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Abstract: This paper presents the main analytical methods, in the context of current developments
in the study of complex multibody systems, to obtain evolution equations for a multibody system
with deformable elements. The method used for analysis is the finite element method. To write the
equations of motion, the most used methods are presented, namely the Lagrange equations method,
the Gibbs–Appell equations, Maggi’s formalism and Hamilton’s equations. While the method of
Lagrange’s equations is well documented, other methods have only begun to show their potential in
recent times, when complex technical applications have revealed some of their advantages. This paper
aims to present, in parallel, all these methods, which are more often used together with some of their
engineering applications. The main advantages and disadvantages are comparatively presented. For
a mechanical system that has certain peculiarities, it is possible that the alternative methods offered
by analytical mechanics such as Lagrange’s equations have some advantages. These advantages
can lead to computer time savings for concrete engineering applications. All these methods are
alternative ways to obtain the equations of motion and response time of the studied systems. The
difference between them consists only in the way of describing the systems and the application of the
fundamental theorems of mechanics. However, this difference can be used to save time in modeling
and analyzing systems, which is important in designing current engineering complex systems. The
specifics of the analyzed mechanical system can guide us to use one of the methods presented in
order to benefit from the advantages offered.

Keywords: Maggi’s equations; Lagrange method; Gibbs–Appell equations; Hamilton formalism;
analytical mechanics

1. Introduction

In recent years, research, led by practical applications in engineering, and which uses
increasingly complex equipment, operates at higher speeds in difficult environmental
conditions, and which is subjected to intense loads, has driven the development of methods
for analyzing large deformable mechanical systems. Studies determined by these devel-
opments in technology have led to the analysis of multibody systems with deformable
elements. In order to perform this analysis, the researchers developed and reinvented the
existing methods to apply them to the new situations that has arisen. The development
of this field is based on the numerical techniques related to the finite element method
(FEM) as well as on the application of classical methods used in analytical mechanics (the
latter representing the best way to approach such systems). Analytical mechanics has the
advantage of general methods in which the procedures that apply follow a certain order,
the same in which all cases may occur. These methods can be easily algorithmized. The
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methods of analytical mechanics fit well with such an analysis because of the problems of
complexity and the possibility to study a mechanical system with a large number of degrees
of freedom (DOF). Such an analysis avoids the study of each element and the assembly of
the obtained systems of equations, and it allows for the obtainment of the evolution equa-
tions, starting from the fundamental notions written for the whole system (kinetic energy,
potential energy, work, acceleration energy, momentum, Hamiltonian, etc.). This is possible
due to the tools used by analytical mechanics, which generalize the way of presentation of
motion. The constraints that occur in engineering systems (due to the connections between
the elements and the connection to the fixed space) that reduce the DOF number of the
system are best described in the analytical mechanics, regardless of the method applied.
Analytical mechanics has proven to be a powerful tool for analyzing complex systems,
providing a set of equivalent formulations from which the most appropriate formulation
can be selected.

The basic notions from the analytical descriptions stated above allow for a complete
description of the mechanical system and can easily obtain the solution.

The main advantage of using Lagrange’s equations in engineering is that it allows for
a unitary solution of the problems of the dynamics of mechanical systems, according to
a well-established itinerary and by moving through the same stages each time. Thus, the
method is well suited for algorithms. Another advantage is that only scalar quantities are
used instead of the vector quantities used in Newton’s equations. Lagrange’s equations can
also highlight the existence of motion constants, which in some cases, can simplify solving
the problem [1].

However, analytical mechanics offers other alternatives for writing the equations of
motion of a dynamic system that, in some situations, may have advantages over Lagrange’s
classical approach. For this reason, during the development of the elastic MBS study,
different methods were applied, identifying the advantages and disadvantages. The
engineering requirements for the study of high speed and high load systems have driven
the development of research for the application of MEF in the case of multibody systems
(MBS), and there are many papers that address such a problem in order to obtain immediate
practical results [2–9].

The practical applications for solving concrete problems, immediate in the industry,
were supported by theoretical works that developed the mathematical bases of the numeri-
cal modeling of such problems. The aim of these works is to develop wide possibilities of
computer simulations for the analysis of more accurate models, which will capture signifi-
cant details in the operation of mechanical systems. The development of such appropriate
algorithms allows for the modeling and analysis of systems that cannot be solved with
existing computer codes. The main problem is that the procedures used in MEF differ from
the procedures used in flexible multibody system codes.

Three ways of approaching such problems are used. The first of these approaches
uses algorithms that involve successful simulations by establishing an interface between
existing codes. The second way is to implement algorithms aimed at studying MBS in
existing finite element algorithms. The third way used is the finite element formulation of
the behavior of MBS with elastic elements, which requires a great effort for implementation
in computer algorithms. A number of papers presents these methods [10–12].

Works dealing with the effective integration of equations of motion show results
obtained to facilitate this step in [13]. Precise modeling of such systems is an important
contribution to the development of engineering, but the potential is low due to the nu-
merical calculation involved. The integration of the equations of motion of a complex
multibody system is a time consuming computation. For example, simulating the behavior
of a crankshaft that interacts with the surrounding elements requires a processing time
for the CPU of several hours and determines the total time required for such a calculation.
Methods for improving this step are presented in [13].
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In addition, the use of symbolic calculus allows for a faster simulation code. A general
integration procedure using the symbolic calculation was presented in [14]. A comparison
with other models used in the literature highlighted the advantages of this approach.

In this theoretical development, multibody codes proved to be powerful tools for
studying the nonlinear response of MBS with elastic elements. These systems might have
had rigid movements over which small elastic deformations overlapped. For example,
Refs. [15,16] presented a unitary approach and an overview of how to prepare the necessary
data for dynamic models. The determination and writing of the matrix coefficients that
intervened in the equations of motion were performed outside the code of the finite element.
These data were then stored in a standardized object-oriented structure, and thus the dataset
became independent of the wording of the MBS code.

Interesting methods of analysis and calculation simplification and some engineering
applications are presented in the literature. A computational system framework was
introduced in [17] using the finite element absolute nodal coordinate formulation. In that
paper, they created the geometry of the system that made the analysis of the system possible.
These two methods of analysis, MBS and FEM, were used to analyze a rocket sled, and the
main problem was to establish the boundary conditions [18]. Using, in conjunction, these
two methods, the simulation became more effective than those previously made using
classical analyses.

Some issues regarding the harmonization of the two MBS and FEM analysis methods
are presented in [19,20]. After developing a formalism that allows for the simultaneous
analysis of systems using the two methods, the authors present engineering applications
confirming the validity of the analysis and the models used. A successful application
for a complex mechanical system is made in [21], where railway vehicles were analyzed
using flexible tracks models. The study proposed a model that has flexible railway tracks.
Classical theory of Timoshenko curved beam was used for modeling. The paper presented
new aspects concerning the computation procedures applied in this analysis. Applications
for the study of composites were developed in [22,23], and mathematical methods of
solving with practical applications justifying the applicability and advantages were studied
in [24–26].

Modeling a flexible multibody system used in parallel with MEF requires significant
computing resources. One strategy used by researchers is the use of reduced-order models
(ROMs). For plane systems, an approach using classical Lagrange equations is presented
in [27]. The method can be extended to three-dimensional systems. This method helps to
significantly reduce the effort and computation time required.

Topological representations and models have been used to simplify the symbolic
writing of equations of motion within these systems in order to reduce the time required
for modeling. An example showing this mode of analysis is presented in [28].

Mathematical methods for solving MBS problems with elastic elements have been
continuously developed in order to find the best way to deal with this type of problem,
which involves considerable modeling and calculation effort. In this sense, the reduced
transfer matrix method for a multibody system (MSRTMM) was developed. An application
of this method, along with the Riccati transformation, is presented in [29]. Three case
studies were analyzed: a thin rectangular plane plate, a parallelogram thin plane plate and
a multibody system with two-dimensional elements. MSRTMM has the advantage of high
computing speed, ease of writing algorithms and numerical stability.

Specific methods have been developed for systems with certain features. An exact
calculation method using dynamic stiffness was used to analyze vibrations of multibody
systems with flexible beams connecting rigid bodies [30]. Rigid bodies can have any geom-
etry and can have connections between them by means of elastic beams. The results were
compared with other published results. This method is a powerful tool for optimizing such
systems or for identifying modal parameters. A mathematical framework for calculating
the mass matrix of a rigid–flexible multibody system with parameters is presented in [31].
The proposed method of analysis was applied to the calculation of a parallel Delta robot. In
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the field of mathematics involved in solving these complex problems, different models and
ways of approaching systems have been proposed. For example, in [32], the well-known
Ritz method was applied, which is especially known for its computational efficiency and is
used extensively by engineers. It was proposed to use a generalized version of the MBS
study method with a general topology. The numerical examples developed illustrate the
advantages of the method.

The evaluation of inertial forces is a central and complicated task for the dynamic anal-
ysis of flexible multibody systems (FMS). A high-precision formulation for a 3D problem of
flexible multibody systems is presented in [33]. The novelty is that the equations of motion
were obtained with the principles of virtual power, without having to use the differenti-
ation of the rotation matrix. Some numerical examples support the method proposed in
that paper.

A practical method for numerically solving problems related to eigenvalues is pre-
sented in [34].

This paper presents, critically, the main methods of analytical mechanics used for the
analysis of MBS with linear elastic components. To achieve this, a brief review of the use of
MEF in this type of analysis is made.

2. FEA of Elastic MBS

To analyze an MBS having elastic components and to use FEM to consider the elastic
behavior, the most used method thus far is the method of Lagrange equations, which
will be highlighted in the future presentation. The purpose of an analysis of this type
is to obtain, in a first step, the evolution equations for a single finite element from the
studied system, if shape functions are known (thus, the type of finite element). These shape
functions will determine the matrix coefficients of differential equations obtained. The
equations are expressed in a local reference frame related to the finite element analyzed
in rigid motion, together with the whole body that it discretizes. They must be reported,
as a whole, to a global reference system against which the movement of the whole system
will be analyzed. After this transition is made, it is necessary to assemble the obtained
systems of equations. In this way, we finally obtain the system of evolution equations.
All these presented procedures are performed according to the classical and well-known
methods applied in FEM. By introducing boundary conditions and loads, one can then
proceed to solve the system of equations and determine the answer to the system. In this
analysis, the deformations are considered small enough such that the general movement
of the system (rigid movement) is not influenced in any way by these deformations. The
main problem remains regarding the harmonization of the two methods, which both use
different procedures.

The analyzed works present the evolution in the study of these problems, starting
from simple, one-dimensional elements and gradually moving to more and more complex
finite elements. In the first studies of such problems, one-dimensional finite elements were
studied, and the movement of the system was considered plane [35–37]. Complex, bi-
and three-dimensional finite elements have been studied and applied in [38]. Recently,
methods of analysis have been developed, and more sophisticated models have been
studied. For example, the damping issues in such systems are presented in [39–41]. The
contributions in these papers refer to the development of different types of finite elements
that serve the purpose. Iterative methods and the Newton–Raphson algorithm can be used
to solve the equations of motion. The analysis of the effects of temperature in the study
of MBS with flexible elements is presented in [42]. The paper proposes a sandwich beam
element that is convenient for describing large displacements and rotations. As in the cases
mentioned above, an incremental–iterative method is used to solve the evolution equations
together with the Grünwald approximation and the Newton–Raphson algorithm. The use
of composite materials in flexible multibody systems is presented in [43], and a systematic
presentation of the results obtained in FEM applied to the study of elastic MBS is made
in [44].
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Lagrange’s equations are the main tools to obtain motion equations for a finite element
that discretizes an MBS system, regardless of whether one-, two-, or three-dimensional
finite elements or the type of motion of the elements of the MBS system are used. This
method has proven to be, over time, useful and has been relatively convenient in the
application and verification of the countless applications studied within it. The major
advantage of this method is the use of notions with which researchers are familiar. At this
time, in the studies, Lagrange’s equations are the most widely used method for studying
such problems.

However, analytical mechanics offers alternative methods of analysis equivalent to the
method of Lagrange’s equations. These methods use less commonly used concepts, which
distances researchers from using these alternative methods. At the moment, the diversity
of the approached problems and the needs for analysis imposed by the development
of technology make it necessary to re-evaluate these methods, as they can show their
advantages in certain situations. This paper will show an analysis of the main methods of
analysis in analytical mechanics and will try to point out the advantages and disadvantages
involved. The methods presented and analyzed in the paper are Lagrange’s equations,
Gibbs–Appell equations, Maggi’s formalism and Hamilton’s equations. These methods are
the most used methods in application. There are, of course, other equivalent or alternative
methods, but they are much less used and we do not present them here, especially since
there are only a few papers that use them, and they do not seem to have obvious advantages.

We observe here that the Lagrangian has, in its component, physical quantities with
which we are well acquainted (kinetic energy, potential energy, work)—a strong reason is
that it is frequently used. Another reason can be represented by the fact that the generalized
coordinates allow for the unitary treatment of such a system and the representations used
allow for an easy application of numerical methods. Another advantage is represented by
the fact that the liaison forces (or Lagrange’s multipliers) are eliminated in writing these
equations such that the number of unknowns is reduced and limited to the generalized
coordinates in the first instance. FEM, where the number of DOFs used is high, can lead to
a significant decrease in working time, and it is a major advantage for the user.

The energy of accelerations is a notion little used by researchers. A disadvantage is that
the expression for velocity contains four matrix terms, while the acceleration contains five
such terms [45,46]. For this reason, the number of operations for determining the energy
of accelerations is slightly higher than for obtaining kinetic energy. This disadvantage is
offset by the significantly lower number of differentiation operations required compared
to Lagrange’s equations. The method is little used, although in recent years, the need for
calculations has led to reconsideration of the method [47–51]. The main advantage is the
lower number of differentiation operations required to obtain the final equations of motion.

Hamilton’s equations were less frequently used in the dynamic analysis of mechanical
systems. There is little literature to present the advantages or disadvantages of this method.
However, if we take into account that the system of second-order equations is replaced
by a system of first-order equations, the use of this method may show its advantages for
suitable applications [52–55].

Recent contributions to the development of this field are presented in [56–59].

3. Kinematics

A brief recapitulation of basic notions in analytical mechanics is necessary [60]. In the
following, the element will relate to a local (mobile) reference frame. The mobile reference
system participates in the general movement of the MBS system. This element is known via
the angular velocity ω, angular acceleration ε, velocity vo and acceleration ao of the origin
of the local reference system. We use two indices L (from local) and G (from global) to
denote the sizes corresponding to the local and global coordinate systems. The orthonormal
operator [ROT] makes the transformation of the components from the local system to the
global one, {a}G = [ROT]{a}L.
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By differentiating the transformation operator [ROT], it is now possible to obtain the
angular velocity and acceleration operator [61].

An arbitrary point M becomes, after deformation, M’. In this case, the deformation
process is expressed by:

{rM′}G = {rO}G + [ROT]({r}L + {u}L). (1)

The linear dependence between nodal displacement and vector displacement of the
current point of the element is expressed in FEA through a linear relation:

{u}L = [N]{δ}L. (2)

Here, {δ}L is denoted by the vector of the independent coordinates. With this assump-
tion, the velocity vector of M’ becomes:

{vM′}G =
{ .

rM′
}

G =
{ .

rO
}

G +
[

R
.

OT
]
{r}L +

[
R

.
OT
]
[N]{δ}L + [ROT][N]

{ .
δ
}

L
. (3)

and the acceleration vector:

{aM′}G =
{..

rO
}

G +
[

R
..
OT
]
{r}L +

[
R

..
OT
]
[N]{δ}L + 2

[
R

.
OT
]
[N]
{ .

δ
}

L
+ [ROT][N]

{ ..
δ
}

L
. (4)

We can observe that some of these sizes are expressed in the local system coordinate
and others in a global system coordinate. Passing to the local frame, we have:

{vM′}L = [ROT]T{vM′}G =
{ .

rO
}

L + [ROT]T
[

R
.

OT
]
{r}L + [ROT]T

[
R

.
OT
]
[N]{δ}L + [N]

{ .
δ
}

L

=
[
[E] [ROT]T

[
R

.
OT
]

[ROT]T
[

R
.

OT
]
[N] [N]

]


{ .
rO
}

L

{r}L

{δ}L{ .
δ
}

L


.

(5)

{aM′}L = [ROT]T{aM′}G=
{..

rO
}

L + [ROT]T
[

R
..
OT
]
{r}L + [ROT]T

[
R

..
OT
]
[N]{δ}L + 2[ROT]T

[
R

.
OT
]
[N]
{ .

δ
}

L
+ [N]

{ ..
δ
}

L

=
[

[E] [ROT]T
[

R
..
OT
]

[ROT]T
[

R
..
OT
]
[N] 2[ROT]T

[
R

.
OT
]
[N] [N]

]



{..
rO
}

L

{r}L

{δ}L{ .
δ
}

L{ ..
δ
}

L


.

(6)

4. Fundamental Notions in Dynamics of FEA of MBS
4.1. Kinetic Energy

The kinetic energy plays an important role in an analytical description. Its expression
is given by the equation:

Ec =
1
2

∫
V

ρ{vM′}T
G{vM′}GdV. (7)
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Considering Equation (5), it obtains, for kinetic energy, the complete expression:

Ec =
[ { .

rO
}

L {r}L {δ}L

{ .
δ
}

L

]


[E] [ROT]T
[

R
.

OT
]

[ROT]T
[

R
.

OT
]
[N] [N][

R
.

OT
]T

[ROT]
[

R
.

OT
]T[

R
.

OT
] [

R
.

OT
]T[

R
.

OT
] [

R
.

OT
]T

[ROT][N]

[N]T
[

R
.

OT
]T

[ROT] [N]T
[

R
.

OT
]T[

R
.

OT
]

[N]T
[

R
.

OT
]T[

R
.

OT
]

[N]T
[

R
.

OT
]T

[ROT][N]

[N]T [N]T [ROT]T
[

R
.

OT
]

[N]T [ROT]T
[

R
.

OT
]
[N] [N]T [N]





{ .
rO
}

L

{r}L

{δ}L{ .
δ
}

L


(8)

We denote:
[m] =

∫
V

ρ[N]T [N] dV; (9)[
mi

O

]
=
∫

V
ρ[N]TdV;

{
qi(ε)

}
L
=
∫

V
ρ[N]T [ε]L{r}LdV; (10){

qi(ω)
}

L
=
∫

V
ρ[N]T [ω]L[ω]L{r}LdV; (11)

[k(ε)] =
∫

V
ρ[N]T [ε][N]dV; (12)

[k(ω)] =
∫

V
ρ[N]T [ω]L[ω]L[N]dV; (13)

[c] =
∫

V
ρ[N]T [ω]L[N]dV; (14)

{mix} =
∫

V
ρ
[
S(i)

]T
xdV ;

{
miy
}
=
∫

V
ρ
[

N(i)

]T
ydV ; {miz} =

∫
V

ρ
[

N(i)

]T
zdV. (15)

4.2. Potential Energy

The classic expression for the internal work (potential energy) is:

Ep =
1
2

∫
V
{σ}T{ε}dV, (16)

where {ε} is the strain vector and {σ} is the stress vector;
The generalized Hooke law has the well-known form:

{σ} = [H]{ε}. (17)

The strains can be expressed as [6]:

{ε} = [b]{u} = [b][N]{δ}L. (18)

Using Equations (17) and (18), we obtain:

Ep =
1
2
{δ}T

L

(∫
V

[N]T [b]T [H]T [b][N]dV
)
{δ}L. (19)

Matrix [k] is the stiffness matrix:

[k] =
∫
V

[N]T [b]T [H]T [b][N]dV. (20)



Mathematics 2022, 10, 257 8 of 15

Equation (19) has the traditional form:

Ep =
1
2

∫
V
{δ}T

L [k]{δ}LdV. (21)

4.3. Work

The concentrated forces {q}L and volume forces {p} = {p(x, y, z)} produce mechani-
cal work:

Wc = {q}T
L{δ}L, (22)

and:

W =
∫
V

{p}T
L{ f }LdV =

∫
V

{p}T
L [N]dV

{δ}L = {q∗}T
L{δ}L, (23)

4.4. Lagrangian

The expression of the Lagrangian is [60]:

L = Ec − Ep + W + Wc, (24)

Using Equations (21)–(23), the Lagrangian takes the form:

L = Ec −
1
2

∫
V
{δ}T

L [k]{δ}LdV + {q∗}T
L{δ}L + {q}

T
L{δ}L. (25)

4.5. Momentum

The momentum for a finite element is:

{p}G =
∫

V ρ{vM′}GdV

=
∫

V ρ
({ .

rO
}

G +
[

R
.

OT
]
{r}L +

[
R

.
OT
]
[N]{δ}L + [ROT][N]

{ .
δ
}

L

)
dV

= m
{ .

rO
}

G +
[

R
.

OT
]{

S
}

L +
[

R
.

OT
](∫

V ρ[N]dV
)
{δ}L + [ROT]

(∫
V ρ[N]dV

){ .
δ
}

L

= m
{ .

rO
}

G + m
[

R
.

OT
]
{rC}L +

[
R

.
OT
][

mi
O
]
{δ}L + [ROT]

[
mi

O
]{ .

δ
}

L

(26)

The notation m =
∫

V ρdV represents the total mass of the finite element,
{

S
}

L is
the static moment and

[
mi

O
]
=
∫

V ρ[N]dV is the matrix of the inertia of the element (see
Equation (11)).

In the local system, there is the relation:

{p}L = [ROT]T{p}G =

= m
{ .

rO
}

L + m[ROT]T
[

R
.

OT
]
{rC}L + [ROT]T

[
R

.
OT
][

mi
O
]
{δ}L +

[
mi

O
]{ .

δ
}

L
.

(27)

In an alternative way, the momentum can be calculated with the relation:

{p}L =

 ∂L

∂
{ .

d
}

L

. (28)

From (27), the vector of velocities
{ .

δ
}

L
can be obtained:{ .

δ
}

L
=
[
mi

O

]−1(
{p}L −m

{ .
rO
}

L −m[ROT]T
[

R
.

OT
]
{rC}L − [ROT]T

[
R

.
OT
][

mi
O

]
{δ}L

)
. (29)
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4.6. Hamiltonian

Using the previous notations, the Hamiltonian becomes:

H =

 ∂L

∂
{ .

δ
}

L


T{ .

δ
}

L
− L = {p}T

[
mi

O

]−1(
{p}L −m

{ .
rO
}

L −m[ROT]T
[

R
.

OT
]
{rC}L − [ROT]T

[
R

.
OT
][

mi
O

]
{δ}L

)
− L. (30)

where, for the Lagrangian, Equation (25) is used.

4.7. Energy of Accelerations

We introduce the notion of energy of acceleration. The expression of this is, for N
material points, [61]:

Ea =
1
2

N

∑
i=1

mia2
i . (31)

For a solid body, the expression becomes:

Ea =
1
2

∫
V

ρa2dV. (32)

Using Equation (4) for acceleration, Equation (32) becomes:

Ea =
1
2

∫
V ρa2

M′dV = 1
2

∫
V ρ{aM′}T{aM′}dV

= 1
2

∫
V ρ

({..
rO
}T

G + {r}T
L

[
R

..
OT
]T

+ {δ}T
L [N]T

[
R

..
OT
]T

+ 2
{ .

δ
}T

L
[N]T

[
R

.
OT
]T

+
{ ..

δ
}T

L
[N]T [ROT]T

)
x

x
({..

rO
}

G +
[

R
..
OT
]
{r}L +

[
R

..
OT
]
[N]{δ}L + 2

[
R

.
OT
]
[N]
{ .

δ
}

L
+ [ROT][N]

{ ..
δ
}

L

)
dV

(33)

More comments concerning this notion are presented in [62].

5. Analytical Method in FEA of MBS
5.1. Lagrange’s Equations

The classic Lagrange’s equations are:

d
dt

{
∂L

∂
.
δ

}
L
−
{

∂L
∂δ

}
L
= 0. (34)

By
{

∂E
∂X

}
, it is denoted as:

{
∂E
∂X

}
=



∂E
∂x1

∂E
∂x2

...

∂E
∂xn


and: {X} =



x1

x2

...

xn


. (35)

Using the Lagrangian previously obtained in Equation (25) results in:

[m]
{ ..

δ
}

L
+ [c]

{ .
δ
}

L
+ ([k] + [k(ε)] + [k(ω)]){δ}L = {q}L + {q

∗}L −
{

qi(ε)
}

L
−
{

qi(ω)
}

L
−
[
mi

O

]{..
rO
}

L. (36)
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We mention here the difference between the application of Lagrange’s equations (three
differentiations

{
∂L
∂

.
d

}
, d

dt

{
∂L
∂

.
d

}
,
{

∂L
∂d

}
) and the application of the Gibbs–Appell equations

(when it is necessary to make only a single differentiation
{

∂Ea

∂
..
d

}
) [61].

5.2. Gibbs–Appell Formalism

The Gibbs–Appell equation represents an alternative to Lagrange’s equations. To use
these, it is necessary to know the energy of acceleration, obtained in Equation (33). The
Gibbs–Appell equations are [62]:

∂Ea

∂
..
qj

= Qj j = 1, n. (37)

Equation (33) has, in its component, the following terms [22]:

• Ea2 containing the quadratic terms in accelerations:

Ea2 =
1
2

∫
V

ρ

({ ..
δ
}T

L
[N]T [N]

{ ..
δ
}

L

)
dV; (38)

• Ea1 containing the linear terms in accelerations:

Ea1 =
∫

V
ρ

({ ..
δ
}T

L
[N]T [ROT]T

{..
rO
}
+
{ ..

δ
}T

L
[N]T [ROT]T

[
R

..
OT
]
{r}L +

{ ..
δ
}T

L
[N]T [ROT]T

[
R

..
OT
]
[N]{d}L + 2

{ ..
δ
}T

L
[N]T [ROT]T

[
R

.
OT
]
[N]
{ .

δ
}

L

)
dV (39)

• The terms Ea0 without any term with accelerations that play no role in obtaining the
equations.

Equation (37) can be written if we take into account our notations as:{
∂Ea

∂
..
d

}
L
− {Q}L = 0; (40)

The term Ea is:
Ea = Eao(

.
q) + Ea1(

.
q,

..
q) + Ea2(

..
q); (41)

and:
{Q}L = [k]{δ}L + {q}L + {q

∗}L; (42)

If we differentiate it, we obtain:

∂Ea2

∂
{ ..

d
}

L

=

(∫
V

ρ[N]T [S] dV
){ ..

d
}

L
= [m]

{ ..
d
}

L
; (43)

∂Ea1

∂
{ ..

d
}

L

= −
[
mi

O

]{..
rO
}

L −
{

qi(ω)
}
−
{

qi(ε)
}
+ ([k(ω)] + [k(ε)]){d}L + [c]

{ .
d
}

L
; (44)

∂Ea0

∂
{ ..

d
}

L

= 0. (45)

Performing the calculations in the end, we obtain Equation (36).
Compared to Lagrange’s method, this method requires a smaller number of differenti-

ations. In this way, the number of calculations decreases and thus the time required to solve
such problems. If we take into account that finite element models involve a large number of
DOFs and thus a large number of calculations, reducing the number of operations offered
by this method can lead to significant savings in computer time.
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5.3. Hamilton’s Method

The use of the Lagrange formalism (or Gibbs-Appell) leads to the obtaining of a system
of second-order differential equations. Technically, solving this system of second-order
equations is achieved by transforming it into a system of first-order differential equations of
double dimension. Hamiltonian mechanics use unknown 2n, and the system of differential
equations obtained is from the beginning a system of differential equations of the first order
of size 2n. The unknowns are the generalized coordinates {δ}L and canonically conjugated
moment:

{p}L = −
{

∂L
∂{δ}L

}
. (46)

Thus, the main difference between Lagrange’s and Hamilton’s method is the use of the
canonical conjugated moment instead of the generalized velocities. The major advantage
of applying this method could precisely be the direct obtainment of a system of first-order
equations, which can be solved directly using the usual commercial software.

Hamilton’s equations are a first-order system of differential equations [62]. They are:{ .
δ
}

L
=

{
∂H

∂{p}L

}
;
{ .

p
}

L = −
{

∂H
∂{δ}L

}
. (47)

From Equations (27)–(29), we obtain:{ .
δ
}

L
=
[
mi

O
]−1
(
{p}L −m

{ .
rO
}

L −m[ROT]T
[

R
.

OT
]
{rC}L − [ROT]T

[
R

.
OT
][

mi
O
]
{δ}L

)
;

{ .
p
}

L = {p}T[mi
O
]−1

[ROT]T
[

R
.

OT
][

mi
O
]
+
∫

V ρ
({ .

rO
}T

L [ROT]T
[

R
.

OT
]
[N]
)

d V

+
∫

V ρ

(
{ r}T

L

[
R

.
OT
]T[

R
.

OT
]
[S]
)

dV +
∫

V ρ

(
[N]T

[
R

.
OT
]T[

R
.

OT
]
[N]{δ}L + [N]T

[
R

.
OT
]T

[ROT][N]{δ}L

)
dV

−
∫

V [k]{d}LdV + {q∗}T
L + {q}T

L

(48)

These represent the equations of motion sought.
The main advantage of Hamilton’s method is that it provides us with a system of first-

order differential equations. However, the number of unknowns to be found is doubled. In
the case of using other methods, the differential equations obtained are of the second order.
Solving techniques require for their transformation into first-order differential systems
by introducing new variables. In the case of Hamilton’s method, these new variables are
obtained directly and have physical significance.

5.4. Maggi’s Equations

The form of these equations are [63]:

n

∑
k=1

akj

[(
d
dt

(
∂Ec

∂
.
qk

)
− ∂Ec

∂qk

)
−Qk

]
= 0 ; j = 1, n−m, (49)

representing a number of n − m independent equations called Maggi’s equations.
Using these equations makes it simpler to analyze such a system from the point of

view of a formal description. In this case, only the kinetic energy is necessary to compute.
The liaisons between elements offer us the possibility to eliminate the liaison forces and
thus to simplify the calculus.

6. Conclusions and Discussion

The most important step in the dynamic analysis of an elastic MBS is to write the
equations of evolution. The next steps that follow, namely, the assembly of the equations of
motion and their solution, will be performed according to the classical methods used in
the commercial software of FEM. To obtain the equations is the most difficult problem to
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solve, given the multitude of terms that appear in such a description. As a result, finding
a formalism that would make it possible to write these equations as easily as possible is
an important step in this analysis. The method used almost exclusively in this type of
analysis, until now, was the Lagrange’s equations. This is primarily due to the fact that
researchers are familiar with this method, and they use fundamental notions currently
used by researchers (kinetic energy, potential, work, ...). However, analytical mechanics
offer several formulations that are equivalent to each other and to Lagrange’s equations.
Gibbs–Appell equations, Hamilton equations, Maggi equations, Jacobs equations and other
equivalent forms can be used in this way. With such a multitude of methods that can be
used that are equivalent to each other, the question arises as to which of these methods
can be applied more easily than the method of Lagrange’s equations. The paper analyzes
several analytical forms used to determine the equations of motion of MBS systems with
elastic elements to identify and analyze the advantages and disadvantages of these methods,
which could allow for a more economical result. Lagrange’s equations have the advantage
of being a method widely used by researchers due to a familiarity of researchers with it.
The Gibbs–Appell equations prove to be easy to write by skipping some steps related to
the derivation of the equations. This turns out to be a more economical method in terms
of the time required to write the equations. In this method, the number of differentiations
of terms decreases, and as a result, the total number of calculations required decreases.
However, we mention that Lagrange’s method has the advantage of using kinetic energy,
a well-known notion with which we operate easily. The Gibbs–Appell equations use the
energy of accelerations, a notion that most engineers are less familiar with. Not many
papers contain applications of the Gibbs–Appell equations. Generally, the papers present
the Gibbs–Appell formalism as a secondary method to solve a problem (useful but not
necessary) [62].

These equations are formally more elegant and simpler, and the necessary number of
differentiations is smaller. Using this method, a system with a holonomic constraint can be
handled in an economical manner, as with Lagrange’s equations.

Maggi’s method also has the advantages of simplicity in approaching problems, being
essentially equivalent to the Gibbs–Appell method [64]. It is proven that this formulation is
a simple and stable method for determining the dynamic response of constrained multibody
systems [65].

Hamilton’s method of equations proves to be the least profitable for the type of prob-
lems studied; in general, the time required to obtain the equations is not economical, and
the complexity of the intermediate calculations is high. However, we do not deny that
this approach could prove useful in certain applications because the system of differen-
tial equations obtained is first order and thus avoids a computational step, used in the
classical solution of these systems, where systems of equations obtained are second-order
differentials.

If we take into account all these considerations, we can reasonably assume that the
alternative and equivalent methods developed in analytical mechanics (and which, for the
moment, do not seem to have practical applicability) will be reevaluated and developed
due to more faithful modeling requirements imposed by technology.
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Notations

{rM′}G position vector of point M’;
{rM}G position vectors of point M;
{u}L displacement vector;
{rO}G position vector of origin O (of the mobile reference frame)
index G vector with components express in the global reference frame;
index L vector with components express in the local reference frame;
[ROT] rotation matrix;
[N] shape functions matrix;
{vM′} velocity of point M’;
{aM′} acceleration of point M’;
{δ} nodal displacement vector;
Ec kinetic energy;
Ep potential energy;
L Lagrangian;
H Hamiltonian;
{σ} stress vector;
{ε} strain vector;
{v}T{w} dot product between the vectors {v} and {w};
{p} conjugated moment;
Ea energy of acceleration;
Wc work of the concentrated forces;
W work of the volume forces.
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