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FINITE ELEMENT ERROR ESTIMATES
ON THE BOUNDARY
WITH APPLICATION TO OPTIMAL CONTROL

THOMAS APEL, JOHANNES PFEFFERER, AND ARND ROSCH

ABSTRACT. This paper is concerned with the discretization of linear elliptic
partial differential equations with Neumann boundary condition in polygonal
domains. The focus is on the derivation of error estimates in the L2-norm on
the boundary for linear finite elements. Whereas common techniques yield only
suboptimal results, a new approach in this context is presented which allows
for quasi-optimal ones, i.e., for domains with interior angles smaller than 27 /3
a convergence order two (up to a logarithmic factor) can be achieved using
quasi-uniform meshes. In the presence of internal angles greater than 27/3
which reduce the convergence rates on quasi-uniform meshes, graded meshes
are used to maintain the quasi-optimal error bounds.

This result is applied to linear-quadratic Neumann boundary control prob-
lems with pointwise inequality constraints on the control. The approximations
of the control are piecewise constant. The state and the adjoint state are
discretized by piecewise linear finite elements. In a postprocessing step ap-
proximations of the continuous optimal control are constructed which possess
superconvergence properties. Based on the improved error estimates on the
boundary and optimal regularity in weighted Sobolev spaces almost second
order convergence is proven for the approximations of the continuous optimal
control problem. Mesh grading techniques are again used for domains with
interior angles greater than 27/3. A certain regularity of the active set is
assumed.

1. INTRODUCTION

Let € be a bounded, two-dimensional, polygonal domain with Lipschitz bound-
ary I' and m corner points zl ), j =1,...,m, counting counterclockwise. In par-
ticular, I'; denotes the side on the boundary I' which connects the corners () and
20U+ note that (™+1) := (1), The angle between I';_; and T'; is denoted by
w; with the obvious modification for wy. In the first part of this paper, we will
discretize the linear elliptic partial differential equation

—Ay+y=f infQ,

1.1
(1.1) Ohy=g only, j=1,...,m,

with piecewise linear and continuous ansatz functions and focus on finite element
error estimates in the L2-norm on the boundary. Common approaches for this use
the trace theorem or the Nitsche method in L?(I"). This yields an error bound
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of ch3/2. This estimate is sharp in the case of H?(Q)-regularity of the solution.
For example, such limited regularity can be caused by the presence of corner sin-
gularities or by right-hand sides f and g in L?(Q2) and H'/?(T), respectively. For
more regular solutions in W27 (£2) with p > 2 numerical examples indicate that the
convergence order is better; cf. [I20]. This can be explained by first using the
embedding LP(I") < L2(I') and then applying the trace theorem or the Nitsche
method in LP(T"). Similar techniques are used in [20]. By this one obtains an error
bound of ch?>~1/?. Accordingly for problem (L) a convergence order close to 2
can only be expected if w; < /2 for j = 1,...,m, since the corner singularities
admit in general only a solution in W?2°°(Q) for such domains. In the present work
we will show that the estimates can even be improved assuming Hoélder continuous
right-hand sides. Based on regularity results in weighted Sobolev spaces, techniques
of [229,80] and local finite element error estimates as described in [9,28,[32] for a
quasi-optimal error bound of ch?|Inh|'*® with some § € [0,1/2] will be obtained
for domains with interior angles smaller than 7/(2 — §). Hence, in domains with
interior angles smaller than 27/3 the error is definitely bounded by ch?|1n h|*/2.
These estimates hold still for quasi-uniform meshes. For domains with larger inte-
rior angles than 7/(2 — ¢) mesh grading techniques will be applied to get the same
result. In that case the mesh grading parameter p;, that determines the strength
of the grading around the corner z(), has to be chosen smaller than (6 + 7/w;)/2;
see Section [3] for details.

Error estimates of that kind are, for example, required for the numerical analysis
of Neumann boundary control problems. The second part of this paper is dedicated
to this topic. We will consider the optimal control problem

(1.2) J(u) = min J(u),
J(u) = F(Su,u),
1 2 Y2
F(y,u) :== §||y - yd||L2(sz) + 5”“”1}@)7

where the associated state y = Su to the control u is the weak solution of
—Ay+y=0 1in Q,

1.3
(1.3) Ohy=u only, j=1,....m,

the desired state y4 belongs to the Holder space C%(Q) with some o € (0,1) and
the control variable is constrained by

a<u(z)<b foraa. zel.

We will focus on the full discretization of problem (2] combined with a post-
processing procedure, i.e., the state and the adjoint state are discretized by linear
finite elements and the control is approximated by piecewise constant functions on
the boundary. Afterwards, in a postprocessing step, piecewise linear and globally
continuous controls are constructed, which possess superconvergence properties.
This postprocessing approach is well known for linear optimal control problems;
see [31124] for distributed controls and [IL20] for controls located at the Neumann
boundary. It is extended to semilinear control problems in [26]. Also, different
approaches for problem (2] have been discussed in the literature. The numerical
analysis for the full discretization itself has been accomplished in [7]. In [6] the con-
trol is not discretized by piecewise constant functions but by piecewise linear and
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FIGURE 1. Convergence rates of the control in L?(T") depending on
the interior angles w;. Solid lines: quasi-uniform meshes. Dashed
lines: graded meshes.

globally continuous functions. These two works attack semilinear elliptic problems.
The variational discretization concept, originally suggested in [12] for distributed
control problems, has been transferred to Neumann boundary control problems in
[6] for semilinear and in [ILI3L20] for linear elliptic equations. This approach only
discretizes the state and adjoint state by linear finite elements but not the control.
In Figure [ the obtained convergence rates of the control in L?(T) for the different
approaches are illustrated depending on the interior angles of the domain. In [7] a
convergence order of 1 is obtained in convex domains for the full discretization of
semilinear elliptic problems, where the control is discretized piecewise constantly.
Approximating the control with piecewise linear and continuous functions implies,
in convex domains, superlinear convergence and a convergence rate of 3/2 under an
additional assumption on the control; see [6]. Furthermore, in [6] an error bound
in L2(T) of ch®/?~¢ with some arbitrary e > 0 is established in convex domains for
the concept of variational discretizations. This approach admits, for linear prob-
lems in convex domains, a convergence rate in L?(I') of 3/2 and an error bound
of ch*=2/P|logh| in L>=(T')(— L*(T)) with 2 < p < min;(2w;/(2w; — 7)); see [L3].
An improved estimate for the concept of variational discretizations and the post-
processing approach can be found in [20]. There, the authors proved for convex
domains an approximation rate of 2 — 1/p with the parameter p as before and a
rate of min;(1/2 4+ 7/w;) for nonconvex domains. They further establish better
estimates using higher order finite elements for the discretization of the state and
adjoint state (not contained in Figure [M). All the results, stated so far, have in
common, that the convergence rates are lower than 3/2 in nonconvex domains. In
[1] we have already proved that graded meshes with grading parameters p; < 7/w;
can be used to maintain a convergence order of 3/2 in nonconvex domains. Using
the quasi-optimal error estimates on the boundary of the first part and optimal
regularity of the solution in weighted Sobolev spaces we will show in the present
work under a structural assumption on the active set, that the error is bounded
by ch?|Inh|3/? using quasi-uniform meshes even if w; < 27m/3. For larger interior
angles we will prove that graded meshes with p; < 1/4 4+ m/2w; imply the same
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convergence rate. For further literature concerning optimal control problems and
its discretization we refer to [I,[14,20,[31] and the references therein.

The paper is organized as follows: In the next section we introduce weighted
spaces and some of its properties, which are used for the analysis in the subsequent
sections. Furthermore, we state results about weighted W2-regularity of the
solution of problem (). The proof of these results is based on regularity results in
weighted Holder spaces and is postponed to Section 8l Section [Bis concerned with
the discretization of problem (LI]) by linear finite elements using quasi-uniform
and graded meshes. This section includes the quasi-optimal finite element error
estimates in the domain and our first main result, the quasi-optimal finite element
error estimate on the boundary. In Section [l we discuss the necessary and sufficient
optimality condition of problem (2]). As a key point for the subsequent numerical
analysis we also prove optimal regularity in weighted Sobolev spaces for the solution
of the optimal control problem. The discrete counterpart of the continuous optimal
control problem (2 and its necessary and sufficient optimality condition is stated
in Section Bl In Section [l we prove interpolation error estimates on the boundary.
These are special compared to the interpolation error estimates of Section [3] since
the techniques used in Section Blwould only yield suboptimal results. Finally, quasi-
optimal error estimates for the postprocessing approach are contained in Section [7.
We emphasize, that the optimal control and the desired state are separated from
the constants in all estimates.

In the sequel ¢ denotes a generic constant, which is always independent of the
discretization parameter.

2. REGULARITY IN WEIGHTED SOBOLEV SPACES

The regularity of the solution of the elliptic boundary value problem (1)) is
in general limited due to the corners of the domain even if the data f and g are
smooth. If one uses classical Sobolev-Slobodetskij spaces W*P(£2) to describe the
regularity, then this limitation is given by a dependence of the parameters s and
p on the interior angles of the domain; compare e.g. [8,[I1]. Another possibility
to state the regularity uses weighted Sobolev spaces, which better incorporates the
singular behavior coming from the corners. To this end we introduce the circular
sectors g, and Qg /64 which are centered at the corners ) and possess the
opening angles w; and the radii R; and R,;/64, respectively. The radii R; can be
chosen arbitrarily with the only restriction that the circular sectors g, do not
overlap. We denote by r; and ¢; the polar coordinates located at the point z),
The sides of the circular sectors Qg;, which coincide with the boundary I" locally,
are defined by F;r (pj = wj) and Iy (pj = 0). We set F?E_: l";r ULy . In the
following the closure of some set G will be denoted either by G or by cl(G). We set

Q" =0\ Qo1 and I°=TnQ°

j=1
We define for k € Ny, p € [1,00] and ﬁ = (B1,...,Bm)" € R™ the weighted Sobolev
spaces Wg’p () as the set of all functions on £ with finite norm
HUHWL’;P(Q) ~ ”'U”W’C»P(QO) + Z HUHWngP(QRj)v

=1
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where the Sobolev spaces WkP(Q) (= H*(Q) for p = 2) are defined as usual and
the weighted part in the norm is defined by

1/p
B .
||U||W§jP(QRj) = Z ”TjJDO(UHIZ,p(QRJ_) if 1 <p<oo,
! la| <k
_ Bj
ol ) = 22 Iy D™l
la|<k

using standard multi-index notation. We denote by C the set of all corner points.

The corresponding trace spaces ngl/p’p(l“) (k > 1) are equipped with the norm

. k,
||U||W§71/p,p(r) = inf {HUHWg,p(Q) u € ng(Q),uW\c = v} .

Furthermore, we define the space Wg’p(l") for k €Ny, pe[l,00] and B= By Bn)T
€ R™ as the space of all functions such that

m
||'U||Wl’3jvp(r) ~ ””HW’“P(FO) + Zl ””HWZ;;P(Fji)a
j=

is finite, where

1/p

B, B .
llhwres = | 22 <||Tjj<9§‘v||’£p(pj+)+|7"j13?v||’£p(rj)> if 1<p < oo,
o] <k

HU”WL’;@(pji) = § (Hrjjat UHLOC(F;f) + ||rjjat U”LO@(F?)) :
j J
lal<k

Note, that d,v denotes the tangential derivative of v. For the numerical analysis it
is useful to introduce the seminorms

ke oy and | - |k
R Y

which are defined in analogy to the classical Sobolev seminorms. In Lemmas 2.1
and we state selected properties of the weighted Sobolev spaces Wg’p () and
Wg’p (I") where we will use the uniform notation Wg’p (G). The dimension of G is
n =2 when G = Q (or part of it) and n = 1 when G =T (or part of it).
Lemma 2.1. Let | and k be nonnegative integers. Then the following assertions
hold:
(1) Letﬂ;- > —n/p and f; —ﬂ; <kforj=1,....mand1l <p < oo. Then
the continuous embedding W;;’“*p(g) — Wé’/p(g) holds.
(2) Let n/q—mn/p> B — B forj=1,...,m and 1 < q < p < oco. Then the
continuous embedding Wé:”(g) — Wé’/‘?(g) is valid.
(3) Let B; > —n/p and B; — B; <1 forj=1,...,m and 1 < p < oo. Then

the compact embedding W;fl’p(g) < é’/p(g) holds.
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38 THOMAS APEL, JOHANNES PFEFFERER, AND ARND ROSCH

Proof. 1. Let v; := B +k and ¥ = (71,...,Vm). By Hardy’s inequality applied
k-times and embeddings in the usual Sobolev spaces one obtains for B; > —n/p
that

I+k,p Lp(ay.
cf. Lemma 7.1.5 in [I6] for the two-dimensional case with p = 2, and [18] (0.35)] for
general p but slightly different notation. Now, the first assertion follows immediately

since

Wé—i—k,p(g) N Wé—i—k,p(g)

for 8; < ~; which is equivalent to 3; — 8} < k.
2. This is a consequence of the Holder inequality.
3. For three space dimensions this is proven in Lemma 8.1.2 in [21I]. In one and

two space dimensions it can be proven analogously using the continuous embedding
of 1. O

Lemma 2.2. Let g € [1,00), —n/qg < B; <n—n/q+1 forj=1,...,m, k>0
and v € Wg“’q(g). Then the norm equivalence
/Dévdaj
g

Proof. This assertion has already been proven in Lemma 2.2 of [4], where the
authors assume that 1 —2/¢ < ; < 1. Let I=q,..., 1) € R™. Using Lemma 2]
parts 2, 1, and 3, respectively, one has

(2:2) WETH(G) = WTHH(G) = WH(G) and WETH(G) < W(G)

(2.1) HUHW[’;“vq(g) ~ |U|W[’§+1’Q(g) + Z
5|<k

s valid.

for —n/q < B; < n—n/q+1. These two embeddings are essential to prove the norm
equivalence (Z)). In fact, tracing through the proof of Lemma 2.2 in [4] reveals that
the condition 1—2/¢ < 8; <1 can simply be replaced by —n/q < f; <n—n/q+1
by means of ([2.2). O

As usual, the space C*(Q) denotes the set of all functions on with bounded
and uniformly continuous derivatives up to order k. The norm in C*(Q) is defined
by

lollos@y = D sup|Dgu(x)l.

lal<k €N

Functions belonging to the Holder space C*7(Q) additionally possess bounded
derivatives of order k which are Holder continuous with exponent o € (0,1). The
norm in the Holder space C*7(Q) is given by

|Dgv(x) — Dyv(y)|
ok @ = vller@) + sup
Iolor-(o) = Iellw + 3 sup ==

Now we have everything at hand to state the regularity results. Let f and g
be elements of the dual spaces of H*(Q) and HY?(I), respectively. Then, the
generalized solution of () is the unique element y € H*({2) that satisfies

(2.3) a(y,v) = (f,v)r2() + (9,0) 2y Yo € H'(Q),
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where a : H*(Q) x H'(2) — R is the bilinear form

(2.4) aly,v) = /Q (Vy - Vv +yv) du.

The regularity of the solution of problem (1)) is described in the following two
lemmata. The proofs are postponed to Section 8, page [64ff. A survey of regularity
results of more general situations is contained in [19].

Lemma 2.3. Let A\; = w/w; and let 5, satisfy the condition
1>p; >max(0,1-X;) or Bj=0and1—-X; <0

for 5 = 1,...,m. PFurthermore, let f € WE’Z(Q) and g € Wé/2’2(F). Then
problem (1) has a unique generalized solution y € W;Q(Q) and the a priori
estimate

oz < ¢ (I lwoscay + lolhyrroage) )
is valid.

Lemma 2.4. Let \; = w/w; and let v; satisfy the condition
2>v; >max(0,2—A;) or v;=0and2—-X; <0

for j =1,...,m. Moreover, let f € C%7(Q) with o € (0,1) and g = 0. Then the
unique generalized solution y of problem (L)) fulfills the a priori estimate

m
Vi @
19ll2. gy + Illw2oe ey < € ||y|\02@)+z;|2‘<:2\|rjm vloo@p,) | < clflloos@)-
J=1 o=

3. FINITE ELEMENT ERROR ESTIMATES ON THE BOUNDARY

We will now discretize the boundary value problem (1) by a finite element
method. For this purpose we introduce a family of graded triangulations {73} of the
domain € where h denotes the global mesh parameter (cf. Definition 4.4.13 in [5]).
We assume h < hg < 1. Note that a segmentation &, of the boundary is naturally
introduced by the triangulation 7,. We denote by u; € (0,1], j = 1,...,m, the
mesh grading parameters which are collected in the vector fi. The distance of the
triangle T to the corner z) is defined by rp, = infyer |z — x(j)|. We assume that
the element size hr := diam T satisfies

crh'Hi < hp < cohM#i for rp; =0,
(3.1) crhry [V < hp < eohry 9 for 0 <rpj < Ry,
cih < hy < cgh for rr; > R;
for j = 1,...,m and the radii R; which we have defined in Section [l Next, we
introduce the space V}, as the space of all piecewise linear and globally continuous
functions in €,
Vi := {yn € C(Q) s ynlr € P1(T) VT € Tn},

where P (T) denotes the space of polynomials of degree less than or equal to one

onT.
The discrete solution is the unique element y;, € V;, C H'(Q) that satisfies
(3.2) a(yn,vn) = (f,vn)r2@) + (9, vn) 2y  Yon € Vi
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We set X = (A,.. ., )T = (7/wi,...,7/wm)T and @ = (a,...,a)T € R™ for
any real number a, e.g., I = (1,...,1)7 € R™. Furthermore, all inequalities
in the sequel containing vectorial parameters must be understood component-by-
component. We proved in [I] the following estimates for the discretization error in
the domain.

Theorem 3.1. Let y and yy, be the solutions of [23) and [B2), respectively. The
discretization error can be estimated by

ly=ynllLz(o)+hlly—ynllwi2(a) §0h2”y”W§’2(Q) <ch® (”fHWg’Q(Q) + IIQIIWW,Z(F)) :
B

provided that T — X< f<T—ji, >0, f e Wg’Q(Q) and g € Wé/Z’Q(F).

The main new result of this section is the following finite element error estimate
on the boundary.

Theorem 3.2. Let y and yn be the solution of [Z3)) and [B2), respectively,
and g = 0. The finite element error on the boundary admits for some arbitrary
0 €[0,1/2] the estimate

ly = ynll 2y < h?[10A")| fll co.r (q)
provided that i < 6/2+ X/2, i € (6/2,1]™ and f € C°*°(Q), o € (0,1).
Before we prove this theorem we add some discussion.

Remark 3.3. To get optimal discretization error estimates in the domain one only
needs a graded mesh with grading parameters i < X if the largest interior angle
in the domain is larger than 7. However, the stronger condition i < T/4 + X/Q
is required to guarantee a finite element error estimate on the boundary of order
O(h?|In h|>/?). Numerical examples also indicate that this condition is sharp; cf.
[1]. Mesh grading with the stronger refinement condition is indeed necessary in
domains which have interior angles greater than 2w /3.

Remark 3.4. In Theorem a homogeneous boundary datum g is assumed. How-
ever, the assertion can easily be generalized to the inhomogeneous case. Then one
only needs regularity results as in Lemma [Z4] which incorporate an inhomogeneous
boundary datum g.

Remark 3.5. Optimal finite element error estimates in the L%-norm on a strip at
the boundary with width A are closely related to the error estimate of Theorem
In [23] the authors prove an optimal estimate on a strip for the Dirichlet problem
in convex polygonal and polyhedral domains using quasi-uniform meshes. Whereas
the general approach in [23] as well as in the present work relies on local finite
element error estimates as described in [9[32], the regularity theory used for the
numerical analysis differs fundamentally. In [23] weighted and anisotropic spaces
are used, which employ the distance to the boundary. In contrast, our analysis
is based on weighted spaces with respect to the corners, which allow the usage of
graded meshes with local grading parameters p; depending on the interior angles
w; of each particular corner.

The remainder of this section is devoted to the proof of Theorem 3.2l The reader
who is not interested in the proving techniques may jump directly to Section M
(application to an optimal control problem), page
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FIGURE 2. Partition of 2 with subdomains Qg /16 (left) and
partition of Qp with subdomains Q; (right)

In Section 2] we have already introduced circular sectors 2g; and g, /64 Which
are centered at the corners z(/) and possess the radii R; and R, /64; compare also the
mesh condition (Z.I]). Next, we introduce the circular sectors Qg /2, Qg /4, Qr, /85
Qr, /16 and Qg /30 with the radii R;/2, R;/4, R;/8, R;/16 and R;/32, respectively.
The sides of the circular sectors Qg /16 which coincide with the boundary I' are
denoted by F};J_/lﬁ (pj = wj;) and I /16 (¢; = 0). The union of both is denoted

by PE/M' Furthermore, we define Q° = Q\ U;nzl Qr, /165 I =T ncl(Q0) and

00 — O\ U;nzl R, /32. Figure [ illustrates exemplarily such a partition of the
domain. The dashed and the dotted lines indicate (not to scale) the domains Qs
and g, , respectively.

Now we will proceed for every corner in the same way. Let the corner 200) be the
corner under consideration. We assume for the sake of simplicity but without loss of
generality that the corner z(0) is located at the origin and R;, = 1. Furthermore,
we suppress the subscript jo in the following, i.e., Qr = Qr; , Qr/2 = QRjo /2, ete.
We divide the domain Qg into subsets ;,

I
Op = U Q
J=0
where Q; = {x : dyjy1 <|z| <dj}for J=0,...,] —1and Q; = {x : |z| < dr}.
The radii d; are set to 2~ and the index I is chosen such that
9—(I+k+1) < 02h1/u < 9—(I+k)

for some fixed k € Ny and ¢ from BI). Thus, I ~ log% for some h < hg < 1.
Obviously, there exists some constant ¢; € R with

(3.3) 228 < e < ep2htt
such that
(3.4) dr =271 = ¢hM/m,
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For the moment we only assume that the parameter k is chosen such that ¢; > 1.
It will be exactly specified in the proof of Lemma [3I0l The boundary parts of Q
which coincide with the boundary of Q2 are denoted by GQJ} for ¢ = w and by
08); for ¢ = 0. We set BQf = 0Q7F U0Q;. Figure 2 shows such a division. Note
that

I I I
Qg = U Qy, Qryy = U Qy, Qryg = U 2y, etc.
J=1 J=2 J=3

Next we introduce the extended subsets Q; for J > 1 and Q' for J > 2 by
L= UQ, U

and
1 ! Vi !
=2, uQ; U0,

with the obvious modifications for J = I — 1,1. The boundary parts 8Q§’ are
analogously defined with respect to €2'}.

Before going into detail let us elucidate the structure of our proof. As we will
see on page [B1] LQ(Fﬁ /16)-discretization error estimates are crucial ingredients of
the proof of Theorem These are established in Lemma The proof re-
quires L>(Q';)-interpolation error estimates (see Lemma [B.7] and Remark B.8]), the
weighted finite element error estimate of Lemma B0, and some kind of an inverse
inequality provided in Lemma [BIIl The proof of Lemma [BI0 relies on a kick
back argument, which is established by the special partition of the domain Qg,
the H'(£;)-interpolation error estimates of Lemma B and local H'(Q;)-finite
element error estimates provided by Lemma Lemma B.7 and Remark B.8 are
also used in the proof of Lemma All these arguments rely on the property that
the mesh is quasi-uniform in the strips 2/, which we are going to prove first.

Lemma 3.6. The element size hy of the elements T C ) satisfies

(3.5) 2720 pd M < hp < 2V HephdTF, if 1< T < T -2,

(3.6)  crtht* < hy <2207Weohd; ™ = 220" Weper MRE if J =TT -1
with constants ¢; and cy from BI) and c; from (BA).

Proof. For any element T' C €/, and J < I —2 one has dj2 < rp < dj_1. Thus,
assertion (3.5) follows immediately with djio = 272dy, dy_1 = 2d; and the mesh
condition (BI]). Assertion (B.6) holds analogously since for any element T C Q,
J=1I,I—1,0nehas 0<rp <dry=22d; = 2%c;h/*. O

As indicated above we will use a kick back argument in the proof of Lemma [3.10l
This depends on the size of the constant ¢;. For that purpose we distinguish between
the generic constant ¢ and the constant ¢; in the following two lemmas.

Lemma 3.7. Let p € (0,1], v; € W2P(Q)), v € W2>®(Q;) and | = 0, 1.
(1) For1<.J <1I—2 the estimates

B7) o= D llwiaa,) < ek HdFTIETITEI |,
(3.8) lvz = Inval oo,y < chdy 27 vy 2.0 @)

are valid for 2 <p < oo and o € R.
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(2) Let 1 < ¢ < o0, 6 = max{0,(3 -1 —2/p)(1 — p) — @)} and O =
max{0,2 — 2u — «}. Then for J =1,1—1 the inequalities
(39) ||'U1 _Ihv1‘|Wl«2(QJ) < CC?[+1—2/Ph(37l70472/17)/ﬂ|v1‘Wzrp(ﬂb)’
(3.10) vz — Inva|l e,y < ccﬁwh<2*a>/ﬂ\u2|wg,wm,ﬂ,
hold if max(2,q) <p < oo and —2/¢g < a <2 —2/q.

Proof. We begin with estimating [|vy — Ipv1llwi2(q,), J =0,...,I, and [ = 0, 1.
Let T € Ty, be a triangle with T N Qy; # (. We first introduce the polynomial
p1 € P1(T) and use the triangle inequality. This yields

lvr = Invi|lwizery = [lvr = p1 — In(vr = p1)lwee oy
(3.11) < o1 = pillwrzry + [Hn(vr = po)llwez -

We can conclude for the first term in (B11]) after the transformation to the reference
element 7" and using the embedding W24 (T') < WH2(T") which holds for ¢ > 1,
[vr = prllwraery < elT12ha! 60 = Dullyes

(3.12) < T2 hg 01 — P lymr
To estimate the second term in ([BIT]) we use an inverse inequality for functions in

finite dimensional spaces (only for I = 1) and the embedding L>=(T") < L2(T) to
get

Il A R —1\% (a .
170 (o1 = pu)llweaery < ATV 2R [T (01 = 1) llwrzgzy < TV 2he! [Tn(01 = )l g2y
Il A R —Ia .
< C|T|1/2h’T [[£n (1 _p1)||L°°(T) < C|T‘1/2h'T [0 _p1||L°°(T)
(3.13) < TV o1 = allyy,ar -

The last steps hold due to the boundedness of the interpolation operator I; from
L>(T) to L>®(T) and the embedding W24 (T') < L°°(T"), which is valid for ¢’ > 1.
The inequalities (B12) and BI3) yield together with [BIT]) and the Deny-Lions
Lemma [10]

(3.14) JJor — Lvr lwragry < elT2h0 181 = P o 2y < ATIV2B5 01y .

which holds for ¢’ > 1. Now we distinguish triangles T with rr = 0 and rr > 0.
For triangles with rp = 0 we choose ¢’ = 4q/(2¢ + 2+ aq) > 1 (see Section []) with
some ¢ > 1 and —2/q < o < 2 — 2/q. Using the embedding W24(T) < W24 (T)
according to part 2 of Lemma [Z1] we obtain

lvr = Invillweaery < eT1Y 2Rz ol yz.a -
The transformation back to the world element yields
(315) ||1}1 — Ihvluwlfz(T) < Chgﬂ_l_a_z/q|1}1|w2,q(T) < Ch<37l7a72/q>/‘u|1)1|W§,q(T),

since 7 ~ hy.%r®, |T| ~ h2. and hy ~ h'/# (cf. mesh condition (BI))). In the case
that rr > 0 we easily get from (BI4) for any ¢’ = ¢ > 1 and (B))

lor = Invalwracry < ehiz™ ™ “Jorlwacry
(3.16) < ek T DT g .
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So far we have derived estimates for [[v; — Invi|wi2(r). Next, we consider the
domains ;. We distinguish between 1 < J < I—2and J =1—1,I. In the former
case we get from (BI0)),

1/2
o1 = Invrllwiz(a,) < Z [o1 = Invr [y
T,
1/2
2
cof T (0 )
TCe,

= Ch2_ld‘(127l)(liu)ia‘“1|WZ’2(QTJ)

< chQ’ldSQ_l)(l_”)+l_2/p_a|vl|W§,p(Q,J),

where we used rp ~ dj (cf. Lemma [B0]), the Holder inequality with some p > 2
and |[Q;| ~ d? in the last steps. In the case that J = I — 1,] we can conclude
using (B.10) and B.I6) with some ¢ > 1, p > max(2,¢) and —2/¢ < a < 2 —2/q,

[v1 = Thvrlwez ()

1/2
< | D7 or = vilfyie ey + D o = Tnva ey
TCQ, TCY,
rr=0 rp>0
(3—1—a-2/p)/ 2
e | S (HOT e ol
TCQ,
’I”TZO
1/2
2
i j{: (h3—1—2/prg§*lf2/pﬂlfu)fa‘vlhVQm(T)>
TCQ,
rr >0

2
<c Z (h(37l7a72/11)/l‘|1}1|W§,P(T))

TCQ,
’I”TZO
1/2
2
S ()
TCQ,
>0
1/2
<eep b2l (5 ol
TCQ, :
1/2—1/p
9 —a—
(3.17) < ccfip3-tme 2/p)/H|'U]_|W§,p(52{I) Z 1 ,

TC,
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where we used h'/* < rp < ed; = cc[hl/“, if 7 > 0, and the discrete Holder
inequality. Since || ~ d3, d; = erhY* and minrceo, hy ~ hYt for J=1,1—1
we get that

1/2—1/p

)| 1/2-1/p
> < <—> <o) T =

: 2
min rh
TCQ, Tc; P

Thus, we obtain for ¢ > 1, p > max(2,q) and —2/q¢ < a <2 — 2/q,

lor = Tnvrlwizga,) < e T T PRGTImO2 D My | .
[ J

It remains to prove the L>®-error estimates. Let T be a triangle with T'N Q; # 0.
As in BII) we first insert an arbitrary polynomial p; € Py (7). This yields for
some ¢’ > 1,

v = InvallLos (1) < llv2 = pillLee () + [[In(v2 = p1)ll Lo (r)
< C||’l/}2 - ﬁl”L“’(T) < c‘@2|W§’ql(T);
cf. B13) and BI4). If rp = 0 we get, as in (15), for ¢ > 1and —2/¢ < o < 2—2/q,
2—a—2 —«
(3.18) [vg — Invs||poo(ry < chi /q|v2|W3,Q(T) < ch®= M vy 2. -
In the case that 7 > 0 we can conclude, as in (316,
(3.19) |2 — Inva || poo (1) < chFr|va|wro.ce (1) < ch2r;72“7a|v2\wg,oc(T).

Now we suppose that vo — I v admits its maximum in 27 at some point g € T, C
Q). If 1 <J<I-2 we obtain using [B19) and ry ~ d,

2 2—2pu—
vz = InvzllLee(0,) = llv2 = Invallpee () < ch™dy ™" |va| 200
2 12-2p—a
< ch’d; |vg\W§,o¢(Q,J).
In the case that J =1 — 1,1 we get for ry, = 0, according to [BIJ]),
lve = Tnvallz () < chi.® ™ val 20, < b |valyzioc ) < chir,[vzliy2. o )

which holds for some ¢ > 1 and —2/q < a < 2 —2/q. Since hy, ~ h'/* we can
continue with

llvz = Invall e () < A= M vg|izoe ) ).

In the case that ry, > 0 we can conclude analogously to BI7) using (319,

v = Inval| Lo () = llva = Tnvall L (1,) < chf, [valwoe (1)

IA

2,2—2u—a oo 1,27, (2—2p—0) /11
chry, [valyy2.00 g,y < ccp™h7h \v2|W3,OO(Qi])
— o p2—) /1
=cc™h \v2|W3,OO(Q,J).
(]

Remark 3.8. The inequalities (B.7)— (B10) hold as well if we replace ; with )
and €', with ', respectively. In that case we have to distinguish 2 < J < T —3
and J=1-21-1,1.

Lemma 3.9. Let u € (0,1] and y € W2>°(Qg).
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(1) For 2 < J <1I-3 the estimale

2—p— —
ly = ynllae, < ¢ (hdJ l a|y‘W§*°"(Q’J/) +dy |y — thLQ(Q’J))

is valid for a € R.
(2) Let 1 < g <oo. Then for J > 1 —2 the inequality

ly = ynll@, <c (C?h(zfa)/“|y\wng(gg) +d; 'y - thL?(n;))
holds true for —2/q < a < 2 —2/q.

Proof. The proof relies on local finite element error estimates stated in [9] and on
the interpolation error estimates given in Lemma 3.7l For J =0, ..., I we get from
Theorem 3.4 of [9],

ly=ynllmio,) <c (Hy — Lyl o) +d5 Hly = Tnyll 2oy +dsHly — yh||L2(Qj,)) :

where the constant ¢ does not depend on c¢;. In the case that 2 < J < I — 3 one
gets with Lemma 37 and Remark

2—p— 22—
ly = vl < e (bt ™yl ) + 245l ay)
+d |y — thLQ(Q’J)) :
Since hd ;" < hd;" = ¢;" <1 we arrive at

1y —wnllar@n <c (hd?f”_a|y|ijmg) +dy 'y - yhlle(Q{,)) :

This is the first inequality of the assertion. For J > I —2 we proceed in an analogous
way. But now we use the interpolation error estimates from Lemma [3.7], with regard
to Remark [3.8] which are stated there for domains close to or at the corner. Let
0, := max{0, (3 —1)(1 — u) — a} for I = 0,1. By this we obtain

ly =yl ) < e (T AT Myl gy + TG RO gy g
+d Ny - yh||L2(Qf]))
<c ((C§1+1 + Cﬁo)h@_a)/”ly\wgm(gg) + d31||y - thLz(Qf]))
<c (C?h(%a)/”|y|w§v°"(gg) + d31||y - yh||L2(Q’J)) ;
where we used d;lhl/u < dj_lhl/“ — c;l, 0, < 4 and 0y < 5 in the last steps. [

Lemma 3.10. Let 1 < ¢ < . Then for y € W37°°(QR), v <5/2 =24 and
—2/q <y <2—2/q the inequality

1 )™ (0 = ) zcangey < ¢ (B2 A1 2yl o+l — il o))
holds.

Proof. We define the weight function o = r+d;. Furthermore, let x be the charac-
teristic function, which is equal to one in /s and equal to zero in Qr\ cl(Qg/s).
Next, we introduce the boundary value problem

(3.20) —Aw+w=0""(y—yn)x in Qpg,
Opw =10 on 0Qg
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with its weak formulation

(3.21) ag, (¢, w) = (07 (y = yn) X ¥) 12 Vo € H' (),
where the bilinear form agq, : H(Qr) x H'(Qg) — R is defined by

aQR(@u w) = / (Vo - Vw + pw) dz.
Qr

Since r(r +d;)™? < r~! and y — y, € H'(Q) we can conclude, using part 1 of
Lemma 2.1] that

o™y = wm)Xllwozan < o™ W = vn)llwoz o < Iy =vnllwoz o
<y = ynllar(@p);
this means for the right-hand side of ([3.20) that o~ (y — yn)x € Wlo/’g(QR). Thus,

we get according to Lemma 23] that the solution w belongs to le/g(Q R), since

1>1/2>1-X=1-m/w for every angle w in (0,27). Moreover, if we use the
inequality r < r 4+ d; we obtain the validity of the a priori estimate

—1 —-1/2
(3.22) ||w||W12/‘22’(QR) <clo™" (y = yn) HWf/*;(QR/S) <do / (y —yn) ||L2(QR/8)-
Using part 1 of Lemma [ZT] we can also show that
(323) lwllzr@n) = lwliwi2@p < cllwllwzzqn < cllo™ (y = yn) | L2(n 0)-

Now, let ) be an infinitely differentiable function in cl(£2), which is equal to one in
Qr/s, suppn C Qg4 and 9,1 = 0 on IQR. By setting ¢ = nu in ([B2I]) with some
v € H*(QR) one can show that @ = nw fulfills the equation

aq, (v, ®) = (no ™" (y = yn) x — Anw — 2V - Vw,v) 1200, Yo € H'(QR).
By this we get

lo™2 (y — yn) ||2L2(QR/8) = (o (Y — yn)Xo ¥ — Un) L2(20)
= a0, (Y = Yn, W) + (Anw,y — yn)2(ar) + 20V - Vw,y — yn) 2 (ap)
< aqp(y = yn, @) + ([[A70]| L2(0g) + 2IIVD -Vl L200)) 1y = Ynll L2
< aa,(y —yn, @) + cllwlmr@plly — vnllz g
(3:24) < a,(y—yn,®) +cllo™ (¥ = yn) lL2@n,0) 1V — Unllz2(20);

where we used the Cauchy-Schwarz inequality and [B:23]) in the last steps. It
remains to estimate the first term in ([8.24)). Since 1 is equal to zero in Qr\ cl(Qg/4)
we can use the Galerkin orthogonality of y — yp, i.e., aq,(y — yn, Inw) = aly —
Yn, In®) = 0. This yields together with an application of the Cauchy-Schwarz

inequality
a’QR(y — Yh, ’lD) = aQR(y - yhvm - Ihw)
I
(3.25) < Cz ly = ynllar @) |® = Ind || a1 (a,)-
J=2

Remember that @ — Ip@w =0 in Q; for J = 0,1. Now each term on the right-hand
side of (B.:2H)) is estimated separately. We distinguish between 2 < J < I — 3 and
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J=1,1—-1,I—2 as it has already been done in the previous lemmas. We get for
2 < J < I — 3 with Lemma [3.9]
ly =yl <c (hd37#77|y|w$°°(gg) +d;y — yh||L2(Q'J))
and with Lemma B.7 with o = 1/2,
- _ 1/2—p ~
| — Il e, < ehdy* |l 2 q).
By means of these two estimates one can conclude for 2 < J < I — 3,
ly=ynllrr@p)ll® = 1hd| 10,
5/2—2p— — _
<c (thJ/ . W|y‘wﬁv°°(9f;) + hd;"|d; / (y —yn) ||L2(Qj,)) |w|W12/~§(Q{,)

5/2—2p— g —1/2 -
(3.26) <c (hsz/ g 7|y‘w3»°°(gg) +crtld; 2y — un) ||L2(Q’J)) |w\Wz,2(Q,J),

1/2

where we used hd ;" < hd;" =c;". For J =1,1—1,1—2 we get from Lemma 39
for 1 <g¢<ooand —2/¢g <~y <2-2/q,

ly = wallirs ) < e (FRE gl o+ d5 Iy = e, )

and from Lemma B7] with o = 1/2

| ~ Inill s, < ey ™22 ]y .

We can combine the last two estimates to arrive at

6}1/2h(5/2—v)/u|y|WW2,OO(Q/J/)

Iy = gullas o) 10 = Dbl oy <

max{0,1/2— 1 —1\1/2 —1/2 -
OV R () s ) e,

<c (611/2,1(5/2—7)/#|y|W2’m(Q”)
Y J

max{—1/2,— —1/2 ~
(3.27) TN (= ) sy ) [l

where we used max{0,1/2 — u} < 1/2 and h'/#d;' < hY/rd;' = ¢t Let 6 =
max{—1/2, —pu}. Inserting the inequalities (326 and BZ1) into (B20) yields
asp (Y = yn, ® — Inw)
1-3
<c (h2dsj/2_2u_v‘y‘wjv°°(gg) + C;HHd;l/Q (y —yn) ||L2(Qf,)> |1I]|W12/22’(Qi])

J=2

I
11/24 (5/2—v) /1 0N -1/2 /. , .

+c (CI h |y|wg’m(gf;) + CI”dJ (y —yn) HLZ(QJ)> ‘w|W12/vz(Q{I)'

J=I-2

If we additionally set v < 5/2 — 2, using ¢; " < c? and d}l < co™!, we can

conclude

aqp(y — yn, W — Ipw)

I
11/2 — ~
<c) <CI / h2|y|w3’°°(ﬂ’j) +cfllo™2 (y — yn) HLZ(Q&)) |Dlyy22 ()
J=2

1/2
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Now we get with ZIJ=2 1 ~ |Inh| and the discrete Cauchy-Schwarz inequality
aQ (Y — yn, W — In)
11/2 - .
< e (el 2R A 2yl )+ o™ (0= un) 120 ) Wil 20
Since |1I}|W12/,§(QR) < c||wHW12/,§(QR) we can apply the a priori estimate (8:22), which
yields
- N 11/2

(3.28) aqp (Y — Yn, W — Iyw) < C(CI / h2| lnh‘1/2|y|wj’°°(szR)

+ o2 (y - yn)llL2n)) o™ (y — Yn)llz2(9p,s)-
By inserting 28] into B.24) and dividing by [|o™"/% (y — yn) [|L2(ay,s) We obtain
—1/2 (

llo Y — Yn) ||L2(QR/8)

< o (e PR B 2yl 20 g+ Hlo ™ = 0 Dz + 19 = vl 220 )
11/2 0
< e (e PR 2yl g + HI0 (= ) 20 + Sl = vnllizon ) -

where we used 0~ '/2 = (r +d;)~/? <r~1/2 <(R/8)"Y/2 < ¢ if r > R/8. Finally,
we get

(1- CC?) o™ 2 (y — yn) [22(9p,)
11/2
< e (e R I A2 y |y g+l = ol 2om)) -

If one has chosen the parameter k in (B3] large enough such that

e = chInaX{*l/Q’*“} <c (CQQk)max{_l/Z_u} <1,
then the desired result follows. O

In the remainder of this section the constant c; is hidden in the generic constant c.

Lemma 3.11. For vy, € V), and 1 < p < oo there exists a constant ¢ > 0 such
that

_ —(1—
thHLp(an) <ch 1/de( H)/pHUhHLP(Q’J) for1<J<I-—2,
th”Lp(aQ§) < Ch_l/(p“)H’UhHLp(Qf’) for J=1—-1,1.
Proof. Let E C 893“ , and let T' C €} be the corresponding triangle. By an affine
change of variables to the reference edge E and reference triangle T, respectively,

using the continuity of 9, on cl(T") and the norm equivalence in finite dimensional
spaces we obtain

1 ~ 1 ~ 1 ~
lonlloey < chil®llonll oy < cha!PNonll o 5y < chalonll e )
A —1
< chyl?onll oy < chp P llvnll Locry

Now we can sum up to get

-1
Il oty € D2 lonliai <e Do (hz'lonlfur))

Ecoa* T,
<c mln h Z ||Uh||L,,
T,
One can conclude the desired result with Lemma O
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Lemma 3.12. Let 0 < 6 < 1/2 and 1 < ¢ < oco. Then for y € W,f’oo(QR),
v<240—2u and —2/q <y < 2—2/q the estimate

Iy = ol ot < e (BB glyz o, + g = w20
is valid.

Proof. Note that T, ;5 = Uj_, @25 Tt holds for J = I —1,1 that

ly — yh”Lz(agf) <ly- IhyHLZ(sz) + [ ny — yh”Lz(agf)
1/2
< CdJ/ ly — Ihy||Loo(aQ§) + [y — thL2(aQ§),

where we have used [0Q%|~d ;. The continuity of y— I,y on cl(Q) and Lemma 31T
with p = 2 yields

| 1y — Ynllrz2(e,)-

Iy = yull 2002, < edflly = Iyl () + ch
Since dj ~ h'/# for J =1 —1,1 and || ~ d% we can proceed with
Hy—yh||L2(aQ§)
< cd|ly - Inylle ) + cd; 2|y — Inyllpz(or) + cd; Py — Ynllrz(or)
(329) < cd},/2||y — Inyllpe (o) + Cd;quy — Ynllr2(o,)-

Next we consider the case 4 < J < I — 2. Again we use |BQ§| ~ djy and the
continuity of y — Iy on cl(€2s). Thus we can write

1/2 1/2
1y = 9nll 2002 < €dY Iy = nll Lo ooty < cdi*lly = vallie o)
Since each subdomain €’; has a positive distance to the corner for 4 < J < I —2,
we can use Theorem 10.1 in [32] with s = 0 to get
1/2 —1/2
(3-30) Iy = wnll200%) < ed* | h[ly — Iyl = (o) + eds Iy = yullL2(or)-

This is essentially Corollary 5.1 of [28] where the authors have already inserted an
interpolation error estimate. In Example 10.1 of [32] the author proved that this
result is also applicable for the domains '}, i.e., for domains which abut on the
boundary but contain no corner point. Let 6 € [0,1/2]. Using (329) and B30) we

arrive at

I 1/2
— e — 2
lly thLz(Fﬁ/w) (; ly thILQ(aQ?)

T , 1/2
1/2 —1/2
<c<§ (4 1m il = Dyl + 45l = sz )

J=4

I 1/2 I 1/2
Sl , 1-25 -1/2, 2
< clinh] max (@3lly = Tl zeqer, ) (ZdJ ) +c<Z||dJ (v y@ﬂmmg)) :
J=4

J=4

An application of the discrete Holder inequality yields

7 1/2 I (1-28)/2 I 5
<Z d},”) < <Z d(;) (Z 1) <c|lnhl’,
J=4 J=4

J=4
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where we have used 2524 dy ~ |F§/16| and 25:4 1 ~ |Inh| in the last step. Thus,
we obtain

. 146 S ,
Iy = wnlaqes ) < el max (dlly = Iuyli=a))

+elltr+dn) 2y = yn)llz2 @ s)-

Let 1 < g<o0, —2/¢g<v<2—2/gand v <2+ —2u < 5/2 —2u. Then we get
with Lemma 3.7 and Lemma [3.10

o 2 1+6
ly yh||L2(r§/m) < ch”|Inhj 421}§I|y|wﬁ~°°(sz{;)

¢ (B2 |20 g, + Iy = iz ) -
which ends the proof. O
Now we are able to prove Theorem

Proof. We split the error on the boundary into the already introduced boundary
parts,

B30 =l S e | Syl o+ = vl

For each boundary part I‘i_/m, j=1,...,m, we get from Lemma B12]
J

(3.32)  ly— yh|lL2(F§_/16) <c (h2| In h|1+6|y|W3,_oo(QRj) + |y — yh||L2(QRJ_)) ,
3 J

provided that 0 <0 < 1/2,1 < ¢; < 00,7; < 2+0—2p; and —2/¢; < v; < 2—2/g;.
If we set p; > 0/2 we can choose ¢; such that 1 < 2/(2u; — ) < ¢; < co. By this
we get that [B32) is valid for 0 < «y; < 2+ 0 — 24, with some arbitrary § € [0,1/2],
i.e., it holds that

2 146
B339 Iy mllaes, ) < (1AM oy

—2p

o+ 0=l

for every § € [0,1/2]. Next, we estimate the last term in the right-hand side
of B3T). We can conclude from the embedding L>*(T'%) < L*(I'°) and the fact
that y — y, is a continuous function on cl(2°) that

1y = ynll2(poy < clly — ynll Lo oy < clly = Ynll Lo (0y-
Next we use Theorem 10.1 in [32] with s = 0 to get

ly — yh”m(f()) <c <| Inhllly — IhyHLoo((zO) +lly - yh”p(QO)) )

Compare the proof of Lemma [B.12] for the applicability of this theorem in that case.
Since the domain Q° C Q° has a constant, positive distance to the corner, we can
conclude using standard interpolation theory that

(3.34) ly = ynll 2oy < € (h2| In 2f[ylw2. (o) + [ly — thL?(QU)) :
Combining the inequalities B3T)), (333) and [B34) we obtain
(3.35) ly —ynll2ry <c <h2| In h|1+6|y|W§2f§724(9) +ly — yh||L2(Q)) .
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Using Lemma [Z4] we can conclude for some arbitrary o € (0,1),
(3.36) [Yllwzee (o) < cllfllcoe @)
F45—2i

if puj > /2 and max(0,2 — A;) <240 —2u; or 0 < 2+ 6 — 2u; in the case that
2 — Xj < 0. The latter condition is fulfilled for any u; € (0,1]. The former one is
equivalent to pu; < 6/2+ X\;/2if p; € (6/2,1]. It follows from Theorem B.I] that

(3.37) 1y = ynllz2 ) < Ch2||fllwlefﬁ(g) < h?|[ fllzao,
if 1; < Aj. Finally, the inequalities (3.35), (3.36) and (.37) yield together with the
embedding C%7(Q) — L?(f2) the desired result. O

4. THE CONTINUOUS OPTIMAL CONTROL PROBLEM

In this section we state the continuous optimality system for problem (L2) and
describe the regularity of its solution in weighted Sobolev spaces. The exposition
follows those in [TL20]. The solution operator S : L2(T') — L?(£2) which associates
a state y = Su to a control u via ([3]) has already been introduced in Section [
We denote with S* : L2(2) — L?(T") the adjoint operator of S. One has

(Su,2)r2(0) = (u,S%2)r2ry Vu € L*(T), z € L*(Q).

Furthermore, we define the operator P : L?(2) — H'(Q) by Pz := p where p is the
solution of
—Ap+p=2z inQ,

(4.1) Op=0 onT.

The operators S* and P are related by S*z = (Pz)lF = pir- We can also associate
an adjoint state to every control u by P(Su —y4). Finally, we define the projection
H[aﬁb]f(x) := max(a, min(b, f(x)))

and the set of admissible controls as

Upa :={u € L*(T) :a<u <bae. onT}.

Theorem 4.1. The optimal control problem (L2) has a unique solution u €
L3(T). Let y = Su and p = P(Su — yq) be the state and adjoint state associated
with u. Then the variational inequality

(4.2) (p+vu,u— ﬁ)Lz(p) >0 Yu € Uyg
is satisfied, which can be expressed equivalently by
1
(4.3) u(r) = gy (—;ﬁ(m)) for a.a. x €T.
Moreover, let yq € C%7(Q) with some o € (0,1) and let B; and ~y; satisfy the
conditions
(4.4) 1>8; >max(0,1—X;) or f;=0andl—\; <0,
(4.5) 2>v; >max(0,2—-A;) or v, =0and2—-X; <0,

forj=1,...,m. Then § belongs to W§’2(Q), P to W:?OO(Q) and pr to W,?’OO(I‘).
Furthermore, the following estimate is valid:

||gHW§'2(Q) + ||15||W§v°6(9) + ||15‘|W§v°°(r) <c (HﬁHLz(F) + ||yd||covv(§z)) :
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Proof. Since the optimal control problem is linear quadratic and strictly convex,
the existence and the uniqueness of a solution @ € L?(I") is an immediate result;
compare also [61[7,[20]. The variational inequality ([@2]) represents the necessary
optimality condition which is also sufficient due to the strict convexity. The proof
of the equivalence between the variational inequality [@2]) and the projection for-
mula (@3] can be found, e.g., in [7]. To prove the assertion on the regularity and
the a priori estimates we start with the optimal control % in L?(I"). This implies
according to [I5] or Theorem 2.1 in [7] that 7 belongs to H*/?(Q) and

(4.6) 191 3720y < ellullp2(ry.-

Furthermore, one can conclude for any € € (0,1/2]N (0, o] with the Sobolev embed-
ding theorem that

(4.7) [9llcoey < cllyllmsre(a)-

Based on this, using the results of Lemma 24l we get that p admits the estimate

(48) 1Bl 2o @) + Il ry < elly = vallonsy < € (I9llons@y + Iallonsey )

provided that condition ([@H]) is satisfied. Due to the Lax-Milgram Theorem and a
standard trace theorem one also gets that

(4.9)  |plla2my <cllpllar@) < clly = yallzz) <c (HyHco,e(Q) + Hdecove(Q)) :

Since the optimal control u is related to the optimal adjoint state p via the projection
formula (£3) we obtain u € Hl/Q(F) and

1/2
_ _ |u(z1) — u(z2)|” (z2))?
oty < Dl + [ [ D=2 0, s,

1/2
_ a,p —%ﬁ(l’l) — o) (—25(22)) |2
=wmm+<// et ) = Mo ( ) e s,
rJr

|z — @2|?

_ . 9 1/2
(4.10) < lall 2 + ¢ (/ [p(xy) = ple2)” o d%) ,
rJr

|1 — 22

The last step can easily be verified, if one distinguishes the nine cases —p(z1)/v <
a N —plx2)/v < a, —p(x1)/v < a N a < —p(z2)/v < b, —p(z1)/v < a A
—p(z2)/v > b, a < —p(z1)/v < b A —p(x2)/v < a, etc. Using the embedding
HY2(T') — Wl/2 2(1")7 which is valid for 3 > 0, yields together with Lemma 23]

(4.11) ||gHW§’2(Q) < C||ﬂ||W%/272(p) < cllall g1/2(ry
provided that the condition (@) is fulfilled. Finally, the estimates (£8), (@7),
#£R), (E9), (EID) and @IT) yield the desired result. O

Corollary 4.2. Let yq € C%°(Q) with some o € (0,1) and let B; satisfy the
condition

(4.12) 1/2 > B; > max(0,3/4 —A;/2) or B;=0and3/4—X;/2<0

for j =1,...,m. Then the optimal adjoint state p|r = S*(Su — yq) belongs to
W;;(I‘) — Wé’oo(I‘) and the following a priori estimate holds:

(13) Wl < Pz < e (Il + o)
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Proof. We begin by proving that the first inequality of (£I3)) holds for 0 < §; <
1/2, j =1,...,m. The Sobolev inequality yields, with some ¢ € (1, 2],

m
_ _ Bi e =
Bl soe oy = WBllwroscroy + 0 3 57 08Pl e s
i=1]al<1

(4.14) < pllwazwoy + ey D 1 0 pllyrarsy-

J=1|al<1
For 0 < f3; < 1/2 we set 1/q = max((2 — 3)/2,(3+26)/4). Thus, 1 < g < 2. We
get with the product rule and part 1 of Lemma [Z1] that

Bj ga =
Z ”Tjjat p”wl,q(pji)
la <1
<c (||P||wg;ql(rj.t) + ||15||w;;{1(rji) + ||p||w§f(rji)>

(4.15) < C\|]5||ngv_q(rjc) < C||15||w22[;’j (r):
In the case that 3; = 0 we directly get this result from {I4) with ¢ = 2. In
summary, one obtains from the inequalities (£14]) and @I for 0 < 3; < 1/2 the
validity of the first inequality of (ZI3]). Finally, if we set the weights §; according
to (£12) and define the weights J; = max(0,7/8+38;/2—\;/4) forj=1,...,min
a clever way, then we get using part 2 of Lemma [2.I] and Theorem [4.1] the desired
result

||15||W22;(r) < C||15HW;°°(P) <c (HQHL?(F) + ||decovv(Q))

with some o € (0,1). O

5. THE DISCRETE OPTIMAL CONTROL PROBLEM

In this section we fully discretize the optimal control problem (I2)). The state
and the adjoint state will be discretized by piecewise linear and globally continuous
functions. The control will be approximated by piecewise constant functions.

In Section Bl we have already introduced the graded triangulations 75 of € with
its boundary triangulations £,. The space V}, has been defined by

Vi = {yn € C(Q) : yn|r € P1(T) VT € Ty}
Furthermore, we introduce the spaces
Uy, = {up € L) : uplg € Po(G) VG € &}
and
U .= Up N Upq.

The discrete variant of the state equation reads as follows: Find for each u € L?(T")
the unique element y;, € V}, satisfying

(5.1) a(yn,vn) = (u,vn) 2y Yun € Vi,

where the bilinear form a : H'(Q) x H'(2) — R is defined in [Z4)). We denote
with Sp, : L?(T") — L?(f2) the discrete solution operator which maps a control u to
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Spu = yp, via (BI)). The fully discretized version of the optimal control problem
can now be stated as

(5.2) Jh(’L_Lh)Z min Jh(uh),

uhEU}‘;d

with

1 v
In(un) == EHSh’U,h - de%z(Q) + §H'U,hHL2(F).

As in the continuous case we can deduce an optimality system for the discrete
problem. For that purpose we also introduce the discrete version of the solution
operator P which is denoted by P, : L*(Q) — H(Q) and defined by P,z = py,
with some function z € L?(Q2) and pj, being the unique element in Vj, such that

a(vn,pn) = (z,vn)L2() Yon € Vi,

Let S; : L?(2) — L?(T") denote the discretized version of the operator S*. Then we
can conclude that Sjz = (Pn2)r, since the adjoint of the discrete solution operator
is equal to the discretization of the adjoint solution operator. Furthermore, we have
that

(Shu, 2) L2() = (u, S52)L2(1) Vz € L*(Q), Yu € L*(T).

Finally, the discrete adjoint state is the unique element Py (Spu —y4) € V.

Lemma 5.1. The discrete optimal control problem [B.2l) admits a unique solution
up. Let yp, = Spup and pp, = Py(Spun — ya) be the discrete state and discrete
adjoint state associated with uyp. Then the discrete variational inequality

(5.3) (ﬁh + Vﬂh,uh—ﬂh)Lz(p) >0 Yuy € de
is satisfied.

Proof. This follows analogously to the continuous case. O

6. RESULTS FROM NUMERICAL INTEGRATION

For the subsequent discretization error analysis of the optimal control problem
we need some results from numerical integration on the boundary. Remember, that
the triangulation 7} of the domain ) induces a segmentation &, of the boundary I'.
We define the distance of the edge E to the corner 2\9) by rg ; = inf,ep |z — 20|
and the element size hg by hg := diam E. According to (B) there holds

e hYHi < hp < coht/hi for rg; =0,

(6.1) clhr;j“j <hp < czhr}ETj“j for 0 <rg; < Rj,
cih < hg <coh for rg; > R;,
for j = 1,...,m. Furthermore, for j = 1,...,m let &, ; be the subtriangulation

of &, such that UEeShjE - th and £ N th # E for all E ¢ &,,;. We set

Eno = E\Uj— Eny-
Now, let Sg be the midpoint of the edge F € &,. Then the projection operator
Ry, is defined as the O-interpolator onto Uy, i.e.,

Ry : C(T') = Uy, f— Ruf,

where
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In the proof of Lemma [B.7] we have already derived interpolation error estimates
in T. There we used the embedding W24 (T) — L>®(T) if ¢ > 1. Afterwards we
applied the Deny-Lions Lemma and embeddings, which hold for weighted Sobolev
spaces (cf. the steps between ([BI3) and BI6)). If we would do the same for
boundary elements F, we would get a condition that is too restrictive on the mesh
grading parameters p;. For that reason we use Lemma in the proof of the
following lemma about the approximation properties of the operator Ry,.

Lemma 6.1. Let 1/4 < pj < 1. Then the estimate

JEE

holds true for any element E € &, ; and every function f € WQQ(%,M)(E)'

< Ch2|E|1/2|f|W22(vi Ne2)
"

Proof. First, we observe that the integral vanishes for any polynomial p of order
one, hence

[~ Rupyis| = ] [ =p=Rals =i

< 1B (1 = Pl ey + 1En(f =Pl ()
(6.2) < clE(f =l (m)-
In the last step we used that Ry is a bounded operator from L>®(FE) to L*(E)
with || Ryl e (Ey—r~(z) = 1. Now we distinguish between edges E with rg; > 0
and rg; = 0. In the first case we use the embedding W22(E) < L*°(E) and
the Deny-Lions Lemma [10] after the transformation to the reference edge E. We
obtain

(6.3) ||f _p||L°°(E) = ||J?—15HLoc(E‘) < C||f—ﬁ||w2,2(1§) < C|f|w2,2(}§)~

The reverse transformation together with hg ~ hr}ifj“ yields

/E(f — Ry f)ds

In the second case, g ; = 0, we use the embedding W22(12—u~) (E) — W12’4/(5_4‘”) (E)
’ J

s WA/ G-4)(F) « L®(E) (see Section [), which holds for 1/4 < p; < 1
(cf. parts 2 and 1 Lemma [ZT]). By this we obtain, using Lemma [Z2]

< ClE‘1/2h125‘|f|W2’2(E) < C‘E|1/2h2|f‘W22(*127“‘)(E)'
J

1f = pllr=(r) = ||f—ﬁHLoo(E) <c[lf _ﬁHW%ffw)(E)

2

[ o - pyas
E

<cllf=plwzz i+

20w s<1

)

G
E

(6.4) =c | |fly22 j)(E)+Z

2(1—
* 5<1

since p is polynomial of order one. Next, we choose p such that the last term of (64))
vanishes, which is possible without any restriction. This yields

? 205 | ) —
(6.5) 1f = pllree) < C|f|W22(’f,“j)(E) < ChEuJ |E| 1/2|J[|W2‘2 ) (B)’

2(1—
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where we used 7212-(17‘”) ~ hEQ(k”j)rf(k”j). The inequalities ([G.2) and ([6.3]) yield
with hg ~ h'/#i the assertion for rg,; = 0. O

Corollary 6.2. Let E € &, and f € W?2(E). Then the estimate

< ch?|E[V?|flw22(m)

[~ Rugyis

s valid.

Proof. This follows from ([G2) and (€3] together with hg < ch after the reverse
transformation to the edge E. ]

Lemma 6.3. Let 0 < u; < 1. Then the estimate

[t = Rupyas

< chlE||flw; (m)

holds true for any element E € &, ; and every function f € Wll’_():j (E).

Proof. We get from (6.2)),

< c|E|[lf = pllre(e) < C|E\\|f—ﬁ\|LW(E)

[ (¢~ Bupas
E
(6.6) < C|E|||f _ﬁHWl,q(E) < C‘E||f|wl,q(pj)

where we used the embedding W1 4(E) — L°°(E) with some ¢ > 1 and the Deny-
Lions Lemma [I0]. Now we consider the case that rg; > 0. After the reverse

transformation to the edge E one gets with hg ~ hr;j”j ,

/E (f — Ruf)ds

In the case that rg ; = 0 we can conclude using (6.6) with ¢ =2/(2 — ;) > 1 and
the embedding Wll’f;j (E) «— W12/(=#3) (E), which holds for 0 < p; <1,

_ 1—p;
< C|E|1 1/th‘f|vx/1«z(E) < C|E|hrE,jHJ ‘f|W1v°°(E) <cE|h ‘f|wll_°l° (E)
]

[t = Ruyas

< C|E\|f|wll;f;jj(E‘)~

1—p;

Finally, the reverse transformation to the edge E together with f;f“ I~ b 717”;

and hg ~ h'/" yields

[ .= Rupas

j—1

< C‘E|hEhlg |f|W11f°_(E) < C|E|h|f‘W11f°V(E)' O
K ¥

Corollary 6.4. Let E € &, and f € WL>°(E). Then the estimate

< chlE||flwrem)

[ 7= rugyis

holds.

Proof. One gets this result from (G.0) with ¢ = co and hg < ch after the reverse
transformation to the edge E. (Il
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7. DISCRETIZATION ERROR ESTIMATES FOR THE OPTIMAL CONTROL PROBLEM

Based on the results of the previous sections we first analyze in the following the
fully discrete optimal control problem of Section [ with respect to its discretiza-
tion error. Afterwards we construct in a postprocessing step a new control which
possesses better approximation properties. Let

K = U E, Ky:= U E.
E€5h2ﬁ¢W22(’137m(E) Eesh:ﬁewjgim(E)
Throughout the rest of this paper we make the following assumption on the measure
of the set Kj.

Assumption 7.1. We assume that meas(K;) < ch.

Remark 7.2. This assumption is satisfied in many practical applications. For ex-
ample it is fulfilled if the optimal control w has only a finite number of kinks due to
the projection on the interval [a,b]. Section 4 in [20] contains a more detailed dis-
cussion on the validity of this assumption in the case @ =1 (quasi-uniform meshes)

where W; (’iﬁ)(E) = W?2(E). For refined meshes, Assumption [Tl is even slightly
weaker.

Let us define the L2-projection of a function f € L?(T') as the piecewise constant
function in Uy, that fulfills

Qnfle = |—;|/Ef(x)ds

on any element E € &),. The following approximation property of the L2-projection
is proven in Corollary 4.8 of [I].

Corollary 7.3. For any element E € &, and any functions f € H'(E) and
v € H*(E), s =[0,1], the estimate

(f = Qnfv)r2m) < b5l m vl (m)
is valid.

Lemma 7.4. Let Assumption [l be satisfied. Then the estimate
ISn (i = Bnit) 200y < ch® (Jallzary + lyallcor o)

is wvalid, provided that the mesh parameters [i are chosen such that T/2 < <
I/4+X/2.

Proof. First, we introduce the function S(u—Rpu) and apply the triangle inequality.
This yields

(7.1)  ISh(u = Rput)|| L2y < [[(Sh — S)(u — Rpu)|L2(0) + 1S(u — Rat) || 12(q)-

Applying the Nitsche method together with i < X (cf. the proof of Lemma 4.1 in
[1]) we get for the first term in (Z1J),

(S — $)(8— Rut)l ey < chlS(a — Bt sy
(7.2) < ch|lu— RhfLHLz(p) < Ch2|ﬁ|W61,2(F),
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where we used the a priori estimate given by the Lax-Milgram Theorem, a standard
interpolation error estimate and hr < ch in the last steps. Note that we use W(ﬁl ’Q(I‘)

instead of H!(T) since the former is defined piecewise. Let z = S(u — Ry ). Then
we get for the second term in (T1]),

1S(@ — Rnw)||72(q) = (S(@ — Rpt), 2) 2(q) = (@ — Ruli, $*2) L2(r)
(7.3) = (U — Qnu, S™2) L2(ry + (Qnt — Ry, S*2) 2(1),

where we introduced the intermediate function Qpu. Again, we estimate both terms
in (73] separately. One obtains for the first term with Corollary [[.3and hr < ch,

(u — Qnu, S*2)2(r) = Z (u — Qnu, S*2)2(p) < ¢ Z W2\l g ()| S* 2| 1 ()
E€é&y, Ee&y,

Next we apply the discrete Cauchy-Schwarz inequality, the trace theorem, the
Sobolev inequality, part 2 of Lemma [Z] and the a priori estimate from Lemma
This yields

_ _ 2 — 2 —
(U — Qhu; S*Z)L2(F) <ch |U|W61’2(F)|S*Z|W61’2(F) <ch |’U,|W61,2(F)||PZHH3/2+5(Q)

< Ch2|ﬂ|wﬁlv2(r)||PZHW214/3+E(Q) < Ch2|a|wﬁl’2(r)||PZ||W13’/:;€(Q)

(7.4) S Ch2|a|wg’2(r)HZ”WIE’/’;G.(Q) < Ch2|ﬂ|wg’2(r)‘|z||L2(Q)v

which holds for 0 < & < T/2 — max(0,T — X). For the second term in (Z3) we get
with the Holder inequality

(Qnu — R, S*2)2(r) < [|@ntt — Ratull L2y 157 2| Loe (1)
(7.5) < cl|@Qnu — Rpul ) 12l 2 @)

where we used the embedding Wg’Q(I‘) — L>=(I') and [S"z[y12p) < cl[z]|L2(0) as
0

in (T4]). Since Rpu is constant on every element E we can continue with

Qi — Ryt i vy = |Qn (@ — Rptt) |1y = Y

/(ﬂ—Rhﬁ)dS
Beg, W E
=3 3 ‘/ (@— Ryu)ds| + > > /(a—Rha)ds
j=0 Eeg, ; ' E j=0 Ee&y, ; |7 F
ECK; ECK>
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Using Lemmas [6.T] and and Corollaries and [64 we get for p; > 1/4,

1Qni = Ruill iy <c | D BlE|alwicom + Y Y PElEly e (i)

E€&p 0 j=1 E€&y ;
ECK; ECK;

£ 20 W ihwaa + 30 3 WIEM alyze )
“H

E€&h 0 j=1 E€&
ECKa2 ECKa2
m
< Ch|K1‘ W|W1‘°°(K1m"0) + § W'W;vw (K1nrd)
, —nj J
j=1

m
2 1/2 = U
+ ch®| K| / <|u|W2,2(K2mF0) + Z |uW22(*fu_)(K2ﬁI‘j:)>
J

Jj=1

2 f - _
(7.6) <ch <U|WT1,03(K1) + laly22 (K2)) '
i 2(T— )

where we used the discrete Cauchy-Schwarz inequality and Assumption [Z.1l Col-

lecting the results from the inequalities (1)), (T2)), (C3), (T4), (CH) and (7H)

yields

(7.7)  ||Sh(u— Rha)HL?(Q) < ch? <|’L_L|W61,2(F) + W|WT1,7°;(K1) + |tyy2.2 4)(K2)> .

2(I-@

Next, we take into account that @ is given by the projection formula (@3]). We
divide the boundary T into the boundary parts Z, where u = —p/v, and A, where
% =a or 4 =b. We obtain for i > 1/2,

(7.8) |ﬁ|wﬁl*2(r) < |mw§=2(z) + |ﬁ|wgvz(,4) < C\ﬂwﬁlv?(z) < C\|15||W22‘(~§_m(r)-

The last step holds due to the embedding W;(’giﬁ) (T) — WT2’2(1") — 1/1/61’2(1")7

which is valid for 7 > 1/2 (cf. parts 2 and 1 of Lemma ). Analogously we get
WWTlf;(Kl) + |E|W22(*§7m(1(2) <c <5|W§*°;(K1mz) + |pW22(’§E)(K2ﬂI))
(7.9) <c (plw;o;(r) - p|W§g§m<F>> .
In summary one obtains from the inequalities (T1), (Z8]) and (T3],
[Sn(a — Rhﬁ)”lf"(ﬂ) < ch? (|Pw%v°;(r) + |p||W22(‘;f’ﬁ)(1")> :
The results of Corollary imply for 1/2 < i < 1/4 + X/ 2,

ISn (i = Bnit) |20y < ch? (lallzacr + lpallcomay ) - O
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Lemma 7.5. Let v € L*(T') and z € L*(Q). The discrete solution operators Sy,
and Sy admit for 0 < ji <1 the estimates

1ShvllL2(0) < cllvllz2(ry,
[ Przllz2(0) < cllzll2 ),
1S5 2l L2y < ellzllL2(q)-

Proof. We prove the second and third inequality. The first one can be proven
analogously. The coercivity of the bilinear form, the Cauchy-Schwarz inequality
and the embedding H'(Q) — L2() yield

||th||fql(9) < ca(Prz, Prz) = c(2, Phz)r2(0) < cllzllL2@) | Przll e o)-

One gets the second inequality with the embedding H'() < L?(2) and the third
one with the trace theorem [|Syz|[r2ry < ¢l Prz| g1 () O

Lemma 7.6 (Supercloseness). Let Assumption [[1] and the condition 1/2 < ji <
1/4+ X/2 be fulfilled. Then the estimate

||Rhﬂ — ﬂh||L2(1") < chQ‘ 1nh|3/2 (HﬂHLz(r) + ||deCO,n‘(Q))

holds true.

Proof. To prove this lemma we proceed similarly to the proof of Lemma 5.2 of [I].
In Lemma 5.1 of [I] the validity of the inequality

V|[Rut — @nl|72py < (Rap — Ph, U — Rit) p2(ry
is stated. Inserting appropriate intermediate functions yields

V|| Ruti — n|72py < (Rup — P, i — Rpit) 2(r
+ (p— S, (ShRru — ya),up, — Rhﬁ)L2(p)
(7.10) + (SZ(SthfL — yd) — Dh,Up — Rhﬂ)Lz(p).

We are going to estimate each term on the right-hand side of (ZI0) separately.
Since up — Rpu is constant on every boundary element E we obtain for the first
term,

(Runp — p, up — Rpti) 2y = Z / (Rnp — p)(up — Rpu)ds
E

Eecé&y,
= Z Z (up — Rhﬂ,)|E / (Rrp — p)ds.
j=0 E€&)y ; E
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Using Lemma and Corollary we can conclude as in the proof of Lemma [7.4]
for 1/4 < i < 1/4+ \/2,

(Rnp — p,un, — Rpt) r2(my

< ch? Z |E["?|(an, — Rutt) | | |plwe22(m)
Ecé&no

m
+Z Z |E|1/2 ’(ﬂh - Rhﬂ)\E‘ |13‘W22(127 L, (B)
j=1E€&,; Hi

=ch® [ D lin — Ruiill 2 Blw22(m)
E‘eSh‘o

m
>0 lan = Rl cz e Plwzz (g
j=1 EEE},,J‘ =

< ch?||uy, — Ryt plyy2.
= [an h ||L2(F)|p|W22(137m(F)
(1) < k@ — Ruall ey (all 2y + Iall oo ) -

The last two inequalities hold with respect to the discrete Cauchy-Schwarz inequal-
ity and Corollary 2l For the second term in (IOl we get with the Cauchy-Schwarz
inequality

(p— S5 (ShRpu—ya), un — Rpu)r2ry < ||p—Sh(ShBRrt—ya)l 20y |tn — Rut||L2(ry-

We again introduce intermediate functions, apply the triangle inequality and
Lemma By this we get

1P = Sp(ShRru — ya)ll L2y = 1Y — ya) — Sp(ShRrt — ya)ll2(r)
<NS™ = Sp) @ = ya)lle2y + [I1SK(S — Sn)ull 2 vy + IS5 Sh (4 — Raw)|| 221y
< 0S™ =S¥ = ya)llLzry + cll (S = Sn)ill 2 () + cllSh(t — Rpa) || 2 (r).-

These three terms have been estimated in Theorem [3.2] TheoremB.1] and Lemmal[7.4]
Thus, one obtains for 1/2 < i < 1/4+ X/2 < X and some € € (0,1/2] N (0, 0] with
o€ (0,1)

(P — Sh(ShRrt — ya), Un — Rptt)p2(r)

< ch?|In h[*/? (|§ —Yallco.e@) + ||?3‘|W§fﬁ(sz)

+ ||af 2y + |yd||coya(9)) llun — Ryt p2(ry
< e (Il o + ol

+ ||yd|covv(s'2)> [an — RnullL2(r)

(7.12) < ch?|Inhf*’? (WHL?(F) + ||yd|co,o(sz)> |un — Rpall2ry,
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where we used the embedding WTQ’_zﬁ(Q) — WTQ/z(Q) — W22/C=9(Q) — C%(Q)
(according to part 2 of Lemma [Z1] and the Sobolev inequality) and Theorem [Tl
Having in mind the definition of p;, and S} we get for the third term in (ZI0)

(Sh(ShBt — ya) — ph,un — Rptt)p2ry = (S, (Sn(Rrt — un)), un — Rptt) L2 (r)
(7.13) = (Sh(Rnt — @n), S(an — Rutt))p2() = —[|Sn(Ruti — an)[|72(q) < 0.
Finally, the inequalities (TI0), (ZI1)), (CI2)) and (CI3]) imply the desired result. O

We are now prepared to formulate our main result. Let u be the solution of the
optimal control problem (L2]), y = Su the corresponding state, and p = P(Su—yq4)
the corresponding adjoint state; see Theorem Il Furthermore, let @y, g5 and py,
be their discrete counterparts as introduced in Section Bl see Lemma 5.1l We define

the projection 4y of pj, by
- 1_
tp = g p (-;ph) :

This function @y, is piecewise linear and continuous, but it does not belong to the
finite element space Vj|r in general. However, one can prove that dp possesses
superconvergence properties.

Theorem 7.7. Under Assumption [[1] the discretization error estimates
15— Gnlzzoy < ch? A2 ([l 2y + Iall ooy )
15 = PullLzy + 12 = Prll2 (o) < ch?| In h|3/2 <||ﬂ||L2(F) + ||yd||co,a((z)) )

I = @nllzary < ch? b2 (allar + lyallcos @)

—

hold, provided that the grading parameter [ fulfills the condition T/Z < i<
I/4+X/2.

Proof. Let € € (0,1/2]N(0,0] with o € (0,1) and 1/2 < i < I/4+X/2. Introducing
intermediate functions, the triangle inequality and Lemma yield

1Y = onllzz) < 1(S = Sh)allrz) + [[Sh(a — Rpw)|[L2(9) + Sk (But — )| 22(0)
< |[(S = Sh)ull 2y + 1Sn(a — Rpw)||L2(a) + cl|Rrt — un || L2 (r).-
If we apply the results of Theorem [B.I] Lemma [[4] Lemma and Theorem [T
we obtain

15 = Gnll 2 (@) < ch®|Inh[*? <||Z7||w§»2ﬁ(9) + all 2y + ||ydlco,a(§2)>

(7.14) < ch?|n b’ (a2 + Noallcoo )
The error of the adjoint state on the boundary and in the domain can be estimated
by
1P = pullzzy + 1P — pallez) < N(S™ = Sp) (W — ya)llzz@y + 1Sh (Y — Un)ll2 ()
+[(P = Pu)(y — ya)llzz) + 1Pu( — yn)ll 22(0),
< NS = Sp) (W — ya)ll L2y + (P = Pu) (¥ — ya)ll L2«
115 = Unll2 )
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where we used Lemma Next, we apply Theorem [3.I] Theorem and ([CI4).
By this we get

2 — P2y + 1P — Prllz2 (o)

< 1A (17 = ooy + 17 = vilhwe, oy + 20 + sl )

< e[l b2 (nynco,e(m+||y||wg=a(m+|u||m<r>+||yd||w9,a(m + |yd||co,a(m) .
- i-@

The embeddings WT2’_2FL(Q) - WIQ/E(Q) — W22/2=9(Q) — C0¢(Q) — ng’_Qﬁ(Q)a

which hold according to part 2 of Lemma 2T and the Sobolev embedding theorem,
yield together with Theorem F.T]

(7.15) 1P = Bullor) + 16 — Bl < ch?|Inh[*/? (HQHL?(r) + ||yd‘|covv((2)) :

Finally, we observe that the projection operator I, is Lipschitz continuous
(cf. also the proof of Theorem FTI). This implies together with (I3,
<c|lp = prll2ry

1_ 1_
gy ( ==P ) = o) { —=Pn
1% 1% L2(1—\)

< ch2| In h|3/2 (H’TLHL2(F) + HdeCo,a(Q)) ,
which ends the proof. O

l/”ﬂ — ﬁh”L?(I‘) =v

Remark 7.8. An alternative discretization concept for optimal control problems is
variational discretization. It is introduced in [I2] for distributed control problems
and applied in [6] for Neumann boundary control problems. The finite element
error estimate on the boundary given in Theorem can be used to prove the
same discretization error estimates of order two (up to a logarithmic factor) for
this concept, compare Section 7 in [20] and Section 6 in [I].

Remark 7.9. In our former paper [I] we proved error estimates of order % for

Iy — ynllz2), 10— Prll2ry, 1P — Pullzz(e), and ||& — @p|/ L2y by using simpler
techniques and a weaker grading condition. The numerical tests in Section 7 of [I]
showed that a stronger mesh grading leads to almost second order convergence; see
[I, Table 1], and initiated the research of the current paper. Hence the numerical
example there can be considered as an example for the theory developed here.

8. PROOF OF REGULARITY RESULTS

The aim of this section is to prove Lemma 23] and Lemma -4l To this end, it is
useful to have a second type of weighted Sobolev space and appropriate weighted
Hoélder spaces available.

The spaces V; P(2) and V; P(T') are defined analogously to the weighted Sobolev

spaces Wg’p (Q) and Wg’p (I"), respectively (see Section[), except that the weighting

functions rfj in the definition of the norms are substituted by rfj7k+‘a|. Note that
the the classical Sobolev spaces WkP(Q) are included in the weighted Sobolev

spaces Wg’p(ﬂ) by setting 8; = 0 for j = 1,...,m, whereas they do not belong to
the scale of the weighted spaces V; (). But there is a relation between the space
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Wg’p(ﬂ) and the space V;’p(Q). We recall Lemma 2.1 of [I], which represents this

relation for k = p = 2. For general k € Ny and 1 < p < co we refer to Theorem 2.1
of [22].

Lemma 8.1. Let n;, j =1,...,m, be infinitely differentiable cut-off functions in
Q equal to one in QR; /64 and suppn; C Qg,. For Be (0,1)™ one has
W§72(Q) = V§72(Q) S mPo(€2) & - -+ @ nmPo(9),

where Po(Q2) is the set of constant polynomials on Q. In particular, for any
UNS WEQ(Q) one can write v =vs + 311, nv(z) with vy € VE’Q(Q). Moreover,
the norm equivalence

HU||W;2(Q) ~ H’USHVBE’?’(Q) + Z |’U($(]))|
j=1

is valid.

Finally, we introduce the weighted Holder spaces Ngﬂo(Q), where k € Ny, 0 €

(0,1) and E =(B,..., Bm)f € R™. These spaces consist of all k times continuously
differentiable functions in Q\C such that

m
(8.1) Iollysnay ~ Illonaoy + D Il
j=1

is finite, where

Bj—o—k+
lollys o) = D I~ Do )
’ la] <k

LY IB@PDRE -6 D]

\a|:km’yeQRJ‘ | =yl

The trace spaces N7 (T') are defined in the same manner.

Now we have everything at hand to discuss the regularity results. If the boundary
of the domain € is smooth enough, and if f € L?(Q2) and g € H'/2(T'), then one can
show that the generalized solution is an element of H?(f2). In polygonal domains
this statement fails. In general the weak solution of ((LT]) does not belong to H?(£2)
if w; > 7 for some j. Instead, one can show that the solution has the asymptotics

m
)\.
Y= Zﬂjco,j + Z n;ic1,575" cos(Aj95) + Yregs
j=1 Jiw;>T
where 7; denote the cut-off functions introduced in Lemma [8] ¢y ; and ¢; ; are
some constants, A\; = m/w; and the function y,eg belongs to H?(£2). For more gen-
eral f € WE’Q(Q) and g € W1/2’2(F) with max(0,1 — A;) < 8; < 1 the asymptotic

B
representation

m
y= anco,j + Ysing
j=1
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holds, where ysing belongs to VE’Q(Q) (cf. [25, Chapter 2]). Based on such repre-

sentations, regularity results in weighted Sobolev spaces can be proven. The result
needed is stated in Lemma 231 We will now sketch the proof.

Proof. (Lemma [23]) We get from the Lax-Milgram Theorem the unique solvability
of problem (L) in H'(Q2) if 3; < 1. The unique solvability in WEQ(Q) and the
validity of the a priori estimate for max(0,1 — ;) < 3; < 1 is then a consequence
of Lemma 6.3.3 of [21] by using a partition of unity method (the aforementioned
asymptotic representation is used in the proof of that lemma). In the case that
Bj =0and 1 — A; <0 we can deduce the unique solvability from Corollary 4.4.3.8
of [II]. The a priori estimate holds in that case according to Theorem 4.3.1.4 of
[T1] and the Lax-Milgram Theorem. O

Next, we would like to prove also regularity results in Wﬁ%oo(ﬂ) and Wg’m(l—‘)7

as stated in Lemma [Z4]l To our knowledge there is no reference where this is done
directly. Instead, we use regularity results in weighted Holder spaces for that pur-
pose. The following lemma represents parts of Theorem 1.4.5 of [17], which has been
adapted to our setting (compare also [22]). Note, that asymptotic representations
of the solution are again used in its proof.

Lemma 8.2. Letu € VE’Q(Q) with B; =1/2 for j=1,...,m be a solution of
—Aut+u=F 1inQ,
Ohu=G only, j=1,....m,
where F € N;.’U(Q) and G € Ng’U(F). If0<24+0—-9; <Xjforj=1,...,m,

then u belongs to N;’U () and the a priori estimate

(32) ez oy < € (IFyer oy + 1Glyzom + lullzie)
3 5 3
is valid.
We are now prepared to prove Lemma 2.4

Proof (Lemma [24)). From Lemma [Z3] we know that the solution y of (1) belongs
to W;Q(Q) if 1 > 3; > max(0,1— A;). In the following we choose 8; = 3, which
is possible since A\; > 1/2 for every w; € [0,2m). Next, we would like to apply
Lemma B2 but y ¢ V;Q(Q). Instead, we first use Lemma [l This yields the

splitting

m

oy — () 2,2

(83) wi=y = myla?) € V)

J:
where n; denote the cut-off functions introduced in Lemma Bl Furthermore, u
solves

—Autu=f=> ny?)+> yaP)Ap=F inQ,
j=1 j=1
8nu:—Zy(:c(j))8n77j =G only, k=1,...,m.
j=1
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Let 0; > o be real numbers for j = 1,...,m. Then, one can show for any function
w € C%9(Q) that

lwllyee (@) < llwlco.r @

m
85— 5, lw(z) —w(y)|
eS| “wllcog@n) + sup ()% T
— YEQR,
’ o=yl < dr (2)

(8.4) < C||’wHCo,o(Q)

(cf. Section 1.1 in [27] for technical details or Section 5 of [22]). Thus, the functions
[, n; and An; belong to Ng’J(Q) and 0,1; to N(S}’U(I‘) (An; and 9,,n; even vanish
in the neighborhood of every corner). Based on this we can conclude for §; —o > 0,

F e N27(Q) and G € N27(T).

Now we can apply Lemma We obtain that v belongs to Ns’g(ﬂ) if0<2+0—
0; < Aj for j =1,...,m. Furthermore, the a priori estimate

(85) a2 < ¢ (1o @ + [Glyse + lullzie)
is valid. By setting v; = 0; — 0 > 0 we obtain
m

||y||W§v°C(Q) + ||ZUHW§~°°(F) <c ||ZUHC2(QO) + Z Z Hrszay”CO(QRj)
J=1]al<2

m
<c| lullez@oy + > D ||7";/jDaUHCO(QR].)
=1 jal<2

+ 3 @) [Imllez@m + - I Donsllcoan,)

J=1 lor <2

<c | lullea@oy + D D Iy Doulleoay )+ ‘y(lxj))‘
J=1|a|<2 j=1

where we inserted ([83]) and used that r;/j (for ; > 0) and |D*n;| is bounded by a
constant. Since v; =J; — o and 2 — |a| > 0 for |a| < 2 we can conclude

Hy“W:?’N(Q) + ||y\|W§,W(F)

m m
0j—o—2+|a o ;
< e ullexan + X2 3 11Dl o, ) + 3 [y
i=1|a|<2 j=1
m .
86)  <e|lullyzeq+ Y |y
j=1
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Next, we apply the a priori estimate ([83), which holds for v; > 2 — X;, and insert
the definitions of F' and G and ([83]). This yields

lullyze @) < e [ 1F + 2 0@D) (@ng = ) oo + 1 Y 5@ 0unsllyrory
j=1 j=1

Hy = ny@ )L

j=1

(8.7) < | Il + Iyl + 3 [v (+2))|
j=1

Again we used that |D%n;| is bounded by a constant. The last two terms in (8.7
can be estimated by applying the Sobolev embedding theorem, part 2 of Lemma[2.T],
and the a priori estimate of Lemma By this we obtain with some € € (1,4/3)
(see Section [),

lllzrcay + 3 v (+9)| < ellvliooy < ellvllvasreqa) < cllvllwazo

j=1
(8.8) < C”f”wg”“(()) <cllfllzz < cllfllcoe -

Finally, the inequalities ([84]), (86]), (87) and (BF) yield the a priori estimate of
the assertion. 0

9. ADDED AFTER PROOF

(1) On page[3] line 2 below equation (3.14), the choice ¢’ = 4q/(2¢+2+aq) > 1
should be replaced by ¢’ = 2¢?/(4g — 2+ ag(qg — 1)) > 1, and on the next
line the embedding W24(T') < W24 (T') should be replaced by W94(T") —
Wod' (1),

(2) On page b6 lines 3 and 4 below equation (6.3), the quantity 4/(5 — 4/;)
should be replaced by 8/(9 — 4p;).

(3) On pagel68] line 3 below equation (8.7), It should read e € (0,1/3), instead
of e € (1,4/3).
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