.63 1695.55 8 1307.07 1539.07

6.2. A fixed-point algorithm

Instead of the Lions—Mercier type algorithm introduced in Section 6.1, we explore the following fixed-point
strategy.

Initialisation: (T;O),ugo),pglo)) =0.
Then for £ = 0,1, ..., do the following two steps.

Step 1: find (ugfﬂ),pzkﬂ)) € Vi X Qp such that
X 1
d (uglkﬂ); ugk+l)7vh) + f/ D (ugﬂ'l)) 2D (vy) — /pglkﬂ) div (vp)
aJo Q
:/f-vh+l/u(‘T§Lk)‘)T§Lk) . D (vi),
Q aJo
0

/QQh div (uglkJrl)) =

for all (up,qpn) € Vi X Qp.
Step 2: find T;Lkﬂ) € M, such that

a/ Tgﬁl) : Sy Jrfy/ L (‘Tglkﬂ) )Tglkﬂ) : Sy = / D (ugﬁﬂ)) : S, VS, € My.
Q Q Q

It is easy to show that this algorithm produces uniformly bounded sequences.
The solvers used for these two steps are similar to those described in Section 6.1. In particular, we take

(uglk),p,(f)) as initial guess for Newton’s method for the finite element approximation of the Navier—Stokes

system, except when k£ = 0, in which case we use the solution of the associated Stokes problem.
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The results obtained using the stopping criterion (6.4) are given in Table 9. There are similar to those obtained
in Table 5.

Concerning the computational cost when similar results are obtained, i.e., when 7 = 0.5 for the Lions—Mercier
type algorithm, we note that the latter requires the solution of one more equation per iteration, namely the

linear equation for

Tg”l) in Step 2. The running time of both algorithms is reported in Table 10.
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