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FINITE ELEMENT APPROXIMATION OF THE CAHN-HILLIARD
EQUATION WITH DEGENERATE MOBILITY*

JOHN W. BARRETT', JAMES F. BLOWEY?#, AND HARALD GARCKES?

Abstract. We consider a fully practical finite element approximation of the Cahn-Hilliard
equation with degenerate mobility
Gt = V.(b(w) V(=yAu + V' (u)),

where b(-) > 0 is a diffusional mobility and ¥(-) is a homogeneous free energy. In addition to
showing well posedness and stability bounds for our approximation, we prove convergence in one
space dimension. Furthermore, an iterative scheme for solving the resulting nonlinear discrete system
is analyzed. We also discuss how our approximation has to be modified in order to be applicable to
a logarithmic homogeneous free energy. Finally, some numerical experiments are presented.
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1. Introduction. The Cahn—Hilliard equation

U = V.(b(u) V(—yAu+ ¥'(u), 2€Q,t>0,
was introduced to model spinodal decomposition and coarsening phenomena (Ostwald
ripening) in binary alloys (cf. [10] and [12]). The quantity w is defined to be the
difference of the local concentrations ca,cp € [0, 1] of the two components A and B
of the alloy and hence w is restricted to lie in the interval [—1,1]. The theory of Cahn
and Hilliard is based on a Ginzburg—Landau free energy of the form

E(u) == /Q (2|Vul? + ¥(u)) dz, v > 0.

The first term in the free energy penalizes large gradients and was introduced in
the theory of phase transitions to model capillary effects. The second term is the
homogeneous free energy, which contains a term describing the entropy of mixing and
a term taking into account the interaction between the two components. A mean field
model leads to the potential

1+u

(1.1) () ::% {(1+u)ln [2] +(l—wh [1

—Uu

” + FOu),

where 6 is the absolute temperature and F° is a smooth function on the interval
[—1,1]. A typical example is FO(u) := % (1 —u?), giving rise to a double well form of
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U if § < 6.. But there are other reasonable choices of W. If the temperature is below
the critical temperature 6, and the quench is shallow, i.e., 0 < 6§ < ., one could take,

e.g.,
U(u) == (u? — a?)?, a€R.

This has the advantage of being smooth, but the disadvantage that physically non-
admissible values with |u| > 1 can be attained during the evolution. For low temper-
atures, an obstacle potential of the form

1 2) s
o 5(1—w?) ifful <1,
(1.2) V(w): {oo if lul > 1

was suggested in [9]. This is formally the limit of the logarithmic potential, (1.1),
with FO(u) := 1(1 — u?) in the deep quench limit § — 0. The general feature is that
below a certain critical temperature precisely two global minima of U exist. As these
minima are interpreted as phases, the potential ¥ is said to support two phases. If one
minimizes £(-) subject to the integral constraint f , u = % € R, where @ lies between
the two minima of W, then the minimizer wun;,, roughly speaking, will give rise to
the following structure. The function wuny;, divides the domain 2 into three sets. On
two of these sets upmi, will be close to the minima of W, whereas the third will be
an interfacial regime of thickness approximately proportional to /v dividing the two
phases. Generically the minima are realized as large time limits of the Cahn—Hilliard
evolution with constant mobility.

To obtain the Cahn—Hilliard equation one introduces a chemical potential w as
the variational derivative of &,

o6&
wi= = —yAu+ V' (u),
and defines a flux,
J = —b(u)Vw.

Here b(-) is the nonnegative diffusional mobility, and in most of the literature on the
Cahn—Hilliard equation b was assumed to be constant. But in the original derivation
of the equation a u-dependent mobility appeared ([10] and [24]), and in fact with
the diffusion in the interfacial region enhanced and hence stronger than in the pure
phases. This enhanced interfacial diffusion is, in particular, observed in experiments
at low temperatures.

It was suggested by many authors to take a mobility of the form b(u) :=1—u
but the main feature a mobility should have is that it is zero in the pure component,
i.e., when u = %1, and the mobility should be positive for |u| < 1. Having defined the
flux the Cahn—Hilliard equation now follows from the equation %1; + V-J =0, which
is a consequence of mass conservation. The system is completed by taking initial
conditions and the natural and no-flux boundary conditions g—g = J-v =0 on 01,
where v is normal to 0.

It is the aim of this work to develop an efficient numerical method for the Cahn-—
Hilliard equation with degenerate mobility. Besides the case in which the homoge-
neous free energy is smooth we want to be able to handle the cases of a logarithmic
free energy and of an obstacle potential. In the following we briefly describe what
is known for the Cahn—Hilliard equation with a concentration dependent mobility.

2.
)
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For an overview on the vast literature on the Cahn—Hilliard equation with constant
mobility we refer to [17] and [26]. Existence results for the Cahn-Hilliard equation
with degenerate mobility were obtained in [27] in one space dimension and in [19]
for space dimensions larger than one (see also [22] and [20]). One main feature of
these results is the fact that solutions with initial data where |ug(-)| < 1 have the
property that |u(-,t)| < 1 for all later times ¢. This physically reasonable result is
true for all potentials ¥ and a degenerate mobility but cannot be guaranteed if one
takes ¥(u) = (u? —a?)? and a constant mobility. We remark that so far no uniqueness
result for the Cahn—Hilliard equation with degenerate mobility is known.

An important result which gave insight into the qualitative behavior of solutions
to the Cahn—Hilliard equation with degenerate mobility was established in [11] (see
also [21]). They used the technique of formal asymptotic expansions to show that
with the scaling v = €2, ¢t — £t and in the deep quench limit # — 0, one can identify
a limit as € — 0, which is a geometric motion for the interface known as motion by
surface diffusion (cf. [13]). We remark that as ¢ — 0 the interface thickness, which is
approximately proportional to /7, tends to zero and the interfacial region becomes
a sharp interface. The limiting motion is an evolution law for hypersurfaces and it
reads as

2
VZ—%Aslﬁ,

where V' is the normal velocity, Ag is the surface Laplacian, and k is the mean
curvature of the interface. This is a purely local geometric motion for the interface
and is in contrast to the Mullins—Sekerka evolution, which is obtained with a constant
mobility. In the latter case, two interfaces which are a distance away from each other
are coupled through bulk terms. Whereas in the case of motion by surface diffusion,
two such interfaces would evolve independently of each other as long as they do not
intersect; for example, a collection of spheres which do not intersect each other are
stationary. On the level of the Cahn—Hilliard equation with degenerate mobility this
property would correspond to a pinning effect (see [23], which reports on pinning
effects in spinodal decomposition of polymer mixtures). Also let us mention that the
time scale in the asymptotics of [11] is slower than the time scale which was used in
the asymptotics for a constant mobility. One should bear in mind these results when
studying the numerical simulations presented in section 5.

There are a number of papers on the Cahn-Hilliard equation with constant mo-
bility from the numerical analysis point of view. We refer to [17] for an overview.
Most numerical approaches are based on a splitting method, which uses the chemical
potential w as an unknown function and hence only requires continuous finite element
approximations for {u,w} (see [18]). To our knowledge there has been no numerical
analysis for the Cahn—Hilliard equation with a degenerate mobility. However, in [4] an
error bound is proved for a fully practical piecewise linear finite element approxima-
tion of the Cahn—Hilliard equation with a logarithmic free energy and a nondegenerate
concentration dependent mobility; see also [3] and [5] for extensions to the multicom-
ponent case and the deep quench limit. Although the numerical approximation in
the above papers is well defined for a degenerate mobility, the authors were not able
to prove stability bounds and hence convergence of this approximation. The case of
a degenerate mobility with its possible lack of uniqueness requires a more delicate
approximation.

In what follows we state precisely the problem we wish to approximate numerically
and we make some general assumptions. Let € be a bounded domain in R% d < 3,
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with a Lipschitz boundary 0€). We consider the initial boundary value problem for
the Cahn—Hilliard equation:

(P) Find u(z,t) such that

(1.3a) % = V.(b(u) V(—yAu + ¥'(u))) in Qp:=Qx(0,7),
(1.3b) u(z,0) = up(x) Ve,
(1.3c) % = b(u)%(—’yAu—i—\If’(u)) =0 on 90 x (0,T),

where v is normal to 92 and + is a positive constant. The diffusional mobility b €
C([-1,1]) is assumed to satisfy

(1.4) b(—1)=0b(1)=0 and  b(s) >0 Vse(-1,1).
The free energy ¥ € C([—1,1]) is such that
(1.5) U(s) :=11(s) + a(s) + %(1 —5?),

where 0. is a nonnegative constant and ¢; € C'((—1,1)) and ¢ € C*([-1,1]) are
convex and concave, respectively. Clearly the third term can be absorbed into ¥a(+);
however, for later purposes we decompose ¥(-) into this form. Obviously all examples
for ¥ given above can be written in the form (1.5). In particular the double obstacle
potential, (1.2), corresponds to the case 11 = ¢2 =0 and 6. = 1 or ¢; = 0, Pa(s) =
% and 6, = 0. We point out that in the case of a degenerate mobility, the obstacle
in the potential (1.2) is not needed to describe the motion in the deep quench limit.
In particular, as was shown in [19], the evolution with respect to the potential (1.2)
is given by an equation instead of a variational inequality.

In [6] we considered a fully practical finite element approximation of the fourth
order nonlinear degenerate parabolic equation (1.3a—c) with ¥(-) = 0 and b(u) := |u|P
for any given p € (0,00). Such problems arise in lubrication approximations of thin
viscous films and have been studied extensively in the mathematics literature in recent
years. A key feature of this problem is that there is no uniqueness result. In addition
to establishing well posedness of our finite element approximation for all d < 3, we
proved convergence in one space dimension to solutions using the very weak solution
concept introduced in [8] for this problem. This basically states that u is a solution if

T
/(%,n)dt—/ b(u)VAuVnderdt =0 Vn e L*(0,T; H(Q)).
0 {|u>0}

The restriction of convergence to one space dimension is due to the fact that our
a priori bounds on the finite element approximation only guarantee in the case of
d = 1 uniform boundedness and equicontinuity of the approximate solutions, which is
necessary to be able to pass to the limit in the discrete problem. For similar reasons,
the results of [8] were restricted to one space dimension. In this paper we extend the
techniques in [6] to the Cahn—Hilliard equation with degenerate mobility, (1.3a—c).

This paper is organized as follows. In section 2 we formulate a fully practical finite
element approximation, (P"A%), of problem (P) in the case of 91,12 € C1([-1,1]).
This obviously excludes the choice of ¥ as the logarithmic potential, (1.1). This
discretization is based on introducing the chemical potential w and writing the fourth
order parabolic equation as a system of equations

(1.6) 9u — V. (b(u)Vw) in Qp, —vAu + V' (u) = w,
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where the second equation holds on the set {|u| < 1}; and as b(—1) = b(1) = 0, see
(1.4), then w is only required in this region. Unfortunately, a naive finite element
approximation of problem (P) does not a priori guarantee that the discrete solution
fulfills |u| < 1. Therefore we impose the physically reasonable property |u| < 1 as a
constraint. This leads to a variational inequality which has to be solved at each time
step. We prove well posedness and stability bounds for our approximation, (P™4?),
of (P) for space dimensions 1, 2, and 3 and show convergence in one space dimension.
In section 3 we introduce and prove convergence of an iterative scheme, based on the
abstract splitting approach in [25], for solving the nonlinear discrete system arising in
(Ph’At) at each time level. In section 4, we introduce a variation of the approximation
(P™A%), studied in section 2, to cope with the choice of a logarithmic free energy.
Furthermore, we extend the results of sections 2 and 3 to this case. Finally, in section
5 we report on some numerical experiments.

Notation and auxiliary results. We have adopted the standard notation for
Sobolev spaces, denoting the norm of W™P(Q) (m € N, p € [1,00]) by || - ||m.p and
the seminorm by | - |, ,. For p = 2, W™2(Q) will be denoted by H™(Q) with the
associated norm and seminorm written, respectively, as || - ||,, and | |,,. Throughout,
(-,+) denotes the standard L? inner product over Q and (-, -) denotes the duality pairing
between (H'(2))" and H(Q).

For later purposes, we recall the following well-known Sobolev interpolation re-
sults, e.g., see [1]: Let p € [1,00], m > 1,

d

[p, o0] ifm—;>07
rel [p,oo) ifm—;‘sz,

d : d
[p,—m] lf?’n_;<07

and p = % % — % . Then there is a constant C' depending only on €, p, r, m such
that for all v € W P() the inequality

1—
(1.7) [vllo.r < Cllvllo (1v[I7.

holds. It is convenient to introduce the “inverse Laplacian” operator G : 7 — V such
that

(1.8) (VGv, V) = (v,n) V¥ ne HY(Q),

where F := {v e (H'(Q)) : (v,1) =0} and V := {v € H(Q) : (v,1) = 0}. The well
posedness of G follows from the Lax—Milgram theorem and the Poincaré inequality
(1.9) oy < Cllnlp + 1, 1)) ¥VyeWHP(Q) and pe [1,00].

One can define a norm on F by

(1.10) [vl|—1 == |Gv|1 = (v,Gv)? Y wveF.

We note also for future reference that using a Young’s inequality yields for all o > 0
that

(L11)  (v,m) = (VGv, V) < [[oll-alnh < s5lvl2 + §nlf Yo eF, ne HY(Q).

Throughout C denotes a generic constant independent of A and At, the mesh and
temporal discretization parameters. In addition C(aq,...,as) denotes a constant
depending on the nonnegative parameters {a;}/_;, such that for all C; > 0 there
exists a Cy > 0 such that C(aq,...,a7) < Cyifa; <Cjfori=1— 1.
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2. Finite element approximation. We consider the finite element approxi-
mation of (P) under the following assumptions on the meshes.

(A) Let © be a polyhedral domain. Let {7"},~¢ be a quasi-uniform family of
partitionings of €2 into disjoint open simplices x with h, := diam(x) and
h = max,c7n by, 50 that @ = U k.

Associated with 7" is the finite element space
St i={xeC@Q): x|, islinear V x € T"} c H(Q).
We also introduce
Kh:={xes": -1<x<1inQ}.

Let J be the set of nodes of 7" and {x,};cs the coordinates of these nodes. Let
{x;};es be the standard basis functions for S”; that is, x; € K" and x;(z;) = &;;
for all i,j € J. We introduce 7" : C(Q2) — S”, the interpolation operator, such that
7' (x;) = n(z;) for all j € J. A discrete semi-inner product on C(Q) is defined by

(2.1) (1, m2)" = /Qﬂh(m(w) ma(x)) dz =Y Bym(x;) ma(w)),

jeJ

where §; := (1, x;). The induced seminorm is then |- |, = [(-, )z, We introduce
the L2 projection Q" : L?(€2) — S” and the more practical oL L?(Q)) — S" defined
by

(2.2) @"n,x) = (Q"n.x)" = (n,x) V¥ xes"

Given N, a positive integer, let At := T/N denote the time step and ¢, := nAt,
n =1 — N. Assuming that 11, 92 € C*([~1,1]), we consider the following fully
practical finite element approximation of (P):

(PPAt) For n > 1, find {U™, W"} € K" x S" such that

n n—1 h
(2.32) (Z8x) + (U)W, Vx) =0 ¥y € 5",
VYU V(x = U™)+ @ (U") = 00", x = U™)"
(2.3b) > (Wm —y(U™ ), x —U™)" V¥ xeK"

where U? € K" is an approximation of ug € K = {n € HY(Q) : -1 <n < 1
almost everywhere (a.e.) in Q}, e.g., U® = 7 (if d = 1) or Q"ug. As we motivated
in the introduction the variational inequality (2.3b) is introduced because we wish
to impose the physically reasonable property |U"| < 1, which is not automatically
guaranteed by a straightforward discretization of (P). It follows immediately from
(2.3b) that for n > 1 and for all j € J, either [U™(z;)] = 1 or |[U"™(z;)|] < 1 and
AU, Vx;) + (G (U") - 6.7, x0)" = (W™ — (U, x )"

Hence (2.3b) approximates —yAu + ¥'(u) = w in the region |u| < 1 as required;
see (1.6). We note that for a general degenerate mobility b(-) satisfying (1.4), (2.3a)
is not fully practical as it assumes that [ b(U"!)da can be calculated exactly. Ob-
viously, one could consider using numerical integration on this term; e.g., replace (-, -)
by (+,-)" in (2.3a). However, for ease of exposition and as the model case b(s) := 1—s?
can be easily dealt with, we consider (2.3a) in its present form.
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Below we recall some well-known results concerning S”.

1

24) Xl < OB 5 Xy, ¥ X ES", 1<pi<pr<oo, m=0orl;
(2.5) IXhp <Ch 'xlop VXx€ES", 1<p<oo;

(26) lim (1~ 7")nfloe =0 ¥ € O(@):

2.7) (I =@Q")nlo+h|(I—Q")nly < CR™ |y VneH™S), m=1or2

(2.8) X3 < Ixli < (d+2)IxI5 ¥ xes™

(2.9) |(’Uh7X)h — (Uh,x)\ < Ch1+m||vh||m||x||1 Vol xeS" m=o0orl;

and ifd =1

(2.10) |(I - 7rh)7]|m,r < Chlfm\nh,r VneWh™(Q), m=0orl, anyr € [1,00];

(2.11) lim [[(7 — 7"}l =0 ¥y € H'(9).

If d = 1, then a simple consequence of (2.9) and (2.10) is that

‘(U777)h - (U’ 77)' |(7Thvv7rh77)h - (Trhvvﬂ-hn)‘ + |((I - Trh)vvﬂ-hn)‘ + |(U7 (I - 7Th)77)|

C[|(I—7rh)v|0—|—h|v|o} In1l1 YveC@Q), VneHY(Q).
(2.12)

Comparing Q"n with Q" and noting (2.9), (2.5), and (2.7) yields that
(2.13) (1= Q")nlo + BT = Q")nly < Chlnly ¥ € H'(S).
It follows from (2.2) that

A — (777XJ)
10) (@) = (2

vied = Q"o <llloce ¥ neL>(Q).

~—

Similarly to (1.8), we introduce the operator Gh . Fh — V" such that
(2.15) (VG"0,Vx) = (v, )" ¥V x €S,

where V" := {v" € S" : (v",1) = 0} and F" := {v € C(Q) : (v,1)" = 0}. Similarly

to (1.11), we have for all a > 0 that

(2.16) (v, x)" = (VG"0,Vy) < |G"v]1|xh < 5= |G"0 + X[} YveFh, xesh
We now follow the approach taken in [6]. To establish the existence of a solution

{U™, WyN_| to (PMA!), we must introduce some notation. In particular we define

sets V(U™ 1) in which we seek the update U™ —U"~1. Given ¢" € K" with  ¢" :=

I—glz‘(qh, 1) € (=1,1), we define a set of passive nodes Jy(¢") C J by

(2.17) j € Jo(d") <= (b(¢"), xj) = 0 <= b(g") = 0 on supp(x;).

All other nodes we call active nodes and they can be uniquely partitioned so that
Ji(g") = J\ Jo(¢") = Ui\,{:l Ln(¢"), M > 1, where I,,(¢"), m = 1 — M, are
mutually disjoint and maximally connected in the following sense: I,,(q") is said
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to be connected if for all j, k € I,,,(¢"), there exist {r,}L, C 7", not necessarily
distinct, such that

(a) =z €FR1, zx €FL,
(2.18) (b) Fe NEey1 # 0, {=1—L-1,
(¢) b(g") # 0 on ky, {=1— L.

I,,(q") is said to be maximally connected if there is no other connected subset of
J4(q"), which contains I,,(¢"). Clearly J(¢") is nonempty, since if (b(¢"), x;) = 0
YV j € J then b(¢g") = 0, and since ¢" € S" it follows that ¢" = 1 or —1 which
contradicts the assumption that q" € (—1,1). We then set

Vh(qh) = {vh e sh: vh(xj) =0Vje Jo(qh) and (vh,Em(qh))h =0,m=1— M},
(2.19)

where form=1— M

(2.20) Emld") = > xi-

J€Lm (q")

The space V"(g") consists of all those v® € S" which are orthogonal, with respect to
the (-,-)" inner product, to x;, for all j € Jo(¢g"), and to =Z,,(¢"), m =1 — M. We
note that for all ¢g" € K", V(¢") C V" and that |¢"| < 1 = V"(¢") = V. Another
immediate consequence of the above definitions is that on any x € 7" either

(2.21) b(g") =0 or Zm, (¢") = 1 for some m, and Z,,,(¢") = 0 for m # m,.
For later reference we state that any v € S* can be written as
M
(2222) o= WM(ay)x; = 0 Y VNG + Y [][ Uh] Em(q"),
jeJ jedolah) m=1 Qo (gh)

where Q,,,(¢") == {U,ernB: En(¢?) (@) =1V €KY,

(2.22D)

M
=) [Uh(l‘j) —][ Uh] x; € V"(g")
. 1 Qm(qh)

is the projection with respect to the (-,-)" scalar product of v onto V"(g"). We
remark that f o (4n)0" is not the standard mean value on the set Q,,(¢").

In order to express W™ in terms of U™ and U"~! we introduce for all ¢" € K"
with f ¢" € (—1,1) the discrete anisotropic Green’s operator Q;Lh V(") — V(")
such that

(2.23) (b(g") VG, Vx) = (", x)" VxSt

To show the well posedness of Qgh, we first note that choosing x = x;, j € Jo(q"),
in (2.23) leads to both sides vanishing on noting (2.17) and (2.19). Similarly, choos-
ing x = Z,.(¢"), m = 1 — M, in (2.23) leads to both sides vanishing on noting
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(2.21) and (2.19). Therefore for well posedness, it remains to prove uniqueness as
V" (q") has finite dimension. If there exist two solutions Z; € V"(g"), i = 1, 2, with
(b(¢"VZ;,Vx) = (v, x)" for all x € S*, then Z := Z, — Zy € V"(q") satisfies, on
noting (2.21),

2
Bunin Z/Qm(qh VZ|? de < Z/

m—1" Qm(q")

¢IVZ|?dx = / b(¢")|VZ|? dx =0,
Q
(2.24a)

where Q(¢") := UY_, Q. (¢") and

m=1

2.24b buin () 1= /
( ) (q") oo, Tl

Hence it follows that Z is constant on each €, (¢"). However as Z € V"(¢"), it follows
that Z = 0. Thus g;‘h is well posed.

For later purposes we note from (2.23) and Young’s inequality that, similarly to
(2.16), for any a > 0,

(2.25) 677 < 5= b(¢")VGh " E + Slo"7 V" e V().

THEOREM 2.1. Let Q and T" be such that assumption (A) holds and let U° € K"
with f Ul e ,1). In addition let b and ¥ fulﬁll the assumptions stated above. Then
for all At > O there exists a solution {U™, W"IN_| to (PWA!),

If 92bmaXAt < 47y, where byax > max,—; .y b1 and b2, = ||b(U™1)]0.00,
then {U™}N_, is unique. Furthermore, the following stability bounds hold:

N

max U]+ (A8 Y|P 1|2+At2 (" EVf
=1— n— 1
(2.26) + Atz b G U2 < (U0 4+ 1] -

In addition W™ is unique on Q. (U™™Y) if |U™(x;)| < 1 for some j € I, (U™Y),
m=1—-M,n=1— N.

Proof. Tt follows from (2.3a) and (2.23) that for n > 1, given U"~! € K", we seek
U™ ¢ K"U" 1Y), where

(2.27) E"U™ ) = {x e K" ix U e ViU L

In addition a solution W™ in (2.3a), (2.3b) can be expressed in terms of U™ as (cf.
(2.23) and (2.22a,b))

n n— 1
(228)  Wr=-Gha [T+ YD w + Z)\ En (U™
]GIU(U" 1)

where {7} jc o un-1y and {\7, }31_ are constants. Hence (P™2%) can be restated as
the following: For n > 1, find U™ € K"(U""!) and constant Lagrange multipliers
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M
{13 Yeqwn-1y, {Ah =1 such that

5 n n—1 h
HVU, V(= U) + (G (L= + 0f (U) = 6.0 x = U”)
h

(2.29) > > ujxﬂrZ/\”: O™ —p(U" ), x-U" | VxeK"
jEJo(Un—1)

It follows from (2.29), (2.27), and (2.19) that U™ € K"(U™ 1) is such that

YU, V(@ = U™) + (G [FZ5—] + 9L (U™) = 0.U™, ok — U
(2.30) > —(y(Unh), o —Uu™mt vt e KU,

We note that (2.30) is the Euler-Lagrange variational inequality of the minimization
problem

min €M) = {20} + &l TEVGS (0" U

(201 (0) = 0e(5")? + 205U )", 1)},

As we minimize £"(-) on the compact set K" (U"~!), we have existence of a solution to
(2.30). Existence of the Lagrange multipliers {1} ;¢ s, (wn—1) and {\p,}M_,, for fixed
n, follows from standard optimization theory; e.g., see [15]. Therefore, on noting
(2.28), we have existence of a solution {U™, I/V”}ﬁy:1 to (PhAY).

For fixed n > 1, if (2.29) has two solutions { U™, {1} je sy wn—1), {Na' =1 }»
i =1, 2, then it follows from (2.30), the convexity of 41 (-), and (2.25) that U :=
Umt —Un? e Vh(U"1) satisfies

YO} + A O ]2 VG TS
SR+ 2 O DEVGE TR + @A) = v (072,07
< OfU"[F < &Gl VG, U f + ST
Therefore the uniqueness of U follows from (1.9) and f U™ = { U under the stated
restriction on At. If [U™(x;)| < 1 for some j € I,,(U"'), then (1 — (U"(z;))?)
E (U1 (z;)) > 0 and choosing x = U™ £+ § 7[(1 — (U™)2) Z,(U™1)] 2 0 in (2.29)
for 6 > 0 sufficiently small yields uniqueness of the Lagrange multiplier A},. Hence
the desired uniqueness result on W follows from noting (2.28).
We now prove the stability bound (2.26). For fixed n > 1 choosing x = W" in
(2.3a), x = U™ ! in (2.3b), and combining yields that
YU+ FU — U = FU 4 (RO, D)~ (RO, 1)
R B Ca EA
<A(VU VU™ =U") + (G (U") + (U, 0" = U h”
(2.31) FAL DU HEVWZ — 6,(U", U — U Y <0,

where we have noted the identity

(2.32) 2s(s — 1) = 8> —r* + (s — 1)? Vr,seR,
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and the convexity and concavity of ¥; and v, respectively. Choosing x = At(U™ —

U™~ 1) in (2.3a) and applying a Young’s inequality, similarly to (2.25), with o = 23%

and noting the stated restriction on At, it follows from (2.31) that 4
U + ZUT - U1 - Fum

(2.33) HEU™), D" = (FUY), D+ FAL U2V < 0.

Summing from n = 1 — m, for m = 1 — N, and noting the properties of 1;

(i=1,2), (1.9), and U™ = f U" yields the first three bounds in (2.26). Choosing
X = gAh(Un_TUtWI) in (2.3a) and noting (2.15) yields for n > 1 that

|GhUISUI 3 = (VU G U = (p(Un ) VI, VGRS

(2.34) <|b (U" DIV < bl U™ )] 2 VW[5,

max

Summing (2.34) from n = 1 — N and noting the third bound in (2.26) yields the
desired fourth bound in (2.26). d

Remark. (i) Given a convex function vy € C([— 1,1]), a concave function ¢ €
C([-1,1]) and « € RT, the free energy W(s) := 91 (s)+ ( Y(s)+5(1—s?) can be written
in the form (1.5) with either (a) 12(-) = 9(-) and 6. = « or (b) 1/12( ) =v()+5(1—s?)
and 6, = 0. We see from Theorem 2.1 that a time step restriction is required for the
well posedness of (P™4%) in case (a) but not in case (b).

(ii) As can be seen from (2.33) the finite element approximation has the property
that 2|U[? + (¥(U),1)" is a Lyapunov function for the discrete evolution.

Let

(2.35a) Ut) = S=tUn + BtUn=t L€ [tyor,tn), n>1,
and

(2.35b) U™ (t):=U", U (t):=U""  te(tn1,tn], n>1
We note for future reference that

(2.36) U-U*=(t-tH t€ (tho1,tn), n>1,

where ¢ :=t, and t;, :=t,_1. Using the above notation and introducing analogous
notation for W, (2.3a,b) can be restated as the following.
Find {U, W} € H(0,T; K") x L?(0,T;S") such that

T
(2.37a) / [(%X)h + (b(U‘)VW*,VX)} dt=0 VxeL*0,T;8"),
0
T
| VU = U+ ) + i 07) 00 x - U
T
(2.37h) > / WH,x—-UHrdt v xeL?0,T;K").
0

THEOREM 2.2. Let d =1 and ug € K with  uo € (—1,1). Let {T",U°, At}
be such that

(1) U° € K" and U° — ugy in HY(Q) as h — 0,

(ii) Q and {T"}nso fulfill assumption (A),
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(iii) At — 0 as h — 0.
Then there ezists a subsequence of {U, W}y and a function v € L*°(0,T; K) N
11
HY (0,5 (H'(2))) N C2 Q) and a w € L, ({lu] <1}) with 3% € L, ({|u| < 1})
such that as h — 0,

(2.38) U Ut —u uniformly on Qr,
(2.39) U, Ut —u  weakly in L*(0,T; H'(Q)),
(2.40) Wt —w, 6?/; — % weakly in L7, ({|u] < 1}),

where {|u] <1} :={(z,t) € Qp : =1 <u(z,t) <1}.
Furthermore, u and w fulfill u(-,0) = ug(-) and

T
(2.41a) /U <fgg,n>dt+/{l }b(u)g—g—"d rdt=0 VY nelL*0,T;H(Q)),
u|<1

(2.41D) w=—-Z% 4 W'(u)  ontheset  {|u| <1}.

Proof. Without loss of generality we assume that 62||b||g .o At < 47 and that h is
sufficiently small. We note that the assumption (i) implies that £ U° € (—1,1) for
h sufficiently small. Hence the definition (2.35a,b), the first three bounds in (2.26),
(2.10), and (1.9) together with the fact that V"(¢") C V" imply

N
(242) U1 o210 ) + AU ooy + PO <o
(Qr)
Furthermore, we deduce from (2.36) and (2.42) that
(2.43) U - UiHQL?(O,T;Hl(Q)) (At)?|%F HLZ(O (o) < C AL

In the next step we show that the discrete solutions U are uniformly Holder
continuous. The first bound in (2.42) gives via a standard imbedding result

(244) |U(y2,t)7U(y1,t)‘ < C|y27y1|% Y Y1, Yo Eﬁ, Vit>0.
In addition it follows from (1.7), (2.8), (2.16), (2.42), and (2.26) that
1UC,t0) =UCsta)llgoe < CIUC ) =UCta)llg UG t) = U ta)llF
5 1 3
<CIG" (U (1) = U ta) If IUC, 1) = U ta)lf

1
by 3

A to 1
<clot| / (.1 dt} CIEPR—
a 1
ty % ) ty . 2 %
<C' Ghou(t)ydt| < C(ty—ta)® (/ Ghou dt)
to 1
(2.45) < C(tb —t)F Yty >ty >0.

An immediate consequence of (2.45) is that
(2.46) U = U%| 1= (0 < C(A)E.

Now (2.42), (2.44), and (2.45) imply that the Cf”t% (Q7) norm of U is bounded inde-
pendently of h, At, and T'. Hence, under the stated assumptions on At, every sequence
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{U}}, is uniformly bounded and equicontinuous on Q7 for any 7 > 0. Therefore by
the Arzela—Ascoli theorem there exists a subsequence such that

1

1 _
(2.47) U—ueCz®(Qr) uniformly on Qr as h — 0
and |u| < 1. Moreover (2.42) implies that this same subsequence is such that

(2.48) U—u weakly in L2(0,T; H*(Q)) as h — 0.

For any n € H'(0,T; H*(Q2)) we choose Y = 7'n in (2.37a) and now analyze the
subsequent terms. First, we have that

T
JRCEDR

(249) = - / " (025" e+ (D) aT)" — (U0) 7a(,0)”

Next we conclude using the regularity of 7, (2.12), and (2.47) that

T " h T
(2.50) / (U, a(gt")) dt — / (u, %) dt ash — 0 for all  as above.
0 0
In view of (2.42) we deduce that

‘/ V‘ga‘?z(f—wh)ndxdt‘
Qr

N
< |I[b(U )]2||L°o(QT [[6(U™)]= BW 220 (T = 70l L2 0,10 (2))
(2.51) < ClIT = 7"nllL20,75m 2)-

We now show the compactness of {W*};, on compact subsets of {|u| < 1}. For any
6 >0, we set

Df i={(2,t) € Qr : Ju(z,t)| <1-6} and Df(t):={ze€Q:|u(z,t)<1-5}.
(2.52)

For a fixed § > 0, it follows from (2.47) and (2.46) that there exists an ho(6) € Rt
such that for all h < hg(6)

1-26 <|UX(2,t)| <1 VY (x,t) € DF
(2.53) and UE(z,t)| <136 V (x,t) € DY.

On noting (2.53) and (2.42) we have that

/ (U)W gz qt
Qr\DF
1

< NP2 ) IO 2 (@)
< C[Bmax(Zé)]% HnHLz(O,T;Hl(Q)) v ne L2(07T7 Hl(Q))a vV h < h0(6)7
(2.54)
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and
Bmin(g)/ |2 “2de dt</ b(U~) |20~ “2dedt < C Y h < ho(6),
D} D}
2 2
(2.55)
where

Bpax(6) = 17%?;(51 b(z) and Buin(6) := |ZTI§1111176 b(z).

In what follows we want to relate W to Ut and U~ on the sets Dy. From (2.53)
we have that for all h < hg(6) and for almost every (a.e.) ¢t € (0,7T)

= ) 1 0" (1)
X(’”‘U+(’t)i86||n< Do

(2.56) Vol e L?(0,T;8") with supp(n") c DY.
4

e K"

Choosing such x in (2.37b) yields for all h < ho(8) that

T . T
/ [ (25 B0 + (W4 U) + wh(U™) = 6.UF )" | at = / (W ") dt
0 0
(2.57) V" e L2(0,T;S") with supp(n™) c DT.

Next we derive a bound of W locally on the set {|u| < 1}. For any t € [0,7], we
choose a cut-off function 5(-,t) € C§°(D7 (t)) such that
2

(2.58)  0s5(-,t)=1 on DJ (1), 0 <0s(-,t) <1, |2 0s(,t)] < C62.

This last property can be achieved since for y1, yo € Q such that |u(y,t)] > 1 — 16
and |u(ysz,t)| < 1—6 we have from (2.47) that %6 < |u(ya, t) —u(y1, t)| < Clys —y1|%.
It follows from (2.14) and (2.58) that there exists an hq(8) < ho(8) such that

(2.59) supp(Q" (0 W) C DYV h < Iy (8),

It follows from (2.2), (2.59), (2.57), (2.13), the continuity properties of ¢; (i = 1,2),
|U|] <1, and (2.58) that for all h < hq(6)

T
02 (W*)dedt:/ (W, QP (62 W) dt

Qr 0
T
+ _ A
- [ P @@ W) + @) + o) - 0.0+, QM W) a
< O e e |2 (02 W) L e2am + ClOW* o2
<o ><||U+||L20TH1(Q>>+1>[6 oo

(2.60)

+ 1105 W+||L2(QT):| .

+
Q
2

Applying Young’s inequality then gives

(2.61) 02 (WH)2dadt < C(671)
Qr

L U o o oy + 1255 HLZ(D+ ]
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Therefore combining (2.55), (2.61), and (2.42) we have that
(2.62) ||W+||L2(0,T;H1(D;(t))) SOE HBun(IT'<CE)  Vh<h(s).

The last estimate implies the existence of a subsequence and a w € L2(0,T; H' (Df (t)))
such that

(2.63) Wt — w, 82{;* — %—‘Q’EJ weakly in L?(D/) as h — 0.

Next noting the uniform continuity of b, (2.55), and (2.38) we conclude that

/ BU™) — b(w)] 295 91 qz 4t
D )
< IIb(u) — b(U )| poe 2 [ 225 2oy Il 20,7 ()

(2.64) < l6(w) = 0(U ™) o r) 17l 20,7557 (02))
[Bmln(g)} [Buin(2)]% 5
will converge to 0 as h — 0.
Combining (2.51), (2.64), and (2.63) and noting (2.11), (2.47), and (2.46) yields
that

/ (U)W D (hy) dz dt — / b(u)22 9 dzdt ash — 0
Dy Dy
(2.65) Ve L*0,T; H(Q)).

Moreover, by (2.11), (2.48), and (2.43) we have that

m’ax m’@z

T
(2.66) /(‘9U+ dt—>/ Ou 9yt ash—0 VneL?0,T;H(Q)).
0

Using (2.1), (2.10), and (2.62) we deduce that

/0 (W, xh) — (W, )] dt

/ (I — ")y (W+n)dedt
Qp

< Ch/ |2 (W n)|dedt
Qr

< Ch ||W+||L2(0,T;H1(D5+(t))) ||77||L2(07T§H1(Q))

<O N hlnllz o @)
(2.67) ¥ n € L*(0,T; H'(R)) with supp(n) C Dy .

Noting that ¢, € C*([—1,1]) and using (2.1), (2.10), (2.38), (2.12), and (2.6) yields
that

/0 [ U, mhm) — (), )] dt

T T
< [ — vt e s [, 2t @] a
0 0
(2.68) —0 ash—0 VYnelL*0,T;H Q).
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Using a similar argument for the remaining terms and combining (2.67), (2.63),
and (2.68) implies that

T T
J A e R U A LR T I NP
(2.69) ash — 0 Ve L*(0,T; H(Q)) with supp(n) C Dy .

Combining (2.66) and (2.69) and noting (2.57) yields that

du
/;; |:781

(2.70) ¥ n e L*(0,T; H*(R2)) with supp(n) C D

E

+ (' (u) —w)n} dedt=0

Q

T

This uniquely defines w in terms of u on the set D;. Repeating (2.65) for all 6 > 0
and noting (2.54), Bpax(6) — 0 as 6 — 0 and (2.11) yield that

b(Uf)a‘g;+ %(whn) dxdt — / b(u)%% dzdt ash—0
Dg

Qr
(2.71) Ve L*0,T; H(Q)).
Combining (2.37a), (2.49), (2.50), (2.71) and arguing similarly as in (2.68) by using
(2.38), (2.12), (2.6), and assumption (i) we conclude that for all n € H(0,T; H(Q))

@72 (WD) = (oo 0) = [ gpar+ [ bagegrasar—o.

0

ox
b(u)‘g—fc’ € L?(D{) and hence we conclude from (2.72) that u € H(0,T; (H'(2))").
Therefore combining the above results, repeating (2.70) for all § > 0 yields that u €
L>(0,T: HY(Q)) 0 H'(0,T: (HY(Q)') N CFF (@) and w € L, (DF), with 32 €
L? (D{), are such that u(-,0) = ug(-) and

loc

The fact that {b(U*)anr }h . is uniformly bounded in L?(Q7) implies that
>

T
(2.73a) /<%,n>dt+/ b(u)2e i dadt =0 Ve L2(0,T; H(Q)),
0 DF

/D+ [7%% + (' (u) —w)n] dzdt =0

0

(2.73Db) Ve L*(0,T; H(Q)) with supp(n) C D

Hence we have established the desired result (2.41a,b). 0

Remark. Theorem 2.2 also establishes existence of a solution to problem (P) and
yields the result of [27], where existence is proved in one space dimension, (see also
[19]). In addition we note that we assumed only continuity of the mobility . All other
existence results for degenerate parabolic equations of fourth order in the literature
require at least Holder regularity for b.

3. Solution of the discrete variational inequality. We now consider an
algorithm for solving the variational inequality at each time level in (P™#?). This
is based on the general splitting algorithm of [25]; see also [16] and [2] where this
algorithm has been applied to solve (P"4?) with constant mobility.
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For n fixed, multiplying (2.3b) by u > 0, a “relaxation” parameter, adding
(U™, x — U™)" to both sides, and rearranging on noting (2.3a) and (2.29), it follows
that {U™, W"} € K" x Sh satisfy

(3.12) (U™ + pp (U™), x = U™ > (2", x U™ V¥ x e K",
vr ot N\ 1 T n

(3.1b)

where Z™ € S" is such that

(2" )" = (U™ X)" = p [y(VU" Vx) + (@501 = 0.U" =W x)"] ¥ xes”
(3.1c)

and b"~! is chosen such that b"~1 € [b%. 1 boax] with 8701 and by as defined in

max’ max

Theorem 2.1. We introduce X™ € S" such that

(X7 )" = (U™ )" + 1 [y(VU™, Vx) + (U™ ) = 00" = W™, x)"] V¥V xes"
(3.1d)

and note that X™ = 2U™ — Z™. We use this as a basis for constructing our iterative
procedure: For n > 1 set {U™°, Wm0} = (U1, W"=1} € K" x S where W° € Sh
is arbitrary if n = 1.

For k > 0 we define Z™* € S" such that for all y € S*

(270" = (U™ 30" =1 (VU™ Fx) + (W(U™) = .U = W™, 1)),
(3.2a)
Then find U™*+3 € K" such that

Ukt () = U Y(z;)  if j € Jo(U™Y),
mn 1 n 1 n n 5
(U5 (a7) + p (U™FF3 () — 28 () (r — U™ 5 (25)) 2 0
(3.2b) Vrel[-1,1] ifjeJ (U,

and find {U™*FL Wk} € §h s §h such that

At

(3.2¢) vy € St
(Un,lc+1’ X)h +u [,Y(VUn,k+1’ Vx) + (1/)/2(Un71) — g Uk Wn,kJrl’X)h}

(3.2d) = (X"EFL ) v e st

Un,k+1 _ Un—l h
(, x) + O VWHL ) = ([ = bV, V)

where Xkl .= gunhktas — Znk  For j e J,(U"') existence and uniqueness
of U ”’k+%(a:j) in the variational inequality (3.2b) follows from the monotonicity of
Pi()-

It remains to show that (3.2c) and (3.2d) possess a unique solution {U™F+1,
Wkt e §h » Sh Let A™F € V" be such that

(3.3) (A™F ) = U Hvw™r V) Y x € St
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It then follows from (3.2¢), (2.15), and (3.2d) with x = 1 that

n,k n n—11—1/, n,k+1_rn—1 n.k
Wkt = (I — fywmk — [pr =11 Gh (Y — + A™F)
(34) 4+ JC (%(U”L:’H—l _ Xn,k—i—l) 4 7Th’(/Jl2(Un_1) _ chn,k-l-l).

Therefore (3.2c,d) may be written equivalently as follows: find U™**! € S .= {vh €
Sh: f oM = £ U} such that

(O™ (T = £ )x)"
~ nk+1_prn—1 h
(VUL V) + (g[S 01— UL x)
= (X (W = (U Y) = TG AR (L= f )" Y x e S™
(3.5)
Existence of U™F+1 € Sh satisfying (3.5) follows, noting (2.16) and the time step

restriction 026" 1At < 4+, since this is the Euler-Lagrange equation of the minimiza-
tion problem

min {[xJ3 -+ e 918 + et V9" (= UG — 6l
=X R p(Wk — g (Un1) — B TIGR AR, )M

Uniqueness of U™+ follows in a similar way to that of U™. Finally, W™F+! ig

uniquely defined by (3.4). Hence the iterative procedure (3.2a—d) is well defined.
THEOREM 3.1. Let 3020" 1At < 4v. Then for all u € R* and {U™°, Wm0} €

Sh x S the sequence {U™* W™k}, <o generated by the algorithm (3.2a—d) satisfies

(3.6) U™ - U" and / U Y VW™ W Pde -0 as k — oo.
Q

In addition, if W, (-) is strictly monotone then U™tz — U™ as k — co.
Proof. Tt follows from (3.1c), (3.1d), (3.2a), (3.2d), and by the definition of X™*+!
that for £ >0

(37) Ur = %(‘X'rz_’_zn)7 Unk = %(X””“—kZ”vk), Un,kJr% — %(Xn,k+1 +Zn,k).

As U™k U e St it follows from (3.2d), (3.1d), and (3.7) that

m?

,}/|U7‘L,k‘+l _ Unﬁ _ 90|Un’k+1 _ Un|}21 _ (W’n,k—‘rl _ Wn, Un,k—‘rl _ Un)h
— 4i()(n,k—i—l _ X" — Zn,k—i—l + Zn Xn,k+1 — X"+ Zn,k-i—l _ Zn)h
" )
(38) = HXEH X0 (20 ).

Choosing x = U™F*3 in (3.1a) and for j € J_ (U™ ") choosing x = U"(x;) in
(3.2b), multiplying by 5; on recalling (2.1), and summing over j yields, on noting
that U™ (x;) = U3 (x;) for j € Jo(U™™),

|Un,k+% 7Un|%+ﬂ(wll(Unk+%)7wi(Un)’ Un,kJr% 7Un)h < (Zn,kizn’ Un,kJr% 7Un)h.
(3.9)
Combining (3.9) and (3.7) yields that
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(310) 4p(Yf(U™FT3) = g (U™), U™HHE U™ 4 (X - X < |28 - 27,
Using (3.2¢), (3.1b), and (2.32) it follows that
_(W’n,k+l _ WTL Un,k+1 _ Un)h
_ _(Wn,k—H —_Wn Un,k—i—l _ Un—l)h _ (Wn,k—i-l —Wwn Un—l _ Un)h
= AU H]EV W W) g
+At([bn_1 _ b(Un_l)}V(Wn’k_H _ Wn’k), V(Wn’k+1 _ Wn))
= AUV = WmE 4 S [[pr T = (U EV (W ) 3

[ U EV (W - W 4 | - UV e ],
(3.11)
Similarly to (3.11) and using Young’s inequality we have that for any ¢ € (0,1)
96|Un,k+1 o Un|% — ac(Un,k:-i-l _ []n—l7 Un,k-i—l . Un)h + ec(Un—l _ (]n7 Un,k-‘rl _ Un)h
_ 796At(b(Un71)V(Wn’k+l _ Wn)’ V(Un,k:+1 _ Un))
—QcAt([b"’l _ b(Unfl)]v(Wn,qul _ Wn,k)’ V(Un,k+1 _ Un))

02"~ 1A n n n— n—1y1% n n
< BUA (24 Ly ) U S O 4 B - (U (W - k) 2

+(1 = &) AL DU H]FV(WFH — )2,
(3.12)

Combining (3.8), (3.10), (3.11), (3.12), and rearranging yields that

(- 22 (24 12g)) s -0
o |2k — 20 B[t — b V(R — )3
HOAL| DU V(WAL — W) B (] (U™ETE) — g (Um), U —
< gl ZmE = 20 BT = U EV (W - W,
(3.13)

Therefore noting the monotonicity of ¢{(-) and the restriction on At we have that
for & sufficiently small {;|Z™F — 272 4+ §{[p" =1 — b0 )] EV(W™F — W)} x0
is a decreasing sequence which is bounded below and so has a limit. Therefore the
desired results (3.6) follow from this and (3.13). ad

Remark. We see from (3.2a-d) and (3.5) that at each iteration one needs to solve
only (i) a fixed linear system with constant coefficients and (ii) a nonlinear equation
at each mesh point. On a uniform mesh (i) can be solved efficiently using a discrete
cosine transform; see [9, section 5], where a similar problem is solved.

4. Logarithmic free energy. In this section we modify our approximation
(PMAt) and the results in the previous two sections to cope with the logarithmic
free energy, that is

(4.1) Yi(s) == § [(1+s) In[F2] + (1 — ) In[152]] .

Here we have the additional difficulty that ¥’(-) (see (1.5)) is not uniformly bounded
on (—1,1) with ¢} (£1) = £oo.
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Our modified approximation is the following.

~h,A
(B Forn>1, find {U", W™} € 8" x §" such that

1 h
(4.2a) (Z82x) + (U)W, V) =0 ¥ x € 5",

’y(VU", VX) + (Q/Jll(Un) —0.U", X)h _ (Wn _ ’(/Jé(Un_l), X)h = ﬁh(Un—l),
(4.2b)

where U® € K" is an approximation of ug and for ¢" € K" we define
(4.3) Vi) = {vh cShwh(z;)=0 Ve Jo(qh)}.

Clearly (4.2b) implies that |U"(z;)| < 1 for all j € J(U™"!). Moreover, we will show
that (P"2%) has the property that ||[U°]o..c < 1 implies [|[U"||0.00 < 1 for all n > 1.
We prove well posedness of this approximation via the regularization

bl+s)n[E=]+ L1-s)?+8(1—-s)In[5] - % ifs>1—c¢,
Y1,e(8) =< i(s) if [s|] <1—¢,
g(l —s)In [152] + %(1—&—5)2 + g(l—i—s)ln (5] - % ifs<-—-1+e.

(4.4)

Let us emphasize that we introduce v, . only to prove well posedness of problem
(PhAt). In practice we solve (PPA!) directly. We note that 1, (s) < 11(s) for all
|s] <1 and define ¥y ¢(s) := 91 (s)+ %(1 — %) for all s € R. The monotone function

f1+In(l+s)—L(1-s)—flne ifs>1—c¢,
(4.5) P (s) =14 i(s) if [s] <1—¢,
214+l —s)+£(1+s)+%ne ifs<—1+e¢,

and the function W _ satisfy the following properties:
e For all 7, s € R, on noting (2.32),

W (8)(r = 8) =1 (8)(r = 8) = Oes(r — ) < P1e(r) — Yre(s) +0es(s — )
(4.6) =01 (r)— Ty (s)+ %(r —5)%
e For ¢ <1 and for all r,s € R,
(W1, (r) = 912 (5))? < N7 cllo,00 (1 (1) = ¢ (5))(r — s)
(4.7) S LW (r) = ¢ () (r — 5).

It is a simple matter to show that ¥, . is bounded below for € sufficiently small; e.g.,
ife <eqg:=0/(80.), then

(4.8) Ui(s) =L ([s—12+[-1-s2%)—0.>-0. VseR,

where []4 := max{-,0}; see [4] for details. In addition we introduce the concave
preserving extension s € C*(R) of ¢ € C*([-1,1]),

~ Pa(1) + (s — Daps(1) if s >1,
(4.9) Pa(s) == a(s) if [s] <1,
Pa(=1) + (s + Dyy(=1) if s < -1,
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and then define

(4.10) U (s) =Ty (s)+ Vo (s) VseR

It follows immediately from (4.8) and (4.9) that U, is bounded below; e.g., if € < g¢
then

(4.11) U(s) > ([s—12+[-1-s2)-C>-C VseR

Finally, we need a further restriction on the mesh in order to prove well posedness
of (P"At). We modify our assumption (A) to
(A) In addition to the assumption (A), we assume for all A > 0 that 7" is an acute
partitioning; that is, for (i) d = 2, the angle of any triangle does not exceed
%, and (ii) d = 3, the angle between any two faces of the same tetrahedron
does not exceed 3.
This acuteness assumption yields that

(4.12) /vxl»-vxj de <0, i#j, VeeTl
In addition it follows from (4.7) and (A) that for all ¢ < 1 and for all x € 7"

[ 19504 .00 de < o c(sup @) [ T Ta 0 (0] da

(4.13) < [V VR 0lde Ve st
see, e.g., [14].

THEOREM 4.1. Let Q and T" be such that assumption (A) holds and let U° € K"
with ]C U% € (-1 1) Then for all At > 0 such that 02bmaxAt < 4~, there exists a

solution {U™, W" | to (PPAY). Moreover, {U™YN_, is unique and the stability
bounds (2.26) hold. In addition W™ is unique on Q(U""1), n=1— N.

Proof. Given U"~! € K" with |[U""1|; < C, we prove existence of {U", W"}
solving (4.2a~b) by introducing a regularized version, as follows.

Find {U?, W} € S"* x S" such that

n n—1 h
(4.14a) (Y52r=x) + (b ) YWE, V) =0 ¥ x e S,

(4.14b) A(VUZ, Tx) + (W (U2), )" = (W2 = 94U, )" ¥ x € Phun),
Similarly to (2.28) we have that

n __ 5 Un ! n—
(415)  Wr=-Gho B Y g+ Z AL Em (U,
jeJo(Un—1)

Existence of {U”, W}, uniqueness of U, and uniqueness of W on Q,,(U""1),
m =1— M, follows as for {U™, W™} in the proof of Theorem 2.1 under the stated
time step restriction. Similarly to (2.33), on noting the convexity of 91 ., the concavity

of 1y, and the assumptions on U™, we have that U™ — U"~! € V"(U""1) is such
that

UP? + 2|UR — U2 + (R (U2), )" + 2At (U™ 1) 5 VW2
(4.16) < (P (UMH, D"+ U < C
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From (4.16) and (4.11) we deduce that
(4.17) Uz =147+ |[-U2 = 145 < Ce.
Hence it follows from (4.17), (2.8), and (2.4) that

4
2

(4.182) oz — 11,

0,00 + [[FUZ = i llo,0 < Ch™
and from (4.4) and (4.18a) that

(4.18b) [41,e(UL)

000 < max{ L, 1 (|U o)} < C(ATY).

The next part of the proof is now concerned with establishing an ¢ independent
bound on [¥] _(U")E,, (U™ 1)|,. Due to the logarithmic term in Wy this then implies
that the ¢ — 0 limits of subsequences of Ul* are less than one in magnitude on the
set J. (U™ 1). Using a Poincaré type inequality on ,,(U"~!) it follows similarly to
(2.24a) by noting (2.22b) and (4.16) that

|[(I - UCQ,”(Un—l))Wsn} Em(U"71)|,21

<crh [ WP
Qm(Unfl)

< O(h™) Banin(U" )] / b(U™ Y VI da
Qm(U'nfl)

(4.19) < O™ mi (U™ H) (A

We now bound + , (un-1y W' Choosing x = En (U™ 1) in (4.14Db) yields that

(4.20) (W2, (U™ 1)" = (U4 (U2), Em(U"))" + e,
where 7., = Y(VUZ, V[E, (U )]) + (45U 1), Z,, (U 1)), Tt is convenient to

introduce the set Y,,,(U"™1) := supp{Z,,, (U 1)} \ Q.. (U™ 1), and noting (4.16) we
have that

(VU2 VEL U] =

/ VUL - V[En (U] de

T (U™1)

(421) < [T @) IV Em (U000 (U] < CH
Noting that U"~1 € K" o € C([-1,1]), and (4.21), it follows that

(4.22) |Tem| < C[L+ R

Similarly to (4.21), we have on noting (2.4), (1.9), and (4.16) that

(VU2 V150 ~ g, 1)U En 0™ ))

o A\ M (O P S UL VT

<|UZE + ClUP 1Y (U )2 [VEm (U™ D] lo,00 U2 l0,00
<O+ YU < O ).
(4.23)
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Now choosing x = 7"([(I — me(Un,l))Ug] E, (U™ 1)) in (4.14b) it follows on
noting (4.6), o € CY([~1,1]), U""! € K", (4.23), (4.17), the remark after (4.4),
(4.8), and (4.19) that for all A € [—1,1]

(\Iﬂl,e(Uen) Em(Unil)v A= DCQm(Unfl) Uan)h
- <\1/3,5<U;L>Em<mfl> AUz
+(Wsn _wé(Un 1 jCQ (U™ 1))U ]E (Un 1))
—(VUR, V[rh fQ wn-1) UL En(U™)])
< (Wre(V) = Wl,e(U?)Em(U" D+ S0 = AR
I =g o) )WEIE(UP D2 + C[1+ U2 + C(h~)]
(4.24) < O([bmin (U D7 A7 (A7),
Here and below we have used the notation C'(ay, .. ., ar) defined at the end of section 1.

Hence choosing A = +1 in (4.24) and noting that JCQm(U"—l) ur = jcﬂm(U"—l) Uur-le
(—=1,1), we deduce that

(4.25) () (U2), Em(U™ )" < C(bmin (U™ D] A7 (A7),

We note that the constant on the right-hand side depends on Q (1) U™ ! but is
independent of . Furthermore, combining (4.20), (4.25), and (4.22) it follows that

(4.26) (W2, En (U )M < Clbmin (U] 7L AT (AD 7Y,
Hence combining (4.19) and (4.26) yields that
(4.27) (W2 En (U™ H)n < C((bmin (U™ D] AT (AT,

Choosing x = «"[¥] (U2)E,(U"1)] € VA(U™ 1) in (4.14b) and rearranging
yields that

v [ VU R () de (O E (U
Q, (Un—1)

N "V/ VUVt [ (U2 E (UM 1)) da + 4 0 (VUL V(U2 B, (U™ )])
YT (U"—1)

(4.28) + (W = (U™), W (US) En (U™ )"

We now estimate the terms on the right-hand side of (4.28). For any simplex k C
Y, (U™1) with vertices {xj} *1 ¢ {x,},es and corresponding basis functions {X]}d+1
C {x;j}jes, we have on notmg (4.12), (4.6), and (4.18b) that

— / VU N (U2) Em (U™ )] da

d+1

- Z UM@:) ) s(Un(IJ)) m(U" ) )/Vxl Vx; dz
7ldJ*H
- Z — U2 (@) 91, (U2 () En (U™ Y(z; /VXz Vx;da

3,5=1
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d+1
= 3T U2 @) ~ b U E D) En U@ [ TR VT da
ij=1 K

(4.29) <C(h™h).

Hence, by summing (4.29) over all K C T,,,(U""!), we deduce that
(4.30) —/ VU -Vt [y (UM En (U™ )] da < C(h7H).
"L(Un—l)

Similarly to (4.23), we have that
(4.31) (VUr, vt ur =, () < C(hh.

It follows from (4.28), on noting (4.13), (4.30), (4.31), a Young’s inequality, (4.27),
Un—t € K" and ¢, € C([—1,1]), that
(432) LU ZU" Y < Cllbmin U] A (A,

It follows from (4.16), the fact that (U", 1)" = (U1, 1)?, (1.9), and (4.17) that
there exists U™ € K" and a subsequence {U%} such that U?% — U™ as ¢/ — 0. As
Ur — Unt e Vi(UnY), it follows that U™ — U1 € VH(U™ 1), It follows from
(4.32) and the above that there exists ¢" € S and a subsequence {U"} such that
W) L (UD)] — ¢™ — 0.U™ on QU™ 1) as & — 0. Since \11’175,(U (x5)) is uniformly
bounded in ¢, noting (4.7) and using that for all s € R [¢] .]7'(s) — [¢1]7(s) as
e — 0, we have that U"(x;) = [{] ! (¢™(z;)) and therefore ¢"(x]) =Y (U"(z;)) for
all j € J, (U™ 1). Hence we have that

(4.33) [TUU™) Em (U5 < C[bmin(U"H] 7 A7 (AT,

which immediately implies that |[U™(x;)| < 1 for all j € J(U"1). Finally, it follows
from (4.27) that there exists W™ € S" and a subsequence {W"} such that W% — Wn
on QU™ 1) as ¢’ — 0. Hence we may pass to the limit ¢ — 0 in (4.14a,b), on noting
(2.21), to prove existence of a solution {U™, W"}N_, to (PhAY),

The uniqueness result follows as in Theorem 2.1 on noting that |U"(z;)| < 1 for
all j € Jo (U™ 1). The stability bounds (2.26) follow as in Theorem 2.1 by choosing
x=Wm"e Shin (4.2a) and x = U™ — UL € V(U™ 1) in (4.2b). 0

Adopting the notation (2.35a,b) for the solution {U™, W"}N_ of (P™A%), we have
the analogue of Theorem 2.2.

THEOREM 4.2. Let the assumptions of Theorem 2.2 hold with (A) replaced by
(:&)7 and now in particular with Y1 assumed to be of the logarithmic form (4.1). Then
there exists a subsequence of solutions {U, W}h of problem (I?’h’m) and a function
u € L=(0,T; K) N HY0,T; (HY(Q))) N Cz’s( r) and a w € L2 ({|ul < 1}) with
9w e L2 ({|ul < 1}) such that as h — 0, (2.38)—(2.40) and (2.41a,b) hold.

Proof. The proof is the same as that of Theorem 2.2 with the following minor
changes. We mention only the modifications caused by the presence of the logarithmic
free energy which implies that ¥’ becomes unbounded. Clearly the inequality, the test
function xy — U™, and K" in (2.37b) are replaced by equality, x, and V", respectively.
Although (2.56) is redundant, (2.57) still holds on noting the above and (2.53). It
follows from (2.59) and (2.53) that C||sW*||12(q,) on the right-hand side of the
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first inequality in (2.60) is replaced by C(671)||0sW ™| L2(q,) with the final bound of
(2.60) remaining the same. Clearly (2.68) remains true for all n € L%(0,T; H(Q2))
with supp(n) C D on noting the technique used in (2.67). Hence (2.70) remains
true. O

Finally, we modify the iterative algorithm in section 3 to solve the nomlinear
algebraic system for {U™, W™} arising in (P™4*). We have that {U™, W"} € S" x S"
satisfy

(U™ + i (U™), )" = (2" )" ¥ x e ViU,
(4.34) U'(z;) =U""x;) Yje U™

in place of (3.1a) with (3.1b-d) remaining the same. Hence we modify our iterative
procedure (3.2a—d) by replacing (3.2b) by the following: Find Umk+3 € §h such that

U™ (o) = U Nay) if j € Jo(U™Y),
(4.35)  U™FFE(2)) + g (U3 (a)) = 27K (2y) if j e Jo (U

and keeping (3.2a,c,d) the same. For j € J,(U""!) existence and uniqueness of
U"””%(zj) follows from the monotonicity of #(-). Hence this modified iterative
procedure is well defined.

THEOREM 4.3. Let 302b""'At < 4v. Then for all p € RT and {U™°, W™} €
Sh x St the sequence {U™* W™ Yo generated by the modified algorithm, (3.2a—d)
with (3.2b) replaced by (4.35), satisfies

Uk, unmkts S Ut and U V(W W) 2de — 0 as k — oc.
Q

(4.36)

Proof. The proof is just a simple modification of the proof of Theorem 3.1 to
take into account the changes (4.34) and (4.35) to (3.1a) and (3.2b), respectively. We
introduce the following modification of the discrete semi-inner product, (2.1):

(4.37) (771’772)}}+(U”*1) = Z Bjm(z;)na(x;) Y 1, 2 € C(QU™ ).
j€J+(U7L—1)

The only changes to the proof of Theorem 3.1 are the following: (-,-)" on the left-hand
sides of (3.9), (3.10), and (3.13) is replaced by (-, ~)’}+(Un,1). The right-hand side of

(3.9) remains the same as U™**3 (x;) = U (z;) = U"(x;) for all j € Jo(U™1).
Hence we obtain the desired convergence (4.36). d

5. Numerical experiments. In this section we report on some numerical re-
sults with the intention of demonstrating the practicability of our method as well as
showing that in the case of a degenerate mobility a quite different qualitative behavior
is observed when compared to results obtained with constant mobility.

In order to avoid numerical difficulties we introduced approximative analogues of
the sets I,,(¢") denoted by I,,(¢"), which were defined by replacing (c) in (2.18) by
(@) b(g") > tol; := 1075 at a vertex of x;, | = 1 — L. In addition, for each n we
adopted the following stopping criterion for (3.2a-d): If ||[U™* — U™*~1||o o < tol

with tol = 10~7 then we set {U", W"} = {Un’k*,W"’k*}, where U™ € K" was
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defined by

=k {max{—l,min{U;”k*, 1} ifje J(Un) = UM_ I, (U,
J T

51) U, . -
(5.1) Ut if j € Jo(U™L) = J\ J (U™,

if ¢} was not strictly monotone and {U™, W"} = {U™kF«=2 Wk} otherwise. Fi-
nally, we chose, from experimental evidence, the “relaxation” parameter p o h in
(3.2a-d) in order to improve its convergence.

All computations were performed in double precision on a Sparc 20. The program
was written in Fortran 77 using the NAG subroutine CO6HBF for calculating the
discrete cosine transform used in solving (3.5).

5.1. One space dimension. The computations were performed on a uniform
partitioning of Q@ = (0,1) with mesh points z; = (j — 1)h, j = 1 — #J, where
h = 1/(#J —1). We note that the integral on the right-hand side of (3.3) can be
evaluated exactly using Simpson’s rule if b(-) is quadratic.

Experiment 1. One characteristic feature of the discretizations (P™%*) and
(PMAt) is that

U Nwjoy) =U"Nzy) =U" Hajp1) =+l = j € Jo(U" ') and U"(z;) = +1,
(5.2)

so that the free boundaries 9{|U"| = 1} can advance at most one mesh point locally
from one time level to the next. This implies that over a time interval of length T
the free boundary can advance by at most a distance of %T. To be able to track a
free boundary which moves with a finite but a priori unknown speed, one needs to
choose At and h such that % — 00. For a nonuniform mesh the above requirement
on h and At has to be replaced by mm%’ghh“ — o00. If we choose the time step too
large, e.g., if & — 0, we obtain the existence of a solution in the limit as h, At — 0
which would not spread at all for all initial data ug € K. Similar results hold for the
degenerate equation

up + (WPUzgr)e =0 in Qp, Uy = UWPUgpe =0 on 0 x (0,T);

(cf. Lemma 5.1 in [7] and [6]).
As data we took v = 0.01, 1 = ¢ = 0, and 0, = 1, i.e., the deep quench limit,
b(u) := 1 —u?, and

-

S

wo(z) = cos(mii) -1 iflz—1|< ﬂ\Tﬁ,
-1 otherwise.

We note that uy ¢ C1([0, 1]) may be considered to be a stationary solution of (P) on
noting (2.41a,b), since —y 8;;0 —ug =1 for |ug| < 1. We performed two separate sets
of experiments, one with At = 40.96h2 and h = 275~ the other with At = 0.08h2
and h = 27672 both for [ = 0, 1, 2, 3, and 4. In both cases we took by = 0"~ = 1.
Note that the time step restriction of Theorem 3.1, and hence Theorem 2.1, holds. We
see in Figure 5.1 when At = 40.96h? that our numerical solution in the limit h — 0

appears to spread to the stationary C*(]0,1]) solution:

_1 )
{Tlr{l—l—cos(xﬁ)} -1 1f|x—%\§ﬂ'\ﬁ,

-1 otherwise.
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FiG. 5.1. U(x,0.2) plotted against x with At = 40.96h> and At = 0.0Sh% for several values of h.

In contrast, when At = 0.08h2 the solutions with #J = 65 and 256 are more or less
identical to the above. However, for h sufficiently small the region d{|u(-,t)| = 1}
cannot advance sufficiently fast to capture the apparent former solution. It certainly
appears that the limit h — 0 yields that ug is a stationary solution. This numerical
experiment also appears to indicate that as posed (P) does not have a unique solution.
In this context we refer to [19], where existence of a solution is proved with the
property that u € L?(0,T;H?(2)) for arbitrary initial data uy € H'(Q). Since
up ¢ H?(9) this means that ug as initial data would lead to a nonstationary solution.
We conjecture that we compute the solutions constructed in [19] if we take our time
step small enough.

Experiment 2. In the second experiment we took 15 = 0 and 6. = 1 as in the
previous experiment, but we varied ;. For the initial data we took

1 fo<z<g— o,

wola) = 2005 —x)  if |z — | < o5,
—20|z — 55| if |z — 55| < 55,
-1 otherwise,

with v = 1073, h = 0.005, and At = 10h2.
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U(-,0.002) — _|
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—

F1G. 5.2. U(z,t) plotted against x at different times, where U is given by (1.2) and (1.1) with
0 = 0.3 for constant and degenerate mobility.
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In Figure 5.2 the graphs are arranged as follows: the first two rows are for ¥ as
given in the previous experiment (the deep quench limit (1.2)), and the last two rows
are for 11 (u) = 55 [(14u)In [15%] 4+ (1 — w)In [15%]]; the second and third rows
are for b(u) = 1 (constant mobility) and the first and fourth are for b(u) := 1 — u?
(degenerate mobility). In all cases we took byax = b" 1 = 1 and note that the time
step restriction of Theorem 3.1, and hence Theorem 2.1, holds. We make the following
remarks:

e The algorithm (3.2a—d) with byax = b = 1 is precisely that described in [2]
to solve (PM2?) for n fixed and constant mobility.

e To ensure that our computations were not dependent on h we repeated the
experiment with h = 0.0025 and obtained graphically indistinguishable pic-
tures.

e For constant mobility, regardless of which U we take the second “bump” gets
drawn out to the left rather quickly. This is due to the fact that the mobility
is positive in the pure phases, i.e., at points where u is close to the minima
of U.

e With b(u) := 1 —u? and ¥ given by the double obstacle potential (1.2)
the second “bump” does not lose “mass.” However for the logarithmic ¥, we
observe diffusion through the bulk although the time scale is greatly increased;
see [11]. Asin the case of the constant mobility the final profile is given by one
transition layer. We remark that the minima for the logarithmic potential ¥
are less than one in magnitude. For 6 converging to zero the minima converge
to 1. This implies that the diffusion through the bulk becomes smaller and
smaller at low temperatures. Also we note that |U| < 1 in the last two rows
of Figure 5.2 (the case of the logarithmic potential).

5.2. Two space dimensions.

Experiment 3. We performed two numerical experiments in two spatial dimen-
sions with © = (0,1) x (0,1). In the first experiment we took degenerate mobility,
b(u) := 1 — u?. In the second experiment we took exactly the same data, but now
with constant mobility, b(u) = 1.

We took a uniform mesh consisting of squares e of length h = 1/256, each of
which was then subdivided into two triangles by its northeast diagonal. We used the
following discrete semi-inner product on C(£),

(5.3) (s x2)! = /Q I (1 (2) v () da,

in place of (2.1). Here II" is the piecewise continuous bilinear interpolant on Q which
is affine linear for z; (or x2) fixed and interpolates at the vertices on each square e.
Using (5.3) instead of (2.1) only changes the algorithm at the corners of the square
) and has the advantage that one can then solve (3.5) using “the discrete cosine
transform”; see [9]. We note that similarly to (2.8), the induced norm from (5.3) on
S" is equivalent to the standard L? norm. Therefore it is easy to adapt the proofs
to show that Theorems 2.1, 3.1, and 4.1 in this paper remain true with this choice of
discrete semi-inner product.

We took ¥ to be the deep quench limit (1.2) with the splitting ¢ (u) = 0, ¥ (u) :=
%(1 —u?), and 6, = 0 (this allows us to take an arbitrarily large time step), v =
3.2 x 1074, At = 1.6 x 10~2 and we relaxed our stopping criterion to be tol = 1076,
Once again we took b"~ ! = 1.
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Fic. 5.3. U(-,t) plotted for t = 0.04, 0.08, 0.12, 0.20, 0.24, 0.44, 0.48, and 2.76 when b(u) :=
1—u? and VU is given by (1.2).
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Fic. 5.4. U(-,t) plotted for t =0, 0.04, 0.08, 0.16, 0.24, and 0.64 when b(u) =1 and ¥ is given
by (1.2).

For the above choices of b, A™F satisfying (3.3) can be evaluated exactly by
sampling at the midpoints of the sides over each triangle x. The initial data were
taken to be U? = —0.4 £ 6", where §" € S" with [|6"0.0c < 0.05. In Figures 5.3 and
5.4 we plot a grey scale grid plot of U(-,t) at several times. The pictures are arranged
in a matrix format with time increasing to the right in rows then down columns. The
grey scale ranges from —0.9 to 0.9 in steps of 0.2 with pure black/white representing
values larger/smaller than 0.9/—0.9. We note that there are approximately 10 mesh
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points across each interface. The final numerical solution plotted in Figure 5.3 is a
stationary numerical solution, that is, the stopping criterion for the iterative procedure
is satisfied in a single step from one time level to the next. However, the final picture
in Figure 5.4 is not stationary.

In Figure 5.3, the case of degenerate mobility, after the early stages there is very
little interaction of regions which do not intersect and the evolution takes place locally
where the local mass is preserved. The final frame yields a numerical stationary solu-
tion consisting of many circles which do not intersect; this corresponds to a pinning
effect reported in [23] for spinodal decomposition of polymer mixtures. In Figure 5.4,
the case of constant mobility, we start with U%(-) = U(-,0.04) from the first exper-
iment. In contrast, there is evolution and growth of regions which do not intersect
(see Figure 5.4); moreover, circles which coexist are not stationary since there is a
coupling through bulk terms.
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