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FINITE ELEMENT APPROXIMATIONS FOR STOKES-DARCY
FLOW WITH BEAVERS-JOSEPH INTERFACE CONDITIONS*
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Abstract. Numerical solutions using finite element methods are considered for transient flow
in a porous medium coupled to free flow in embedded conduits. Such situations arise, for example,
for groundwater flows in karst aquifers. The coupled flow is modeled by the Darcy equation in a
porous medium and the Stokes equations in the conduit domain. On the interface between the matrix
and conduit, Beavers—Joseph interface conditions, instead of the simplified Beavers—Joseph—Saffman
conditions, are imposed. Convergence and error estimates for finite element approximations are
obtained. Numerical experiments illustrate the validity of the theoretical results.
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1. Introduction. The purpose of this paper is to investigate finite element ap-
proximations of the time-dependent Stokes—Darcy system with the Beavers—Joseph
interface condition. Our motivation is the modeling and numerical simulation of
groundwater flows in karst aquifers.

Karst aquifers represent a very significant source of water for public and private
use. For instance, aquifers supply 90% of the water used for domestic and public
purposes in the state of Florida. However, in comparison with large amounts of
studies of groundwater in porous and fractured media, studies about karst aquifers
are still very limited and inaccurate. One of the difficulties in the modeling of karst
aquifers is that, in addition to a porous limestone matrix, a typical karst aquifer also
has large cavernous conduits that are known to largely control groundwater flows
within the aquifer. We refer to such a system as a conduit-matrix system. In this
study, we develop a new modeling approach for water flows in conduit-matrix systems.
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Specifically, we conceptualize karst aquifers as consisting of two separated yet abutting
domains: a conduit domain and a matrix domain. In the conduit domain, the flow is
described by the Stokes equations, whereas in the matrix domain, it is described by
the Darcy equation.

Although the use of the combination of the Darcy equation with the Stokes equa-
tions to simulate water flows in conduit-matrix systems is relatively new, there have
been a few studies of the numerical solutions of the coupled Stokes—Darcy equations;
see [3, 4, 10, 13, 14]. In [3], the Stokes—Darcy system is considered but the interac-
tion in the normal direction is ignored; numerical simulation results using a domain
decomposition method are provided. In [10], a formulation based on the Beavers—
Joseph—Saffman—Jones interface conditions is considered. There, the existence and
uniqueness of the weak solution as well as error analyses for mixed finite element
approximations (see also [14]) are proved. All the works cited, however, consider
only the steady state case and utilize the simplified interface conditions such as the
Beavers—Joseph—Saffman—Jones condition.

In this paper, we study the time-dependent Stokes—Darcy coupled system. In-
stead of using the simplified Beavers-Joseph-Saffman—Jones [9, 15] interface condi-
tion, we use the Beavers—Joseph interface condition that was first observed through
experiments [1]. Although the Beavers—Joseph—Saffman—Jones conditions have been
mathematically proved to be valid under certain restrictive conditions [8, 9, 15], it is
not clear if they are applicable to complicated matrix-conduit systems with curved
interfaces together with inhomogeneous and anisotropic media.

One of the challenges of using the Beavers—Joseph interface conditions is that the
bilinear form in the weak formulation is not coercive, which makes it difficult to carry
out analysis for our work [2]. The remedy is a proper rescaling of the Darcy equation
[2]. Tt turns out that the bilinear form for the new system satisfies a Garding-type
inequality for a sufficiently large scaling factor; this enables us to complete convergence
and error analyses.

The paper is organized as follows. In section 2, we formulate the problem, includ-
ing a specification of the interface conditions. In section 3, we study the convergence
and error estimates for spatially semidiscrete finite element approximations for the
time-dependent Stokes—Darcy problem. Then, in section 4, we consider the fully dis-
crete finite element approximation based on the backward-Euler scheme. Finally, in
section 5, we present a variety of computational results that illustrate our theoretical
analyses.

2. Stokes—Darcy system with Beavers—Joseph interface condition.

2.1. Formulation of the problem. We assume that a conduit-matrix system
consists of two domains, the conduit domain Q. € R¢ and the matrix domain Q,, C
R? d = 2,3. See the sketch in Figure 2.1 for d = 2. Let I'.,, = Q. N 0Dy,
L. =00\ Tem, and Ty, = 0Q, \ T

In the matrix, £2,,, the flow is governed by the Darcy system

Sat¢m +V.v, = f2
(2.1) Vvim = —KVom in Q.
om(0) = ¢o

Here, 0; := %, v, denotes the specific discharge, ¢,,, the hydraulic (piezometric) head,
S the mass storativity coefficient, K the hydraulic conductivity tensor of the porous
media which is assumed to be symmetric and positive definite, and fs a sink/source
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Fic. 2.1. The conceptual domain of a conduit-matriz system.

term. The hydraulic head ¢, is linearly related to the dynamic pressure of the fluid,
Dm, via ¢ = 2z + B2 where p denotes the density, g the gravitational acceleration,
and z the relative depth from an arbitrary fixed reference height. By substituting
the second equation in (2.1) into the first one, we obtain the parabolic equation that
governs the hydraulic head:

SOtpm + V- (—KV¢y,) = fo  in Q.
We impose the homogeneous Dirichlet condition along the boundary of the matrix:
dm| =0 on Ty,

In the conduit domain of the problem, )., the flow is governed by the Stokes
equations:

ov = V- ( —pl+ 2VD(VC)) +f;
Vv, = 0 in Q.,
ve(0) = wvo

where v, denotes the fluid velocity, D(v.) := 3(Vve+(Vv.)T) the deformation tensor,
v the kinematic viscosity of the fluid, p the kinematic pressure, and f; a general body
forcing term that includes gravitational acceleration. For the sake of simplicity, the
homogeneous Dirichlet condition is imposed on the boundary of the conduit:

ve=0 onl..

We use the subscripts m and c to indicate where the variables belong. We omit these
subscripts in what follows whenever there is no possibility for confusion.
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On the interface I';,,, the Beavers—Joseph conditions are imposed:
Ve Neyy, = Vi s Ny

_nT T ¢y P)em = m
2 (e, ) o(6m —2) i

P (T(Ve, p)lem) = L‘/g

trace(IT) (Ve = Vi)

where n.,, denotes the unit normal vector on I'.,, pointing from Q. to Q,,, Pr(-) the
projection onto the local tangent plane on I'.,,, g the gravitational acceleration, a a
constant parameter, IT the intrinsic permeability that satisfies the relation K = %,
and T(v.,p) the stress tensor defined as

T(v,p) = —pl + 2vD(v).

The last equation in (2.2) is the Beavers—Joseph condition [1]. If the term v. — v,,
is replaced by v, then the Beavers—Joseph condition reduces to the Beavers—Joseph—
Saffman—Jones condition.

2.2. Weak formulation of the time-dependent Stokes—Darcy model. For
s> %, define the Hilbert spaces

H = {w e (HS(QC))d | w=0on I},

C

Hp, o= {p e H*(Un) | ¢ =0o0n T, },

Q := L*(Q)

and the product Hilbert spaces

L’ = (L2(Q)" x L2(Q),

H° :=H;,x H,,
A norm on @ is given by

lallo := ||QHL2(QC)

for ¢ € Q and a norm in H® is given by

1/2
Il i= (191 s + el )

for w = (w, ) € H®. In what follows, we use W to denote H' and V the divergence
free subspace of W, i.e.,

V:=H!.  x H

v c,div m,0»

1

where H, 4,

gence and error analyses of sections 3 and 4, we introduce an equivalent norm on L*:
for n > 0 and v = (v,¢) € L?,

= {w € H., | divw = 0}. For convenience in carrying out the conver-

N 1/2
¥l == (V122 e + I 13200,,))
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whereas || - ||2 denotes the standard norm. We also need the trace space Hé(/)2 (Tem)
defined as HééZ(ch) =Hlr.,,.-

We define the bilinear forms a: W x W — R and b : W x Q — R as follows. For
u=(u,¢) and v = (v,¢) in W and ¢ in Q,

a(u,v) = ZV/Q Du : DvdQ, + %/Q (KV¢) - VipdQ,,

+ g/ OV - Nepdl ey, — l / u-ne,dlen,
Term S Jren,
N vavd
Tem 4/ trace(II)

Pr(u+KVe) - vdlen

and
b(u,q) := —/ qV - ud,.
Q.

Here, the integral of P.(KV¢)-v on I, is understood to be the value of the functional

1 1
P.(KV¢)|r.,. € (H (I‘cm))/ applied to v|r,,, € Hg(I'cm), which is well defined when
K is isotropic (see [2, 11] for more details). Thus, from now on, we assume that K is
isotropic. Finally, we define the linear functional F : W — R by

(B.35) = (. w)e + {fach+ [ 2w mondl

where f; and f, are functionals on H}, , respectively, and Hy, o, and (-,-)c and (-, ),
are the dualities induced by the L? inner product on Q. and €,,, respectively. The
last integral results from the second equation in (2.2). The effect of the integral is
to add the hydrostatic pressure profile to the Stokes equations. It does not affect
the well-posedness or regularity of the problem. For convenience of discussion, it is
omitted hereafter, although it is taken into account in the numerical experiments.

We can now define a weak formulation for the Stokes—Darcy problem: seek u =

(u,¢) € W and p € Q such that

(O, v) + a(u,v) + b(v,p) = (F,v) VveW,
(2.3) b(u,q) =0 VqeQ,
u(0) = u,

for almost all ¢, 0 < ¢ < T, where uy = (ug, ¢o). We say that (u,p) = (u(t),p(t)) is a
weak solution of the Stokes—Darcy problem if (u, p) € L?(0,T; W) x L*(0,T; Q) with
dsu(t) € L2(0, T;w,) and satisfies (2.3). Here, W is the dual space of W.

The difficulty with the weak formulation (2.3) is that the bilinear form a is not
coercive, which hinders the convergence and error analyses for finite element ap-
proximations. To overcome this difficulty, we multiply (2.1) by a scaling factor 7.
Obviously, the scaling factor does not change the Darcy equation itself. However, we
need to modify the interface conditions accordingly in order to preserve the solution
of the Stokes—Darcy problem. To this end, we modify the variational formulation as
follows:

(O, vy + an(u,v) +b(v,p) = (F,v), VveW,
(2.4) b(u,q) =0 VqeQ,
H(O) = HO?
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(O, v), == << naat:zs >X>

ap(u,v) = ZV/Q D(u) : D(v)dQ. +

where

and

A slightly simpler approach is to take the Leray—Hopf projection, and we work
on the divergence free subspace only, i.e., seek u = (u,¢) € V and p € @ such that

(2.5) (O, v)y + ap(u,v) = (F,v), VveV

for almost all ¢, 0 <t <T.

From [2], we have the following result concerning the existence of a Garding-type
inequality for a, and the existence and uniqueness of weak solutions for the Stokes—
Darcy problem.

PROPOSITION 2.1. The bilinear form a, satisfies the following Garding-type in-
equality: for sufficiently large n > 0, there exist constants C1,, > 0 and Cy > 0 such
that

(2.6) ay(u, 1) > Cry luff - Collul, -

Furthermore, (2.5), the Stokes—Darcy problem with the Beavers—Joseph interface con-
dition, has a unique weak solution and (2.4) (or (2.3)) is equivalent to (2.5).

It is easy to verify that a,, is continuous on W; i.e., there exists a constant C5
such that

(2.7) ay(u,¥) < Coypllullill¥/

VuveW.

In what follows, we assume that 7 is a sufficiently large fixed parameter so that
(2.6) and (2.7) hold. Without confusion, we may drop the subscript n for these
constants in the inequalities. We use C' to denote a generic constant whose value may
vary with context.

3. Spatial semidiscretization via finite element methods. For i = 1,2, we
partition Q; into the mesh {7} (j = m,¢) with Q; = Ugc 71, K. We assume that
J
the cells K € {T;"} are affine equivalent and the grids of {7/} and {7} match along
Tem-
Next, we introduce the finite element spaces W’ and Q" which are div-stable:!
there exists a constant 8 > 0, independent of h, such that

(3.1) W"=H!x H), cW, Q" cQ,
b(v", ")

3.2 inf sup  ——— > f.
(3:2) 0£0h 2" o pontoyr VTN o

IThis is also referred to as the inf-sup or LBB condition. Interested readers may refer to, e.g.,
[5, 6] for such element pairs.
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We also assume Korn’s inequality (see [2])
(D(v"), D(v")) = CIVHE Vv e W

Furthermore, we assume that W" and Q" include continuous piecewise polynomials
of degree at least k and piecewise polynomials of degree at least k — 1, respectively
(k > 1), and satisty the following approximation properties:

(3.3) inf v —thl < Ch°||¥|ls4+1 Vv € H™ 0<s <k,
vhEW!

(3.4) ngh lg—q"lo < Ch®llqlls Vg€ H* (), 0<s <k
qe

We also assume that for the chosen finite element spaces W" and Q" there exists a
projection operator IT" : H! ; — HJ such that

(35) IM'weH! (V- (w-T"w),¢")=0 V¢" Q" vweH. (),

(3.6) Iw —1"wll1 < Ch*[[wlls1 YW € HIE' (),

where 0 < s < k and C is a positive constant independent of h and w. Details about
the definitions of the finite element spaces W" and Q" and of the existence of the
projection operator II" can be found in [5, Chapter II, pages 136 and 146] for k = 1
and in [12] for k = 1,2,3.

Now we introduce the discretely divergence free space

V= {zh e W' b(x",¢") =0Vq¢" € Qh}~

We define P" : L2 — V" to be the projection operator with respect to the L? inner
product, i.e.,

P'w e V" (P'w,v") = (w,v") W'eV" vweL’

The following proposition is about the approximation properties of P [7].
PROPOSITION 3.1. The operator P" satisfies the following approzimation prop-
erties:
(1) [w—P'w[;y -0 ash—0 YweV;
(2) |lw— P'wl < Ch||wlr41 Vwe H ' NV;
(3) lw — P'wllo < OB ||wl|,1 Yw e H' NV,
(4) |lw — P"w| 207wy = 0 ash—0 VYw e L*(0,T;V);
(5) [lw — Phﬂ”L?(o,T;w) < CW||w 20, rmr+yy YW € L*0,T;H ™' NV).
Here r € [0, k].
We also need the following Gronwall’s inequality in the error estimate.

LEMMA 3.2. Assume that K : [0,T] — [0,00) is a continuous function. If the
continuous function u satisfies

u(t) < K(t) +a/0tu(s)ds vt € [0,T],
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where a > 0, then
t

(3.7) u(t) < K(#) + a / K (s)e2t=) s,
0

The finite element method for problem (2.4) is defined as finding (u”,p") €
HY(0,T; W") x L2(0,T; Q") such that

{ (O (), ¥ )y + an(a”(t),¥") +b(x", p"(t)) = (E(t),¥")y,
(3.8) 0,

Vv € W" and Vg" € Q". Using the Garding inequality (2.6), we can easily prove
that if F € L2(0,T;L?), then (3.8) has a unique solution (u",p") € H'(0,T;V") x
L%(0,T; Q") (see the appendix for details).
THEOREM 3.3. Assume that u, € V, F € L?(0,T;L?) and (u,p) € [L*(0,T; V)N
HY(0,T; V)] x [L?(0,T; L?(2.))] is the solution of (2.4). Then
lu— Hh”L?(o,T;gl) — 0.
Furthermore, if (u,p) € L*(0, T;H") x L?(0,T; H"(Q)), 0 < r < k, then

u—u"|| 20,70y < CA ([l 20, r+1y + [Pl 220,730 (00))-

Proof. Subtracting (3.8) from (2.4) we have that

{ (Oru(t) — O (’5) vy + ap(u(t) —u"(t),¥")
+b(", p(t) —p ()) 0 Vv ewW",
b(u(t) —u"(t),¢") =0 V" cQ"

From the above equation we deduce that for almost every ¢ € [0, T

(Oru(t) — O (¢), u(t) —uh(t)> + ay(u(t) — u(t),u(t) — u"(t))

= (Buu(t) — dpu" (1), u(t) — P'u(t)), + a,(u(t) —u"(t),u(t) - P'u(t))
— b(P"u(t ) u” (1), p(t) — p"(¢)).
Noting that Phu —u" € vh implies 9, Phu — 9,ul € Xh, we also have
(Ou(t) — " (t),u(t) — P'u(t)), = (u(t) — ;P u(t),u(t) — P'u(t)),
and
b(P"u(t),q") =0 Vvq" € Q"

Using the above equations and the Garding inequality (2.6) we deduce that V¢" €
L2(0,T; Q") and for almost every ¢

5 ) (D3, + Cxlu(e) w13
< 5 aln(®) = Pru)IR,, + Colln(t) — w03,
+ay(u(t) —u"(t),u(t) - Pru(t))
+b(at) — Phu(e) p(r) — ()  b(u(t) ~ u" (1), p(r)  ¢" (1)
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The continuity of a,, and b and Young’s inequality give

2 ) - M3y + Crllu(t) — u" @)1

2dt u'(t
< 5rlut) = PPz, + Collut) — w03
+ 3Gl w01 + 2 ) - P
+ 5llu) - Pu) + 5lp(0) - " 01
+ 301 ) ~ w01 + o) - O],

where Cy, Ci, and Cs are the constants that appeared in (2.6) and (2.7) with the

subscript n dropped out.
From this estimate we obtain

2 ) - "O15n + 5 L4 u(t) - (o))

<

2dt

llu(t) = Pru(t)|5,, + Collu(®) —u" (1),
CIIH( ) = Pru(t)lIf + Cllp(t) - ¢" @)II5.

N =
&|Q‘ /\

Integrating the above inequality from 0 to ¢, we have that
Ju(t) - Ol + €1 [ " luls) — u' ()] 2ds
< Jlu(t) = P u(t)||5,, + 2Co /Ot u(s) —u”(s)[,ds
20 / " luls) — Phu(s)|2ds + 2C / lp(s) — ¢ ()]3ds.
By Gronwall’s inequality (3.7), we have that
lu(t) — w2, < C<|u(t) — Phu(t)2,,
" / () — Prugs)[2 + p(s) — ¢*(s)D)ds + 2 / (Jufs) — Prugs)l2

+ /OS(IIQ(T) — Pu(r) |7 + [Ip(r) — qh(T)l%)dT)dS)

< o(T)(lut) — P"u).,
+lu— PhH”QLz(QT;gl) +llp - qhH%2(O,T;L2(Qc))) V" eQ"

The result of the theorem is then the consequence of approximation properties of P*u

and ¢". The proof is complete. n|
Using an argument similar to the one in [7], we can obtain the following error

estimates for the time derivative J;u and the pressure p.
THEOREM 3.4. Assume that

(u,p) € [L*(0, T;H™)y n HY (0, T;H 1)) x L*(0,T; H ()
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for some r € [1, k] is the solution of problem (2.4), and let (u",p") € H*(0, T: W") x
L2(0,T; Q") be the solution of (3.8). Then

10 — 0" | 20712y + Ip — 2"l 20,1322 (00
< Chr_l(”atH”Hl(O,T;ﬂ**l) + HH”L2(O,T;§*+1) + HpHL2(07T;H7‘(QC)))-
4. Fully discrete finite element/backward-Euler discretization. Divide
the time interval [0,7] into N subintervals [t,,t,11] (n =0,1,..., N — 1), satisfying
O=to<ti < - <tny1<ty=T.

Let At,, =t, —t,_1 be the time step with the biggest time step At = max;<,<ny Aty.

n_ . n—1
Define the time backward difference operator d;, by di,uj = % or dy,u =

u(tn)—u(tn_1) .

tn
Based on the weak form (2.4), we propose the space-time fully discretized implicit
Euler scheme as follows: given (u,p)) € W" x Q", find (ul,p') € W" x Q" such
that

(4.1) { (dp,up,v"), + ay(up, v") +b(x", p
b(uy. q

P)o= (Ey"), Ve W',
Y =0 Ve Q"
forn=1,2,...,N, where F" := F(¢,).

A special version of this scheme restricted to the divergence free subspace V and
with uniform time step was discussed in our work [2].

To obtain the error estimates for the fully discretized implicit Euler scheme (4.1),

we introduce the projection operator P = (Ps,P,) : W x Q — W" x Q" such that for
(u,p) € W x @ the projection (P,u,P,p) satisfies

(4.2) an(u — Psu, v") + Co(u — Psu, vh), + b(v",p—P,p) = 0,
' b(u—Psu,g") = 0

Vvl e W' and V ¢" € Q". The Garding-type inequality (2.6) in Proposition 2.1
implies that there is a unique solution (Psu,P,p) € W" x Q" for a given (u,p) €
W x Q.

Thanks to the Garding-type inequality (2.6) in Proposition 2.1, we have the fol-
lowing approximate properties for (Psu,P,p).

PROPOSITION 4.1.

Let 0 < r <k.

1. Assume that

(u,p) = (0, ¢,p) € LU0, T; H™™) x LU0, T; H(Q))

for some q € [1,00]. Let (Psu,P,p) be the projection solution of (4.2). Then
we have

(4.3) u— PSHHLQ(QT;gl) +1lp = PppllLao,1:2(0.))
< ChT(HH”Lq(QT;ET‘H) + lIpllLao, ;17 (20)))-

2. Assume that
(,p) € H'(0, T;H™) x H'(0,T; H™(Q)).
Then we have

(4.4) ||3iﬂ - aé]PSH”L?(O,T;ﬂl) + Haép - aépppHLz(QT;L?(Qc))
< Chr(”HHHl(O,T;ﬂT+1) + ”p”Hl(O,T;HT(Qc)))'
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Proof. Let e, = u — Psu. Combining (4.2) and the equality

ay(ensen) + Colen,en)n
= ay(en,u—v") + Colep,u—v"),
+ ay(en, v — Pou) + Colen, v — Pu),

for v = (v ") € W" and p" € Q", we obtain

ay(en, en) + Colen, en)n
= ay(en,u —v") + Colen,u — vh), — b(v" — Psu,p — Ppp).

From the definitions of II" in (3.5), it is easy to verify that

b(v" —Pau,p—P,p) = bx"—u,p—P,p)+bu—Pu,p—P,p)
(4.5) = b(y" —T"u,p — Pyp) + b(IT"u — u, p — p")
+b(u—Pu,p—ph),

where IT"u = (II"u, ¢). Now letting v = (Il"u, P"¢) in (4.5), using the Garding
inequality (2.6) and the continuity property of the bilinear operators a and b, we
obtain the following estimate:

Ctllen|? an(en,u—v") + Colen,u—v"), — b(v" — Pou,p — Ppp)
Cllenlllu— "1 + Conllenllollu — v"{|12

+ Cllenll1llp — "o + Cllu — IT"ull1 [[p — p"lo,

IAIA

which implies that

@0 el < ¢ (Ju- ¥+ lu-Ttul it - sl )
pheQh

The div-stability condition implies that
(47) p=Fl < € (lu=y'lh+ i o= lh)-
pheqQh

Combining the estimates (4.6) and (4.7), the approximate properties (3.3) and (3.4)
of the finite element spaces W" and Q", and the approximate property (3.6) of TI",
we obtain the estimate (4.3). If the solution (u,p) has the regularities needed, the
estimate (4.4) holds true just by differentiating the equations in (4.2) with respect to
time ¢ and using the same methods of obtaining the estimate (4.3). 0

Remark 4.2. In the proof of Proposition 4.1, we used the projection operator I1".
If we do not use the operator II", we can also prove that the estimates in Proposi-
tion 4.1 are true by using the same techniques used in the proof of Theorem 1.1 in
Chapter II in [5].

To obtain the error estimates |[u — P ul|r>, we assume that the solution u of

(4.8)

=

{ an(u,v) + Co(u,v), + b(v,p) = (E,v), VveW,
(u,q9) =0 VgeQ

has the following regularity:

(4.9) [allz + llpll 1 . < ClIELe-
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We also assume that the dual problem of (4.8) is regular in the sense of (4.9). Then
we have the following Aubin-Nitsche-type estimate on [[u — Pyul|g:.

PROPOSITION 4.3. Under the assumptions of Proposition 4.1, we have the esti-
mates

(4.10) [ — Psul a0, riL2) + hllp = PupllLao, 122 (00))

< Ch HH”L‘?(&T;HT“) + ”p”Lq(O,T;HT(QC)))
and
(4.11) |9fa — aéPSH”W(O,T;B) +h||op — aéppp”L%O,T;L?(QC))

< ChTJrl(HHHHl(O,T;ﬂT“) + ol e 0,717 (2. )))-

Proof. Let e, = u — P,u and (u?, p?) satisfy

(4.12) ap(v,u?) + Co(v,u?), + b(v,p?) = (en,v), VveW,
' b(ut, q) =0 VqeQ.

Choosing v = e, in (4.12), we have that

lenlld,, = ay(en,u?) + Colen,u), + blen,p?
(4.13) = ay(ep,u? —v") + Colep, u? — vh),

+b(en, p* — p) — b(u? — v", p — Ppp)

V v € W" and p" € Q", which implies that
2 B . d_ h . d_ . h
(419) llenll < Cllenla-+ I~ Fyolo) (ind I =¥+ jnf =l ).

The approximation properties of the finite element spaces v/ € W" and p" € Q" and
the regularity inequality (4.9) give us

inf [lu? —v"[[s + inf |p?—p"[|o
(415) !hewhd 4 phEQh
< Ch(|ullz + Pl a2 @0) < Chllen]lL2-

Now the estimates (4.3), (4.14), and (4.15) lead to the estimate (4.10). Under the
conditions in the proposition, by differentiating the equations in (4.2) with respect to
time ¢, we can similarly obtain the estimate (4.11). O

Now we turn to estimating the error e} = u(t,) —uy, where u(t,) is the value of
the solution u of problem (2.4) at t = ¢,,, and u} is the solution of the fully discretized
implicit Euler scheme (4.1).

THEOREM 4.4. Assume that 0 < r < k and the solution (u,p) of problem (2.4)
satisfies

attﬂ S LQ(OaT;LQ)a
(u,p) € HY0,T;H"™™) x HY(0,T; H"()),
(u,p) € L0, T;H) x L>=(0,T; H'(Q.)).

Also assume that the regularity property (4.9) of (4.8) holds. Let (u},p}), n =
1,...,N, be the solution of the implicit Euler scheme (4.1), and assume that the
initial approzimation uy of u(0) satisfies

lup — Pou(0)]|pz < C*A™F.
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Then we have the following estimate:

u(tn) —upllon < C(h”ll + At |0pl 120,712
(4.16) + A"l g o,y + 1P 0,187 (00)))
+ht! (Jlull e (0,T;H™+1) T+ ”p”Lm(O,T,HT(Qc))))'

Proof. Denote by (u™,p™) the value of (u(¢),p(t)) at the time ¢ = ¢,. Let
ep =+ & and (ff = ¢ + (4, where nf = u" —Pu”, & =Pau" —up = (&1, €8)7,
(i =p" = Ppp”, and (3 = Ppp™ —pj; -

Let (u(t),p(t)) be the solution of (2.4), and let (P,u(t),P,p(t)) € W" x Q" be
its projection solution defined by (4.2). Then (Psu™,P,p™) satisfies

ap(Psu”, v") + b(v", Ppp") = a,(u™,v")
h
(4.17)

= (d, Su 8tu( ),g’;
(4.18) = (dy, u
+CO<77h’— >77)

b(Er.q") = 0.

Letting v" = & in (4.18), we have that

<dtn€;;.b7 §Z>77 + a’ﬂ(&?v gl?)
(419) = <dtnPsH - dtnua 5}?>77 + <dtng - atg(tn)ﬂ €Z>77
+ Colnp s R -

2 a—b)>

Using the fact that (a — b)a = “T*IF + (T, we rewrite (4.19) as

2

613, + (At | 5| 4 oA, e 1)
n 0,1

= &~ 1|‘0n+2At (de,Psu — di,u, &)y
+ 24t (di, u — dpu(tn), §y )y + 28, Co(ny, §1)n-

(4.20)

Summing up (4.20), we get

j ~1
& — &

“AnL +2) " Atiay(§,. &)

0,7 i=1

(4.21) = (IG5, +2> Atild,Pou — di.u, &),
=1

IER1IE., + ) (A)?

=1

+2) " Ati(du— du(t), &)y + 2 CoAti(nj,, &)y
i=1 i=1
R°+ R + Ry + RY.
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For the second term on the right-hand side of (4.21), we have

R = 2| Ati(d,Pau—dyu, &)y,
i=1
= 2> Ay (t)dt, &,
i=1 \7ti-1 n
(4.22) Lo
< 677||77h|@11(o,tn;y) + 6 Z H&H%mAti
i=1
< Chz(rJrl)(HH”?ql (0,tn; HT+1)
+ HPHHl (0,6 H™ (2 Z Hfh”omAt .
From the fact that
ft) — f(ti-1) 1 /ti
4.2 o flt;) — ——————-+ = t—1t;_1)0 t)dt
@) o) - TS A7 [ )
we have
|IRE| = 2 ZAti<dtiH_atH(ti)af}z>n
(4.24) i=1 n
< Gn(Ati)2Hattg||%2(0,tn;L2)+EZH§;LH3,77Ati'

i=1

Using Proposition 4.3, we estimate R% as

| B3|

2> Colti(n},, &)y

i=1

IN

61C3 Z Ill6At: + = Z 165113, A
Ch? TH)(H ull? < 0,tnimr+ty T P10, 17 020)))

S A
i=1

(4.25)

IN

Insert the estimates (4.22), (4.24), and (4.25) into (4.21) and add Y., 2At;Cy <
& & >, to both sides to obtain the following estimate:

51’ _ i1 n ; . n . .
At 2 Atiay (€], 6) + 2D ALiColgh )y

0,9 i=1 i=1

1013, + D (At)?

i=1

=R+ R} + Ry + Ry + 2ZAtiCO<§;m§;1>77
i=1

< €213, + 6n(AL)2[hen 2 ) + 5 Z 612,00 + 25" ALClEIR,

i=1
+ CR D (0,0, 1) + ||p||L°°<0’t"%H““C”)
(426) + ORI ([ullip o1, 1) + P71 0., 17 (020
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Using the Gronwall inequality (3.7), we obtain the following estimate:

o
& — &

A +2)  Atiay (&, &) +2>  ALiCo(&h, Ehn

0,1 i=1 i=1
< C(IIE0R,, + (At 203z o 7,02,
+ hz(TH)(HE”QLm(o,T;ng) + HpH%x(O,T;HT(Qc)))

(427) + 2D (fl o rpzr ey + 121 0 7y 00)):

IER1I5., + ) (A)?

=1

Using the conditions in the theorem, the estimates in Proposition 4.3, and the estimate
(4.27), we get the estimate (4.16). The proof is completed. O

5. Numerical experiments.

5.1. Direct solver. We use a direct solver for our numerical simulation; i.e.,
by adding up Darcy’s equation and the transient Stokes equations, we obtain the
following linear equation and solve it together with the incompressibility condition as
a whole:

/ druvd(, + 1 / dubdQ, + 2v / Du : DvdQ, + 1 / (KV) - Vebd
Qe Qo Qc S Qi
+g oV e dlem — / pV - vdQ, — i u - neppdlen,
- Q. S Jrem
vay/2

- /trace(IT)

— (£, W) + (o B + g / W - .
ch

/ P, (u+KV¢) - vdlen,
Cem

We set IT to be a constant matrix in the simulation; hence it could be taken out of the
integral. The scalar parameter v/d in the Beavers—Joseph interface boundary condition
has been changed to v/2 here because we work with two-dimensional domains in our
numerical simulation. The scaling parameter 7 is set to 1 for convenience. In fact, once
we know that the fully discretized coupling problem has a unique solution after being
scaled by 7, the system without scaling should also have the same unique solution.
From the viewpoint of linear algebra, the n simply plays a role of preconditioning in
the following sense:

nADarcy nBinterface _ 771 0 ADarcy Binterface
Cinterface DStokes 01 Cinterface DStokes '

Since we are using the direct solver, the issue of condition number does not concern us.
However, as b — 0, we need to use a large enough 7 to scale the system. Otherwise,
the linear system may become very ill-conditioned and degenerate in the limit.

Quadratic elements are used for the Darcy problem and div-stable Taylor-Hood
elements are used for the Stokes part. This is saying that the r in Proposition 3.1
equals 2.

5.2. Steady-state solution. We perform numerical experiments on the unit
square, (0,1) x (—0.25,0.75). Let (0,1) x {0} be the interface separating the conduit
from above and the matrix from below. For simplicity, all the parameters such as K,
K, S, v, a, p, and g are set to 1. The scaling factor, n, is also set to 1, as has been
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TABLE 1
Convergence rate for steady-state problem. Taylor—Hood element is used in the Stokes region
and quadratic element is used in the Darcy region. We obtain convergence rate of 2 for seminorm
lul1 and p and 3 for ||u||2. The last row of convergence rate is obtained by linear least square
fitting. n

| h [ lu=u"llo [ [u=u"li [ Ip=p"ll0 | ll6—0"llo | l6—o"]1 |
2—3 2.827TFE-4 1.081E-2 8.565FE-3 5.482F-4 3.117E-2
24 3.628E-5 2.667E-3 1.929FE-3 5.993E-5 7.782E-3
-5 4.606 E-6 6.640F-4 4.654F-4 7.085E-6 1.944FE-3
2-6 5.800E-7 1.658FE-4 1.152F-4 8.683FE-7 4.859F-4

[Rateofconv. | 2976 [ 2009 | 2070 [ 3.099 [ 2.001 |

explained. We set the appropriate forcing term and Dirichlet boundary conditions
such that the following solution to the steady-state Stokes—Darcy problem is exact:

2?y? +e7Y,

= —2zy® +[2 — 7sin(rz)),

—[2 — msin(nz)] cos(27y),

[2 — msin(mx)]|[—y + cos(m(1 — y))].

RS SIS B
|

Table 1 gives the convergence rate of the steady-state problem. The well-posedness
of the steady-state Stokes—Darcy system with the Beavers—Joseph condition (time-
independent case of (2.4)) is not discussed in this paper. In [2], it is shown that the
well-posedness is obtainable for a small enough Beavers—Joseph parameter o and the
rescaling technique is not useful for the time-independent case. The numerical results
here attest that the steady-state problem may be solvable with reasonable accuracy
even without theoretical guarantee of well-posedness. These numerical results are also
useful in selecting the initial condition, uf, for the time-dependent problem and help
avoid computing the projection (4.2) for the initial condition (see the discussion in
the next subsection).

5.3. Transient solution. With the same domain setting, we set the appropriate
forcing term and Dirichlet boundary conditions such that the following solution to the
transient Stokes—Darcy problem is exact:

u [#2y? + e7Y] cos(27t),
v = [—Zxy’ + [2 — msin(mz)]] cos(2t),
p

—[2 — mwsin(wa)] cos(2my) cos(2mt),
[2 — wsin(mx)][—y + cos(m(1 — y))] cos(2mt).

¢

We use the numerical solution computed in the steady-state case as the numerical
initial condition, u). The requirement of the error u) — Psu(0) in Theorem 4.4 is
satisfied because [[u)) — u(0)||gz < C*h3 (corresponding to r = 2). Tables 2 and 3
summarize the convergence rates with different order combinations of A and At. In
particular, Table 3 confirms the convergence rate estimation provided in Theorem 4.4.

Appendix. Well-posedness of the semidiscrete finite element approxi-
mation problem (3.8). From (3.8) we have that

(A1) (0" (), v")y + ay (" (t),v") = (E(t),v"), wv" eV
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TABLE 2
Convergence rate with At ~ h2.

[ac [ n [lu—uo [fu—vu"h [Ip—p"llo [ 6 —¢"lo | [6— "1 ]
26 23 1.114E-3 1.458FE-2 | 1.563E-2 3.677TE-3 | 4.314E-2
2-8 24 2.774AE-4 | 3.741E-3 | 3.662E-3 | 9.053E-4 | 1.090E-2
2-10 | 2-5 6.949E-5 9.449FE-4 | 8.928E-4 2.255E-4 | 2.733E-3
2—12 | 2-6 1.741E-5 | 2.372E-4 | 2.214E-4 5.632E-5 | 6.837E-4

[Rateof conv. [ 2.000 [ 1.981 [ 2046 [ 2010 [ 1.994 |

TABLE 3
Convergence rate with At ~ h3.
At h lu—ullo | [a—u"|s | [lp=p"l0 | ¢ —¢"llo | |¢—¢"x

2-6 23 1.114E-3 1.458E-2 | 1.563E-2 3.677TE-3 | 4.314E-2
29 24 1.426E-4 | 3.008E-3 | 2.181E-3 | 4.613FE-4 | 9.262E-3
212 25 1.797E-5 6.921F-4 | 4.296F-4 5.726E-5 | 2.124FE-3
2-15 | 2-6 2.254F-6 1.682E-4 | 1.064E-4 7.124E-6 | 5.079E-4

Rate of conv. | 2984 | 2143 [ 2394 [ 3005 | 2135 |

Equation (A.1) is a system of linear ODEs with constant coefficients. Thus, it has a
unique solution u"(t) € V" 0 <t < T. Let v* = u” in (A.1), and use the Garding
inequality (2.6) to obtain
1d
2dt

1 1

9" O, + il @I < (ot 3 ) I OIR, + SIROIR,,

Integrating the above inequality, we obtain

t
" (®)]2,, +2C, / I (£) | 2ds

0
t t
<[ Pruy |2, + / IE(s)|2,,ds + (2Co + 1) / lu(s)[12,,ds.

By the Gronwall inequality (3.7), we have that
(A.2) Il ()12, < CUP w2, + IE 0 i)

where C' is a constant. This proves that u" € L2(0,7;V"). By regarding u” as the
solution to the ODE (A.1), it is easy to see that u" € H'(0,7;V"). However, the
norm is not uniformly bounded and depends on h.

Now consider the following equivalent form of (A.1):

(A3) an(u",v") = (0", v"), + Co(a",v"), + (E,v"), W' e V",

where Cj is a constant that appeared in (2.6) and @ is a bilinear form on W' x wh
defined as

aﬂ(ﬂhvzh) = an(ﬂh,!h) + CO<ﬂh7¥h>17 Vﬂh,xh S Wh.

Clearly, a is coercive. From the estimate (A.2) and the inf-sup condition (3.1), we
can find p" € Q" satisfying (3.8) and the estimate (see [5, Theorem 1.4.1])

1" @®)llo < C(h)(IP"wolo. + I1E ]l 20, 7:1.2)),

where C' is a constant dependent on h. This proves that p" € L?(0,7;Q").
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