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PREFACE 

This report was prepared by Dr. G.L. Guymon and T.V. Hromadka II 

of the School of Engineering, University of California, Irvine. 

This report covers work funded by DA Project 4A762719AT42, Design, 

Construction and Operations Technology for Cold Regions, Task A3, 

Facilities Technology/Cold Regions, Work Unit 006, Volume Change Induced 

by Freezing and Thawing of Pavement Systems. The research consisted of 

two components: 1) the initial stages of development of a two-dimensional 

and three-dimensional heat transport model (with phase change) for freezing 

soils, and 2) the continued development of a one-dimensional frost heave 

model based upon solution of the coupled heat transport and fluid transport 

problem. Only the first element of research is reported herein. The 

second element of the research is being reported separately in the form of 

sections of another report. 

It is emphasized that this report covers the initial phases of the 

development of a multidimensional heat transport model. While the 

techniques used herein are valid, it is expected that subsequent versions 

of the model will be prepared to increase efficiency and accuracy. In 

particular, more accurate techniques of handling the phase change problem 

can be envisioned and these techniques will be likely to reduce computer 

storage requirements and require less computer time. Subsequent improvements 

of the model will be reported upon in appropriate CRREL reports. 

Cameron Appel of CRREL technically reviewed the manuscript of this 

report. 
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Chapter 1 

INTRODUCTION 

This report presents a model of transient heat conduction in a freezing 

and thawing soil. The partial differential equation for transient heat 

conduction is solved by a finite element analog using a quadratic weighting 

function for the discretized spatial domain. The transient problem is solved. 

by the Crank-Nicolson approximation. Phase change is approximated as an 

isothermal process. 

Both a two-dimensional and three-dimensional model, incorporated in the 

same computer program, are presented. In the latter case, it is anticipated 

that certain problems can only realistically be modeled as a three-dimensional 

system. Examples of such problems include: thaw degradation around roadway 

culverts, embankment dams on permafrost where the dam length is short relative 

to the dam width, and thaw or freezeback under buildings. However, in many 

cases the more economical two-dimensional model may be used. Examples of such 

problems include: embankment dams of great length, roadway cross-sections, 

and long pipeline problems. 

This report develops the basic equation of heat transport and the 

assumptions and limitations upon which the model is based. The finite element 

method is reviewed and a complete derivation of the system analog is presented. 

Numerous model evaluations were made and are sunnnarized herein. It is empha

sized that the primary thrust of evaluations is the numerical testing of the 

model. Field verification has not been attempted yet. A user manual and 
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computer listing of the program, written in standard FORTRAN IV, are pre

sented. Although the model was developed on an IBM 370/155 computer, there 

should be little difficulty in adapting the model to other computers such as 

the Dartmouth System. 

The main advantage of the model presented here is that it can be readily 

adapted to complex shapes which sometimes is a problem with the finite 

difference methods. The model can accommodate variable element sizes and 

configurations using triangular shaped and/or rectangular shaped elements in 

the two-dimensional case and tetrahedra shaped and/or brick shaped elements 

in the three-dimensional case. 

The program has been prepared in a highly efficient manner, minimizing 

as much as possible computer execution time and minimizing the storage 

required for arrays. 

Future work on the model will require field testing and verification. 

Additionally, it is desirable to couple a more sophisticated boundary condi

tional routine to this model in order to more readily simulate the soil air 

interface. The present model only handles a specified boundary condition or 

a no heat flux boundary condition. 
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Chapter 2 

HEAT CONDUCTION EQUATION 

A rigorous derivation of the heat transport equation can be found in Bird 

et al. (1960). For purposes of this report a more simplistic, but correct, 

derivation will be presented. Generally, most references, for example, 

Myers (1971), begin by making the deterministic-continuum assumption which 

usually leads to a partial differential equation with temperature as the state 

variable and various state parameters, e.g., heat capacity, that arise out of 

necessary mathematical-physical assumptions. 

The first concept that needs to be employed is that energy is conserved. 

Thus, by considering the various rate processes involved in a particular 

process and by making an energy balance on a control volume, the appropriate 

heat equation is obtained. The various rate processes that might be considered 

are: conduction, convection, radiation, heat storage, and heat generation (e.g. 

latent heat effects). 

The primary processes in a given soil system include a.11 of these processes 

if the soil is freezing or thawing. Moreover, the soil system includes a 

heterogeneous mixture of dissimilar materials: mineral soil, organic material, 

air, water, and ice. Moreover, the water is often a dilute solution containing 

dissolved minerals which affect the system's thermal properties. The thermo

dynamics of soil systems is treated by Edelfsen and Anderson (1943) among 

others. 

The derivation below will ignore radiation since this process occurs at 
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the soil surface. Radiation will be included in the system boundary conditions. 

Momentarily we will ignore energy generation in the soil due to freezing or 

thawing. Thus, consider a three-dimensional elemental volume of material in 

the presence of a fluid flux field. That is, fluid is moving through the 

elemental volume. 

The energy balance equation is 

E + E 
c v (1) 

where E is the net rate of heat conduction into the elemental volume, E 
c v 

is the net rate of heat convection into the elemental volume, and E is the total 
t 

rate heat energy is stored in the elemental volume. Consider the x-direction 

where b.~yb.z 

net heat conduction and convection for 

the x-direction 

is the volume of the element, T is a reference temperature, 
0 

c is the volumetric heat capacity of the fluid and v is the fluid flux 
w x 

in the x-direction. The variabJ~ q may be replaced with Fourier's Law; i.e., 
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where k is the thermal conductivity of the entire mass of material in the 

elemental volume. Substituting this law into the above yields 

(c v T) 
w x 

for the rate of conduction and convection in the x-direction. Now considering 

the y- and x-directions in turn, similar expressions are added together and 

equated to the rate of heat energy accumulations in the elemental volume. Thus, 

3T 
c -a ae. 

where c is the volumetric heat capacity of the mixture and e is time. 
a 

Now looking at the convection term and expanding by the chain rule. 

assuming an incompressible fluid (i.e. c 
w 

constant) 

a (v T) a (v T)) 
+ y + z 

dy dZ 

c (v C1T + v ()T + v ()T) + c T ( dV x + ~ + dV z) 
W X dX y ()y Z dZ W dX dy dZ 
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However, the last term is equal to zero since it is none other than the 

continuity expression for an incompressible fluid. Thus, the final result is 

d ( k ~T) a (k dT) + ..L (k dT) +--ax X dX dy y ()y dZ Z dZ 

(v 3T + 8T dT) 3T (2) c v -+ v c 
a ae w X dX y (}y z dZ 

A major assumption that will be incorporated in the model developed herein 

is that the model will be developed for a system in which fluid flow is 

negligible. Therefore, the convective terms will be ignored and the following 

equation will be solved in general: 

( k ciT) + _L ( k ()T) + _L ('k ()T) 
X dX ()y y ()y dZ Z dZ (3) 

This equation will be solved in both three- and two-dimensions. The two-

dimensional form is derived from Equation 3 by assuming 3T/8Z 0 and that 

in the z-direction the system consists of a slab of uniform thickness. Thus, 

a 
dX (k ()T) + _L (k ()T) 

x ax ay y ay (4) 

Both equations are of the parabolic type. Boundary conditions to be considered 

are specified conditions and no heat conduction conditions. Initial conditions 
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are also required. Latent heat generation will be approximated as an iso

thermal process as will be described subsequently. 
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Introduction 

Chapter 3 

FINITE ELEMENT METHOD 

The finite-element method has been routinely used in the structural, 

mechanical, and aerospace engineering fields since the use of modern digital 

computers became widespread. The finite-element literature relative to these 

fields is extensive. Following the mid-1960's, investigators concerned with 

general field problems became interested in this powerful numerical tool, 

and the volume of published articles dealing with the numerical solution 

of general problems by the finite-element method has increased markedly. 

Several recent texts present an excellent treatment of the finite-element 

method: Meyers (1971), Desai and Abel (1972), Zienkiewicz et al. (1971), 

Huebner (1975), and Sergerlind (1976). The latter two texts are especially 

recommended for the beginner. 

The finite-element method is ideally suited to deal with complex 

geometries, anisotropy, and heterogeneity which are characteristic of most 

practical problems. For certain classes of problems, the finite-element 

method may be a more efficient numerical technique than the traditional finite

differ~nce methods. That is, the finite-element computer program may require 

less execution time than the finite-difference computer program for a speci

fied level of precision. In particular, time-dependent problems are efficiently 

solved by the finite-element method. The finite-difference methods often pre

sent stability and truncation error difficulties. Finite-element methods can 
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readily use arbitrary mesh spacing and can easily handle complicated boundary 

conditions that usually require lengthy progrannning by finite-difference 

methods. The finite-element program, once writ ten for a class of probl,~ms, 

is very effective since it can be used to solve similar problems for any geo

metry and any mesh configuration desired. In other words, the finite-element 

program is completely general for the class of problems it was designed for. 

Finite-difference programs are often special purpose since they apply only to 

a specific geometry with a specific mesh spacing. For simple geometries 

and steady-state conditions, the finite-element methods appear to offer little 

advantage over the more familiar relaxat.ion and iteration methods commonly 

applied to Laplace-like problems. Unfortunately, research on the various nu

merical methods has not advanced to the point where definitive criteria can 

be stated for the selection of the best method to use in a particular case. 

Indeed, there is still a good deal of controversy over the comparative advan

tages and disadvantages of ehe various methods. 

There are two general approaches to the finite-element method: {i) the 

direct approach which involves writing a set of system matrices by visualizing 

the physical linkages of a system and (ii) the variational approach which 

involves developing a variational principle or applying the Galerkin tech

nique. The direct approach is primarily applicable to structural engineering. 

The second approach consists of formulating a variational principle or for

mulating a governing partial differential equation which can be converted 

to an equivalent variational problem. It is the latter method, a mathematical 

abstraction, that is applicable to general field problems such as heat 

9 



transport. 

For the problem considered in this report, the Galerkin method and the 

variational principle method lead to identical results. The vari.ational 

principle method will be used to solve the problem. An extremum problem re-

places the given partial differential equation, and a functional is found 

such that the extremum function also satisfies the given differential 

equation and its auxiliary conditions. That is, given the following 

functional in two-dimensional Cartesian coordinates 

in R 

find a f tmction T in R such that the functional is a minimum. If such a 

function exists, application of the fundamental lemma of integral calculus 

yields the so-called Euler equation; i.e., 

~x ~3T/3x) + ~y ( F 3T/3~ = 0 

It is this equation that is given to start with for field problems. In order 

to develop the finite-element method, we resort to a mathematical abstraction. 

We convert the governing partial-differential equation describing our prob-

lem to an entirely new problem, a variational problem. 

In general, the finite-element method will be applied to the linear two-

dimensional parabolic partial-differential equation for nonsteady heat 
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transport in an incompressible porous medium. For generality, a source 

term will be included and the medium will be considered anisotropic and 

heterogeneous. The method can readily be specialized to the one-dimensional 

case or steady-state case and can readily be extended to the more general three-

dimensional case. The Cartesian coordinate system will be used, assuming the 

reader can extend the derivations here to other orthogonal coordinate systems. 

In essence, a specific problem is chosen as an example around which to develop 

the salient aspects of the finite-element technique. 

A Variational Principle 

Many problems of heat flow in porous materials are represented by the par-

tial-dif ferential equation 

() ( k ()T ) 
dX X dX + + Q 

()T 
pc ae 

where Tis a continuous, single-valued function (the unknown state variable); 

k and k are the thermal conductivities in the x and y directions, respectively; 

x y 

c is the heat capacity; Q is a generalized source term; and 8 is time. An 

equivalent variational functional is 

x + ~ ( ()T) 2 

2 ()y. 
:lxdy 

11 



where aT/ae is assumed invariant or replaced by a finite difference analog, 

such as the Crank-Nicolson scheme. However, aT/ae will be considered as 

invariant and the time-domain problem will be dealt with later. 

Before continuing with the variational procedure, the problem must be more 

carefully specified. This consists of considering typical boundary conditions, 

and interface conditions. Interface conditions are required by the variational 

technique that is to be used for mathematical convenience. It is much too 

restrictive to apply the variational functional to the entire domain of interest, 

since it would be required that the first-order space partials exist through-

out the domain. It is more convenient, and incidentally more practical for 

field problems, to consider it as applying to particular subregions of the 

domain, where subregions are separated by an interface, for example, abrupt 

changes in material properties. 

Consider the connected domain R shown in Fig. 1, with boundaries and 

interfaces as shown. In each subregion, R , the partial-differential equation m 

holds and on exterior boundary surfaces the following boundary conditions hold: 

aT/an = o 

T h (S) 
s 

on r ,t ~ 0 
n 

on r ,t ~ 0 
s 

The first condition is called a natural boundary condition and the second 

condition is called a geometrical boundary condition. Interface conditions 
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Fig. 1. Domain R 
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on r. are 
1 

and 

Tl+ = Tl -n n , 

k aTI = 
n an + 

n 
k aTI 

n an - ' 
n 

t ;;i: 0 

t ;;i: 0 

where n is the normal direction to the surface and s is the direction along 

the surface. Additionally, initial conditions are required throughout R i.e. 

Tle=O T0 (x,y) 

The above auxiliary conditions are applicable to a wide variety of situations 

encountered in the field. These conditions are chosen as an example and are 

not the only auxiliary conditions that can be dealt with by the finite-element 

method. 

It is more convenient to rewrite the variational priniciple in the 

following equivalent form: 

M 

x ~ ff Fm ( x,y,T, ~~.~~) dxdy 

m = 1 R 
m 
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where 

F 
m ( 

aT 3T) 
x,y,T,ax'ay 

There are M subregions in R, and m refers to a particular subregion. Within 

each subregion R consider the parameters k , k , Pc and Q constant. However$ 
m x y ·: 

these parameters may vary from subregion to subregion. As before, 3T/38 is 

considered invariant. It is relatively easy to show by taking a small variation 

of X i.e. ax for all admissible states of the variable T that the above 

approximates the governing partial-differential equation, the boundary 

conditions, and the interface conditions. Admissible states of T are defined 

as (i) T is continuous throughout R, (ii) the first derivatives of T are con-

tinuous in R , and (iii) T is equal to the specified boundary conditions on 
m 

r . 
s 

Finite Element Representation of Region 

The above variational principle is formally solved by the Ritz method. 

The Ritz method consists of selecting a trial sequence of functions that are 

substituted into the last equation. Such a sequence of functions is obtained 

by dividing R into an arbitrary number of finite elements that completely 

cover the domain R as illustrated in the two-dimension connected domain shown 

in Fig. 2. Notice that the curved boundaries are approximately modeled by 

straight-line segments. The triangular element is used here although quadri-
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Fig. 2. Finite-element representation of connected domain 

y 

i: (x; Hj-+Xk)/ 3 

'i-= (Yi -t Yj + Yk)/ 3 

(11= 
77. = n 

x 
xn-1 

Y0 - Y 

Fig. 3. General triangular element with global coordinates (x,y) and 
local coordinates (~,n) 
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lateral elements are more efficient from the standpoint of computer storage 

allocations and run times. Within each element the unknown potential states 

are approximated by a polynomial; for example, a linear one is used here; 

Admissibility requirements are met if, for a general element as shown in 

Fig. 3, the polynomial is forced to pass through the same value at node points 

which are locally designated by i, j, and k. This is simply accomplished by 

writing the following three equations for the potential function at each node 

point: 

T. 
1 

and applying Cramer's rule to solve for B1, B2 , B3 • The result for them-th 

element is written in the following compact matrix notation 

17 



The braces indicate the following column vector for the potential at each 

nocje 

T. 
1 

{T}m T. 
J 

The brackets indicate a row matrix for the m-th element of the form 

The form of A coefficients are given in detail in Zienkiewicz (1972) and n 

algebraic relations are given for the calculation of matrix element coeffi-

cients. These coefficients are functions of x and y, the coordinate position 

of the triangle nodes, and the area of the triangular element. In general, 

braces will indicate a column matrix and brackets will indicate a square 

matrix. Values of the potential state, ··r, are now defined in a unique and 

continuous manner throughout R. 

To illustrate the finite-element technique, a simple polynomial is used. 

Greater precision can be obtained for a particular element by using a higher 

order polynomial. 

Minimization of Variational Functional 

The variational functional is minimized with respect to the potential 
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state T (n = 1, ... , N) at each node point (where there are N nodes) by 
n 

evaluating each differential ax/3T for each element and equating all such 
n 

contributions to zero. For example, the contribution over the m-th element 

for the i-th node is 

where 

2-x 
ClT. 

1 LJ
()Fm 

dxdy 
3T. 

1 

R 
m 

The polynomial shape function is differentiated with respect to time to get 

3T/Cl8 [A ] {3T/38}m 

This equation together with the polynomial shape function is substituted into 

the above to give 

ClF 
m k ()T _a_(~ [A ] {T}m) + k ClT _a_(~ [A ] {T}m) 

ClTi x Clx ClTi Clx y Cly ClTi Cly 

- Q ) a~ . [ A ] { T } m 
1 
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Since [A ] is a function of x and y, constants x , y and the constant element 
n n 

area A , differentiations with respect to x and y are readily performed. 
m 

Also differentiation with respect to T. 
1 

i.s easily performed since only 

{T}m is a function of the node state variables. Assuming parameters are 

constant, integration yields the desired result. 

A similar operation is carried out for and the 

results are combined in the following compact matrix notation 

[ s ] { T} m + [ p ] { dT I de } m - {r} 

The [ s] and [p] matrices, defined in numerous other references, are square, 

symmetrical 3 x 3 matrices that are functions only of the global coordinate 

position of the nodes on the m-th triangular element, the parameters for the 

m-th triangular element, and the area of the m-th triangular element. The {r} 

matrix is a function of the source Q and the area Am. 

The above equation is general in that it applies to any interior element 

of R provided there are no specified boundary noces on the element. For such 

cases where there are specified boundary conditions, the differential of X 

with respect to that node is meaningless since there is no variation. This 

difficulty will be resolved later. 

All element system matrices are combined in accordance with the following 

equation 

lx__ 
<1T 

n 

M m 
~ ax 
L.J 3Tn 

m = 1 
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which yields the following system matrix expression 

[ S*] {T} + [ P*] {()T/Cl8} - ( R* ) 

The brackets indicate a square symmetric matrix N X N and the braces indicate 

and N column matrix of the unknown potential states including the specified 

boundary nodes. Essentially, the above is a formal statement that all element 

contributions to a particular node are added together to form the equation 

for that node. The equation for a particular node then appears in the matrix 

in an ordered manner. 

The above cannot yet be set to zero since the prescribed boundary conditions 

have not been considered. Although the boundary conditions could have been 

considered at the element level, they will be handled at the system level here. 

A scheme for handling the specified boundary conditions at the system level is 

given in the subsequent chapters. The starred matrices of the above are 

reformed by eliminating equations associated with boundary condition nodes to 

yield matrices [S], [p], and {R}, and the previous equation is equated to 

zero 

[S] {T} + [P] {ClT/Cl8} = {R} 

The [ S ]and [P] matrices are known functions of the parameters of motion and 

the global coordinates of the node points. The {R} matrix is a function of the 
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source term and the given geometric boundary conditions. The natural boundary 

conditions need not be considered since they are automatically taken care of 

by the variational principle. 

The finite-element solution is formally complete once the above has been 

developed. This equation is a system of linear ordinary differential equations 

which can be readily solved by a variety of standard methods. That is, the 

potential state at each unknown node point is solved for, and it is assumed 

that potential states vary in a linear manner between nodes. For small 

problems where the dimensions on the matrices are relatively small, formal 

integration can be used to arrive at the solution. However, for larger 

problems, numerical differentiation techniques are preferable. 
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Discussion 

Chapter 4 

DERIVATION OF THREE-DIMENSIONAL TRANSIENT 
HEAT CONDUCTION MODEL WITH QUADRATIC 

SHAPE FUNCTION 

This chapter examines a three-dimensional transient heat problem. The only 

boundary conditions that will be considered are (1) given surface boundary 

temperatures and (2) zero heat flux on the surface boundary. The solution will 

be approximated by the finite-element method, using a variational statement 

equivalent to the governing partial-differential equation. The subject volume 

will be discretized into three-dimensional elements, and a quadratic interpolating 

shape function assumed for the field variable (temperature) in each element. The 

resulting information of the problem is a finite set of linear simultaneous 

equations, the variables of which are the values of the field variable at specific 

interior nodal points. Time advancement of the solution vector at nodal points 

is by use of the Crank-Nicolson method. 

The computer program developed in .this report is constructed to provide easy 

access to the program schemes. Modifications can be made, and further sophis

tications incorporated without a major overhaul of the entire program. Program 

schemes are separated by comment statements explaining or defining the compu

tation algorithims and program variables, as they are derived in this report. 

Hence, individual processes are explained in detail by referring to this report 

while examining the program printout. 
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Formulation 

The three-dimensional volume will be discretized into tetrahedra and/or 

"brick" elements as shown in Fig. 4. The elements and nodal points are 

numbered to reduce ultimate matrix bandwidth. The element data consisting 

of nodal numbers and element parameters are read into the computer element 

by element. 

The model will further subdivide the three-dimensional brick elements into 

five tetrahedra elements. Due to the quadratic interpolating model, there are 

10 nodes per tetrahedron and 26 nodes per brick, hence the program must coordinate 

the bricks' nodal numbering to the five subsequent tetrahedra nodal numbering 

schemes. The set of five tetrahedra resulting from the subdivision of a brick 

element is composed of four "corner" tetrahedra of equal volumes, each being 

one-sixth of the brick's volume, and an interior tetrahedron having a volume 

of one-third of the brick's volume. Each of the five tetrahedra will assume 

the same intrinsic properties as ascribed to the original brick element. 

The model processes the tetrahedron elements, with parameters, and con

structs tetrahedron element conduction and capacitance matrices. These element 

matrices, each being a symmetric 10 x 10 unhanded matrix, are then incorporated 

into the overall global conduction and global capacitance matrices, each global 

matrix being formulated in "banded" form utilizing the inherent symmetry of 

the systems. The element matrices are directly calculated term by term using 

the derivations included in this report. 

Finally, once all the brick's element matrices are combined into the global , 
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~tandard Brick Nodal Sequence (input) 

Nodal 

Sub 1: 

Sub 2: 

Sub 3: 

Sub 4: 

Sub 5: 

Sequences 

(°C!O~) 
6 

('OR.O('?.) 

l,20,18,24,ll,10,17,19,25,26 

5,20,24,22,13,15,14,26,23,21, 

5,3,1,20,4,9,13,2,11,12 

5,l,7,24,9,6,15,8,l6,17 

5,1,24,20,9,15,13,17,26,11 

' . 

z 

Standard Tetrahedron 
Nodal Sequence (Input) 

"sus e," 

1.0 

Corner Coorjinate Segue nee 

1,6,5,8 

3,6,8,7 

3,2,1,6 

3,1,4,8 

3,1,8,6 

Fig. 4. Brick Division into Five Tetrahedron 
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capacitance and global conduction matrix system, boundary values are inserted, 

the initial condition is inserted, and the time progression scheme is initiate_d, 

using the Crank-Nicolson method to move the solution vector forward with time 

increments of ~8 . 

Method 

The volume will be assumed to be in the first quadrant of the three-dimensional 

coordinate system. Each node is numbered in a scheme to provide a minimum 

bandwidth in the banded global matrices. Element data is prepared by two 

methods. 

Tetrahedron element - the node numbering is read into the computer in the 

sequence shown in Fig. 5. Any tetrahedron corner may be used as the first nod~ 

entry; however, the remaining nodes must follow the illustrated sequence to 

ensure compatibility of the local coordinate system to the midside node numbering. 

Each corner's global coordinates must be read in as well as the element's 

parameters. 

~rick element - the nodal sequence of input must follow the pattern shown 

i~ Fig. 6. It is important that the first nodal entry be as shown in the figure. 

Only the coordinates of the first entry are read in; the other corner coordinates 

are calculated in the program using the brick dimensional data. From the brick's 

nodal sequence, five sequences are formulated in the program for the five ultimate 

tetrahedron elements; hence the nodal numbering input must follow the shown pattern. 

The tetradedra utilize a local volume coordinate system as discussed in Desai 
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z. 

Fig. 5. Tetrahedron Numbering 

Fig. 6. Brick Numbering 
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and Abel. Utilizing Fig. 5, the Cartesian coordinates are related to the 

local coordinate system by the relation 

1 1 1 1 1 L1. 

x x1 X2 X3 X4 L2 vi 
, where L

1 ; ( i 1, 2, 3, 4) 
y Y1 y2 Y3 Y4 L3 v 

z z1 Z2 Z3 z,, L4 

where each v is defined to be the volume of that tetrahedron with vertices 

at point (x,y,z) and the three nodes other than node "i" , i 1, 2, 3, 4 

and v equals the volume of the overall tetrahedron. 

Define to be the cofactor of x. 
1 

in the above determinant. Also 

define b. 
1 

and to be the cofactors of 

the following differentiation formulae result: 

4 b. 

L: 6: a~. 
i = 1 

1 
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where integration over the entire volume v simplifies to 

p! q! r! s! 6v 

( p + q + r + s + 3}! 
v 

The cofa.ctors mentioned above are derived as follows: 

1 1 1 1 1 1 1 1 1 

Y1 Y2 Yi+ 

;etc. 

hence, 

Note that once the cofactors have been determined, the volume of the tetrahedron 

can be calculaced by the expression 
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However, when using a "brick" element, the volumes of the five resulting 

tetrahedra are, essentially, four corner tetrahedra at one-sixth the brick's 

volume, and one interior tetrahedron at one-third the brick's volume. Thus, 

using a "brick" element system easily solves the volume calculations, as 

compared to solving for volumes by evaluation determinants for each tetrahedron 

element. 

Boundary values are incorporated as discussed in Myers (l971). 

The global conduction and global capacitance matrix system are constructed 

as the tetrahedron-element contributions are determined. A "brick" element 

matrix system formulation is not needed. 

Derivation of element "XK" and "XC" matrices 

The governing partial-differential equation in a three-dimensional transient 

conduction heat problem on a volume v , with boundary surface 

with boundary conditions t (8) t on the surf ace s 
' 0 

and ~1 0 . The initial condition is t (8 0) 
dn 

v s 

In this relation, the units of measurement are: 

k ' k ' k z y x thermal conductivities in z, y, x-direction 

0 
Btu/hr - ft - F 
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OF t = temperature, 

e = time, hours 

density, .lbm/ft 3 
p = 

c = specific heat, Btu/lbm - OF 

A variational statement for this three-dimensional, transient conduction problem 

is the minimization of a volumetric integral over the volume v as shown below 

I = 

v 

2 

+ k y 

2 2 

3t 2 

+ pc as- (6) 

Equation 6 must be minimized for every instant in time while satisfying the 

boundary and initial conditions stated in Equation 1. The volumetric integral 

expressed in Equation 6 can be equated into the sum of four integrals 

2 2 

I 1/2! kx n~J dv + 1/2/ ky (~~ ) dv 

v v 

+ 1/2/ kz ( ~~) 
2 

dv + i 3t2 1/2 pc as dv (7) 

v v 

or in a different notation 

I I + I + I + I x y z pc (8) 
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where 

2 

I 1/2! kx (~~) dv, 
x 

v 

and 

I 11zj at 2 

dv 
pc 

pc 
ae 

v 

The first step is to divide the volume v into "m" tetrahedra. Then the 

integral in Equation 7 is equal to the sums of the integrals over each element 

e = 1 e = 1 

= 2: ( 112/ 
e = 1 

k 
x ( ~~) 

2 2 

dv + 1/2! k y ( ~; ) dv 

Ve 

2 

dv + 1/2/ pc ~f dv) <
9 l 

Ve.. 

To evaluate the integrals stated above, the field variable "t" is approximated 

by a quadratic polynomial. This approximation will assume "exact" values of 

the field variable at specified points within the element, these points are 
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the element's nodal points as discussed in Desai and Abel (1971) and Meyers (1971). 

A typical tetrahedron element ve with corner coordinates P1, P
2

, P
3 

and 

P4 is related to the local volume coordinates defined as 

L. 
1 

= 
v. 

1 

(;) 
v 

i 1, 2, 3, 4, 

4- ('1-.4 .~4\ ,~) 
d--..f-C------:? 

In the quadratic approximation of the field variable 

t = [N1, N2, ••• , N10 ]{ti} 

where the t. are the values of temperature at the respective node numbers, and 
1 

[NJ [(2< L1)( 2<- L2) (2<- \) (2<- \) h\) h\) 

h\) (4L 2\) (4\\) hL 4) J (10) 
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Therefore, for example, 

+ 

+ 

+ 

where 

a1 

6v(e) 

a2 

6v(e) 

a3 

6v(e) 

a4 

6v(e) 

at at 
ay , az 

respectively; 

4 

6)e):E 
i = 1 

[(4L1 - 1) t1 + 4L2ts + 4L3t6 + 4L4t7] 

[(4L2 - 1) t2 + 4L1ts + 4L3ta + 4L4t10] 

[(4L3 - 1) t, + 4L1tG + 4L2ta + 4L4t9] 

[<4L• - 1) t• + 4L1t1 + 4L3t9 + 4L2t1oj 

are related to except the a. are replaced by b. , c. 
l l l 

(and k is replaced by k , k respectively). 
x y z 

Substituting Equation 10 into Equation 9 transforms the transient heat 

conduction relation within an element "e" into a function of nodal point 

temperature values. This process is r~peated for each element "e" of the dis-

cretized volume v. The resulting relations are combined and minimized with 

respect to each nodal variable, producing a system of linear equations. The 

boundary conditions and initial conditions are inserted. Then values for nodal 
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temperatures are computed at specified time step intervals by the Crank

Nicolson time advancement routine. Mathematical details are contained in 

Appendix A. 
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Chapter 5 

DERIVATION OF TWO-DIMENSIONAL TRANSIENT HEAT CONDUCTION 

MODEL WITH QUADRATIC SHAPE FUNCTION 

Discussion 

This chapter examines the two-dimension transient heat conduction problem. 

As mentioned in Chapter 4, only zero heat flux on the surface boundary and 

specified nodal boundary temperatures will be considered as boundary conditions. 

Again, the variational principle as applied to the three-dimensional case will 

be utilized in two-dimensional elements, and a quadratic shape function 

assumed for the field variable (temperature) in each element. The resulting 

formulation of the problem is a finite set of linear simultaneous equations, 

the variables of which are the values of the field variable at specified nodal 

points. Time advancement of the solution vector at said nodal points is by 

use of the Crank-Nicolson method. 

Formulation 

The two-dimensional volume will be discretized into triangles and/or 

rectangular elements. The elements and the nodal points are numbered to reduce 

ultimate matrix bandwidth. The element data is read into the computer element 

by element as to nodal numbering and thermal parameters. 

The program subdivides the two-dimensional rectangular elements into two triangles 

of equal volume. The quadratic shape function employs nine nodes per rectangle, 

and six nodes per triangle, hence the program must coordinate the rectangle's nodal 

36 



numbering to the two subsequent triangle numbering schemes. The two resulting 

triangles will assume the same intrinsic properties as ascribed to the two

dimensional rectangular element. 

Method 

The area will be assumed to be in the first quadrant of the Cartesian 

coordinate system. Each node is numbered in a scheme to provide a minimum 

bandwidth in the ultimate global matrix system. Element data is prepared 

by two methods: 

Triangle element - the node numbering is read into the computer in the 

sequence shown in Fig. 7. Any triangle corner may be used as the first 

node entry, however, the remaining nodes must follow the illustrated 

sequence to ensure compatibility of the local coordinate system to the 

midside node numbering. Each corner's global coordinates must be read 

in; as well as the element's parameters. 

Reetangle element - the nodal sequence of input must follow the pattern shown 

in Fig. 8. It is important that the first nodal entry be as shown in 

Fig. 8. Only the coordinates of said first entry are read in. 

The triangle will utilize the local area coordinate system as discussed 

in Desai and Abel (1972). Utilizing Fig. 7, the Cartesian coordinates are 

related to the local coordinate system by the relation: 

37 



Fig. 7 Triangle Numbering 

Fig. 8. Rectangle Numbering 
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where each Ai 

and A A1 

Define a1 

a2 

a3 

b1 

b2 

b3 

1 1 

Y1 

is defined to 

+ A2 + A3 

X3 - X2 

XI X3 

X2 - X1 

Y2 - Y3 

Y3 - YI 

YI Y2 

1 

L. 
l 

A. 
1 

A 
i 1, 2' 3 

be the area of the triangles shown in Fig. 9, 

Then the differentiation formulae for the two-dimensional case are 

a 
dy 

where integration over the area A results as 
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i = 1 



Fig. 9. Division of Triangle Element 
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f 
A 

p 
L 

1 

q 
L 

2 

r 
L dA 

3 

p! q! r! 2A 

(p + q + r + 2) ! 

Note that the area of the triangle simplifies to be 

2A 

When utilizing rectangular elements, the triangles resulting from dividing the 

element have equal areas of one-half the rectangle's area. 

Derivation of element "XK" and "XC" matrices 

The governing partial-differential equation in the two-dimensional transient 

conduction heat problem on an area A, with boundary surface A is 
s 

k a2t + k a2t 

x ax2 y ay2 

at 
pc ae 

with boundary conditions t(8) t on the surface s, a subset of A · and 
o s' 

at I 0 
an 

A 
s 
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The initial condition is t(8 0) t. . The derivation of the two-
1 

dimensional model parallels the derivation of the three-dimensional model 

(see Chapter 4), except that the z-coordinate term is omitted. Using the 

notation introduced in Chapter 4, let 

and 

where 

I 
x 

I 
y 

I pc 

I 

112/ kx (~~) 
A 

1/2 f ky (~~) 
A 

f at 2 

1/2 pc~ 

A 

I + I + I 
x y pc 

2 

dA 

2 

dA 

dA 

For a subarea Ae of the original area A, define 

I dt 2 

+ 1/2 pc as-· dA 
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2 

dA 

(12) 



Then, if the area A is discretized into rn elements, Equations 11 and 12 

can be combined as 

m 

~ = 1 i = 1 

+ 1/2/pc ~~
2 

dA J (13) 

Ae 

a quadratic interpolating shape function is used to approximate the field 

variable (temperature). 

In matrix notation 

t [ N ] { ti } (14) 

where tis the temperature (as a function of position within an element "e"), 

{ti} is the column vector of nodal temperatures of element "e" (in the 

sequence shown in Fig. 7), and [N 1 is the row vector of shape functions 

defined as 
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Substituting Equation 14 into Equation 13 transforms the transient heat con

duction relation within an element "e11 into a function of nodal point tempe

rature values. This process is repeated for each element "e" of the discretized 

area A. The resulting relations are combined and minimized with respect to 

each nodal variable, producing a system of linear equations. The boundary 

conditions (specified temperatures) and initial condition are inserted. Then 

values for nodal temperatures are computed at specified time step intervals 

by the Crank-Nicolson time advancement routine. Appendix B contains further 

mathematical details. 
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Chapter 6 

DERIVATION OF PHASE CHANGE APPROXIMATION 

Discussion 

Phase change is the major heat transport phenomena. A modified form of the 

procedure used by Bafus and Guymon (1975) is adopted for this model. 

Consider a nodal point "A" in a discretized two- or three-dimensional 

domain. Phase change is not permitted to occur at node A until a requisite· 

amount of latent heat has been exhausted or added. The prevailing quantity of 

latent heat for node A is determined by considering the weight of material 

(subject to phase transformation) of each contributing volume associated to node 

A in a nodal latent heat accumulator array. 

As an example, consider the cooling and freezing of node A. After each 

time step (or a specified number of time steps), the temperature of node A is 

tested to determine whether or not it is within a specified tolerance of a 

prescribed temperature where phase transformation is assumed to occur, the 

freezing point depression, Td . If the node has not been previously frozen 

and the computed temperature has dropped below Td , then the quantity of latent 

heat evolved during the previously computed time step is 

G ; Cu (Td - COMPUTED TEMPERATURE) (VOLUME) (SPECIFIC WEIGHT) 

where C 
u 

a weighted specific heat (at constant temperature) 
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• 

Volume = volume of material assigned to node A 

Specific weight a weighted average of specific weights 

The quantity G is subtracted from the latent heat accumulator for 

point A and, 1f more latent heat must still be exhausted, the computed temperature 

at the node is brought back to Td prior to proceeding with the time advancement 

process. This is analogous to simulating phase change as an isothermal process. 

The time rate of latent heat generation is governed solely by the solution of 

the heat conduction equation and is generally insensitive to large time steps, 

or groups of time steps. 

If the required amount or more than the required amount of latent heat has 

been extracted, node A and the volume of soil-water assigned to it are considered 

to be frozen. The thermal properties of the volume common to node A are then 

u~dated based on the volumetric proportions of soil-water and soil-ice present 

in the respective elements. If an excess amount of latent heat is removed, 

the residual is used to calculate how far below Td the temperature at node A 

should be. 

The thawing process is handled in a similar manner. Provisions are made 

to monitor which points are frozen or thawed so as to avoid refreezing frozen 

areas. Boundary conditions remain unaffected by the checking routines that 

scan point temeratures. After phase transformation at a point occurs, the latent 

heat accumulator assigned to that point is recomputed. Recomputation permits 

the simulation of long-term cyclic freezing and thawing . 
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Change of State 

Again, consider the freezing of node A in the discretized continuum. Once 

the temperature of node A falls below the freezing point depression, the latent 

heat accumulator assigned to node A is adjusted per the amount of heat added 

or exhausted. Using the specific heat parameter for the unfrozen material, 

the amount of heat evolved in a change of temperature is 

where m mass (or weight, depending on units) 

c specific heat (unfrozen) 
u 

tf temperature of final state 

t. = temperature of initial state. 
1 

In the English system, for example, the specific heat of water (unfrozen) 

is: 1 Btu/lb-°F; and of ice: 0.51 Btu/lb-°F . The amount of heat that must 

be evolved per unit mass to freeze (or thaw) water is approximately 

144 Btu/ lbm or 80 cal/gm . If more than the necessary amount of latent heat 

is exhausted, the excess heat evolved is used to calculate the new nodal 

temperature, using the frozen-state specific heat at constant pressure. 

The following example illustrates the above procedure: 

Given that 10 lbs. of material is assigned to node A. Assume that this material 

is 100% water and assume that the temperature of node A actually is the average 

temperature of the material assigned to it. (See the next section for further 

discussion of average temperature). Finally, asstnne, for example, that the 
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previous time-step temperature of node A was 34°F., and the new computed 

0 temperature is 29 F. 

This change of temperature represents a heat loss of 

Q (Btu) (10 lbs.) (1. 00 Btu/lb-0
F) (29°F - 3:4 °F) = • 50 (Btu) 

However, node A cannot assume 2~°F until the requisite (144 Btu/lb) (10 lb) 

1,440 Btu of latent heat is exhausted. Hence, node A would be set at 32°F, 

and the latent heat accumulator reduced as follows: 

LATENT HEAT (NODE A) = 1,440 + (10) (1) (29°F - 32°F) 

1,440 30 

= ·1,410 

Consider that the latent heat accumulator for node A is almost zero, perhaps 

0 10 Btu, and the new computed temperature for node A is, for example, 25 F. 

Then we proceed as follows: 

Q (10 lbs) (1.00 Btu/lb - °F) (32°F - 25°F) 

70 Btu, which is greater than the remaining latent heat for node A 

This implies the material assigned to node A is now frozen, and yet 60 Btu of 

heat remains to be accounted for. A new temperature has to be calculated, 

where a change of temperature is a function of the specific heat of ice, at 

0 
0.51 Btu/lb- F, and the amount of heat involved. Hence, the new temperature of 

node A is computed: 

60 Btu 0 0 (10 lbs.) (0.51 Btu/lb- F) (32 F - tf) 

Thus, 11. 76 32 - t 
f 

(32 - 11. 76) OF 20.24°F 

The latent heat accumulator for node A is now zero, and the time progression 
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continues, but with node A now set initially at 20.24°F . Note how the phase 

0 change dominates the process of lowering the temperature of node A from 34 F 

to 20.24°F. 

Average Temperature - Two Dimensions 

Each triangular element contains six nodes. Each node is a sample 

temperature within the region of material associated to it. It will be 

shown how the material is associated to each node, and how the nodal 

temperature is used to determine phase change. 

Each triangular element can be considered as the union of four triangles, 

each containing three nodal points. The boundaries of the geometry associated· 

to the nodes are determined by the perpendicular bisectors of the sides of the 

interior triangles (see Fig. 10). The model makes the following assumption: 

When a nodal temperature is within a specified tolerance of the phase change 

temperature, the nodal temperature is assumed to represent the average temperature 

of all the associated material to the node, and this temperature is then used 

for phase change determination as discussed in the previous section. But is 

this simplification valid? The following discussion approaches the problem by 

a rigorous interpretation. 

Consider the freezing of node A, as illustrated by the hatched geometry in 

Fig. 10, and a computer model utilizing exact temperature. The computer program 

keeps track of each element containing node A. Once nodt A is tested for phase 

change, each element determined as containing node A is scanned as to the 
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A quadratic element is considered the union of four interior 

triangles-each with three nodal points. 

Each interior triangle 

is subdivided by the extensions of the 

perpendicular bisectors of each side 

of the triangle 

Fig. 10. Phase Change Scheme 
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associated to each node 

for phase change study. 



location of node A within the element ( i. e. as to whether node A is a midside 

node or a corner node). The area of each element associated to node A by the 

geometric subdivision through perpendicular bisection (Fig. 10) of the 

triangle sides is calculated, then multiplied by the average temperature 

associated to this sub-area, and then this product or weighted contribution 

is added to the similar weighted contribution for each element associated to 

node A. 

This sum of weighted contributions is divided by the total area associated 

to node A, resulting in the average temperature of the geometry assigned to 

node A. 

Consider now the average temperature of an entire quadratic triangular 

element in our two-dimensional problem. The average temperature for the entire 

area is simply 

where A is the area of the element, [N] is the interpolating shape function 

matrix, ¢
1 

is the vector of nodal temperatures. 

From a previous section, we have 

At ee =f 
2 

(2L 
1 

L )¢2JA.;:+f (2L 
2 

- L ) '<l.>adA 
2 3 3 .... 

A 
e 

+f 4L L q, dA- + f 4L L q, dA +/ 4L L $ I dA 
1 2 4 2 3 5 3 I' 6' 

Ae Ae Ae 
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the average of the midside nodes. Consider the average temperatures of each 

subtriangle in the top of Fig. 10. The sum of the average temperatures, 

multiplied by their respective area, should ultimately sum up to be equal to 

4At , 
e 

4 

i.e., l/4A L A1 tAi 

i 1 

-
t 

e 
1/3 (¢4 + ¢s + ¢G) 

We shall now derive these average temperatures, tA. 
1 

i 1, 2, 3, 4 . 

Consider the element oriented as shown below: 
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the local coordinate = (1/2v.y 
L3 (1/2 .!l.b y/b 

2 

.. 2L - L 
3 3 

then the integration for ¢3 results in 

[(:-~)x + 2~~-a)] 
dydx + J J (~; 2 

_ +) dydx 

a/2 bx/a 

=ff 
(<h) 0 0 

-ht 
96 

Q,/2 

a/2 0 

(1/2) (Q,/2) (b/2) bi/8 

By argument that the triangle is arbitrarily oriented, the coefficient of ¢2 

must also be - 1/12 . 

Consider a new orientation of the element: 
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Then the integration for ¢1 results in: 

where 

a bx/a 

=ff 
0 0 

L 1 2 
<2 ( 2b + 2) 

Q,/- 2bx-bQ, 
2. 2a-9, 

( }i;- + 1)) dydx 

+f f v 1 2 v 1 
(2(2b + 2) - ( 2b + 2)) dyd~ 

a 0 

3b£/48 

A3 = (i/2) (b/2) = bt/4 

.. {¢1} t A3 = ( ~~Q, ) ( bi )¢1 = l~ ¢1 

Sp, for an arbitrary corner subtriangle of a quadratic triangular element we 

have intermediate values for the average temperature: 

-
tA

3 
3/12 ¢1 - 1/12 ¢2 - 1/12 ¢ 3 + 61¢4 + 62 ¢5 + 63¢5 
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By analogy that A1 and A4 are also corner subtriangles, 

-But since t 
e 

1/3 (¢4 + ¢s + ¢s) we can deduce that 

By the previous work, we conclude that an arbitrarily formed triangle can be 

rotated for midside nodal integrations; hence, we deduce that n1 n2 
6 
~ ; (coefficients)pi=l 

i=l . -
Therefore, 5/12 i 1, 2, 3, (also note that 

for each subtriangle). 

Consider the following orientation of the quadratic triangular element, 

and the subsequent local coordinate calculations: 
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tan (8) = b/a 

tan (B) y/x 

8=a+s~ a=e-s 

.. tan (a) tan (8 - 6) 
{ 

E. - y } 

= la+~ 
ax 

tan (y) t/s and h 2 t 2 + s 2 

sin (y) t/h , where v 
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2 2 . 1/2 = (x + y ) . (bx - ay) 

[(bx - ay) 2 + (ax + by) 2 
] 

112 

= 
(x2 + y2)1/2 (bx - ay) 

(x2 + y2)112(bx - ay) bx - ay 

[<a2 + b2) (x2+y2)J112 (a2 + b2)1/2 

1/2 

and L3 

(
a 2 2 1 I 2 { (bx - ay) } 

+ b) (a2 + b2)112 

1/2 Q,b 

_J_ 
b 

= bx - ay 
b.Q, 

b~ 
dA, where A3 =- (by diagram) 

8 

( 
2bx-b.Q,) 

a/2 bx/a 9,/2 2(a-£) 

=> 4/A, J j (il - :t~) dydx + 4/A, j f (-ft-_ :t~) dydx 

0 0 a/2 0 

1/12 

Thus, all midside nodes opposite the subtriangle being investigated have a 

temperature contribution of 1/12 , and by previous arguments of orientation, 
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Thus, 

.. 

where 

= = 

1/12 and CX.2 = 5/12 

-
tA1 -1/12 ¢1 - 1/12 ¢2 + 3/12 ¢3 + 1/12 ¢4 + 5/12 ¢s + 5/12 ¢6 

tA2 
::; -1/12 ¢1 - 1/12 ¢2 - 1/12 ¢3 + 5/12 ¢4 + 5/12 ¢s + 5/12 ¢6 

-
tA3 3/12 ¢1 - 1/12 ¢2 - 1/12 ¢3 + 5/12 ¢4 + 1/12 ¢s + 5/12 ¢6 

-
tA4 -1/12 ¢1 +3/12 ¢2 - 1/12 ¢3 + 5/12 ¢4 + 5/12 ¢s + 1/12 ¢6 

4 

1/4 L -
t 

e 1/3 (¢4 + ¢s + ¢6) 
i == 1 

By geometry, each A. 
1 

A/4 for A == area of quadratic element. We 

assume that (1/ 3)Ai is contributed to each of the three nodes attached to 

thus a contribution of A /12 is weighted to each of the nodes per each e 

~ssociated subtriangle. 

We thus standardize the weighted contributions of the overall quadratic 

will 

Ai 

element per each of the six nodes, letting W.C. (i) = weighted contribution 

for node (i): 
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3 

( 2) 

or equivalently, 

each corner node ¢1, ¢2, ¢3 

W.C. (i) = A/12 tA , i · = 1, 2, 3 
i 

where A. is that subtriangle 
1 

associated to node "i" 

each midside node ¢4, ¢s, ¢6 

W.C. (5) 

w.c-. (6) 

W.C. (4) = A/12 (1/12 ¢1 + 1/12 ¢2- 3/12 ¢3 + 15/12 ¢4 + 11/12 ¢s + 11/12 ¢5) 

W.C. (5) = A/12 (-3/12 ¢1 + 1/12 ¢2 + 1/12 ¢3 + 11/12 ¢4 + 15/12 ¢s + 11/12 ¢5) 

W.C. (6) A/12 (1/12 ¢1 + -3/12 ¢2 + 1/12 ¢3 + 11/12 ¢4 + 11/12 ¢s + 15/12 ¢6) 
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6 

where L W. C. (i) = Ae/12 (48/12 <f>4 + 48/12 ¢ 5 + 48/12 <h) 

i = 1 

-
which agrees with the above deri.vations of t 

e 

A t 
e e 

We shall use the above derivations to support the simplification of letting 

the calculated value of node "i11 be the average temperature of the associated 

area to node "i" . 

"Asp@ct Ratio" reasoning dictates that element diameter ratios should be as 

closed to 1 - 1 as possible. Thus, one trianglular element would be of the same 

approximate shape and size as its neighboring elements; otherwise errors would be 

introduced in the exaggerated element's direction (see Desai and Abel (1972)). 

Consider an arbitrary node "i" and its associated area (Fig. 10). The 

average temperature is the sum of all weighted contributions divided by the 

total contributed area. By the above, the temperature at node "Au approximates 

the average temperature for the associated area, hence eliminating the above 

calculations. The reasoning follows for a simple midside nodal calculation: 
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4 

-t,.A11 = A/12 (-3/12 [ ¢1 + ¢s ] + 2/12 [¢1 + cp3] 

+ 11/12 [¢2 + ¢G + ¢4 +¢a) + 30/12 (¢9]) 

If the triangles are similar, we can see each bracketed sum approximates· ¢9 

in the average, hence 

-
t ~ 

"A" 

-
which implies that t"A" ~ ¢9 . 

= 
A 
12 (6¢9) 

A = - ¢9 2 

Thus, the more exacting computer model (which employs temperature averaging 

of all contributing elements) can be simplified by letting the nodal temperature 

represent the average temperature of the material associated to the node. This 

saves a significant portion of the ~omputer time involved in a phase change 

process, and eliminates the necessity of storing the nodal locations of each 

associated element. 

Computer Simulation of Element Phase Change 

The phase change process is modeled 1 in the computer program by updating the 

thermal parameters of any element whose nodes have all experienced the 
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transformation of either freezing or thawing. Noting that the phase change 

portion of the program is restricted to isotropic (thermal) domains, the 

thermal conductivities in the x, y and z dtrections are all equal to the 

parameter designated as 11ku" or "kf" ~ i.e. the thermal conductivity for 

tmfrozen and frozen material respectively. Thus, once a node freezes, each 

element associated with the newly frozen node is tested to. determine whethEr 

all the nodes in the element are now frozen; if so, then the parameters are 

are updated for that element, if not, the program continues without an element 

phase change modificati.on. 

To modify the global matrices for the changed thermal conductivity parameter 

of a newly frozen element, the difference (kf - ku) is calculated and then 

used as the thermal conductivity of the newly frozen element, and the element 

is reprocessed in the element matrix derivation subroutine. This technique 

alters the global matrix system without revising the entire global matrix system 

element by element. For a newly thawed element, the above procedure is 

paralleled, but with the element's thermal conductivity parameter adjusted by 

the difference (ku - kf) . See Appendix C for "global matrix phase change 

updating" derivation. 
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Chapter 7 

CRANK-NICOLSON METHOD 

Once the volumetric brick/tetrahedron elements have been amalgamated into 

the global matrices "GK" and "GC" where "GK" is the global conduction matrix 
f"\o# ".I ' ~ 

and "~" is the global capacitance matrix, the problem becomes one of solving 

the following system of linear first order differential equations: 

or 

dl 
dt 

GKt + GCt 
~ ""' 

GCt 
~ 

-GKt 
~ 

0 ' 

where t and t represent the time differential of the field variable vector, and 

the field variable vector , respectively. 

The Crank-Nicolson method moves the solution vector ahead in time intervals 

of ~8 by the relation 

or equiv~lently 

(v+l) 
t 

GCt(v+l) 
~ 

t(v) + ~8 (~(v) + ~(v+l)) , 

GCt(v) + ~ 8 (Gc~(v) + GC~(v+l)) 
,,.,, 2 - ,,.,, , 
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where 

Hence, 

Combining terms, 

where for 

~e > o , 

- GKt (i) ,,., 

= GCt(v) + ~e (-GKt(v) - GKt(v+l)) 
"' 2 "" ~ 

(
GC + ~e GK) t(v+l) 
""' 2 ,..,. 

= 

(
_L GC + GK) t (v+l) 
~e _, "'- = (!_ GC - GK). t (v) 

~e ""' "' 
(1) 

The global matrices "GK" and "GC" are modified to represent Equation 1 
~ ,.,,,, 

without additional storage requirements. By letting the matrix GC* equal 

we can form System 1 by setting GK* = .GK + GC*• GC**= 2GC~ - GK* ,.., ~ -'~ ~ ,._, 

where in each new relation, the new forms of the GC and GK matrices are used 

as they are produced. Hence, the System 1, modified as above, reads as 

GK*t(v+l) 
rv 

= GC**t(v) 
IV 
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It is this form of Equation 1 that is directly formed in the computer. 

Before solut;ion of Equation 2, the boundary conditions (specified temperatun-':s) 

are inserted by the process described in Meyers (1971): let t 5 = ll, a spec if:1 ( ,. 

boundary temperature, then for Equation 2: 

' I').,, -~ ~-rl) 4-

ff 
ri:• 4··· ~ 

. : i ,(' Yl 'l; 

~ 
--t ' I 6 0 I " 

5 
i 

_d 
' 

'• 

I • I • ~ : $ - n.4 I 

~J:..* 
;-

GC. "'~ \Tr __ i 

where the "$" represent column terms in the GK* matrix, and the "¢" represent 
~ 

column terms in the GC** matrix • ...... 

(1) set GK* (5,5) GC** 
~ ,,.,,,,,, (5,5) 1.0 

(2) set TT* (I) n ($ - ¢), I :f 5; -TT* (I) TT (I) ,.., ..., "'-

(3) set "5 11 row and II 5 II column of X!<* & Q9** 0.0, except for 

statement (1). 

Now the system GCt(v) +TT 
N rv ' 

where GK, GC, and TT represent 
...., ""° """" 

the modified matrices of Equation 2 (but with inserted boundary conditions) is 

ready for a time-advancement solution scheme with specified time steps. 
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Variables of Convergence 

Chapter 8 

MODEL EVALUATION 

The computer program utilizes a quadratic shape function of the finite 

element approximation for temperature (field variable) in a three-dimensional 

or two-dimensional continuum. As discussed in Myers (1971), the solution 

oscillates about the analytic solution before convergence. A balance of element 

size, shape time step si-ze, and the magnitude of the difference between the 

initial temperature and boundary temperatures is required forantoptimum solution 

to the problem. 

Thirty runs were made varying individually the above mentioned parameters on 

a control problem. A basic transient heat-conduction problem was employed and 

compared to the analytic solution by varying the (1) size and shape of the elements; 

(2) the time step increments and (3) the temperature "shock" to the system. 

Convergence Analysi~ 

A six foot width "plane wall" problem was examined for the following cases: 

(l) Approximate the system by six cubic elements of one foot dimensions. 

Use a three-dimensional model. Shock the system by a temperature 

difference of 200°F. Use a time step of 0.1 hours. The results were 

considered "converged" after approximately 5 hours into the solution. 

A two-dimensional approximation, with similar parameters, was con

ducted and revealed similar answers. Thus, the two-dimensional case 

was used for the remainder of the testing. The necessity for quick 

convergence to the exact solution is primarily due to the solution 

deviations caused by phase changes at incorrect times. Hence, if 

convergence criteria is established for large temperature "shocks" 

to the system, convergence is assured for the anticipated temperature 

differences imposed in a more natural situation, such as 5°F, more 
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or less. Additionally, sudden "freezes," as may occur in chilled 

climates with sudden high velocity winds, will not destroy the 

model. Two shocks for the three-dimensional system were used, a 

100°F and 200°F temperature change. The two-dimensional model yielded 

the same results in both tests. 

(2) Using the two-dimensional model, a temperature "shock" of two hundred 

degrees Fahrenheit, and an element size of 1 foot dimensions (square), 

vary the time step increments letting "theta" equal 0.05, 0.10, 0.25, 

0.50, 1.00, 2.50, 5.0, 10.0 and 24.0 hours. 

(3) Using the two-dimensional model, a temperature "shock" of two hundred 

degrees Fahrenheit, and time steps of 0.05, 0.1, 0.25, 0.50, 1.00, 

2.50 and 5.0 hours vary the size of elements (square) at 1 foot, 1.5 feet, 

and 3.00 feet. 

Analytic Solution 

The problem considered is actual a one-dimensional "plane-wall" problem. 

The wall is assumed to be iron (isotropic with thermal conductivity of 31.4 Btu/hr 

ft-°F; density of 492 lbm/ft 3
; heat capacity of 0.137 Btu/lbm-°F. 

The governing differential equation is 

at 
pc as 

where the boundary conditions are that t = t @ x = 0,6. The initial condition 
~ 

is t(x, 8=0) = t .. The problem is normalized using the variables 
1 

x 
6 

a8 8* - 36 t* 
t-t 

00 

t.-t 
1 co 

Then the differential equations simplifies to: 

t* (0, 8*) 0, t*(l,8*) 

The solution is the power series: 

kx a= -
pc 

0, t*(x*,O) 1 

~*(X*,8*) =~(sin x*e-1T
28* + t sin 37TX*e-91T

28
* +~sin 5nx*e- 25

7T
28* + ..• ) 
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Solutions to this equation for the case where the boundary condition 

temperature at x = 0 is 100°F and at x = 00 is - 100°F are shown in Table 1. 

Test Results 

The model output was examined as to when convergence occurred. The time 

(in model simulation) of convergence was plotted graphically as a function of 

time-step size and element size. For the Transient Heat Conduction model, a 

time step size of 0.1 hours, and the convenient element size of 1.0 foot was 

found adequate in rate of convergence. Results are shown in Figures 11, 12 and 

13. 

3-D Test Problem 

The local coordinate relation to global coordinates is stated in Desai 

and Abel (1972) as 

x 
'( 

~(z..') 

'((?.) 

~(Z..) 

for the tetrahedron 
z element shown: 

P1 

The corner coordinates are numbered by choosing any vertex as P
1 

(X,Y,Z), 

and numbering the remaining three corners in a clock-wise direction as viewed 

from P 
1

. The coordinates of the P. are then substituted into the above matrix. 
1 

The coordinate system is established in the figure. Note that the y-

coordinate is positive into the paper. Thus, the volume under consideration 

must be dimensional from the origin shown above. The problem tested in the 
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routine is an insulated iron homogeneous isotropic bar. The bar is six feet 

long, with a square cross section of one-ft 2 area. The bar is initially 

assumed to be at 100°F. Then, the ends are both set at 0°F. Due to symmetry, 

the problem is simplified to an insulated bar of 1 ft 2 cross sectional area, 

insulated at one end and along the surface boundary, initially set at 100°F, 

with one end set at 0°F. 

6' 

The volume is discretized into 3 cubic brick elements of equal volume V(€). 

The elements are formed below: 

0 ~ 
c1 

,,Ju 
OT 

1 

?-4 

0 
0 11 0 

&o q.-r 

ai. 

S7 

Q) 

~lement 1 Element 2 l'.:lement J 

Parameters are: 

NBAND = 26 (not necessarily exact, but must be ~ actual bandwidth 
NNODES 60 (number of nodes) 
NELE = 3 (number of elements) 
NBRICK = 3 (number of brick elements) 
NTETRA = 0 (number of tetrahedron elements) 
NUMBC = 9 (number of specified temperature nodes) 
THETA = time increment, in hours 
DAYS = simulation duration, in hours 
XKX,XKY,XKZ = 31.4 (thermal conductivity, in Btu/hr.-ft.-°F 

(Note that the brick element nodal sequence input is:) 
ELEMENT 1: l,10,18,19,20,12,3,2,ll,4,13,21,22,23,14,6,5,7,15,24,25,26,17, 

9,8,16. 
ELEMENT 2: 18,27,35,36, etc. 
ELEMENT 3: 35,44,52,53, etc. 
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TABLE 1 

ANALYTICAL SOLUTION TO TEST PROBLEM 

Temperatures, oF, at Indicated Intervals 
Time 
hours 1 foot 2 foot 3 foot (midpoint) 

1 40.01 92.29 99.25 

2 -1.37 70.83 88.74 

3 -13 .19 50.36 73.62 

4 -23.60 32.33 52.81 

5 -32.75 16.47 34.49 

6 -40.81 2.51 18.37 

7 -47.91 -9.78 4.18 

8 -54.15 -20.59 -8.31 

9 -59.65 -30.11 -19.30 

10 -64.48 -38.49 -28.97 

15 -81. 24 -67.51 -62.49 

20 -90.09 -82.84 -80.19 

24 -94.06 -89.70 -88.11 
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APPENDIX A 

THREE DIMENSIONAL FINITE ELEMENT MODEL DERIVATION 

GOVERNING EQUATION 

The governing partial differential equation for the transient heat conduction 

model in three dimensions is 

at 
pc ae 

where (a) kx, ky, kz are· constant directinal thermal conductivities. 

(b) e is the time variable 

(c) p is constant density 

(d) c is the constant pressure specific heat 

(e) an initial condition is given 

(f) Boundary values are specified 

(g) 3t/3n = 0 along the surface of the volume being studied 

(i.e., the volume is thermally insulated). 

(1) 

Although Equation 1 assumes constant physical and thermal properties through-

out the control volume, variable properties can be handled by the numerical 

methods proposed (see section entitled "Derivation of System Matrices,") 

contained in this appendix). 

DISCRETIZATION 

Given a volume V, discretize V into a finite union of "m" tetrahedra shaped 

elements v<e) where 
m 

v::::::: u 
e=l 

and the intersection of any two V(e) is an entire common face, edge or vertex. 

For each tetrahedra, specific nodal points at each vertex and at the midpoint 

of each edge. This will result in 10 nodes for each element V(e). Due to the 

discretization of a continuous volume, nearly all of the nodes will be shared 

by other elements. A special Pequirement of the discretization process is that 
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two contintiguous elements must share an entire face or an entire edge rather 

than portions or segments. This must result in 6 common nodes (face) or 3 

common nodes (edge} for contiguous elements. Only when elements touch at a 

vertex will there be just one common node. 

ELEMENT AND NODAL NUMBER 

Number the elements and nodes of the descretized volume. Do not renumber 

shared nodes of contiguous elements. That is, if the system is discretized into 

two tetrahedron contiguous along a face, there will be 2 elements and 14 nodes 

in the model, not 2 elements and 20 nodes. 

DERIVATION OF SYSTEM MATRICES 

It was shown by Desai and Abel (1972) that solving Equation 1 along with 

its specifications is equivalent to minimizing with respect to the variable 

"t" (temperature) the variational statement 

I = l ff J (k Cat) 2 + ,k (~) 2 + k (~) 2 + pc(aaet2) dV 
2 X dX y 3y Z dZ v 

where we assume 3t/3n = 0 along the volume's surface. 

If we could minimize Equation 2 with respect to "t", we would arrive at 

an expression for temperature as a function of position and time. Instead of 

attempting to solve the above analytically, approximations will be used which 

when substituted into Equation 2 result in a system of linear equations with 

values of temperatures as the unknowns. 

The first step is to formulate a function for temperature within the 

volume V. This will be done by specifying functions for temperature within 

each element V(e). These temperature functions will be continuous along the 

element interfaces such that Equation 2 will be defined. 

Consider an element V(e) along with its ten specified nodal points. Let 
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where "t" is the temperature at point "P" having coordinates (x,y,z) of the 

volume V, and "t" is a function of the temperature of the element's nodal points 

where Pis contained in V(e) ,((t1 ,t2, ... ,t
10

)) are the element's nodal temperatures 

in the order shown in Figure 5. This temperature function will equal the nodal 

temperature at each nodal point, and will interpolate between these nodal points 

to evaluate temperatures elsewhere within v(e). 

Using the "local coordinate" system defined in Chapter 4, we can write such 

an interpolating temperature function as 

t (2L~ - L1)t1+ (2L~ - L2)t2 + (2L~ - L3)t3 

+ (2L~ - L4)t4 + 4L L2t 5 + 4L1L3t 6 + 4L1L4t 7 

or in matrix notation 

t ~ [(2Lf-L1), (2L~-L 2 ), 2L~-L3 ), (21~-14 ), 4111 2,41113, 4L114, 4L2L3, 41314, 

( e) { } 4 L 
2
L 

4 
] { t ( e) } 

where t = ti = [t1,t2, •.. ,t10 J 

Equation 3 is valid for each element V(e) within the volume V. Also, this 

equation represents a quadratic variation of "t" (temperature) throughout each 

(3) 

V(e), providing increased accuracy over a linear interpolating temperature function. 

The second step is to evaluate the integral expression shown in Equation 2. 

Assuming that 

and assuming Equation 2 can be rewritten as 

I ~ 
1 at 2 at 2 at 2 at 2 

(-) J ff (k (-) + k (-) k (-) + pc -ae )dv 
2 u~ ax y ay z az 

(4) 

e.-:.\ 
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then Equations 2 and 4 can be combined 3nd expanded into 

I ~ ~ (_!) f fJ (k: (~) 
2 
+ k (~) + 1.( (~) 

2 
+ pc ~et 

2
) dV 

e=l 2 v\e) x ay y ay z az 0 

Thus we can consider each element V(e) individually in evaluating 5, such that 

where 

I(e) =_!fff 
2 

v(e) 

m 
I~ l; I(e) 

e=l 

Ck cl£) 
2 

+ :![{ (~) 
2 

+ k (l!.) 
2 

+pc ~et
2

)dV 
x ax y ay z az 0 

The third step is to note that since we have an interpolating temperature 

function that is valid for each element V(e), we can approximate the partial 

(5) 

(6) 

derivatives in Equation 6 by the differential formulae established in Chapter 4. 

Furthermore, these expressions will be valid for each element. 

To simplify calculations, rewrite the expression for I(e) in Equation 6 as 

or simply 

I (e) + I (e) + I (e)+ I te) 
x y z pc 

(8) 

where the subscripts ref er to the identifying governing parameter for each 

expression in Equation 7. The reason for this is I (3), I (e) and I (e) are 
x y z 

similar, except for some multiplying constants of position and thermal parameters. 

Hence, we only need to find a useable expression for I (e), and then expand the 
x 

results to include I (e)and I (e). I (e) must be solved separately due to 
y z pc 

the time derivative. 
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Our problem is to minimize Equation2 with respect to "t" (temperature). 

This is equivalent to minimizing Equation 4 with respect to temperature. But 

our interpolating temperature function is a function of nodal temperatures. 

Thus we must minimize Equation 5 with respect to each nodal temperature of 

the entire volume V. By Equation 6, we see that we must minimize each I(e) 

with respect to each nodal temperature of V. Since only ten nodes are 

contained in each V(e), most nodal temperature minimization efforts (for a 

several-element node!) equate to zero. That is, minimizing Equation 4 with 

respect to each of the volume's V nodal temperatures is equivalent to the 

sum of the minimizations of I(e) with respect to each nodal temperature 

of v(e). 

Hence, for each V(e) we want to evaluate 

arCe) 
at1 = o, 

dI (e) 

at
2 

0' ... , 
ar (e) 

atlO 
0 

where ti is the nodal temperature as expressed in Equation 3. 

Since 

we can minimize I~e) with respect to (t
1

, t
2

, ... ,t
10

) of V(e), and then extend 

these results to the minimization of I (e) and I (e). However, I(e) must be 
y z pc 

minimized with respect to (t
1
,t

2
, •.. ,t

10
) of V(e) separately. 

Step four is performing the above described operations. We will use the 

notations ai,bi and ci for the cofactors of the element's coordinate matrices 

(see Chapter 4) and Equation 3 for the interpolating temperature function. 

Consider, for any V(e) 
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I~) = ~ kJ' Hf (~;_')1. cN 
~) ~t\ 

dI<e) ·~(nJ 
~ = k~mc~) .?ti o" 

\.ff-) 

= k ~l\(~)~)(4L 1-l)dV 
1- vb 

a\\<.~ s rs 
= (re \JTi.l)" Je) [ ~1 (I <O l~ -8 l1-t- \)t.,"'" 4 ( 4 l, l z.-l~ts 

+ 4 (A-l,L~-l~~ + 4(A.l,LA.-4)t1J 

+- u z. (_(I~ L1 Li.- 4-L1-4Li."" \)t.z. ~ 4(4. L~- L)tc;, 

+ 4 (4-L,l3-l3)te + 4-(A-l,l1,.-l~t,0] 
+ C\.-a [.( \<Ol,L~-4l\-4-L3~ \Jt3 +4(4-L~- l)~ 

+4(~L,l-z.-L~)t.s~ 4.(A.L,l4--l4)t.9] 

+ Cl.I\.(( \COL,4.- 4.L1-4.L4"" \)t4 + 4( 4L~ -l~t1 
·H\.(4-L1l~-l~')~ + 4(A.\.1lz. -l.i)t101!d\/ . 

where th& integratien is solved as follow~: 

i) J~ Lt cN = ( CO'J(e';)( fto) il.\) HI) LJ .. j d\J "' ( <O'J't')( "ffis) 
it) Sff l~d\J = C co\Jce))( i4.) 1.") ~~ cN = C ro"'~( {:) 

~) V') 
where, 

UJ) l~ l~ l~ l~ c\\J = ~ p! 9 ! r ! 5\ )/(p~C\+r+cs+5) \] (~\l(e~ 
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The other partial derivatives follow: 

k,J1f (~}~> (4-L._-l)d\J 
,le) 

: ~ ~~3t)(A.lz.- \}cN 
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[
- l _L - \ __L \ _L - \ 1 . 

+ O.i. 30 \:".' + 30 -c ~ + \O -i:..s + 30-tlo .l 

[
- j_ L - \ J.. \ _i :J_ L J} * a.At 30 L-4- 4- 30""1 4-TIS"l:-9 + 30 ~lo 

--
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~~= ~~) JJf (%\.)(a,l.4-+cto.l)a'J 
"~ 

- ~~:t QJ}i0t,+~t.5~~tb+i;t1] 
+ O.t.[-1iotz. .Ir~.\:.!:. +~*8+~o] . 
+ o.3(-,io t?>+~~+~+~~ J 
+ a.{ic;~ +~t, ~+ici:to]f 

+ ~~~o.{-kt, +~-\:s+~+~t.,] 
+o.~[~i.o~z.+T5ts+io-ts~~ 
+0.?> [ \~o la+Ys~ + ~;tg +~] 
+04 f:lio t4 +~t., + t,~ +~~ 

~f = ~~Ji\ (~)(o.1.L~+ ct~L.)~\J 
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The preceeding processes of partial differentiation must be repeated for 

I (e) and I (e). However, parallel development will result in the same 

y z 

expressions as derived for Ix (e), except that for Iy (e) we must substitute 

"b." for "a." and "k " fork. t and for I (e) we must substitute "c." 

1 1' y x z 1 

for " " and nk" for "k ". 
ai ' z x 

Let t(e) =the column vector [t
1
,t

2
, .•• ,t10

JT. Then minimizing 

Ix (e) + Iy (e) + Iz (e) with respect to (t
1

, t
2

, ... ,t10
) of V(e) is equivalent 

to 

I (e) + I (e) + I (e)) 
a< x Y z 0 

By the above derivations, we see that Equation 9 establishes the matrix 

expression 

[X K] t(e) = 0 

where [X K] is the "element conduction matrix" for V(e) where ,t(e) is the 

column vector of nodal temperatures of V(e). 

Note that we can expand Equation 10 as 

[X K] t(e) {[ K (e)] + [ K (e)] + [ K (e)]} t(e) 
x y z 

0 

where each matrix in the above sum corresponds to the minimization of its 

respective entry in Equation 9. The matrix [ Kx(e)] is written in modified 

form in Figure A-1 of the appendix. The matrices [ K (e)] and [ K (e)] can 
y z 

be found by substituting the constants b. for the a. and k for k (for matrix 
1 1 y x 

(9) 

(10) 

K (e)]); and by substituting c. for the a. and k fork (for matrix 
y 1 1 z x 

K (e)] . 
z 

Equation 10 only represents part of the expression for minimizing 
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--- t · 7 · t t · i 1 · · · Ice.~ ~qua ion • We mus s i nnnimize fc, 

of y(e.) , that is we must solve 

a = time 7 

( 4- 3 2\ t;.L, - 4L1 +L, J 

( 4L~ L~ - l L~ l, - 2.Li L~ + L,Li) 
(4-L; l~ - 2. L~l\-2.L3l~+ L,L~) 
C~-L! L~-2-l.4l,-ZL4l~4-L,L4). 
(8L7li. - 4l~Lz_) 
(8L~L!- 4~L~ 
(BL~L4- 4~L~ 
(BL~L~l"!.- 4-l.L,L~ 
(8L~l~4-4-L,L~4l 
(8l~ Li. l4- - 4-l, l'Ll....\) 

T 

dV 



4l'"l-z.. \ i.. 

4L~L~l, 

4L~ li.4. 
4-L~ l, L3 
4 l, l-z.L~l4-

4-L~l,L4-

:: Co~c.Vfe.) #· 

~· •(e) 
t<e) 

• (e.) c\ ~ 
/31- t t =de 

'""- ) 

~2. 3\ ?. 

{33 ~I = ( r7i. - ~)a. 

/34- fo7.,. (Z·~ --b )4 

134-
~?." ( 4·71) A. 

~ = (4-· ti )4-p+ ~s " (4.7i)4 
5 

~4-
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et)\/"} J l (f.) G Crc IJ) 'f • (3. f'i ~ #11 {34 (34 f->o. ~s {34 ~ 

~lfc vf e) [fi A. ~· f3r. f34fiA/b4f3..A J ice) 

fcc,~"f\f',f'r.fif• !4Mftf--foJ t 
~IP({_) ,,, [ 1 ·ce) c14 = b(pe-Vf) ~,_ (S, (3, ~t ~4 ~4 f->s ~~~ °£ 
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Or: (where by symmetry (.?>,:: ~°!).> {3"l. = c:J.4) 

~' o<i al"l. .J, o(3 ~3 ~3 o/4 o/4 ~ 

oJ2 ~\ J, c;/.,_ ol3 ~ ~ .. J3 4 ol3 

o{2. oi.i. cJ., ~1- ~ "'3 oi.._ -'J ~3 ~ 

~Ite\ co ere. v)<£) ~1- ol, al1.. 
• Ce.) 

;;.t~ ~ 
ol., c4 ~ J3 4 oi3 ol3 t .,....., 

-- ~· ~' ~1 ~z. ~3 ~ f'4- ~ ~f, ~~ 

~' f;.,. p.,I R>i ~4 ~3 ~4- ~4. ~ f.Js 

f3, ~z. ~z. ~' ~ft. (3,, f.,3 ~s ~ ~~ 

~~I ~. ~z f?J4- ~ ~6 ~3 ~4 (3 .. 

~z. f.h (3, fJ, ~' ~4 ~ f34 ~3 f.'4 
(3i. ~I ~2. ~I ~.. ~£, ~4- ~,,. ~ ~3 

(e) 
Minimizing I~ with respect to (t\ >ti.,···) t,o) 

~) 
of \I results 

in the "element capacitance matrix" expression 

~cte~i(e) - 0 (11) -

What we wanted to do was minimize Equation 7 with respect to 

( t 
1
ltl.l "' , -l:.10) of \/~) . Hence, combining Equations 7, 10, and 11 

we get 

(12) 

By Equations 5 and 6, we must perform the above operations for 

each of the "m" elements, and sum the results in matrix form. This 
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combination of element matrices will form the "global matrix" system 

[G K]! + [G C]t = 0 

where [G K] the global conduction matrix 

[GC] the global capacitance matrix 

t = the column vector of all nodal temperatures 

t the column vector of time derivatives of all nodal 
temperatures 

Using Equation 13, we can apply a time advancement modification such that 

the "Crank-Nicolson" method, and formulate a matrix system that can be 

programmed into the computer. From the above, it can be seen that variable 

physical and thermal parameters can be handled by specifying constant 

parameters per each element V(e). 
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\(,.. 

\el)"") 

3a. i. -Q.IQ'Z.. - G. 1Q.'3 - 0.. \O..J+ (3a.\Q'L- a.~) 
\ 

- O..ta.\ 
1. 

3 <l.z.. -O..i.0.?> - Cl..-i.0..A- (30.'l.o., - a..i) 

-Q~Q\ -0.30..i. ~o..~ - 0..30.!J. (-a.3a.\ - Q3Q.j 

i (-~Cl, -0..t\.-Q'l-) . 

-a.40., -°'4.0..'2. -a.4-o._3 3o.4-

( 3a.1.a.\- a.~) ( 3a.\O.-z_-Q~) (-u\a~-n-i.o..~ (-a.,~-O.i.G.4\ (Bn~ +8a 1Qi. ~Soi) 

(3o. 3 a.,-a.~) (-a,Q1 -a.~Cli.) l 3a,o..~ - u.~) (-Q\Q1a,--a~a.t,,'i4-o.: + 4-o..,a?. 

-+ 4a40., + 8Q40.J 

( 3Cl.4.Q,- a.~) (-o.,a.i. -a.4-o.1.) C-o"Q3-0.4a.~\ C3o..Cl.4- o..f) ( f\,.(l ~ + A-a. IQ. 'L 

-\. l\.a.4Q, ""'"Bo..4-a.J 

(-O.-z.G.,-0.30.~(30.?>Q1.-a.~J (3Q2.(l3- o..~) (- Q."l.(4-o.~a.J ( 4a.1.Ql + 4o..~ 
4-80.~o.., + AQ~ni.) 

(-a.~o..,-~a.\ (-n.~o.i.-°'4.eiiJ(3o.4Q~-<l~) (60.~a.i..- n.f) (4a.~a.l + A.a.~Q'Z. 

+ 4u,Cl4 + 4Q4Qz.) 

(- a."2.o.., - a.40. .) (3a.1.-0..i.- Q~ )(-u.'Z..Q~- Q40.3) (30..1.a.4--a.~) (L\.o..~Cl, -r 4cti 

+B~n,+ 4a.4 u.i.l 

FIGURE A-1 (appendix A) 
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(3u1Q3-a.;2) ( 3 Q, ~-Q,2) (-Q 1Uz.-a,a3) (-Q,Q3-a.,~) (-Q ,cti.-a.144') 
=-11 

p ,, 
I~ (- a..2 Q 1- aiu3) ( -a,Q1-a.i.a4) ( 3 0.-z.Q?>-~ l (-a.-z.Q3-a,~) (3Q-zU4- Q!J I: 
ll 
:I 
" (3Q3Q1 -Q~) C- a.3 a, - a.~°"") ( 3~3Cl2- a.f) ( 3 0.3£l.4- Q~) (- Q ~ 0.-z.- f)~Q:\) tj 
u 

(-a~u,-<14Q:,J ( 3 G.40.1- °'1J ( -°'4°'i-~~ (3a.40.o-~'> (3°'4,Q-z.-a.i-) 

( 4.a.f -+ Au,a3 ( 4a}-t Ll<l\°'4\. ( 40..fl'Z.+80.,o..3 ( 4a.,a.?>+4<l,<l4. ( 4.ci,o.'2.+8a./t4-+40.2.01 + ~a.2a~) +-40.7.0.1 ~8a.i.°4) +4nl +40.i.Cl~) + 4o.i).6~ 4ai<4) +4ai_+ 4U'tll4.) 
( ~ ') (4nt+ 40-, ~ Csa.p.2. + Ll a.,a3 (Ba., Q4-+ 4a. ,u~ ( 4o.p. .,_ + t\a.e.4- ~ 

Ba, + 80., o. 3-t8a.3 

-\-4a1a.~+8a.~) +4.Q~o.i.+ 4-0.\) -+4£l.40.~~4a.~) -t4a.5 ni.+ ~°'4 

( L\.a.,z +4- a., u~ (Bo.~+ 8 o.,n4 t&4) (4n,<11. + L\.a.,0.3 ( 4o,Q4 +Bo, (l~ (fu,a1.+ 4.a.,o.L+ -+ 4 0.40., +8Cl4.0.3J + 404 O.i. ~4ntJJ.~ -\. 40.!-\40..3~) + 4.o.~n,+4o.4.) 

(80.z0.1 +4uz..a~. ( A.n2 Q ,-t- 4ail4 ( &i t8°"La;+ &~) ( L\.a.t.Q~+ 80.-z.04 ( 4.o.~-\- 4a.2.~ + 4.o.3a,+~) + a. ~,u ,-\- 4-0. ~<14) + 4a_\ ~ 4-0.~~) +~3a2. +8~3°4-J 
(4a.0 u., + Li a.} (80.,0. 1 -1- 4n,~ ( 4 Q.°!> C1i. .\,. A.a..~ ( 8<>~ +80.~0.11,.-1-80.4) (&,at+4Ct3~ +B~a, + 4.a.~<l4-J -+ 4 ~Q\ +A.a.! +B~o.-z.+ 4<4Q3\ + 4040.'L-\- 4°'4 
(A Qi.a.\ t- 40.z.a3 ( 8Qi_Q, + 4Cli.°'4. ( 4-o..i + 40.i.Q3 ( 8(\_'l.Q.~ + 4-0.i.o.~ (80.~ ~ 8 Q1..0-A + 4 °'4,Q I+ Aa.4Cl3l + 40.4.Q \ + 4o4) + 4-aaa.'L .\-8040.~) ;. 4.~Q~ +4o.l) +Ba.!) 
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APPENDIX B 

TWO DIMENSIONAL FINITE ELEMENT MODEL DERIVATION 

GOVERNING EQUATION 

The governing partial differential equation for the transient heat 

conduction model in two dimensions is 

where (a) 

(b) 

(c) 

(d) 

(e) 

(f) 

(g) 

at 
pc~-

k , k are constant directional thermal conductivities x y 

8 is the time variable 

p is constant density 

c is the constant pressure specific heat 

an initial condition is given 

boundary values are specified 

at/an = 0 along the boundary of the area being studied 

(i.e., the subject area is thermally insulated) 

(1) 

Although Equation 1 assumes constant physical and thermal properties through-

out the control area, variable properties can be handled by numerical methods 

proposed (see section entitled "Derivation of System Matrices", contained in 

this appendix). 

DISCRETIZATION 

Given an area A discretize A into a finite union of "m" triangular shaped 

elements A(e) where 
m 

A~ U 
e=l 

and the intersection of any two A(e) is an entire connnon edge of the triangles 

or a common vertex. For each triangle, specify nodal points at each vertex 

and at the midpoint of each edge. This will result 
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in 6 nodes for each element A(e). Due to the discretization of a continuous 

area, nearly all of the nodes will be shared by other elements. A special 

requirement of the discretization process is that two contiguous elements 

must share an entire connnon edge rather than a portion of the line segment. 

This must result in 3 common nodes for contiguous elements. Only when elements 

touch at a vertex will there be just one common node. 

ELEMENT AND NODAL NUMBERING 

Number the elements and nodes of the discretized area. Do not renumber 

shared nodes of contiguous elements. That is, if the system is discretized 

into two triangles contiguous along an edge, thre will be 2 elements and 9 

nodes in the model, not 2 elements and 12 nodes. 

DERIVATION OF SYSTEM MATRICES 

It was shown by Desai and Abel (1972) that solving Equation 1 along with its 

specifications is equivalent to minimizing with respect to the variable "t" 

(temperature) the variational statement 

I = .!. f I (k (l!.) \ k (l!.) 
2 

+ pc ~et
2

) dA 
2 x ax y ay 0 

(2) 

where we assume at/an = 0 along the area's boundary. 

If we could minimize Equation 2 with respect to "t," we would arrive at 

an expression for temperature as a function of position and time. Instead of 

attempting to solve the above equation analytically, approximations will be used 

which when substituted into Equation 2 result in a system of linear equations with 

values of temperature as the unknowns. 

The first step is to formulate a function for temperature within the area A. 

This will be done by specifying functions for temperature within each element 

A(e). These temperature functions will be continuous along the element edges 

such that Equation 2 will be defined. 
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Consider an element A(e) along with its six specified nodal points. Let 

where 11 t 11 is the temperature at point ''P s 
11 having coordinates (x, y), of the area 

A, and II t II is a function of the temperature of the element's nodal points, where 

11p11 is contained in A(e), ((tl, t2, ••• ,t6) are the element's nodal temperatures 

in the order shown in Figure 7). 

Using the "local cordinate 11 system defined in Chapter Five, we can write such 

an interpolating temperature function as 

or in matrix notation t 
e 

[ N l.t , or 

t (3) 

where [t(e)] is the column vector of the nodal temperatures of A(e). This 

temperature function will equal the nodal temperature at each nodal point, and will 

interpolate between these nodal points to evaluate temperatures elsewhere within 

A (e). 

Equation 3 is valid for each element A{e) within the area A. Also this 

equation represents a quadratic variation of "t" (temperature) throughout each 

A(e), providing increased accuracy over a linear interpolating temperature 

function. 

The second step is to evaluate the integral expression shown in Equation 2. 

Assuming that 

A 
m 
u 

e=l 

and assuming Equation 2 can be rewritten as 
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I ~ .!.2 J J (k ( l! ) z + k (~) z + pc ~et2) dA 
x ax y at a 

m 
U A (e) 

e=l 

then Equations 2 and 4 can be combined and expanded into 

Thus we can consider each element A(e) individually in evaluating 5, such that 

m / ) 
I :=:::: l; I te 

e=l 

where 

The third step is to note that since we have an interpolating temperature 

function that is valid for each element A(e), we can approximate the partial 

(4) 

(5) 

(6) 

derivatives in Equation 6 by the differential formulae established in Chapter 5. 

Furthermore, these expressions will be valid for each element. 

To simplify calculations, rewrite the expression for I(e) in Equation 6 as 

(7) 

or simply 

I(e) = I(e) +I +I 
x y pc (8) 

where the subscripts refer to the identifying governing parameter for each 

expression in Equation 7. The reason for this is I (e) and I (e) are similar, 
x y 

except for some multiplying constants of position and thermal parameters. Hence, 

we only need to find an useable expression for I (e), and then expand the results 
x 

to include I (e). I (e) must be solved separately due to the time derivative. 
y pc 
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Our problem is to minimize Equation 2 with res.pect to 0 e' (temperature). 

This is equivalent to minimizing Equation 4 with respect to temperature. But 

our interpolating temperature function is a function of nodal temperatures. 

Thus we must minimize equation 5 with respect to each nodal tempoerature of the 

entire area A. By Equation 6, we see that we must minimize each I(e) with 

respect to each nodal temperature of A. Since only six nodes are contained in 

each A(e), most nodal temperature minimization efforts (for a several-element 

model) equate to zero. That is, minimizing Equation 4 with respect to each of 

the area's A nodal temperatures is equivalent to the sum of the minimizations 

of I(e) with respect to each nodal temperature of A(e). 

Hence, for each A(e) we want to evaluate 

0, 

ar (e) 

0, .... , dt6 0 

where t. is the nodal temperature as expressed in Equation 3. 
1. 

Since 

we can minimize I~e) with respect to (t
1
,t

2
, •.. ,t

6
) of A(e), and then extend 

these results to the minimization of I(e). However, I(e) must be minimized 
y pc 

(e) with respect to (t1 , t 2 , .... ,t
6

) of A separately. 

Step four is performing the above described operations. We will use the 

notation a. and b. for the cofactors of the element's coordinate matrices (see 
l. 1. 

below) and Equation 3 for the interpolating temperaturefunction. 

Definition: 

Let 

yl-y2 
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where (x., y.) are the coordinates of nodal point location "i" of the two 
1 1 

. 

dimensionel triangular element. 

Consider for any A(e), I(e) = -1
2 

k ff (~t) 
2 

dA 
x x A(e) ox 

then ~(f.) 

~
;;lt\ -

;;) t '!:s'\ 
~~(~\ \.-~1 d~ 

k~. J ~ ;>';.. J ,;I l \ 
~ 

== k"'~~(~)~ih4L1- \)dt:>. 
fl.Ci) 

= (~ ~:~?. ~)l ~ b~. \. ~ -&.,"'" \)t. i\'(o,(Ar\.,\..i-l~~ + 4(4 \.1\.~-\.~l*-'-1 

+ \,1.[(\~L?.\.14-li:- 4-li+1)ti.+A.l4L~- l)t.4-+A.(4\.,4,-\.~~l 

99 



where integration i~) solved as follows: 

Hence, 

h'L) JJ l c\~ = ~e)( ~) 
~e.\ \ 

\.~) H L,li.dk= ~e\(-iJ 
Ace) 

The other nartial derivatives follow: 

= ~~)k~t,+~t10)+bJ~t1.+\t~)+~-t~1 
\(.~ f b'l.\:,\ .L b\ bz_-1.. '2. ( \ 

=- ~ce\ \..a -c-\+ ~ L.' + ~ ~~ t-b,b, +-'o~ Jt4 

+-k('o~ + lol.\,~+ 'o,b,_ +2. \:.,b~ls+\( 'b1.b 1 +2.b,_\,3 +b7+ b, 'o!.)J 

k)( (b?>'D\ b,b3 \ ( '\ ~e)\ ~-l,+ 3 t..~~3 b~~b,b'l..+~o\,,+'o~bi.Jl4 
+ ~ (i'o,'bi.+ b,'o3+b!.b'l.. + b~ )l.,, 
+ ~ (2 b~ + b, 'o3 + b~ 'o,4- 2-b~)-t.J 
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The preceeding processes of partial differentiation must be repeated for 

I(e). However, parallel development will result in the same expressions as 
y 

derived for I (e) x , 

for k . 
x 

except that for I (e)we must substitute a. for b., and k 
y 1 1 y 

Let t(e)= the column vector [t
1
,t

2
, ... ,t

6
JT. Then minimizing Ix (e) + Iy (e) 

(e) 
with respect to (t

1
,t 2

, ... ,t6
) of A is equivalent to 

3 (I (e) + I (e» 
x y 

3.t (e) 
0 

...., 

By the above derivations, we see that Equation 9 establishes the matrix 

expression 

where [X K(e)] is the "element conduction matrix" for A(e), where t(e) is 

the column vector of nodal temperatures of A(e). 

Note that we can expand Equation 10 as 

K (e)] + 
x 

(10) 

(11) 

where each matrix in the above sum corresponds to the minimization of its respective 

entry in Equation 9. The matrix [ K(e)] is written in matrix form in the above 
x 

derivation. The matrix [ K (e)] can be found by substituting the constants 
y 

ai for the bi, and ky for kx. 

Equation 11 only represents part of the expression for minimizing Equation 7. 

We must still minimize I~~) with respect to (t
1
,t2

, ... ,t
6

) of A(e), that is we 

must solve 

31 (e) 

pc = 0 
3,t(e) 
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'J~') 
~JC,IQ = (e) d ti '2.. Ir l 2. ~ j 

2. Lpc.. ~) de :c.50-\:.1 .\-- 4S -t4 + 4'.S i:. + 4h 

;)L Ce'> 
2. Cfc ~'f~ [~ti.°'" 4\ t11-+~li;,. ~-tt.1 w: :: 

or in matrix notation d~) 
;). ) 

:. 

""" 

\ -l -\ -\ - - - 0 60 3bQ 3b0 0 9c> 
_\ _L -\ -=.L oeo - 0 0 €1:) 3b0 90 

Cl) -\ -\ _L ::L 0 
·~) 

2.(fc.~) 360 YOO <00 90 0 -t 
"' 

0 0 -:1_ te; ls it 90 
_\ 2. 4- 2. 
§() 0 0 4-S 45 4S 

::L 2.. 2. 4. 
0 90 0 4S ~ 4S 
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0 

0 

-b,'o?> -'ol.~ ·~\,; 0 4-'o'L ~3 4.b,b3 

4: ~)<. 

J~) \1 #:.~) 

A.b,'o, 4-'o,'o, 0 B('o~~'o,~+ b~) A.(~+~~ 4-( 'o,'o2+ 2. bi.~ 

+ b, bi.+ 2 b.b~ +'o~+b,b3) 

a A-'°1_ b3 4-~'oa A.( 2.b,b3 .+ b2.b3 B( b~ + 'oi.b3 4-l'o,b~tb~ 

-\-b,b'L + 'o~} ~oi) + 2.'o:Oi "'"\:,2.'o~ 

4-~b3 0 4-'o,b3 4.( b~ + 'o, 'oi. 4.( b~ + 2 b,b, 8(\:\+bJ)~+b;) 

+~,b3+b'2.~) +b,b3+bz.~) 
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M. . . . I (e) .. 1n1m1z1ng pc 
(e) 

with respect to (t
1

, t
2

, ... ,t
6

) of A results in 

the "element capacitance matrix" expression 

[XC(e)] t(~) 0 

What we wanted to do was minimize Equation 7 with respect to (t
1

, t
2

, •.. ,t
6

) 

of A(e). Hence, combining Equations 7, 10 and 11 we get 

By equations 5 and 6, we must perform the above operations for each of the 'm' 

elements, and sum the results in matrix form. This combination of element 

matrices will form the "global matrix" system 

0 

where [G K] the global conduction matrix 

[GC] the global capacitance matrix 

,t the column vector of all nodal temperatures 

t the column vector of time derivatives of all 
nodal temperatures 

Using Equation 13, we can apply a time advancement modification such as the 

"Crank-Nicolson" method, and formulate a matrix system that can be programmed 

into the computer. From the above it can be seen that variable physical and 

thermal parameters can be handled by specifying constant parameters per each 

element A(e). 
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APPENDIX C 

ELEMENT PHASE CHANGE, GLOBAL MATRIX UPDATING 

When is the element considered changed of phase? In the proposed model, 

nodes are allowed to change chase independent of the associated element's 

phases. Additionally, we can have frozen nodes in a thawed element, or thawed 

nodes in a frozen element .. 

The node changes phase when the requisite amount of latent heat is 

appropriately supplied or evolved. However, such a scheme for an element 

phase change process is inadequate in the critical region of the freezing 

front where all nodes could be considered "frozen," and yet actually be in the 

transitory stage of phase change where less than the total amount of latent heat 

necessary to be completely frozen has been evolved, which could keep the element 

thawed. The model uses the simple scheme of keeping track of the number of 

nodes thawed for each element. 

Each element is flagged to indicate whether the element is thawed or 

frozen. Additionally, a vector NTHAWD_ 1 is used to store the number of nodes 

in the thawed state for each element. 

On input, the phase of each element is flagged on a stored thermal 

parameter. For tetrahedron or triangular elements the latent heat per unit 

mass is flagged; for Brick elements, the NTHAWD(i) vector is flagged 

(a) a positive parameter implies the element is thawed (contains 

a positive amount of latent heat) 

(b) a negative parameter implies the element is frozen. 

The Crank-Nicolson method modified the global matrix system. To update 

this modified system, the phase-change element matrices must be likewise 

modified. Using previous notation, the global conduction matrix G_K and the 
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global capacitance matrix G.9 are modified as 

2 
= 'GK+ ~S @ 

where after computation, GK* .,..., and C;&* replaces the matrices G! and Q,C in 

computer memory. 

By definition, the global matrices G,.!< and G,S are sums of the appropriate 

. (e) (e) 
element matrices X~ · and ~ . The following example demonstrates how 

to update the global matrix system due to a phase change of an element, without 

rederiving the entire system matrices. Let 

Suppose that during the simulation, an element changes phase, transforming 

element matrices£ and I into matrices ~and! respectively. The global matrix 

modifications from implementation of the Crank-Nicolson method would have 

previously changed ,~_!{.: and G,..9 such that 

Ctl(* 
2 

<~ + ~ + £) + ~e < 12 + ,g + E> 

GC* 
2 

= <-~ -~ -£) + ~e <~ + ~ + f) 

where GlS* and {i9*replaced G1< and G.9 in computer memory. Duplicate the above 

transformations on the element matrix changes 

(~ - £)* 

(1 - l)* 

2 
<~ - £) + ~e <1 - f) 

= <-~ + £) + ~e <! - I) 

Now add (X - C)* and (1 - I)* to G~* and G,g*respectively to the above 
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QK* + (~ - £)* 2 
<~ + ] + ~) + 68 (Q + E + X) 

~,.~ + ex - V* 2 
<-~ - ~ - ~) + 68 <~ + E + X) 

which shows that the global matrix system has been properly modified to accommodate 

the updating of an element matrix due to phase change. 

The following example of a two element system undergoing "phase change" will 

demonstrate the above. 

Let the modified element matrices for the thawed phase be 

XC* [-4 3] 
3 -4 

and for the frozen phase 

F43 43} .XK* = G XC* [: :J 
Assume both elements are initially thawed, then the system is 

[: 
i+l 

i 

2 2 

2 0 

2 1 

where "i" refers to a time step interval, and t
1

, t
2

, t
3 

are nodal temperatures. 

Assume that a boundary condition is t
1 

= n. Then 

i+l 
1 0 0 t 1 0 0 n 0 1 

0 2 2 t2 0 -8 3 t2 + -n(Z-3) (1) 

0 2 1 t3 0 3 -4 t -n (O-O) 

·GK* GC* TT* 
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Now, consider what the system would be had element number one been initially 

frozen. The system would define the following relation: 

i+l i 

[: 

4 

:1 [ ::1 [: 
8 

_:] [1 
4 -2 t2 

2 3 t3 

where t
1 n 

:1 l::l i+l 

i 

[: 
0 

[: 

0 

:1 [:2 -n<:-8)] 4 -2 + (2) 

2 3 -4 t -n(O-O) 
3 

GK* GC* TT* -
If the first system shown in Equation 1 was in progress, the element one changes 

phase, then after updating, the system should be represented by Equation 2. First, 

the change in element matrices in calculated as follows: 

[: : : l [: : : l [: : : l 
which is the change for matrix G;::K* in Equation 1, and 

[: : :1 [:-: ~ [; : :1 
which is the change for matrix C:?.9* in Equation 1. 

Therefore, Equation 1 becomes 

7 5 0 

5 -2 -n (2-3) (3) 

0 3 -n (o-o) 
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Reapplying the boundary condition t
1 

n, Equation 3 becomes 

i+l i 

r: : :1 r:j r: -: _:1 l:j + [-n(2:3)-n(2-s)] 
-n (()-0) - n (O-o) 

or 

'GK,~ GC* TT 

which is exactly the relation stated in Equation 2. 

In conclusion, if an element changes phase, the following procedure is 

used: 

(1) calculate the change in thermal parameters, i.e. parameter (new) -

parameter (old). 

(2) using the change in parameters as the thermal parameter, rederive 

the element matrices, modify the results per the Crank-Nicolson 

modifications, and add to the global matrix system. 

(3) reapply the boundary conditions. 

(4) update element phase flagging whether frozen or thawed. 

The above procedure, however, does not consider the changes imposed on GJ<* 

and G,g* by the insertion of boundary conditions, which occurs prior to the time 

advancement routine. 

If the element which changes phase is involved with columns a and S, then we 

must also modify 'I;]' for the new thermal parameters. 
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Intuitively, columns a and B represent the columns of summed matrices. 

Hence, by the summing of matrices (~-~)* and (!-E)* to G_K* and Q.9*, (after 

the boundary conditions were already inserted in G_K* and G,9*), we see that only 

a column of ~-~)* or <I-E)* values would show in a and B If we were to 

reapply the boundary condition insertion scheme, the vector 'tr would be properly 

adjusted. 
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TWO-DIM..C:NSIONAL THIANGULAR ~LEhJ~NT "i" 

NTHAWD(i)= 6 :{THAV.7D( i) = 5 

CD thawed node 

• frozen node 

W11 }{AWD (i) is adjusted as follows: 

WPHAWD(i) • n 

a) if node A freezes, a.dd -1 to NTHAWD(i) 

b ) if node A thaws , ad G. + 1 to NTHA Vv D ( i ) 

where "i" represents all elements associated to node A 

Thus, if a node A change(::; phase, each element "i" containing 

node A is determined, NTHAWD (i) is updated, and 

a) if NTHAW1J ( i) = 0 , and the element "i" is already 

frozen: no phase change. 

b) if NTHAWD(i)= 0 , and the element "i" is already thawetl: 

element "i" freeze:·;. 

c ) if NTHAWD ( i) = 6 

element "i" thaws. 

d ) if NTHA W ~J ( i ) = 6 

no phase change. 

and the element "i" is already frozen: 

and the element "i" is alreajy thawed: 

Hence, if NTHAWD(i) is between 0 and 6 , there is no need to 

even test for phase change. (For three-dimensional problems, the 

critical numbers are NTHAWD(i):: O and NTHAWD(i) = 10). 

F IGUHJ.:~ C-1 
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Section 

1 

2 

3 

4 

5 

APPENlJIX D 

us~:=\' s lilANUAL 

TABL...:: OF CONT.2:N'rs 

lJescription 

3-D ANISOTROPIC TRANSIENT HEAT CONDUCTION 

MCcEL 

2-J ANISOTROPIC TRANSI.CNT HEAT CONL1UC 1rICN 

JVI0;.J2L 

3-J ISOTROPIC HEAT CONDUCTION MODEL WI'rH 

I ~-10THERMAL PHASE CHANGE 

2-D ISOTROPIC HCAT CONDUCTION MOU.EI, WITH 

ISOTHERIVIAL PHASE CHANGE. 

NUMBEHING SEQUENCEJ 
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SECTION 1 

FIRST CONTROL CARD (I2) 

cc. 2 K00E: DIMENSION OF PROBLEM (2) 

SECOND CONTROL CARD (Il) 

cc. 1 KODE 1: "2" IS FOR TRANSIENT HEAT CONDUCTION MODEL 

(ANISOTROPIC) 

FIRST DATA CARD SET (6I4, 2Fl0.5) 

cc. 

cc. 

cc. 

cc. 

cc. 

cc. 

cc. 

cc. 

1-4 

5-8 

9-12 

13-16 

17-20 

21-24 

25-34 

35-44 

NBAND: BAN1JWIJTH OF GLOBAL MATRICES 

NNODES: NUMBER OF NODES IN PROBLEM 

NELE: TOTAL NUMBER OF ELEMENTS 

NBRICK: NUl\IB.c;R OF BRICK ELEMENTS 

NTETRA: NUMBER OF TETRAHEDRON ELEMENTS 

NUMBC: NUMBER OF NODES WITH SPECIFIED TEMPERATUR~S 

THETA: TIM~ STEP, EXPRESS.tW IN HOURS 

DAYS: iJUHATION OF TEST, ~XPRESSED IN HOUHS 

S~COND DATA CARD SET ( 6Fll. 5) 

cc. 1-66 BC(I): TEMPERATURES OF BOUNDARY CON"DITIONS, EX

PRESSED IN °F. , READ IN NUMERICAL ORDER-OF

i'M.GNITUDE OF CORRESPONDING GLOBAL NODB NUMBERS. 

THIR~ DATA CARD SET(llI6) 

cc. 1-66 NBC(I): GLOBAL NODE NUMBERS OF BOUNiJARY CONDITION, 

lt.2:A,J IN NUl!IBERICAL ORDER-OF-IJiAGNITUDE. 
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FOURTH DATA CAR_J SET (12I6,/,12I6,/,JI6) IBRICK (I,J) 

( OiVIIT IF TH.ti:HE ARE NO BJ.IC1~ EL.CM.CNTS, I.E. NBHICK= O) 

INPUT BFnCK NODAL .SEQUENC.2:' IN cLBMENT OH~.CH OF NIAGN1TUDE. 

NOTE: BHJCK NO UAL INPUT NlU:)T BE IN "STANIJAHiJ NODAL SEQUENCE." 

JATA INFUT I ~3 PUNCH.ED ON THRim CARDS FOH .C:ACH BRICK EL.EiVlEN'r IHTO 

THi I;JAT1UX IBHICK ·(I,J) AS FOLLOWS: 

CA~,~) ON.2: ( 12 I6) 

cc. 1-72 FIRST TWELV.1 1
; NOD.CS IN SEQUENCE. 

CARD TWO: (12I6) 

cc. 1-72 NEXT TWELVE NODES IN SEQUENCE. 

CARD THR2E: (JI6) 

cc. 1-12 LAST TWO NODES IN SEQUENCE 

cc. 13-12. ELEMENT NUkS_t;H 

(NOTE: REF EAT THIS PROCEJURE FOH EACH BRICK EL.EMEN~1 • ) 

FIFTH DATA CARJ SET(6Fl0.4,/4Fl0.4) BHICK (I,J) 

(OMIT IF THERE ARE NO BRICK ELEMENTS, I.E. , IF NBHICK = 0) 

INPUT BRICK PARAIV:ETER DATA FOR EACH BRICK INTO foATRIX 

BRICK (I,J) AS FOLLO~S: 

CARD ONE: ( 6F'l0. 4) 

cc. 1-10 

cc. 11-20 

cc. 21-30 

cc. 31-40 

cc. 41-50 

cc. 51-60 

X ( 1) : GLOBAL X-COORDINATES OF BRICK ELEI'.J~NT NODE 
co;mESPONDING TO STANDARD BRICK NOD~ NUh:BEH ONE (FT) 
Y(l): GLOBAL Y-COORDINATE OF SAID NODE. (FT) 

Z(l): GLOBAL Z-COORDINATE OF SALJ NODE (FT) 

DELX: X-;JII\~.ENSI ON OF BRICK (FT) 

JELY: Y-1JIM~NSION OF B.RICK (FT) 

DELZ: Z-DIMENSION OF BRICK (FT) 
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CARD TWO: (4Fl0.4) 

cc. 1-10 XKX: THERMAL CONDUCTIVITY IN X DIRECTION 

(BTU/HR. FT. - OF) 

cc. 11-20 XKY: THERMAL CONDUCTIVITY IN DIRECTION OF Y 

(BTU/HR -ft.- °F) 

cc. 21-30 XKZ: THERMAL CONDUCTIVITY IN Z DIRECTION 

(BTU/HR -FT.- OF) 

cc. 31-40 THER: PRODUCT OF ELEMENT'S DENSITY (LBM/FT3 ) 

AND SPECIFIC HEAT (BTU/LBM - °F) 

(NOTE: REPEAT THIS PROCEDURE FOR EACH BRICK ELEM.cNT. ) 

SIXTH DATA CARD SET (1116) ITETRA (I,J) 

(OMIT IF THERE ARE NO TETRAHEDRON ELEMENTS: I.E. IF NTETRA• 0) 

INPUT TETRAHEDRON NODAL S~QUENCE AND TETRAHEDRON .ELEhl.ENT 

NUMBER. NOTE: NODAL INPU'11 lVIUST BE IN "STANDARD NODAL SEQUENCE• 

CARD ONE: (1116) 

cc. 1-60 

cc. 61-66 

TEN NODES IN ABOVE SEQUENCE 

ELEJVT£NT NUIVIBER. 

(NOT~: R~PBAT THIS PROCEDURE FOR EACH 'lETRAHEDRON ELEMENT·.) 

SEVENTH DATA CARD SET (6Fl0.4,/6Fl0.4,/.4Fl0.4, TETRA (I,J)) 

( Oi~UT IF THERE ARE NO TETRAIIBDRON ELElhENTS: I.E. IF NTETRA • 0) 

INPUT TETRAHEDRON PAHAf\IBTER lJATA FOR EACH TETRAHEDRON ELEMENT 

INTO TuATRIX (I,J) AS FOLLOWS: 

CAED ONI~: ( 6Fl0. 4) 

cc. 1-60 X(l), Y(l), Z(l), X(2), Y(2), Z(2) 
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CA~D TWO: ( 6Fl0. 4) 

cc. 1-60 X(.J), Y(J), Z(J), X(4), Y(4), Z(4), 

CAR 1J THREE ( 4F1 O • 4 ) 

cc. 1-10 XKX: THERMAL CONDUCTIVITY IN x lJIHECTION ( BTU/HH-F 1r°F) 

cc. 11'1'"20 XKY: u " y " 

cc. 21-JC1 XKZ: " " z " 

cc. 31-40 THER: PRODUCT OF iJENSITY (LBIVI/F'.I.J) AND SPECIFIC 

HBAT (BTU/LBM-°F) 

(NOTE: ~\EPEAT FOR EACH TETRAHEDrtON EL.EM.ENT) 

EIGHTH DATA CARD SET (6Fll.5) BEGIN (I) 

cc. 1-66 FIRST SIX INITIAL TEMPEHATURES. (°F). INPUT MUST 

BE IN NODAL ORD.SR OF IViAGNITUDE. INPUT ALL INITIAL 

TEl\lPERATURK'), (INCLUDING BOUNDARY CONDITIONS), 

FOR I s 1 TO l\fI\fODES. 
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~:lECTION 2 

FIRST CONTROL CARD (I2) 

cc. 2 KO:JE: DHifENSION OF PROBL.EI~'! (2) 

SECOND CONTROL CARD (Il) 

cc. 1 KODEl: "2" IS FOR TRANSIENT HEAT CON.JUCTION MODEL 

(ANISOTROPIC) 

FIRST DATA CARv SET (6Fll.5) 

cc. 

cc. 

cc. 

cc. 

cc. 

cc. 

cc. 

cc. 

1-4 

5-8 

9-12 

13-16 

17-20 

21-24 

25~34 

35-44 

NBAND: BANDWIDTH OF GLOBAL lflATRICES 

NNO~ES: NUMBER OF NOD.ES IN PROBLEl\! 

NELE: TOTAL NUfoBER OF ELEJ.VJ.ENTS 

NB RICK: Nuri.BER OF BHICK ELEMENTS 

NTETRA: NUfviliER OF TETRAHEDRON ELEMENTS 

NUlV:BC: NUlVBER OF NODES WITH SPECIFIED TEMPERATURES 

THETA: TifJ~ STEP, EXPRESSED IN HOURS 

DAYS: DURATION OF TEST, EXPRESSED IN HOURS 

SECOND DATA CAR~ SET (6Fll.5) 

cc. 1-66 BC(I): TEMP.C:RATURES OF BOUNDARY CONDITIONS, EX

PRESSED IN °F., READ IN NU&IBRICAL ORDER - OF -

IVIAGNITUDE OF CORRESPONDING GLOBAL NODE NUMBERS. 

THIRD DATA CARD SET (1116) 

cc. 1-66 NBC(I): GLOBAL NODE NUMBERS OF BOUNDARY CONDITION, 

REAJ IN NUMERICAL ORDER-OF-hAGNITUDE. 
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FOURTH JATA CARD SET (lOI6) IBRICK (I,J) 

( Oh1IT IF THERE ARE NO BHICK ELEI1,El'JTS, . , I.E. NBRICK::r 0) 

INPUT BRICK NOJJAL SEQU.2NCE, IN ELEivBNT ORDER OF Iv.AGNITUuE. 

NOTE: BRICK NODAL INPUT MUST BE IN "STANDAH0 NClJAL SEQU~NCE". 

cc. 1-54 

cc. 55-60 

NINE NODES OF S.t;QUENCE 

ELEMENT NUIVRSR 

FIFTH ~ATA CARD SET (7Fl0.4) BRICK (I,J) 

( Oiv IT IF THERE ARE NO BRICK ELElvLENTS, I.E. NBRICK: O) 

INPUT BRICK PARAMETER DATA FOR EACH BRICK. 

cc. 1-10 X ( 1): GLOBAL X-COORDINATE OF BRICK ELEMBNT NO·J£ 

CORRESPONDING TO STANDARD BRICK NOlJE NUMBER ON.t£ (FT). 

Y(l): GLOBAL Y-COORDINATE OF SAID NODE (FT). cc. 

cc. 

cc. 

cc. 

cc. 

cc. 

11-20 

21-30 

31-40 

41-50 

, 51-60 

61-70 

DELX: X-DIMENSION OF BRICK (FT). 

DELY: Y-DIMENSICN OF BRICK (FT). 

XKX: THERMAL COIWUCTIVITY IN X-DIHECTION (BTU/HR. FT-°F) 

XKY: THERfoAL COhDUCTIVITY IN Y-LJIRECTION(BTU/HR.FT-°F) 

THER: PRODUCT OF ~LEMENT'S DENSITY(LBM/FT3) ANLJ 

SPECIFIC HEAT (BTU/LBlV1-°F) 

(NOTE: REPEAT THIS PROCEDUHE FOR EACH BRICK ELEM.ENT.) 

SIXTH DATA CARJ SET (7I6) ITETHA (I,J) 

( maT IF THERE ARE NO TRIANGLE ELEMENTS; I.E. IF NT.ETRA = 0) 

INPUT TRIANGLE NODAL SEQU.2NC.C AND TRIANGLE EI£foENT NUfr_BER. 

NOTE: NO:JAL INPUT JVJUS 1r BE IN ".STAN0ARD NODAL SEQUENCE." 

cc. l-J6 

cc. 37-42 

SIX NODES OF SEQUENCE 

TRIANGLE ELBMEN'l' NU1v'1BEH 

(NOTE: REPEAT 'l'HIS PROCEiJUHE FOR &CH ELEMENT. ) 
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~3EVENTH UATA CARD SET ( 6Fl 0. 4, JFl 0. 4) TETRA (I, J) 

( OidT IF THER.2 ARE NO TRIANGLE ELEiv~ENTS, I.E. IF NTETRA• O) 

INPUT TRIANGLE PARA!1·E'rEH ~ATA FOR EACH TIUANGLE ~LElv"tli:NT. 

CAR~ ONE (6Fl0.4) 

cc. 1-60 X(l), Y(l), X(2), Y(2), X(J), Y(J) 

CARJ TWO (JFl0.4) 

cc. 1-10 

cc. 11-20 

cc. 21-30 

XKX: THERivlAI.. CONDUCTIVITY IN X-DIRECTION 

(BTU/HR-FT-°F) 

XKY: THERfiIAL CONDUCTIVITY IN Y-DIRECTION 

(BTU/HR-FT-°F) 

THER: PROJUCT OF DENSITY (LBM/FT3) AND SPECIFIC 

HEAT (BTU/LBI/1- °F) 

(NOTE: REPEAT FOR EACH THIANGLE ~LEI'i~NT) 

EIGHTH ~ATA CARD SET (6Fll.5) BEGIN (I) 

cc. 1-66 FIR3T SIX INITIAL TcIVlPERATURES. ( °F). INPUT i\UST 

BE IN NODAL ORDZR OF foAGNITUDE. INPUT ALL INITIAL 

TEMPERATURE::>, ( INCLUJING BOUNDARY CONDITIONS), 

FO.R I : _l 'IO NNOLJES. 
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FOURTH DATA CARJ SET (12I6,/,12I6,/JI6) IBRICK (1,J) 

(OMIT IF THERE ARE NO BHICK .C:L_t;l'villN'rs, I.E. NBRICK c: 0) 

INPUT BRICK NO:JAL ,(mQtrENC.~, IN nLEillEN'r OR.)EH OF MAGNITUDJ.E. 

NOTE: BRICK NO:JAL INPUT l/IU:/11 B.e; IN "STAN.JARD NODAL SEQU.2:NC~". 

JJATA INPUT I ~ PUNCHE:J ON THR.t£E CAHuS FOH EACH BHICK ELEiiLt!:NT INTO 

THE MATRIX IBRICK (I, J) AS F'OLLOW S: 

CARD ONE: (1216) 

cc. 1-72 FIRST TWELV:i: NODES IN S.CQUENC.E. 

CARJ TWO: (1216) 

cc. 1-72 NEXT TW.CLVE NODJ~S IN SEQUENCE. 

CARD THRBE: (JI6) 

cc. 1-12 

cc. lJ-18 

LA ST TWO NO I JES IN S£QUENCB 

(NOTE: REPEA'l1 THIS PROCEDUH~ FOR EACH BRICK ELEM.C.:NT. ) 

FIFTH JATA CARO SET (7Fl0.4, 6Fl0.4) BRICK (I,J) 

( O~iiIT IF' THERE ARE NO B HICK ELEMENTS, I.E. NBRICK = 0) 

INPUT BRICK PAHAMETER ~ATA FOR EACH BRICK AS FOLLOWS: 

CARO ONE: (7Fl0.4) 

cc. 1-10 

cc. 11-20 

cc. 21-JO 

cc. 31-'+0 

QC. 41-50 

cc. 51-60 

cc. 61-70 

X(l): GLOBAL X-COORDINAT.C OF BRICK ELEMENT NOJ.E 

CORHESPONDI i~G 'ro STAN.JARD BRICK NOUE NUMBER ONE (FT) • 

Y( 1) : GLOBAL Y-COOROINATE OF ;)AI IJ NOD.C (FT) • 

Z(l): GLOBAL Z-COOfWINATE OF SAI.J NOJJE (FT). 

DELX: X-DIIv':i:i:N.SION OF BRICK (FT). 

JELY: Y-!Jif{.2;NS ION OF BRICK (FT. ) 

JELZ: Z-DIM~N3ION OF BRICK (FT). 

FROZBN THEH:V1AL CONDUCTIVITY( BTU/HR. FT-°F) 
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,SECTION 3 

FIRST CONTROL CARD (I2) 

cc. 2 KOSE: DIMENSION OF PROBLEM (2) 

SECOND CONTROL CARD (Il) 

cc. 1 KODE 1: "O" IS FOR ISOTROPIC HEAT CONDUCTION MODEL 

WITH ISOTHE:~MAL PHASE CHANGE. 

FI~ST DATA CARD SET (6I4, 2Fl0.5) 

cc. 1-4 NBANLJ: BANDViIDTH OF GLOBAL MATRICES 

cc. 5-8 NNODES: NUJrJ.BER OF NOlJES IN PROBLEM 

cc. 9-12 NELE: TOTAL NUMBER OF ~LEIVENTS 

cc. 13-16 NBRICK: NUMBER OF BRICK ELEMENTS 

cc. 17-20 NTETRA: NUMB EH OF TETRAHEDRON ELEkENTS 

cc. 21-24 NUMBC: NUMJ3Ji;R OF NODES WITH SPECIFIED TEMPERATURES 

cc. 25-34 THETA: TIME STEP, EXPRESSEJJ IN HOURS 

cc. 35-44 DAYS: DURATION OF TEST, EXPRESSEJ IN HOUHS 

SECOND DATA CARD SET (6Fll.5) 

cc. 1-66 BC (I): TEi'llPi~HATURES OF BOUNDARY CON.JITIONS, EX

PRESSED IN °F., READ IN NUMERICAL ORDER-OF

MAGNITUDE OF CORRESPONDING GLOBAL NODE NUMBERS. 

THIRD DATA CARD SET (1116) 

cc. 1-66 NBC(I): GL03AL NODE NUMBERS OF BOUNOARY CONDITION, 

READ IN NUM.r;RICAL 01WER-OF-MAGNITlJ1JE. 
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CARJ TWO (6Fl0.4) 

cc. 1-10 

cc. 11-20 

cc. 21-30 

cc. 31-40 

cc. 41-50 

cc. 51-60 

(NOTE: 

UNFROZEN THJ:'.;!11:1AL CON.OUCTIVITY 

FROZEN HEAT CAPACITY 

UNFROZEN HEAT CAPACITY 

FHOZEN ELEMENT U3N.)ITY 

UNFROZEN EL~~ENT 0~NSITY. 

LATENT HEAT P~R UNIT WEIGHT. 

~\EP-2AT THIS PrtOCi:DURE FOH EACH BRICK ELEMENT.) 

:3IXTH aATA CARO ::)f.!:T (1116) ITETRA (I,J) 

(OMIT IF THEHE AR~ NO TET~~AHE1JRON .ELEf/IENTS: I. .E. , IF NTETRA= o) 

INPUT TETRAHE1JRON NODAL .SBQU.c;NCE AND TETRAHEDRON ELEMJ£NT 

NUMBER. NOTE: NOiJAL INPUT MUST BE IN "STANDARD NODAL SEQUENCi;~" 

CARD ONE: (1116) 

cc. l-6n 

cc. 61-66 

TEN NODES IN ABOVE SEQUENCE 

ELEMENT NUI".'BER • 

(NOTE: REPEAT THIS PROCEJU~1E FOR EACH TETRAHEDRON nLEMENT.) 

SEVENTH DATA CAR~ SET (6Fl0.4, 6Fl0.4, 6Fl0.4) TETRA (I,J) 

(or IT IF THERE ARE NO TSTHAHEDRON ELEI!IENTS' I.E. , IF NTETRA• 0) 

INPUT TETRAHEJRON PAHAi,·iETl.EH DATA FOR .t£ACH TETRAHEDRON ELEil·ENT. 

CARD ONE (6Fl0.4) 

cc. 1-60 

CAHD TWO 

cc. 1-60 

X(l), Y(l), Z(l), X(2), Y(2), Z(2) 

(6Fl0.4) 

X(3), Y(3), Z(J), X(4), Y(4), Z(4) 

CARD THREE (7Fl0.4) 

cc. 1-10 

cc. 11-20 

cc. 21-30 

FROZEN ELEN~.t:NT CONDUCTIVITY (BTU/HR-FT-°F) 

UNFROZEN ELEMEN'l' CON!JUCTIVITY 

FROZEN HEAT CAPACITY 
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cc. 31-40 UNFROZEN HEAT CAPACITY 

cc. 41-50 FROZEN ELEMENT DENSITY 

cc. 51-60 UNFROZEN EL1:,1vIENT DENSITY 

cc. 61-70 LATENT HEAT PER UNIT WEIGHT 

(NOTE: REPEAT FOR EACH Tb.:TRAHEDRON ELEMENT) 

EIGHTH ~ATA CARD SET (6Fll.5) B~GIN (I) 

cc. 1-66 FIRST SIX INITIAL TEMPERATURES (°F). INPUT MUST 

BE IN NODAL ORD.ER OF' MAGNITUJ.E. INPUT ALL INITIAL 

TEMPERATURES, (INCLUDING BOUN0ARY CONDITIONS), 

FOR I=l TO NNO~ES. 

NINTH DATA CAR8 SET (35F2.0) 

INPUT INITIAL PP.ASE DATA: "l" MEANS ELEMENT IS THAWE.LJ 

"O" MEANS ELEMENT IS FROZEN 

cc. 1-70 35 ELEMENT PHASE INDICATIONS 

(REPEAT ABOVE PROCEDUf~E AS NEEDED) 
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·-~ECTION 4 

FIH3T CONTROL CARJ (I2) 

cc. 2 KOJE: JEiillN.'.~ION OF PROBLr~M ( 2) I 

3BCONQ CONTROL CAR0 (Il) 

cc. 1 KOl/E 1: "0" IS FOR ANI:30TROPIC THANSIENT H2AT 

CONDUCTION I. OJEli WITH ISOTHERll·JAL PHASE CHANG~ 

FIR3T DATA CARD ~ET (6Fll.5) 

cc. 1-4 

cc. 5-8 

cc. 9-12 

cc. lJ-16 

cc. 17-20 

cc. 21-24~ 

cc. 25-34 

cc. J5-4l~ 

CC, 1-66 

NBAND: BANDV/IDTH OF GLOBAL I..ATHICnS 

NNODEc.;: NU1d3l::H OF NOOE.') IN PROBLEM 

NEU: TOTAL NUMBER OF .ELEMENT.S 

NBHICK: NUi;IBER OF BRICK ~LENIENTS 

NTET~'.\A: NUl'.'IB~H OF TETRAHEDRON ELEMENTS 

NUMBC: Nm1,B .. ~H OF NODES WITH SPECIFIEiJ TEMPEHATUR.C0 

THETA: TIM~ ~T~?, EXPRESSED IN HOURS 

JAY3: JURATION OF TEST, EXPa~3SE~ IN HOURJ 

BC (I): TEI/!P-~RATURES OF BOUNDARY CONDITIONS, EX

PHE~1SEu IN °F. , R.EAt) IN NUNBERICAL ORJER-OF'

r~GNITUJE OF CORRESPONDING GLOBAL NODE NU&IB~RJ. 

THLU ~JATA CAR:J ;)ET ( 1116) 

cc. 1-66 NBC (I) : GLOBAL NODE NUhIBEHS OF BOUNDAi-<.Y CON1JITION, 

HEAJ IN NUf.L~lUCAL ORDER-OF-f/!AG.NITU~E. 
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FOUi~'l'H uATA CAFU s.r.;T ( 10 I6; IKUCK (I. J) 

(OIHT IF THER~ AR~ NO BHICr~ .ti;L.ShillNTS, I.~. N13RICK=O) 

INPUT BRICK NODAL SEQU~NC.C.:, IN EUMENT OR0EH OF IIJ.AGNITU.J~ 

NOTE: B.!HCK NO JAL INFUT MUST BE IN ".STAN:JARD NO.JAL ~:)EQUENCE". 

cc. 1-54 

cc. 55-60 

NINE NODES OF S~QUENCE 

~LEIVIBNT NUMBER 

FIFTH DATA CAR~ S3T (6Fl0.4, 5Fl0.4) BRICK (I,J) 

( OLIT IF TH.E1~E ARE NO BE ICK £LENIENTS: I.E. IF NBRICK• 0) 

H:PUT BRICK PARAMETER 0ATA FOR ~ACH BlGCK ELEM.ENT. 

CA =-t _J 0 HE ( 6F10 . 4 ) 

cc. 1-10 

cc. 11-20 

cc. 21-30 

cc. 31-40 

cc. 41-50 

cc. 51-60 

X(l): GLOBAL X-COORDINATE OF BRICK ELElVJENT NOuE 

CORR.ESPON.JH~G TO JTANOAR.LJ BRICK NOJJE Nm.1B.ER ONB (FT) 

Y(l): GLOBAL Y-COORDINATE OF SAID NODE (FT). 

DELX: X-iJIMENSION OF BRICK (FT). 

JELY: Y-DIMENJION OF BRICK (FT) 

FROZSN TH£RLAL CONDUCTIVITY (BTU/HR-FT-°F) 

UNFHOZEN TH~RMAL CONDUCTIVITY 

CAi-<:J TWO ( 5Fl0. 4) 

cc. 1-10 FROZEN HEAT CAPACITY 

cc. 11-20 UNFROZEN H.t;AT CAPACITY 

cc. 21-30 FROZEN ELEMENT DENSITY 

cc. Jl-40 UNFROZEN EL.b:i'vl.ENT DENSITY 

cc. 41-50 LATENT HEAT PER UNIT WEIGHT 

(NOTE: RnP.ti:AT THIS PROCBiJURE FOR EACH BRICK ELEMENT) 
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~IXTH DA'l'A CAf\iJ ~nT (716) lT.C:THA (I,J) 

( 01HT IF 1rHEI<.6 ARE NO TJUANGLl~ ELEhIBNT3: I.~. IF NTET~t~A=o) 

INPUT TRIANGLE NODAL :_;~QUENCE AN1J TRIANGLE ELE1vlENT NUI'JlB~H. 

NOT.G: NO UAL I .NPUT MUL.:'11 BE IN "~3TANDAR1.J NO uAL SEQ UENC~. " 

cc. 1-36 

cc. 37-'-l-2 

SIX NODE() OF S~QU~HCE 

THIANGLE ELl·;f.IEN'l1 NUMBER 

NOT.E: RBPZAT THIS PROC~JUEE FOR .c;ACH .2;L.t:M~NT.) 

SEVENTH DATA CAHD SET (7Fln.4, 6Fl0.4) 

( 01'.lIT IF THERE ARE NO THIANGLE ELEMENTS: I.E. IF NTETRA= n) • 

INPUT TRIANGLE PARAMETEH DATA FOR EACH TRIANGLE. 

CAR~) ONE ( 7Fl0. 4) 

cc. 1-60 X(l), Y(l), X(2), Y(2), X(J), Y(3) 

cc. 61-70 FROZEN THERi'.AL CONDUCTIVI'l1Y (B'I'U/HH-FT-°F) 

CARD TWO (6Fl0.4) 

cc. 1-10 UNFROZEN THERl'.1AL CONDUCTIVITY 

cc. 11-20 FHOZEN HEAT CAPACITY 

cc. 21-30 UNFROZEN HEAT CAPACITY 

cc. 31-40 FROZEN ELEMENT DENSITY 

cc. 41-50 UNFROZEN ELi~IiillN'I' DENSITY 

cc. 51-60 LATENT HEAT PEH UNIT WEIGHT 

(NOTE: REPEAT FOR EACH TRIANGLE ELEMENT) 

SIGHTH DATA CARD JET (6Fll.5) BEGIN (I) 

cc. 1-66 FIR.ST 3IX INITIAL TEMPERATURES. ( °F). INPUT I'llUST 

BE IN NODAIJ ORDER OF MAGNITUUE. INPUT ALL INITIAL 

TEMPERATURES, (INCLUDING BOUN~ARY CONDITIONS), 

FOR I= l TO NNOJJBS. 
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NINTH 1;ATA CAEiJ SET (35F2. C) 

INPUT HlITIAL PHAS~ T_Jl\TA: "l" 1/~AN.J ~Ll!;M~NT IS THAWED 

"()" l>T:EANS iL.c;M.t!;NT IS FROZJ.~l'i 

cc. 1-70 J 5 ~LEM.t~;NT ?HA ::;.E INDICATIONS 

( Rt.:PEAT ABOVE PHOCEDURE A:) NE.t-:0.C:D) 
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s~~cTION 5 

ELEJ',JENT NU1'iIB.bHING PAT'I'ERN ( 2-D) 

Triangle elements are to be numbered from 1 to NTETRA. The 

BRICK elements are to be numbered in increments of "2" starting 

from ( NTETRA"" 2) to ( ( NTETI~A + 2) + 2 ( NBRICK)). This is because 

there are two triangle elements in each brick element. 

ELEMENT NUIVIBrmING PATTERN (J-D) 

Tetrahedron elements are to be numbered form 1 to NT~TRA. The 

BHICK elements are to be numbered in increments of "5" starting 

from (NTETRA+ 5) to ( (NTETHA+5) + 5 (NBRICK)). This is due to 

each BRICK element being composed of 5 tetrahedron elements. 

STANDARJ NODAIJ S..8QUENCB3 ( 2 or 3-.:J) 

~efer to Chptrs. 2 and J for illustrations of the nodal numbering 

input schemes. 
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c--.
c..---c--- THIS PROGRAM SULWES A l~U-0 UH THREE·~ A~lSUTRUP!C TRANSJENT HtAl 

L·-- P~UHLtM. A FlNIJE tLtM~Nr VARlAllO~AL TECH~lQUE 15 UStD. TH~ bA51L 

C-·- DIS(RETllATIU~ ~L~MENTS AkE TRIANGLES l2-Dl ANU TETRAHEDRA (FOK 

( - - - r ii ~ t !: - i) ) • "' A R l A b L t E L t: ~I) t I '1 r I.Ji M E. N s I u N s A R E A s s u M t: 0 A f\J {) J\ (;1 lJ A {) H A 1 l L 

C--- POLYNOMIAL SHAPE fUNCTlO~ JS USED. TH~ Tl~E ~UMAlN SOLUTION 15 AY 

(.--- fttE.._ Ch'AiJK.-idlULSUI~ r11~flHlJU. lSJlHlW"1AL PHASE. CHANGt IS APPRDX!MAlt.O 

l--- FUk AN lSJTRDPlC CUNTl~UUM. 
c--
c---
C--- FUk~Al STAT~~tNT~ 
c----... 

1 FGRM.Al(til4,2Flv.5J 
2 FOR~"TC6F11.5) 
3 F 0 ~ '"1 A I ( 1 l I o J 
4 FORMAT(2X,'•*TR1ANGLE NUOE INPUT SEQUE~CE**',/,2X,bl6,/J 

5 F U t< rv1 A l C 2 X , ' ** l fJ l A 1-J G Lt. l ~RN t R CU 0 R lJ Ir~ A 1 E S If" N U l> Al SE ~ U t NC I: * 1c ' , I , .H 

12X,'X =',Fl0.4,~0x,·v :',F10.4,/),2X,'XK~ :',f10.4,15X,'XKY =·,~10 

1.4,l~X,'lH~H :',Ftu.4,/J 
6 FOR:-1AT(of11.~l 
7 FURMAT(ll) 
8 FORMATl7f 1U.4,/,6F10.4) 
q fUri~AT(bFl0.4,1,SFlU.4) 

10 FORMATl3X,'TIM~ E~UALS',F8.2,1,3x,·couNT E~UALS',F8
.2,//) 

11 fUR~Arl~X,'N~U[',1S,2x,·T[~P',F10.4) 

12 FORMATU,3hX,'PRuGRAM INPUT PARAMEIE.R DATA',/) 
13 FOk~AT(~x,'NbA~U :',14,14X,'N~OOES :',14,15X,'NEL£ :',14rl5i,·N~k1 

lCK :',J4,/,5X,'~TETRA :',J4,13X,'~UMBC :
',14,]4X,'TH~1A :',Fb;2,1~ 

lX,'0AtS ~·,Fa.~,//) 
14 F•lRMA1(/,30X,'5PECIF1~0 TEMPtRATUWt HUUNDARY CONOllIU~ INPUf',/l 

1 5 F 1_1 ~>'11\ l ( 1 ( 3). , • q (J [J l • I 'J x I • l t fA p •• ) ) 

l h f ,_1 h . ·•A l ( j l 2 1. , 1 <4 , ::> ;.. , f t~ • C: J J 
17 FURMAl(/,a2x,·bKJLK DATA ~LJCK lNPUl',/) 
18 f0RMAT(5C2x,'NU0E',J4,1X,'IS PHASE',f2.o,2xJJ 
19 FOkMAT(/,34x,·rlTHAHtOHU~ OATA BLOCK INPUT',/) 

20 FORMAT {2X,bl' ~******..,.*******' l l 
21 FUR~All2X,bt'--------------·'ll 

22 FO~M1H(.3X,'SlA:'~lJAR() IJOlJE '.HJMBER ONt CUURDINATES',/,3).,'X =',Flu.s, 

13X,'f :',Flu.s,·z :',FlU.5,/,~X,'OlLX :',FlO.~,~A,'DtLY :',flu.~, 

13X,'DELZ :',~lu.S,/,3x,'fR~Zt~ THERMAL CONUUCTIVITY IS',Fto.~,1ux, 

1 ' t .1 ; J f H U L t. f..i T r--1 t r< ~": i\ L C :Ji W U ( 1 l v I T '( l S ' , F 1 l) • 5 , I , 3 X , ' f- R U l E.t-. H t A T L A r' A L. l I 

l Y I S ' , F 1 (J • S , 1 v X , ' IJ ~ F J{ 0 Z E ('1 H E A T C A P A C I I Y I S ' , F 1 0 • ~ , I , .) x , ' F R 0 L t ;'J t L c.. 

1 M t. Li r l) t '~ $ 1 l 1 i S ' , f 1 v • ':> , l 0 x , ' u :-.J F R (J l E.i'J E: L f. i~ E r ~ 1 L) E. N S I T '( l S ' , F 1 J • ':> , I , .) 

lX,'LATlNT rltAT P~R UNIT ~t1GHT lS',FlO.S,/J -

2 3 f LI h: "1 A T (/ , 2 '1 X , ' l i ·d 1 1 AL T t MP t R A l UR t. S l 1~ ;-~ U 0 AL 0 f< u ER 0 F ~t Ab i'H hJU t. ' , I J 

24 ff1RMA1(3X,'SlA~UAkD NUGE NUMbEk ONE COURDINAl[S',/,3x,'x =',FlO.~~ 

1 • f: • I i: 1 0 • ':> , I , ~ )( , • Lit: l :t. = • , f l I) • lj I , 0 EL y = • , F 1 0 • ~ , I , 3 x , , f Ru l t. 1'J T Ht R •"'AL' l. 

1 0 N 0 UC T I V I 1 Y 1 S ' , f 1 0 • ':> , 1 0 x , ' J N F R 0 l E N 1 ti E k M A L C [I t\I DU C 1 1 V l T Y 1 S ' , r 1 O • ~ 

1,/,.$X,'fkUZt.t-.i HtAr CAPACITY lS',FlO.~,lOX,'UNFRUZEN HtAT CAPACIIY 

1 IS ' , F 1 0 • ~ , I , .S X , 'F k fJ l EN E:. Lt t-: E f-i T DENS I I ·1 I S ' , F 1 0 • ':>, l 0 X , ' U ~ F RU l E: i\i EL t 

lMEid Dtl-.Sll't lS',FlJ.5,/,_3.(,'LATE"Jl HtAl Pt~ UNIT r.tlGHT IS',t-lo.~ 

1, /) 
2S FOh~Af{oF10.4,/,bf 10.a,1,7f lU.4) 
27 Fo~~··~rC3X,'1U .... .'.l.Htl.Jr.-Lll'j C(Jr<r~ER lfJ(J1Wli'-4ATE.S li'J STA~DArHJ i'-Hll1AL St.QUE.i~ 

1CE',1,a(2~,·x ~·,~1u.~,10x,'v =',F1u.
~,1ux,•l =',fl0.5,/J,5x,·f~U£ 



(. * 
(~* 

lt~ THEHMAL LUNOUCllVllY IS",Fl0.5,lOX,'UNFHUZEN -THlRMAL CO~UUCllVl 
lT'( IS',Fl0.'::>1/1.3X,'FkUZl:.N HEAl CAPACirY lS',flo.s,1ox,"uNFRdZt.N Ht 
lAT CAPACITY lS',Fl0.~,;,3x,'FROlEN ELEMENl UtNSlTY IS',F10.5,10X1' 
l U i-< F K U Z t: I J E L t M E. N l 0 t t'>j S 1 T Y 1 S ' , F 1 0 • ~ , I , .5 X , ' L A T t N l Ht. A l P E R U N l 1 w £ l t; 
tHT IS',FlO.~,I) 

2 d f u H Ii A T l 3 x , , J h I A f JG Lt. (.. 0 p i'J t. f~ c (J 8 RD I "\)A T f::_ s I t-J s T Ar-,; u AR LJ .-~ u t-J L\ L st lll U tr .. l,, t .. 
l,l,3C2X,'X :',~tu.s,10~,'Y :',FlO.~,/J,3X,'FROZE~ THtkMAL CuNuUCT1 
lvllY lS',flU.~1lux,·u~FRuLE~ rhEK~AL CONUULTIVllY lS',fl0.5,/,~x,· 
lFkUZ~N HEAT LAPACITY IS',Flo.s,10~,'UNFROZEN HEAT CAPACITY IS',Fl~ 
1 • 5 , I , f) X 1 ' f R UL t l'J E Lt. •'w'J t l\i T {J f:t\i S I T Y l S ' , F 1 0 • ~ , 1 0 X , ' U fli r R u L t N t. L E. Mt.. ,·.., T 0 t 
1N5lfY lS',flu.s,1,3x,·LATtNT HEAT P~R UNIT Wt.IGhT lS',FlO.~,/J 

29 FJRMAT(3X,'NUUAL PHASt 51Alus·,1J . 
30 FOR~AT(12Io,/,12Io,/,316) 
31 FORMPT(6~10.4,/,4f10.~J 
32 FOkMAfC2X,'**flEMtNT ~UM8ER**',J4,/) 
33 FURMATC2X,'**dR1C~ NOOE INPUT SEQUtNCt**',l,~X,2bI4,/l 
34 FURMATC2X,'**STA~UARD NU0E NU~bfR•UNE COORUJNATES**',1,2x,'~ :',~l 

lu.q,20x,'Y :',Flu.4,2Ux,'l :',Fl0.4,1,1,2x,'OtLX :',F10.a,2~x,·0EL 
lY :',Fl0.4,20A,'0tLZ :',F10.4,/,/,2X,'XKX :',F10.4,15X,'XKY :',flU 
1.4,l~X,'XKL :',Fl0.~,1sx,'lHER :',fl0.4,/) -

3 5 F U R fl-I A T ( 1 1 I b J 
36 FUR~ATC6Fl0.~,1,bflU.4,/,4Fl0.4J 
37 FORMA1C2X,'**TE1RAHEDRO~ NODE INPUT SEQUENCE**',/,2X,10Jb,/J 
38 FOk~All2X,'**ftTRArltORO~ COR~ER CUO~UINATES IN ~UDAL SEQUENCE**',/ 

1,4(2X,'X :',Fl0.4,20X,'Y :',F10.4,20X,'Z :',fl0.4,/J,2X,'XKX :';Fl 
10.4,15X,'X~f ~',flu.4,l~X,'(Kl :',fl0.4,lSx,'THEk :',FlU.4,/J 

SQ FOR~AT(35Fi.OJ 
4 0 F JR •'-1 A T ( I 2 ) 
4 1 f- .) h ~"i ~ l ( ~ )( , , j:_ , , I , 2 A I , * 1C • , I , c. x , , * * * , ) 
L.12 fdK'v1_l.\J(2x,'•***',~X,'UI"!i.!\!SlON Uf PRU~LEM lS',12) 
4 3 r- l.lR 1'-1 A 1 ( 2 x , , * * * , , I I 2 x, , * * , , I' 2 x, , ,, , ) 
:i '~ F ; J }- -~ r_. f ( l 1) I J J 
4~ f-URMAT(7t=l0.~) 
4 o F J k .... 1 A r c 2 x , ' * * b t-< i c K t ~ u u E 1 , ~ ~ u 1 st. w u u-1 ct: * * , , / , 2 x 9 r '=> , / 1 
47 FURMAl(2X,'**81ANOARO NUDE NUMBER JNt lO~RDINAfES**',1,2x,·x ;',Fl 

1U.4,20X,'i :',flu.q,1,2x,'D~LX :',fl0.4,~0x,'DtLY :',fl0.4,/,/,2X, 
1'XKX :',Fl0.L4,15X,'XKY :',Fl0.4,15X,'IHER :',f-10.4,/) 

48 fUki"!Alt7lbJ 
49 FUF~MAT(6Fl0.4,/,3Fl0.4) 

llfr1 r"1 LJ: JI t5 L K 1 I Gr, ( 1 0 0 , 4 0 ) 
Un 1'1 (JN I b L K 2 I G c ( 1 0 0 , Q 0 ) 
( 0 M r.J! lJ N I b L K !J I L L l l 0 U ) 
CUMMG~/dLK 4/SlllOU,40J 
L UM'"' U ~JI~~ L K j I t~ t. l G H T ( 1 0 0 J 
COMMUN/bLK b/MATklXllOO,SJ 
l i HJ\ "'' lJ t JI t3 L K i I H t. A I l 1 0 0 J 
CUM~UN/BLK 81 C0Cl00) 
L U:V· 111H.d\1 I tj L ;<., '1 I U l 1 U tJ J 
CO~MUN/BLK 10/ SAVtll00,40J 
D J .,_~ i: l'.J S l l JN o C l 5 0 J , l j MC ( S 0 J , f t: T k A ( 5 , 1 4 l , b R I C K ( 1 , 1 3 J , C 0 Rt.; C b , ..) J , 

1 X ( 4 J , Y ( 4 ) , Z l 4 J , I~ U tJ ( 1 0 J , J l ( 1 0 0 } , 8 E GIN l 1 0 0 J , I T t f RA ( 5 , 1 l J , I B ti l L K l ~ , 2 I 
1 } , A c l u ,v, ( l 0 0 ) ' : J s ( ~ , l (J J , r • 1 rt A l~ D ( 4 l) ) -

(*** 
c * • * * • * * • A *st G J: E f'; 1 -u r\j t.:. - - - - -u t.. 1 P. l 'JP iJ 1 • • • • * • • * * • 



L **'le 
(. * * 
C• 

. L~- .... 
C - - - - i) EF 1 N J T l 0 "" S (J f C UMP 1.JT E f-< 'V A k I A 8 LE:. C 0 D l NC, : 

C-·-- GK=GLOrlAL "K" MArKlX 
L---- GC=GLOBAL "C" ~AlRlX 
C - - - - b C = b U 1Ji'JD AR ~· Cu NU H l u r·~ v t L 1 ,JR 
C - - - - N i-5 C : N 0 0 E NU ivi i3 E k S (J f- ii U Ur J D A R Y C CJ N D l l l UN S 

c - - - - o c: G !f11 = 1 N J r l A L c u >HJ! r i 1) , .~ v 1: c T 0 R 
C---- TET~A= TRIANGLE DAlA HLUCK C2-0l~ENSIU~ PRUBLEMJ 
C---- TETRA= TETkAHluRUN OAf A bLGCK C3-UlMENSIU~ PROBLEM) 
C---- ITtTRA: lRIANGLE INTEGER INPUTl2-UIMfNSION PR8BLEMl 
C - • - - I T l T KA: T f_ T RA tit. L> t< U f\i Hd EGE. R I '.WU I U - (J Hi, E: NS 1 UN PR 0 8 l EM) 

C---- BRICK : bRICK OATA HLOC~ C.---- COFw= bRlCK LUkNER COtlklJlNATE.S 
C---- l~kllK= BRICK INTtGEK INPUT 
(. - - - - x ( 3 ) , y ( 3 ) : T k l A M:, L t t L t: I'·~ t I~ r c u R r ·Jf:. K L u l) R D 1 N A T E. s 
C---- Xl4J,Y(~),ZC4J: ltTRAHEURON ELEMt~J CURNER COUROlNAlES 

c - - - - ~J 1] D :: r R I A NG L t t. L c. rv: t. ~\I l r-. u (J /l. L s E lJ u f: ~~ c f_ 

C---- NOU=ltlRAHEUKUN ELEMENf NUDAL SEQUE~CE 

C---- TT : Jf~PORAkY VlClUk G~ SPECIFI~D BGUNOARY ltMPE~AJUR~S 

L---., 
C---- UtFINt DIMENSION Uf PRUdLEM 
c---- KODE= 2 JMPLltS A T~o-o PROBLEM 
C---- KUUE=3 1~PL1£S A THRtf-U PROBLEM 

e,----c-----

kEAD(l,40) KUut 
v~ ~~ I T f. t 3 , 2 0 ) 
~·1 ~ 1 T t. ( 5 , !J 1 ) 
'Nkl TE..(3,42) !\'JOE. 
'tn·?!Tt .. (3,43) 
h1~·1 H: ( 3, ?O) 

C---- KOUEl:O lMPLlE~ A PHAS~ CHA~bE TYPE MUOEL. 
C - - - - KU U t 1 : 2 I MP L U.:. S A ST A f·J D A 1-dJ T R ~NS I E.1\1 T HE. A 1 C 0 ND UC T I 0 f-J 'v\ t lD EL • 

C---- KlJut.3=0 IMPLIES ;-..,u ELEMtNT PHASE UPDATE. IN PROGRESS 

C - - - - K LJL) E 3: 1 l"·~ PL l t. S t.. LE "-1 f: ''JI I-' HA St UP I) A r E. H~ PR CJ GR E SS 

c----_.
c----

KOLiE3=0 
Rt AU ( 1, 7) t\UUI::_ 1 
WRllt(.3,20J 
"~ t< l T l ( 3 , 4 1 J 
1 F ( K. U 0 E 1 • t 1.:J. v ) ;d~ l T t { :S, ~ ~ 0 3 J 
l F ( ~. 1.1 O t 1 • t iJ • ~ J .;., 1< 1 1 E. ( 5 , c! 5 u t~ ) 

V'i~l Tt (3,45) 
V'lr?1JE(3,?0) 

C - - - - I NP iJ T PR (J b LE r-; PA k A f-'1 E TE: RS AS DEF I f\J t. u Ab 0 Vt 

c---- R t:. A (J ( 1 , 1 ) :\l t j A ''-' u , 1 ·d W [J E S , f'J t L E., ,'J 8 R 1 C K , !~ T t:. J R A , N U MB C , l H E J A , () A Y S 

~'J k l 1 t ( 3 , c!. !) J 
v-~l Tt U, 12) 
11 K l T f l .) , 2 I J 
~-- H. I T t ( 3 , 1 s ) ; ~ u I\ ~ L) , i" i'i u 0 t ~ , I J !:. L t. , ''J b t< l c K , '" 1 t T k A , i ~ lJ ~ H c , l rt t l A , l) A y s 
{I ~ i T t ( ~ , ? \.) ) 



l-·-
L ... ----c ... 19: .. 

c--
c--c---c- .. ~-
c--
c~-ei 

L--
C·-
c--c---- .. 

N t3 A r~ D:: t3 A i'4 D "" l 1.J T H LJ F u l UH A L MA T R I C t S 
NiiUDE:S: i'4J'11jtt< UF f-.UlJES Ir~ P~iJ8LE"1 
NELE= TUTAL NU~f1ER :)F ELEMEt\JTS 
N a t~ i c K s = ; -vu •"Ir; t. R u F rj ;< 1 c r:. t L E i"1 £ r-v r s 
~TETRA= NUMHtR G~ l~IA~GLE ELEMENTS 
NTEf~A= NJ~~~~ Uf TtT~kHEORJN ELE~t~lS 
THETA: TIME lNCREM~NT 
U4~S= SlMULAf luN u~~AIION 
NU~BC: NUMBER OF NODtS GlVtN SPECIFIED TEMPERATURES 

(. - - - H-1 p u T ti u ~y" DAR y cm~ tH l I u r J DA l A c ... ,_ ... 

c..-.-ei: 

REAO (1,2J loCllJ, l=l,NU~~C) 
REAOCt,3J(NeC(l),l=l,N~~bCJ 
vvRITt(3,20) 
wRITEC3,14J 
Vtr<Ift(3,21J 
v~ R I T E. ( 3 , 1 5 ) 
~~If~(S,1blC~bl(lJ,4CClJ,J:l,NU~bCJ 
vvRITEC.3,20) 

C·-- INPUT "BRICK" tltME~T DATA 
( ...... 
c--- NOTE: A NEGAllVE LATENT HEAT IS A FLAG THAT THE ELEMENT IS FROL~N. 
l - - - f: Pt 1 S I T I 11 t. l A T t i~ l Ht A T I 'Ill P l l E S T H A f l ht t L £ME t"' l I S UN F R 0 L E N • c---

l F ( rJ b K IC K • t CJ • l1 ) G CJ f u 7 0 
IFCKODE.t~.2J GU IU 5~ 
t< F ~ 0 ( 1 , 3 tl l l ( i 1-. '"'. I C i<:. ( T , .J ) , J = l , 2 7 ) , l = l , ~ .. ...- f~' 1 Cy, J 
l~lKUUtl.t~.JJ GU 10 ~1 
t< E A !J ( 1 ! 3 1 J ( l t\ r< l l P\. ( I , J J , J ::: 1 , 1 v ) , I = 1 , ·,~ b h' I L t\ J 
GO TU ':>o 

51 RtAO(ltH)(ln~lCK(l,J),J:l,15J,1:1,NbklCK) 
GO TU '.)6 

~4 kEA0(l,44)CllhHlCK(l,JJ,J:l,10),l:t,NBRICKJ 
lF(KODEl.tLl.OJ GU lU ~5 
RtADl1,45JCl~~lCKll,JJ,J:},7J,I:l,NP~IC~l 
GD TU 5b 

C, 5 !-< t A D l l , -1 J ( ( t1 t-< l l ~ ( i , J ) , J : l , 1 1 ) , l : l , ;,~ f-<. w 1 C I( ) 

so Cuf\irJ1-.1ut 
""1?1 H (3,c?UJ 
iNR1TEC3,17J 
t'HH lt.U,21 J 
I F ( K 0 0 E.1 • t (,,1 • o J bu l 0 b 1 
u f J o v J = 1 , ,'rn t< I c K 
1FC~U0E.t~.2J bU 10 5/ 
w~ R 1 T t. C 3 , 3 2 ) l M R 1 C K ( I , i l } 
~RlTE{3,33)lldRllK(l,J),J:l,26J 
~rlllE(3,34J(~~JLKll1J),J:l,l0) 
GU TO Se 

57 ~RlltC3,32>l~~IC~ll,10) 
~Rl lf: (3,46) tli)t<lCl'<ll ,.JJ ,J:t ,~J 
it ;.( I T f:: ( ~ , 4 I ) t t ~ l L "' ( i , J l , J = 1 , 7 ) 



5 8 C I ) r-.; J 1 N lJ f.. 
~. R. I l t. (3 ! 2 U J 

t- 0 C 0"'1'T l NUt. 
t;U TU 70 

o 1 0 0 b 9 I = 1 , t'~ ~ k 1 C K 
l F ( KU L) E. • E: :,J • t: J GU I ti o I 
~R1TE(3,32) lURlLK(l,27J 
~~ R I T E ( 3 , 3 5 ) t i r; K l l. 1<..J l , J ) , J = 1 , 2 o ) 
~~lll(3,22)lHRIC~lJ,JJ,J:l,13l 
GtJ TU 68 

67 ~RIT~(3,32) ltlklCK(l,10) 
~RlTt(3,4bl(JtlRlCK(1,J),J:l,9J 
wRITEC3,24)tHR1CKCI,JJ,J:t,11) 

68 CUNf lNUE 
v~Rl ff C 3,20) 

o'-i LUNT PJUE 
70 CUNTlNUE 

c---c--- lNPU r TRIANGLt/ rt. TRAHE.;Jk:.Jf\j Ell:""ll:f\il OAT A 
c---

IF (NTl::lRA.EL.J.0) GO lU 9/ 
I F ( K U D E • t 1~ • 2 ) b U r U l 2 
RtAOCl,35)((lTE1RA(l,J),J:t,11),l:t,NTETRAJ 
l F ( I'( Cl fJ E 1 • I: i:.i • iJ ) G u l l l ll 
REAOCt,36)(llETRACI,JJ,J:1,l6J,I=l,NltTRAJ 
GJ TlJ 7S 

71 READ(l,25)((ltlRAll,JJ,J:t,19),1:1,NT~TRA) 
Gu Tu 75 

72 RfAO(t,46)(( lTETwA( f,J),J:t,7),J:1,~TFTRAJ 
l F ( K U :J t: 1 • E. 1;,1 • ~l ) b U ·1 U I .3 
R~A0(1,4~)((1LTHAC1,J),J=l,~l,I=l,~TElRAJ 
G•1 Tu 7S 

7 _S rt t AU ( 1 , d J ( l I t I ~ A l 1 , J ) , J : l , l 5 ) , l : 1 , I~ I l 1 :~A ) 
7 5 C Ui''if 1 ·\I u E 

wRITt(3,20) 
~~RI ll: (5, 19) 
WR1T£(3,2JJ 
I F ( ....; l i I.) t. 1 • I: GI • li ) G tJ 1 ;_1 y 1 
DU 88 l=l,NTtT~.A 
IF (l(LJ!)E.t.t~.2) Gu IU ~5 
~RlTE(3,32JllcTkAll,llJ 
Akllt(5,~/)(} lllKA(J,J),J:},10) 
~RITlC3,3~Jlltf~All,JJ,J:l,lbJ 
GU Tu e'~ 

H .3 t1 P 1 T E ( 3 , 3 2 ) 1 r t 1 R A l I , I J 
~~ ~ l T t ( 3 , 4 ) ( l l l 1 t-< A ( l , J ) , J = l , 6 ) 
~Klft(3,5)(Jtr~A(1,JJ,J:l,9) 

~ 4 C iJ ''J f I N U E 
ti R I T E ( 3 , 2 0 J 

8 8 VH~ T 1 ;·~ lJ E 
90 C.UNfli'-JIJt_ 

GU lU 97 
91 Du 9~ l:t,r~Jt.T~A 

1 F ( ~ li 1) t • t 1_J • c!. J G U I ' J 4 .5 
~~1Tt(3,32) lltJkA((,lll 
,., K l r t ( 3 , .5 7 ) l j T L r k i;. ( I • J . ) , J = 1 , J (} ) 



~RITt(3,t7J(l~IMA(l,JJ,J:t,19J 
L>IJ tu 9:.t 

93 WRlfE(3,32) 1T£fRA(l,7) 
~RllE(3,4JlJ TlTHA(l,JJ,J:l,6l 
\t~ R I T t ( .3 , 2 8 ) ( l f T R A ( I I J ) , J = 1 ' 1 .$ ) 94 c.u1~ r I :,iUE 

9 7 C Ol'.i f l i\l u E 
L---
L- - - lf" P li I IN IT I AL C urv U I Tl U ·~ 0 AT A c---

c--~ 

REAU (1,6) lbEGlN CIJ, I: 1, ~NUDES) 
w'l ~ I r i:: C ~ , 2 0 ) 
wRITEC3,23) 
wRI Tl (.3,21 J 
~RITE(3,15J 
tv h: i T E ( 3 , l 6 ) l l , b t G l N l l J , l : 1 , ·~NU U t S J 
~" R I T E ( 3 , 2 0 } 
Ifl"\uJEl.E: 1J.cJ bu f1J 99 

C - - - J 11J P l.i f P ti !\SI: 5 I A T US i\J U IJ 4 L L1 AT !\ c---c--- ACCUM(Il=l.J l"iPLltS TH.Al f~lJOE IS lNI-IIALLY IJf-JFROZEN C--- ACCUM(l):O.u IMPLIES IHAT NUDt JS INITIALLY FROZEN 
RE AD ( 1 , 3 9 ) ( AC C UM ( l ) , I : 1 , l-J 'JU 0 E. S ) 
~R1Tt(3,20) 
~· R I T t. ( .) I 2 q ) 
wRITEC3,21) 
wR1Tt(3,ldJl11AlCUM(lJ,l=l,~N00ESJ 
wRITEC3,2o) 

:d Lui-. Ti 1wt 
C• 
(.Id 

( •• * 
( • * * * * ~ * * * * S t G i111 t ~" J - f 1 v ( l - - - - • ,_i R !:. L I ·"'· J t\I A R t C A L C U L A T 1 LJ N S J\ * * * * * * * * * (*** 
(' * 
(. * c---c--- SET GLOBAL MATRICES"GK" ANO "GC" E~UAL TO LERO c---

UU 100 I=l,NNUDtS 
L1U 1 0 1~1 J: 1, ,..it'llH'4Ct 
GK (l,J): U.U 
G c l I , J ) = IJ • 0 

l 00 CCJ.\~T l\IUt 
(.---
( - - - K D ') c 1 : 1 l MP L l t S 1 ti A T P t< U Gr< AM l S l N 1 1 Mt A 0 V A NC E ME N J fW U T I N t. S 
(---

If ( i<. LI i.) E.1 • E Q • c2 ) 1.7 IJ T l.l 1 li b 
C--- Hdl IALlLt PriASE LHAt-JGE: JHE.RMAL PA~AMETERS TU lEr<U c--- HtATCJ):LAft~f HtAl UF FUSlU~ F8k NOUE "I" 
l - - - C U ( l J :: ~·~ E I G H T E:.. t > T h A 1J t U ~ F' t C I F I C H f A f F U I" N 0 L) E " I " l - - - c f ( 1 ) : :.'1 E l i.; H r f.. u f Ru l t ,,, s p f. c I F I c Ht A r F u t< ,,, 0 D t. .. I " c--- ,'!tJl,Hl(ll=!1tlGhl iJf ~Aft"dAl ASSJC1AltU TO t·..;i.JuE- "l" C--- ~ATklXCl,JJ=~Ul~lL~ A~~AY Uf ASSUC!AJEO EL~MtNTS "J" TU NUUE "l" 

L~ '. 1 l G 2 l = 1 , t 11 o 



ti EA T ( I ) : 0 • U 
cutIJ=u.u 
CFCil=O.O 

1U2 ~ElGHTllJ=o.u 
lJO 105 I=l,l'Jl\iUDE:.S 

1QS MAl~lXllrlJ:2 
106 CONTINUE 

( _._._ 

l--- PRtt-1 ARE NODAL SU~Ut:..NCt ~ U l 1\JT Et-< ARR A Y 
(---

JFCKODE.EQ.SJ GU ra l~O 
NSlld)=l 
NSCl,2):3 
i'JStl,3)=7 
NS(l,4):2 
i"S(l ,5):9 
NSlt,6):8 
NS(c,1):.3 
NSl2,2J=5 
f\JS(2,3J=7 
NSl2,4):4 
NSC2,5)=6 
NS(2,6):9 
GJ ll1 130 

120 NS(l,t):l 
r~ s c 1 , c) = c ;.> 
NS(l,3)=1e 
NS(l,4):? 1.+ 
r~ s r 1 , s J = 1 1 
I~ S ( 1 , b ) : l () 
NS(J,7):11 
t~ '3 ( l , ii ) = 1 4 
I'd ( 1 I q ) :: ~ :J 
NS(l,10):2h 
NS(2,1):5 
:~Sl2,2J=20 
iJSC2, 3J=2~ 
NS(2,4J=22 
NSt?,l)):13 
;~ s ( 2 , b ) = 1 '::l 
NS(?,7J:t4 
NS12,K):26 
l~Sl(!,QJ::2S 
l"J:-)(2,10)=21 
NS(~,l):') 
NS(3,2J=~ 
NS(5,j):l 
r-..s< ~,4):20 
NS(3,SJ:4 
NS(3,6J:9 
NS(3,7):t3 
N S ( :S , ~~ J = 2 
NSl3,9J=ll 
~~ s ( 3 , 1 t) ) = 1 2 
i·JS(4, 1 ):~ 
r~ S ( 4 , 2 ) = 1 



f'..i s ( £1 , .3 ) = 7 
NS(4,4)=24 
""S(4,5):9 
l\tS(~,o):o 
(\I S ( 4 I 7 ) : 1 i:, 
r"S ('.J, 8) =H 
NSC4,9J=16 
r~ s c 4 , 1 o ) ;;; 1 7 
NS(S,lJ=S 
NS(S,2)=1 
tJ s ( 5 ' :3 ) = 2 4 
f"S(5,4)=2o 
NS{S,5):9 
f\ISC5,6)=1C, 
NS('),7):13 
NS(5,d):17 
NS(S,9J=26 
r~ s c 5 , 1 o ) = 1 1 

130 COt'-'Tlf\iUE 
c---c - - - DE F I ~, t r Ht r R (:-_ t lI NG p u [ N T I) t p R E s s l LJ ,.~ " F p D " c-----
L• 
(*• 
(. * * * 

FPu:32.0. 

C•*****SEGMErH-LiRt:t---oE T£HMlt\Jf_ ELEMEN r CUNUUCT lUN AND CAPACITANCE C * * * * * * MA T R ll E S f Uk lf'l C UH P Ci~ A 1 l DI\ 1 N T LJ G L UH A l MA J R I C E. S • C•***,HFOR~ GLOdAL CONDUCTLIJN AND C:APACITA:\JCE MATRICE:.S*•f(•****** c *:A~ 
(** 
L• c.---c--- PR1lCt.SS tJKlCK t.LE:M.Ei\if S ( .. -,_, 
c.--- PRulfSS lHRt.E-DF1t;\JSlUNAL dklCr'\ E.LE.r'llEl\ITS C--- ~RILK ELEMENlS lFU~ T~RE~-0 PRU~L~~J ARE OJSCRETIZED INTU FIV[ c - - - r E T K t~ H t D R u I\; E L t. f·~ ti'.J ' s v t h j l t. I) A s " 3 IJ ~ 1 " r u " s u B s " • Vi j.l HJ p K u (,, K. A M c - - - p RE p .L\ k Es p A~ L Mt_ r E ~ s F 0 ~ t Ac H ff TR A rt t DR Ul.J T 0 ~ t TR A !\J s Ff RR EI) Tu C--- SUtJ~tJUflNE. StlUP. c.---
( - - - !) E f: 1 r~ l l l U 1 '1 S r u i< PH AS F l h .HJ Gt S l M lJ L A. T l U ·~ : c - - - H E r = L ~ r E N l r·i t A T p E R u ~\I I 1 ~·, E I G ri T 
C.. - - - X U = U •., f- R 0 l t '" ri t ~ T L A F A C l T f X f- = f ~ 0 Z E. t'J Ht A f C A. P A (. l T Y c - - - DE f\J s TY :. a) t.1"4 s I r y , u R u l".J r T ~ E I G H l T Ii f: R = H E A T c A p A c I T y * D (i ~ s I T y c---

KUDF2:0 
Ir l ·-J ~ ~ I c K • t:. .• v ) c, i.J r u ~ 3 o 
I= o 
l F ( KU L> t • E. !J • 2 J G lJ l d 2 O S 

135 I=l+t 
NUMtift< = 1oklCKll,27J c---c - - - A s s l l; ·~ .. 'j k l L I\ " u l Ht 1'·J 5 I ,_I;; .::i c---



XK Y:tjt<IC"' l l 1 tSj 
Xi\l =BR lC>d I, '-1) 
Trlf.R:BRICt<. CI, 10) 
lf(KfJDEl.E.GJ.i) GD l1J 14') 

C--- ASSJGN PrlASl THFR~Al PARAMETERS 
rlt:l =eR l Ct\ ll ,\ S) 

C--- Tt:ST IF ELEMtl...f 15.. p,il lU\llY FROZEN UR UNFROZEN 
lFtrlt_ T .L 1.U.OJ Gu TU l 4v 

C--- fLE~E~T 15 UNFROZEN 
Xl\x.=o~lCK(i,6) 
DENSTY:BRICKCI,12) 
XU=t3"'lCKll, 10) 
XF=!3RICK(l ,9) 
lHtR::XU*Db•JS Ti 
NTEST=l 
GO TU 143 

140 CDl\JTlNUE 
C--- tLEME~T JS F~0LE~ 

Xf\X=BRICK( I, l J 
Ut~Slr=bRIC~ll,lll 
XF=KRICKCl,9J 
>.u:.8RlCK(l, lU) 
T Hl::R=XF *DUJS TY 
Ht.r=-!itl 
NTESI=-1 

1 4 3 (, t] f~ l 1 \J u f~ 
XKY=XKX 
Xl\l=X;<_)( 

1 1~ «::> U.J: ~ T 1 \1 J t 

c ....... 

1 F ( I\ U iH:. l • E 1~. I ) l:. i< b 
OELX=l:Hd CK (I, 4 J 
;_;- L i.. '( ;: : -, i\ 1 L "· l l , ·=:. j 

Dt.L.l=HR ICt<. ( l 1 oJ 
J:uEL.o·.)t.L 't *Utll lo.O 

c--- IJETi:Ri•'ilf"E "o~lLt<." Cl.HlRDl 1\IAftS 
c---

LdkD l 1, 1 J =t)r< J L~ ( 1, 1) 
CORD(l,2)=~k[LK(l,2) 
C 1J kl) ( 1 1 5 J :: ~ k l (. K ( 1 , 3 ) 
CORDC2, l) = CUH'L)( l r 1) t 0ELX 
CUtW(?,2l= lu;<i_i(l,2) 
Ct1RL>C2,.~): LL.:RU (1,~) 
CuR0(5,IJ= cuRIJ(2,1J 
CUHD(~,2l=LURuCl,2J+UELY 
C (JR iH ~ , 3 l = Ci.i R L; l 1 , 3 ) 
COKl)(~,lJ= LL•kD(l,1) 
CUR U l 4 , 2 J = Cut~;) l 3, 2) 
CURD(Q,3): CLi~U(l,3) 
C1Jt(fl(S,tJ= CtJki)(l,1) 
CUR 0 ( 5 , ?> = C L.1 k IJ l 1 , 2 ) 
Cd~ f) ( '_j , ~ ) = Ci Jr-< t • ( l , 5 ) - , _; t_ L 'L 
l.U1·Hh61 l ): CUtil;(2, 1) 
( 1 .I K !) ( a, c ) :=LU'' t°I l l , ,:_ ) 
c I, J t< 1) ( b , 3 ) = c Li K I) l ~) , 3 ) 
L·J~~[>{ 7, l ): lU'"'Ll(c!_, 1) 



CO~DC7,2J= CUHU(3,2J 
CORiJ(/,S)::: CUktJtC.,,3) 
C8RD(8,tl: CU~O(l,11 
CURDC8,2J= CURD C3t?J 
CURJ(d,31= CURU(5,j) 
I F ( l\ lH> t. 1 • hfr_ • 1 J G ll T U 1 '"> •J 
IFCJX-2) 1~1,154,148 

1 4 t~; 1 F ( J x - I~ ) 1 ':, I , 1 t. (} , l 0 ) 
15u CtJNTI NUE 

c---c--- PRUCESS sua 1 
c---

151 CO;-.;flNUE 
X(l): CURD ll,lJ 
Y(l): CO~D (1,2) 
L(l)= CORtJ Cl,3J 
X(2): CORUl6,1) 
Y ( 2): C; tR I) ( b 1 2 J 
l(2): CDRD (b,3) 
X(3)= CJRU ('..>,!) 
Y(3): CUkD(";),2) 
l(3): CURJ l~1!d 
x ( 4} = c UR i) (8 I 1 J 
y ( 4 J = l \ J ~ !) ( ~, ~ ) 
Z ( 4 J = C tl R D ( d , 3 ) 
[)tJ 1~2 LK=l,ll) 
Lt<K=NS(l,LK) 

152 NUU(LK):JdklCK(l,LKK) 
c A L L s F T IJ P c v , x r~ " , x, i-. v , ·x: K. L , T r-1 E r\ , x , Y , z , r '• Ct u , rfo r··: tl t. K , " u u E 1 , u t N s l Y , 11 L I , x u 

1 , X F l 
I F l I'~ U O I:. 1 • t. L.i • 1 l G [ J l n ,., 1 ll 
JF(1<f.i 1)t1.t'•.?) '-~it f~! 1~'\ 
;.;c·~=v 
un 15.3 LK=l,lu 
LKK=~'IS ( 1, LK) 
~Bk:JdklCK(J,LKK) 
IFCACCU~CNURJ.GT.0.0) ~HS:NBStl 

1S3 CUiHI;wE 
!~ t~ R : N tJ M H E R - t• 
. J r H A v., 0 ( \J ti k J -= r. h S * tJ 1 f S T 

L---
C - - - t-' ;..- UC t 3 0 S 1J t~ ~ 
(---

1 s Q c d !,, r 1 r ~ 1_1 t. 
X(l): CORD (3, 1J 
Y(J): Cdt<UU,c) 
Z ( 1 ) : t J Fd) l j , ~~ ) 
X((:>J: CdkO(b, 1) 
Y(2J= CQKO ( 6,2J 
l(2l= C0RO ( 6,3) 
X(j): CORO ( d,1) 
rC3l= CiJklJ( .~,2) 
Ll3J: L~RU l b,j) 
X(4): C:h~U l 7,lJ 
Y(4J= (dr<O ( f 12) 
ZC4>= l•J~l-- l 7,)) 



[JD 155 Li<.::l,lu 
L K K = r~ S C 2 , L ~ J 

155 NUOCLK):lB"ICKll1LK~) 
CALL 3tlUPfV,XKX,XK1,XKL,THEk,x,~,L,~OD,NU~HtR,KODEl,DENSTY,HtT,xu 

1,Xf) 
lf(KUDEl.t.u;.1) t,U TfJ t'>lO 
IFCKODtl.E~.2) GG Tb 15/ 
hJf'S=O 
00 156 LK=l,lu 
LKK=NS(2,LK) 
NBR=lBRICK(l,LKK) 
1 F ( ' C C U :vi ( No f.< ) • G T • 0 • 0 J t'~ b S :: NH S t 1 

156 CONTINUE 

c---
N8R:j'.,Ufv'tfH:.R-.5 
NTHA~D(NBR):NbSA~T~ST 

c--- PROCESS SU& 3 
c..---

15 7 LUNT I f·JUE. 
X(l): CURU (3, lJ 
Y(l): CORO(.S,2) 
l(l): CORD( 3r.3J 
X(2): CORD C c,1) 
YC2l= C~R~ ( 2,2J 
ZC2): CURD ( ~,3) 
X(3): CORO l 1,1) 
YC3l= CURD( 112) 
ZC3J: CURO l l,3) 
X(.'.J): (fJRf) ( 0 1 1) 
Y(4): LLJ~ij l b,2) 
ZC4): lGR0 l 6,3J 
l> 'l 1 s ,.. l ~ ;;; 1 ' 1 '._'t 

L;<.K:NS(.S,L") 
158 Nf.1DCLKJ=IbRlLr..(J,LK~J 

CALL SETUPCv,x~x,xK~,XKL,THER,x,1,z,NoO,NUMBER,~OOtl,OENSlY,HtT1X0 

1, XF J 
lF(K80El.EQ.lJ GO 10 ~10 
1 F ( K. L ·DE 1 • t. :_:..1 • I J Gu l Li l b 0 
i.it1S=v 
Uu 154 Li\=l,lu 
l K K : 1\1 S ( 3 , U< ) 
N~H=]~K[l~ll1LK~) 
I F ( JH.. C U 1•'1 ( • '-' !i ~ J • G T • 0 • 0 J l'H3 S = N d S t 1 

159 cu·~ T 1 ~ut. 
NH R : i\I JM H E. ~ - 2 
N T ti A l"i D ( .-..J tH~ ) : I~ ;J S * !\I J I: ~ T 

c-- .. -
t--- PR0C~SS SUo4 
L---

160 CIHd I "'JlJE. 
Xll): CURD l.~, 1) 
'((}): C•HWLSd) 
ZC 1 ): CilRiH ..S,3J 
Xl2J= CJ~0 ll,1) 
Y((:I): Ct)R 11 ( l,~) 

z l 2 } = c u 1-( 1_'1 l 1 , ..s J 



X()); CORO l 4,lJ 
Y(3J: CURD( 4,2J 
Z(3): COHO l 4,3) 
x<4J= co~u l a,1J 
YC4): CJRu \ 8,2) 
Z(4J= L1l~D l 8,3) 
00 lbl Lj(._=l,10 
l K K : t\l S ( 4 , L i-. J 

lol NOUCLKJ=lBRIC~.{l,LKK) 
CAL L S £ T Li P l v , xi<\ x , x ~ Y , xi\ L , T rl ER , x , '( , I. , 1'J lJ u, i·J u ~.,, o t. r< , KOO t l , u t.1-J ST ~ , Ht: 1 , X J 

1,XFJ 
1FCKODE1.EQ.l) GU Tu ~10 
IFCKUDEl.tQ.2) GU TO 165 
NBS:O 
DO 162 LK.=l,10 
Ll\K=NS(4,U,J 
NBR=IBRICKCI,LKK) 
IF (A (CU rv, ( "J tH< J • 1~ T • v • u ) i\ KS:: f'li d St l 

162 CONT U\JUE. 

c---
1·JR k: r.., Uf"•tH:. k-1 
NfHAhDCNB~l=NbS*NTEST 

c--- PROCESS SUH ~ 
L---

16.3 CUt"JT INUE 
x ( 1 ) = c ll 1' [ j ( ~ , 1 ) 
Y(l): CORO(.S,d) 
ZCl): CORU( .3,3) 
X(2)= cnRD (1,1) 
YC2J= CORU l 1,2) 
ZC2): CURD l 1,3) 
X(~):=: L 11 ~·1 t ~,1) 

'((_$): Lt1RUl o,~J 
ZC3J= CUKt) l b,.3) 
X(4): CORD (6,1) 
Y(4J: CURu l b12) 
Z(4): CO~D l b,3) 
IJU lb4 LK==l,IU 
L K K = f\I s ( 5 I l I\ ) 

1 6 4 r~ UC ( U< ) = l '; H l CK l 1 , L Kt' ) 
V:V*2.0 
c A L L s t I up ( \I , x ,.., x I x I' 'r , " .. l , T Hf_ t"<' I x , ~ , L , t,; i J l) , (\Ju IV; t~ t. k , ~~ u lJ i::. 1 , u E ~i 5 T y , Ht. T , ( u 

1,XF) 
lF(KUOlt.i:.:~.lJ GU llJ olv 
1 F l "o o E. 1 • E. 1J • ~ } G 1 J r u 2 o 2 
r11rJS:O 
00 201 LK=l,10 
LKK:t.S(5,Ll\J 
N~R=lBRICK(l,LKK) 
1 F ( .!\ C C UM ( ''lb k ) • G f • v • 0 ) I Hj S = t-n3 S t l 

201 CONTINUE 
111 l t-1 A /; D l r11 Ur: 1~ t.Y ) = 1 Hj ,'.:; • f»; T t-_ S l 

?02 UJid l ;JUE 
I F ( I • 1; C:. • N ri ~ 1 L r. ) ~ d T t r ; _s :.1 

GiJ TU 1~5 
c--~ 



c---
c---PRUCESS TwU-01M~~Sl0NAL dKlC~ Elt~E~JS 
c-~- BRICK ELE~ENl~ lFUk T~u-u PMJHLEM) ARE DISCRETIZED 1NT0 TWO 
( - - - T !-< I A ~JG L E E L E ["1 E:. 1'" T S , u t.r-.J 0 T I:. L' A S " SU b 1 " A ND " SU ti 2 " • M A J N PR 0 Gt-< A r"1 

c--- PREPARES PARAt11t:Ttt-<S FllR t:ACH T~IAi~GLE liJ tjt_ TRMJSFE:.RRt:D TO SUbt<UJ-

C - - - T l ,"H: 5 E. I UP 2 • c- .... 
c---

205 I=Hl 
NUHHER=!Ph'l(K(l,liJ) 

(. ...... _ 
c - - - Ass I G"' " 8 R 1 l I'\ It () Ii"! t. h1 $ I u N s 
c---

XKX=tHUCK l l, ~) 
X~Y=8RICK(l,b) 
TH~H=tH<lCK(l, 7J 
IF(KOOE.1.tt~.2J GU TO 207 

C--- ASSIGN PHASE f Ht~~~l PA~AMtltkS 
xu:HRICK(J,fj) 
x~ ::nt< ICK l 1,7 J 
HET=tH<!CK (J, 11) 

L--- TEST 11'Yrl£THEK tLE:.iv:E:iJl 15 lNlTIALLY HdJZE.N CJR UNFROZtN 
IFCH~T.Lf.0.0) GO 10 20b 

c - - - E. L E ME l'J ' I s l 1 d r I A L L y r ti ti N t I) 
XKX=BRlCK(l,o) 
XKf:XKX 
UENSTY=BRlLKll,10) 
T HE k :: DE I,~ S T T • )( u 
~nE3T=l 
GU HJ 2 0 7 

C • ... - £ L E :-; [ 1\ T I ~ J N l l I ~ LL 'I' ~ 1W lt. : .. 
? oh X k > = ~ 1,1 I C "' ( J , L:; l 

;(K y::,XK.X 
hE.r::-t1tT 
OE~STY=B~l(K(J,9) 
l Ht R:XF *UtNS I¥ 
rn t. s l =-1 

2 O 7 CU'" T l i'' u t. 

c---

IFUuJUt:l.Elil.1J I=KU 
UE:.L. x=t;h l (!': (I,.$) 
L>El y:(~j-( 1CK l 1 r L-4) 

l- - - I) E. ., E:. k ~ lr1J t " 8 jo,1 I etc. " L 0 u l·W I i ~A T ts 
c---

CUt<D l 1, J ) =bR l CK ( l, 1) 
CURO(\,~J=b~lCK(l,2) 
C (l RU l 2, t ) = C •_! K 0 ( 1 , 1 ) 
C 1 JRl>(e!.,?):(..iJ~lJ( l rt!.i-lJt.LY 
CUROl3,tJ::CuHOll1l)+DELx 
c I) RD ( 3, ~) = c ( lk lJ ( 2, t) 
CUK0(4, l J=Cu~ul.), 1) 
L : J H ; ) ( I J , 2 J = ( I - J ~.( l 1 ( l , t:!. ) 
lF(l\Uf>t l.t~[. J j GU JU c'OM 
lFlJX-c) 21u,~~~1?2S 

i'Ob cu.~1 ir,ut 
(. -- -



c--- PROCESS SU!: 1 
c---

210 CfJNllNUE 
X ( l) =CURD ( l, 1 J 
Y<1J=CU!-<U(1,~J 
X(2J=ClJhtJlc,1) 
Y(2J=CORU(2,2J 
X(3J=CU,....IH4, 1 J 
Y ( -~ ) = C U R lJ ( '~ , 2 J 
Du 221 LK=l,b 
LKK:NS(l,LK) 

2 2 1 : " U 0 ( l r<. ) = l th~ 1 lt, l 1 , L K t<. J 
CA l L SE. TU P 2 ( X tO , ,I( K Y , T HE R , X , Y , ~w D , i-.J UM BE. R , KU I) f. 1 , DE NS T Y , HE 1 , XU , X f ) 
1 F l K. U 0 t l • !: :J • 1 ) G U T U tJ. 1 0 
lF(KODEl.ElJ.c?J GCJ fl) 22!J 
NBS:u 
DCJ 222 Lt<=l,o 
Lr< K:; f-J S ( l , l,.; J 
NRR=lB~lt~Cl,LKK) 
H ( AC C UM ( ''. b H J • G T • u • 'J J h: 3 S :: ~ H S t 1 

222 CONTPHJf 
1·J t; R : I\; 1 J i"1 A E f.< - 1 
N l HA tw n ( r-.t 8 R J :; lHj S * N r E 5 T 

c---c--- PROCESS SUH 2 
c---

2 2 3 C UN T P~ lJ E 
X(lJ=CUl-~lJ(c,1) 
Y(t):(rJRUf~,r!) 

Xlt!J=CU~l>l), l J 
YC2)=CnF?L>( s,C.J 
X l .3 ) : t: l J k l 1 ( :• , 1 ) 
'( (j)=:[.t_;--i1J(4,C:.) 

OU 2C.''::> Uv::},b 
LKK:N$(2,LK.) 

225 N0ullK):JdRlCK(l,L~~J 
CA L L S E:. T U P c> ( X. K X , X K Y , T :-i E: R , X , Y , N 0 0 , t JU 1.1? tit: R , K 0 0 E 1 , D U>J S l Y , ~ E. l , X U , X f- ) 
I F ( K u I ) E:. 1 • t. l>; • 1 J b u J l ! "' l (I 
l F ( K '- 1 i) E 1 • E f ~ • 2 ) GU l i J i 2 8 
1~~1s=v 
iJIJ 226 LK.:},b 
L ~ "' = ''t S f. 2 , L r, J 
h.!t:l-~=ldt\ I CK (I, Lt\1< J 
l f ( r.. L C U · .i l 'J t- K ) • G I • 0 • iJ J i~ i:~ $ := ~ ·~ S i 1 

2 2 6 C 0 r\I 1 I ~·Ju f. 
i"' r H A.1'.:, 1 ( ; Ju r-1 d t. h J = rJ t" :.:> * ·i 1 ts r 

228 CONTlrwE. 
1 F l I • Gt: • f"~, 5 !"( l L ,.;, J lJ ·~' T ;J 2 .Su 
GO ru 20s 

2 30 cmj rt h11Jt. 
c--
c---
C - - - Pk ( l C f- !:> S l I: I lo( ::. rl L u re U. J I l R 1 A NG UL A k E Lt ~ l (\J 1 ~ 
L ---
( - - - Pt~ I i l f_ SS f t T K ~ t1 t L r< t ; , 'J f L t. ~~it. r·" T S 
l - - - . 'A t . ; t' K Ll f~ ~ r. 1 f'..; t i) /H-1 f s iJ .:H-: fl~ •• f:. T t_ tis F I k t ~ L •-t T t I K tu·H: LI.( (I t.J t Lt f\<: t- I .t r l J t• L 



L--· TRANSfE.RRE.D 111 SLioRUlJI H-4t SE.TUP. 
L~--

1 F {NlE T~A .tQ. OJ ~U TU 280 
I=O 
lF(KUDE..t.G.2) GU TU 2~5 

231 I=ltl 
NUf't1BER=I 
Xtu<=TElk'All, 13J 
XKY=TETRA(l,14) 
XKZ:.J El t<A ( J, 1 i:,) 
THt:.R:TE.TRA(l,16) 
lFC~OOEl.~~.~J GU lU ?j~ 
HET=TETRA(J,19) 
.XU=TETRA(l, lo) 
XF=TETRA(J,l~) 

C - - - T E. S l w rl E T hf P t. L t r.ii E hd I :) lf\d I I A LL '( F R 0 zt N UR UN F k (J Z E N 
IFCHET.Ll.O.Ol GU TU 233 
XKX:lETRACl,14) 
Xr<.Y=XKX 
Xr<l:XKX 
OENSTY=TtTRA(l,18J 
f rl E R :: tJ E !·~ S r Y * x U 
GO TU 235 

233 XKX=lETRA(l,13) 
XKY=XKX 
XKl::XKX 
OENS1Y=TETRA(l,17J 
t"1E 1 ::-r1l: f 
THER=DENSTl'*Xf-

2 ~ ~ C iJ i\j T 1 i'.I u t 
I F ( K () 0 E 1 • E l:.t • 1 J I :: K K K 
X(l): H.lh'All,lJ 
'1 c 1 > ~ ·r t 1 i"' 1.~ ( 1 , 2 J 
l(l):TE.TRA(l,3) 
X(2J: TEfRA Cl,4J 
Y(2J= lETR~ l1,SJ 
l(2): TE1PA(l,6J 
Xl3): TflRA ll,7) 
Y(3): TEfRA ll,8) 
Z(.3):Tf:.fR£\(!,9J 
X(4): TEl~A lirlOl 
Y(4J:ft.lttA(l, 11) 
ZC4): TElRA li,12) 
IJll 24tJ J:t,lU 

240 NLlUCJl=IT~TkAll,JJ 
V= -1.0 
CALL SETUPCV,~KX,xKY,X~Z,THER,X,Y,Z,NOU,NU~BER,KOUEl,DENSlY,HtT,Xu 

1, H) 
IFCKUDE1.EQ.1J bU TO 810 
IFl~UDt1.EY.IJ bU TG 149 
NtlS=O 
DU ?q2 LK=l, 1() 
f'lt3k=l TE.lRA(l,L~J 
l F ( A (. c lJ "i { II c t-<' ) • G 1 • v • \ l ) PJ ·i s = ''" ij .s + l 

2 42 CUrH l 04UE 
llf T ti A if\ f) l : Id ·".it r( ) = ~· b s 



249 CtHJT I rJUE 
I F ( l • G t.. • >..i J E. l K A ; \;:> u r L' 2 M v 
G1_) T 0 2 31 

255 I=ltl 
c--
c---c - - - p R l l c E s s fv" u - D 1 ME f\J 5 l 0 N A L r H I A NG u L A R E. L [: ~ u~ l s 
C - - - r.; A l h PH r_1 GRAM ~ ~· f.Y AK f_ S P .t ~AM t f E. RS Fu R f: AC.. H TH 1 A!~ GU: EL t MEN T f lJ 1; F 
C - - - 1 R At JS FERRE D I U SU t:H< 0LI1 HH: St TU P 2 
c..--
c---

f JU r-: i4 t R = l 
XKX:TEJRA(l,7) 
XKY:::f[lr<A(J,6) 
THER=TETRA(l,9) 
JF(Kf10f:l.fGJ.2) GU T!J ?:57 
HE T: l t: TR A (I , 1 .3) 
XU=lET!<.0.ll,10) 
xF=Tt TkAl I ,9) 

C - - - T E 3 l \·\ 11 f.:. l Ht tJ t. Lt ~: t l\i l l S J 1\ I 1 l Al L Y F k U Zt i~ UR UN FR lJ lf !\1 

lf(HET.LT.0.0) GU TU 2Sb 
J(K,)(:fE: ft-JA( [,0) 
XKY=><KX 
DENSTY:TETKA(l,12) 
THE:.R=DENSfY*XU 
GO lU 2S7 

250 XKX:TET:<A(l,7) 
XKY=X~)( 
11ET=-HET 
u t i'.J ST Y:. T t l k- A t l , 1 l J 
T rl ER=- u t_ i·~ 3 r r * (, r:-

2 s 7 CtJ1J TI ·-1Ut 
lFlKUDEl.tLl.lJ l=K~K 
X(1)::1Li·:~\;,;) 
Yll):ftTRA(l,~> 
.l((2):Tt. 11-t'A( I, .SJ 
Y(2)=TEfRA(l,4) 
X(3):H T~Al l,5J 
YU):ft.TRA(l,b) 
Of~ 260 J=t,o 

260 ~OD(J):JlETRA(l,JJ 
C A L L S E T u P c:_ l > "'- ~ , x t<_ 'f , I 'i t R , X , < , "11 l i IJ , hJ U ;.,.; b t R , K LJ u E 1 , Li E N S l '1 , i1 E l , ). lJ , x t- ) 
I F C K U D l:. 1 • E: 'J • 1 ) bu 1 iJ ~ 1 0 
l F (Ku J t 1 • l ·~.?) bfJ l J 2 "/ l 
hdS:O 
u iJ 2 b 2 L K = 1 , t, 
N3~=1TETRA(},Lt<.) 
IF(ACLU~l~6RJ.GT.0.U) N~~=~dS+l 

262 CONJ P.J.UE 
ti J ~1 A{\ !J ( ! ~ tJ ;.,I':"> t: r< ) :. l\i tJ s 

2 7 7 C()!H l iJUE: 
lF ( l. Gt • r-. J t J 1q) ~ u TU 211 v 
GO TO 255 

2~0 CU1d 1 ~ul 
c---
L ---



C--- PREPA~E "n" A~O "l" ~ATRIC~S FJR TlMt AOvANLE~ENl SCHE~t 

C--- ~1 UUlF'flr~G ltit "Gr<," A'·JfJ "b(" ·~Ali·rlCt.S Rt.SPfCilVtlY. 
<:--- .. 
C - - - f Ht. T A: T l Mt: !.-> l E. P l 1'4 U< t. ·" h 1 l 
c-- .. u U 7 v (J l : 1 , i ·J N U f; E. 5 

0 U 7 0 0 J ;: 1 , i~ d AND 
bC(l,Jl=2.V*6C(l,JJ/TrlEf A 
G~(J,Jl= GK(l,J) t GC(l,JJ 
GC(l,J): 2.U* GCll,JJ- GK(J,JJ 

700 CONT liJUE 
l* 
c.. * 
C**A: 
C**********SEGMENl-FUUR-----lNSEkl dOUNDARY CUNOlTIONS********** 
(*•* 
C• * 
C..• 
c----
c .. - .. 
C-·-SEI lf(l) ~JUAL TU ZERO 
c---
c~--

DU 800 l=l,NrWUf_::> 
800 TTlll=u.o 

c---c--- MOOlFY GLOBAL MATRICES 
c--c---
C - - - AC C J iV• tJ U A 1 E. u PP t R T R J A \I bl E: T E ~ '·.1 S 
c-.--

81 0 CUt>J T} ,\JUL 
IF (I'( nut 2. f lJ. 1 ) GU l 1 l 9 9 0 
I r t K; t• u t: i • t l.j • 1 J i.; u 1 , , "" 9 ':> 

811 CONTINUE 
C··- JF !f'J fjt_,E. A•)VANCt.:111f.-Jl RJUTl~~t_, k(APPLY dLJLlr>jt)ARY CUNDlTlUNS AFlttt: 

L--- EVtRY ELEM~Nl PHASE CHANG[ 
DU M5 0 I: l , hUf.1bC 
K= "'l5C(l) 
xF: r-=-LCIJ 
GK(K,1)=1.0 
Gl(t-,,iJ:l.0 
BE.Gll'i(K)::XF 
1t- 0- • E · J. l J 1., •.1 f u t. _Su 
r. A:: r- i1 
"'p ::!'\ 
l F ( K • G T • i'lf B ~ , .., u ) I\ P :: i\I f~ A ;,, (j 
LliJ BiO J:2, ~F 
l<,K:K.A-J 
ll(~~):TT(K~J-GK(~K,J)*XF+GC(f~,J)~X~ 

GK(KK,J):O.O 
G c ( t<. I'~ I J J = 1.) • 1.! 

820 C01>iTl<\lUt 
L--19• 
C - - - A C C D ,•' \ IL> A 1 E L u ·~ E. t< T ~ l A 1 JG l t 1 E t..' 111 5 U S l t'J G S Y v, r;; t 1 ~ Y 
l - - - I I f- t L t 1·11 t . ~ r ',, A r t< 1 '1.. 



(.---
~ .3 fl H ( ~ • t iJ • ··l; ~ iy Ji: ~ J Gu T t.t ~St) 

KA:K-1 
KP: ~·\JUUt~-~il 
IF<KP.Gl.NbANDJ KP= ~~ANO 
DU 8L.t0 J=2, K.;) 
KK= f<.t\tJ 
T T { r.. ~ J = T 1 ( Kt\ ) - G '" ( ~ , .) ) * 1.. rt f, c.. ( r , J ) * x f 
(;K(K,J): o.O 
GCll',,JJ = v.u 

e LJ 0 C 0 l\J T I 1J U E 
8 5 0 c u fJl l 'w f 

DO 860 1=1,NUMBC 
K=lll8C ( 1) 

860 TTCK):O.O 

C* 
L** 
C*** 

IF(i\Q'.)E.3.Ei:).1) GU lO lt•OS 

C * * * * * * * * * •St GM t. :·~ J - f- l V f:. - - - - -1 l ,.,, E. AU VA l\J CE ME t'4 T R 0U1 l NE** * * * * * * * * 
C*** 
(** 
C* 
L---c---- CRANk-NlCULSE-.N TIME AOVAUCE1'1ENl 
(,491-

c .. --
c----. 
c--
(..--
c'l9---
c-.,-

IFlKUU~l.t~.2) GU TU b71 
FLAG KOUEl THAT PHASE CHANG[ APPROXIMATIUN IS EMPLOrEo, AND [HAT 
P~F~i.;r)°'!\" IS ·~1_h\ J:J l~t. 1I~t 1\Jv1H1Ct'-"E.f'!f i·HHJT]f'Jc 

KOIJE 1=1 
U T l L I l E. " ..... L · ~ ;:> I r " S J UR /.l Gt SP AC t T U S T i} Hf_ " l I-' i:. T A " I N T Ht 1 l iw1 [ /.\ lJ v ti., 4 C t.1"1 E:. NT 
ROUT !r'J F. 

UtJJ.:) IT:: I r1::. IP. 

L.--- ~tRlVE "ACCLH·l(l)",CU(lJ Al~u CF(}) \/E.ClCJRS 
c- .. -
c--- USE "HEAT(!)" AS A rLAb TiJ l~~UICATE:. :~HAJ PHASE: NUDE EXISTS Jl.ti. 
l--- A POSITIVE "HtATCIJ 11 !~PLIES NODE EAlSTS IN UNFROZEN STAlE. 
C - - - A :'J EGA f l ii E. ''Ht. Al ( l J " J ,'/:PL It S TH£ iU D t t X I ~ T S HJ f RUZ t f\ S 1 ATE • 

00 870 I=l,,111.JUiJtS 
C'.JCIJ:CJJ( lJ/ 1r•ElGtil (lJ 
c F ( I ) = c F ( I ) IV; t l G H l ( I ) 
tit A l ( l ) : - H U1 l ( l ) 
lFCACCUM(l).t~.o.oJ GU ru 870 
~if.Al(!):-HEµ,J CIJ 
ACCUMCIJ=Ht.ATCIJ 

d 7 0 c iJi-.i l 11\i u t 
8 7 1 CUNT 1 ·~UE 

r I~£=(>. t) 
COUNTI=o.o 

b90 t\Jl>t.3='J 
DD ~95 I:l,i.J1JuUtS 
L .. ) ~9':> J: l / ;.'1A;"~J 

8Q~ SA~ECl,Jl=GKll,Jl 
C ALL Pf,; r ~ u L t i J ;.J L• D t S , ·lb 1\ f ·~ t • J 



q 0 () c ALL c lj : .. 1 ti ( d I: G lf\l , 1·~ I'; (JD t !) , L~ t~ AND) 

U LI 9 l 0 1 : 1 , 1-J r-.iu () £ S 
910 ZZlfl:ZZCIJ-tTTCll 

CALL Fl!\JSUL (f-1NOOt.S, ~bA!~U). 

rrME= TIME+ fHElA 
LJ~~Tl= cuu~11+1.u 
JFCCOU~Tl.Lf .3.0) GG TU 1001 
r.r?l.lt(3, 11)) I lr4E,Cul.JNJ l 
v'fRllE.(3,1~) 
~-v 1~ l r E. ( .3 , 1 b ) l 1 , l l ( 1 ) , l = l , N 1\1 U U t S ) 
WKITE(3,20J 
CDUNTI:O.O 
lF(KUDEl.E~.~) GO TO 100~ 
1-'JRlfE(3,21J 
WRITEC3,16Jll,ACCUMCIJ,1=1,NNQDESJ 

I !~, R I T E ( 3 , 2 1 ) 
c-.--. E::: PH~SE CHANGE SlMULAllu~ 

c.---
c - - - H E A l ( I ) : ri E A l 0 F F U S 1 UN F d P I ·J J lJ t. " l " 
c - - - A c c u M c 1 J = L r... r t.. i~ r Ht .A T A. c t u t-1 tJ L A 1 u R F- o R Nu ot. " 1 " 

c-----c--- IE:.Sl E.ACrl :JiJDE. Fuk' PUSSloU: ~HASE CHANGt 

L=O 
·913 L=Ltl 

XF=lZCLl-FPO 
C - - • D t T E. RM 11-. E •" H A T P H A S t S l A l f r\i U u E. " l. " E X I S T S 

IFCHEATCL))4~0,q20,q1~ 

( - - - N n DE f. X l S f 5 I i'J UN F R U 1 f: I\ S l A l F: 
915 IF(XF)~lo,~10,10vo 

{. - - - (. AL c ~) L A T t {_,id A \ T 1 T '( tJ F L ~- f t in Ht. A r 11\4" (J L v ED 
·916 Q:CU(L)*~F*~clGHT(L) 

;:. C l d r. ( L ) :. ~ t.. t..- i J "· l L ) t • 1 

C·-- TEST IF RE.QUlSl TE. AtvOU•JT OF Lf, TtNT HEAT OF- NODE. "L" IS EXHAU~TtD 

lFCAtCUMlLJ)~17,9ll,~lq 

c--- FMEEZING UF NUDE occu~s 
q 1 7 QQ:ACCUM ( L) 

WR1TEC3,250(J)l 
Z l ( L ) : f.J Ll I C t- ( L ) I 'f~ E:. I G ~i r l L J t F P U 
ACCU""1(L):O.O 
ti EA 1 ( LJ :-11 t:. f.. T l L ) 
f'1DEL T A=-1 
t;o r u q ~ u 

C - - - !\j l.1 0 E:. '' L " l S 5 t. r A l F t~ E t. l H~ 6 PU I N T DE. P RE S S 1 UN { F PD ) 

91Q ZZ(LJ::FPD 
GU rn 1 ooo· 

t--- f'.;Uut E.XISTS lN FHOlt" .SlAlE. 
9 2 0 1 F ( X. F ) 1 0 0 li , 9 t. 1 , q ~ l 

l - - - C Al L. u L A l E L A I t rJ 1 Ht. A I I l J b E .~ U DE:. v T 0 A C L J i"°1 u L A l Uk F DR h u 0 t. " L " 

921 Q:CF(L)•XF*~~lbHl(L) 
ACCJ~(L):ACCU~(L)+~ 

C - - - Tt. S T l f E N () u G H HE:. A l H A S tH: E:. N A U D f. D T t1 C A U St :-JU O E: '' L " T [I f h A v~ 

Xf:-HfAT (L) 
lFCAtCUM(L).6t.xFJ GG lJ 9?2 

C..--- ·iU01:. "L" IS 0t. I AT ft-<tt.LLJG PUlhT Llf.f't-r'E:SSlu;" lFPOJ 



/..l(LJ:f P(J 
Gi: TU 1 vou 

t--- THA~ING OF N0U~ OlLJ~S 
922 ~k1TEC3,25v1Jl 

QQ:ACCUM(L)tHEATCLl 
l L ( L): Q iJ IC. d ( L) I wt l G i-1 l ( L J t F P 0 
HE/1T (L):-t-~t:.t..T (L) 
A C (. U 1vi ( L J = • 1 t A I ( L ) 
tJUf L 1A:1 

9 .SO C Ul'I l li'JU E c - - - ri HA ~ f.: c H A t·J 1., r_ r1 A s u L c u R t u A l ,. Ju o t: " L ... 
L--- )tTUd-:1:\lL ALL tLLi'1 li·lTS ASSt•lit1Tt.u rl.i NL!OE "L". 

KKKK:~ATRIXCL,1)-1 
KKX=l 

932 ~-KX:t<KX t 1 
KK~:MAlRlX(L,K~X) 

C - - - K 0 D t. 2: 1 F LAGS rd) UT HJ E. HJ RE l UR :·.J TU i:h<l Cr<. - S LJ d E. l f_ fVI ENT TE ST l NG SE b Mt N I 
C - - - K UDE 2 = 0 J "'l PL It S T H A r A LL tH-d C K - S UH E L t rvJ E. N T S t-~ A V t.:. e E. E.I"~ 1 ES T E D 

KODE2=0 
l--- rt.ST IF tltf'1t·~r " .. "!\ lS A bh'lO TYPE. E:Lt:v':ti>Jf. 

JFlKKK-NTETRA)934,93u,970 
l ~ - - E U:Y t 1\1 T K: '"' K 1 S l~ T t. 1 ~< A l t Pt: E L U•1 E. . d 
C--- TEST IF NE"" PHASE Uf NOUE "L" ·viATCtiES PHASt OF FLEMENT. lF THE PHASES ARE c - - - s I M l L A R , l) d i ,Ju T c h 4 i \I Gt P --rn st (J F ·r H E E L t. 1 ,; Etlj T • 

93Q XF:Tf TRA(KKK,19) 
1FCK00~.t~.2J AF=r~T~A(KKK,131 
NlrlAWD(KK~)=NTHAriU(~KK)+NOtLTA 

C - - - A f ~ f. GA T 1 VE l {\ I t. \\ T HE A T ( X f ) I MP L l ES t Lt i'll E.1" T 1 S F R 0 l E i'>J 
IFCACCIJM(L).Gl.0.0) r;.J ru 9.35 

C - - - r\j 0 n E " t_ '' J S r·.j r .1.,, l "'( t= R 1. i 1 t r ~ 
lf(XF.Ll.u.VJ GU IU '-1'1':> 

C - - - f £ S l I f f L L -~ t f\' r " ,. -<: 1<• ' ' f- r-< t_ f-_ l t. S 
I F ( I J r H ,, •;'i L; ( it._ "( ;-, ) • l1 1 • e ) G I J r t) 9 '1 ~ 
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X~(b,hl=b.U•l3itS3~x~c?,~J) 
x K ( H I ;"j ) = 4 • (l * ( s j - 2 • (l * 'f. K ( 2 I !.! ) - x. -< ( 5 , l t) J ) 
X~(~,}0):4.0*l~~-2.v*~Kl3,4J-~K(~,~J) 
XK(9,9):b.V*(03+54-X~C3,4J) 
XK(9,l0J=4.JA(Sq-~.0*X~(2,3J-i~ (4 1 8)J 
x r\ ( l \J , 1 ~) ) :: b • lJ * ( ::> 2 .. s ,. - x I'. ( ?. , 4 ) ) 

C - • - r UR r.1 CAPAC l I ~ "J Lt. i'' A J f~ I t- " .ll. (, " F :J ~ T f: l i-" f. ~1 t U ~UN EL l Mc f\1 T 
c .. - .. 
c---c - - - C I ) MP U T t_ " X C " rJl A l k l X C U 1 ~ S f A t~ T 5 
c--c.---

c-.-
c---

41=1.•)/7~).iJ 
A2= l.U/ 42U.O 
A 3 = - 1 • t") I 1 'J ':l • u 
A4= -1.d/lO.e 
8 5::. e. • {J / 1 \.l i.) • l) 

b'~= ~.01105.o 
ti5= d.O/lJ'J.O 
XF=THfk*V 
All=~~l*XF 
AL2::,::.2* .\.F 
AL3=.A3~Xf 
Al I~ :;A'-'* X ~ 
t1. F ) :: i , ~ ~ " r 
bE4.:t"'4* AF 
t't -):t;') ~ x f" 

C - - - DER I VE r E Ti-< fl. H. t lJ RU i\J t LE:. i"• f:. i·~ T CAP fl C l T A f\l CE: r;; Al RI X " X C " 
c--
c---

X((l,\)::f.1.Ll 
XClt,~>=AL~ 
XC(J,)):!''.1_? 
XC{l,'.JJ=AL2 
A[(l,'J):AL5 
AC(l,oJ=ALS 
)([(1,7J=AL.5 
;(((1,~·J=AL·~ 
XC(1,9)=Al'-' 
xcc1,101=AL4 
XCC2,2)=AL1 
X(((.>,3):=AL2 
I.. C C ~ , ·~ ) = i4 L t!. 
X((c?,')):AL.3 
:x c ( (_J , 6 ) :: ;.l I_ /J 



c--
c---

.l l ( ? , l J =- ;,., I_ ..; 
X. l. ( ?. , '"' J :. LIL .. ~ 
x l l 2 , q ) ;; t L '' 
X ( l (! , 1 0 ) : £1 L ) 
"l( ),))::All 
Xl ( 3, '-lJ=i~L2 
XL( s,'J)::f\L.~ 
X:Cl 5,r-,J:=/\l_~ 
X((..$,7J::AL<.l 
X C l 1> , , .\ ) :: D.. L -~ 
XU3,4J::AL.S 
" C ( .~ , 1 <; J :: t1 L 4 
XC(4,4J=AL1 
X((q,S)=AL4 
XL(·~,o)=AL4 
X((4,7):AL.3 
xC(4,>3J=ALq 
xC(.:..,-1)=µ.L.:~ 
)((q, lO):t..L.S 
xC(~,l))::.oE3 
XC(':>,bJ=tk4 
XC(':>,7J=t:t4 
XC(S,8)=ot4 
XC('"J,9):=bES 
XC(5, to)::Hf4 
XC(r:u6J=r~t5 
x c ( 6 I 7 ) =I~ E 4 
x c ( b , 5 ) = u l [~ 
xc ( 61 q) ::fstt.i 
X ( ( 0 I ] (I ) : '~ t. '-) 
" (, ( 7 , 1 J .:. ;) c. _j 
~ ( l l 1 r\ ) = L·· ~ ') 
x c ( 7 , g ) = ~~ c 4 
;x. 1J l I , l .1 ; :: . t ~ 
XCU3,8):r:;( ~ 
xc u~, '·O =-0t: ~ 
X((M, tuJ::dtLl 
x c l -~ ' 9 J = b t ~ 
XCl9, lO)::i:'.t:n 
XCl lU, lv)=::-tS 

c - - - s u B .3 l I r u ' ~: t L L ,.~ l; J T 1•' '-' I ~,I l A I r., l j (;LI j b AL !-" ~ I ~- 1 x 
C-·
c--
c---
l. - - - F l L L l ~! LC i iV I: K I K 1 J.I I J ( .. Lt. L' F f L t \~ t i\j T II ), K II ,\/', P. I f< l x c--
c---

L• \.I ~ 2 0 .l :: l , '-I 

J=l+l 
Liu ;~ l iJ k, :: l ' i 
X((J,K):;:X[(K,JJ 

~10 X~(J,KJ=XK(~ 1 J) 
4 ? 0 l !Y l T 1 r" Lit:. 

1 F t fl( ,_, ~) E t • ·~ 1· • 1 ; b, ' r ; . 4 c ·.; 



1 ht f A=IJt.i\~ l Y 
Ou 4f!'} l::t, 1 C 
00 4?S .J:.t,10 
X C ( 1 , J ) = 2 • u * X C ( 1 , J ) I r ri t. I A 
XK(J,J):xKll1JJtXC(l,JJ 
XC(i,J)=2.V*XL(l,J)-XKll,J) 

'' 2 '-, (. U t\ Tl N U E 
L--
L---
C---ArH<f.''·Gt i·JIJUt Sf:uUt.1-.:Ct l d.J ''llJ..i1Lt-<JCAL URDE_H, At,l) f-'Ul UdU "lr'Jut,...,". 

(. - - - A k R /i f\ Gt RI hv I L !J L !J 1-·q ~ p lJ !rd t ~ .IH-< R I~ y " Hm t. x .. lf'..f (j u ~ 0 [ R A f'i AL D G (Ju~ T u 

l. - - - " 1 r\j u E: :v:" St(~ 0 t r-..i CI:. • 

c--
c---

4 2 9 C IJ r.J T l t··J U E 
I.) L) '~ 3 () l = l , 1 tj 
lNOtX(ll=l 

~ .$0 I hiUEY" ( l J =·vUiJ l 1) 
Du 440 1:1,g 
K:ltl 
DO 44P J::r<, }\1 

I F C I 1J D t. r 1 ( J ) • i, 1 • J 1\i '"'' l .,, l J J ) (:, u 1 J 4 £~ o 
I\! 1 i:. MM : 1 : J lJ t. X ( J ) 
l\i T t :•1P = l ;'.I LI U'· ( J ) 
I 1·J u E. X ( J ) : I i\I U t. " ( l ) 
1NDE~·1(J):l:-10t'lll(l) 

I N 0 E .x ( I J : 'J T E: MM 
l \10 t_ 1.t: l I ) = '\i r t. r.,;; 

440 CUNT l·~Ut: 
(,._-~ 

c -.--
(. - - - Rt A.~ f'1 rl. f\; Gt:: t"'l' u d s ,'\ i~ L' LG Lt.Ju ·~ s u f E L I: .. ; f: rn i•'' A r F l 'f.. I :·~ r u l'\i d f·J; E. k I c t L Ct~~ D t. K 

c---
I_ -- .., 

L - - -!-< t A iH~ il llJ l~ t k' I J w ~ u t- 11 x K fl A :\I u p u T 111,1 l u " x I t i"i p •• : 

c..--- ou qso 1=1,10 
IJU '4'JO J::t,10 
K : Ir\i 0 E x l l l 

u 5 0 x 1 t -.1p (I , j ) : !.. !<. ( K, J J 

c---c - - - H E A K r< A j\j l; i: r ;j Li.J :•'1 ; ~ 0 u r Ux_ l t 'if-' It l\ .'-H) ~j u T 1 I \j 1 Ll " x " .. : 
(---

uu 460 l=t,10 
D IJ '' o v .J = 1 , 1 u 
r< : I 1'J D E x ( 1 J 

4b0 X~(J,IJ=Xli~P(J,~J 
c---c----
c---PUT Hl(K." t.L(;..-it'.'JI 1·1Alh'l.i.. LHd t:lt~:'..Ji)tu f(Jr-::/; (;Lfjr:AL , .. 1AT 1·?1X "1.:iK": 

c---
l---

lJ ~l i~ 1 J J = 1 , 1 v 
I t{ u ;';::: 1I'lli 1 l ',. ( l J 
II=IRU~-1 
;j·J nu J=J,}1.: 



J c . I L = i ·~ ; ) I:: . ! ( ""' ) ... i I 
; 4 I lJ l ~ I\ i. l f., I J • ~ , I c u L ) ~ i . ~' l I « 1 . ,. ' I 1 L Ll L ) t x " l l , j ) 

l- .... 
l ---c - - - ~ u 1J s J r T u 1 t. EL 1:. ,,~ L., r ;,1 A T t~ l x. " .x. c .. r i"J r u G U.1t; AL MA r ~ I x '' c; c " • 
L-·
L--
l---
( ---RtAh'.i-' 41\iGt r<U·A~0 4 1 JU Cl1L_u::'.~~ Uf- f:.ltf.ii(,\Jl "xl" >".Afi-.-Ix PlTU tW:.t,f..tdCAL 
(. - - - U ;-< u ~- r< , I · .J f rl t .:> ~ ' : r_ ·~ t I ri 1 1 u I ~ 1 i\ I l t-1 t f U:. t11 • I:. r'd ~,' tJ I r. 1 .x 11 >- t\ " -'Ii A 0 u k fJ E: t< i:. v • l.--c---.. 
L - - - t-< t. i.\ ~ k A i'd.' f H IJ !ty S U f " x (.'' /l N !J PU T l ! d U " X T E:. MP " : 
c---

DU 5 0 (1 I = 1 , 1 O 
OfJ ':>00 J~J,10 
!"-.=lhJUtX(lJ 

500 Xlt~F(l,J):x(lK,JJ 
c--
c..---
C··-REAl<kANbE lJLJr•H-..S Uf "Alt'·W" ArJ[.1 PUl JrJJu "XC": 
(.---

UO 510 I=ldO 
li u 5 1 (J J = 1 ' 1 u 
K=HWEX(l) 

510 XC(J,l)=Alf~~(J,~l 
c--
c-- -
(. - - - p u T E: LE ,.,, f.. 'J 1 ti ~ c " 1~1 A 1 K l x I fJ l 0 G L 0 lj AL II G (.. " ;'-1 A T k j x • 
c--
c---

I) i_) ~ c ) I = l , 1 d 
1 r\ U ;J = l N J t i,: ( 1 ) 
i l.::. l' >i - 1 
DIJ 52() J:l,lU 
ll:uL=l!-..: 1E'",(JJ-J1 

5 2 0 (, (. ( 1 h' f h• I I c J L J = t~ c ( l I"( tH , 1 c u L ) t ,( c ( l , J ) 
(. t_I I .. T 1 ?'1 IJ E 
RElUKi"J 
t "~U 



c---
~ u b Ru u I I 1'1i f st. I up 2 l ·" K ,( , ,.. " l' , l d t. ~ , x , y , I w u , l•J u Mt) t R , r\ u 0 E 1 , [JEN~ T y , Ii t I , )( u , 

I x x l 

c - - - nn ~ s, JI) iW u r i ,~ t cu 1·11-' u T t ~ r tit t LE r-'i E ·n cu 1\J u u c r 1 u ·"1 Ar" D c AP Ac 11 A rlJ Lt. 
( - - .. ,,; A I ~ 1 c E s f l -1 R r HE 2 - [) p ;..( ( l tS L E fV· • r h E ~ t s u L T s A H E pl A l E G I f\j T LI 1 Ht 
L - - - G LI)~) AL •VL4 I K l .x. sys l t >" .• 
c---
L.··-

L--
c------
c-~--

c---

(---

co~~U~/HLK 1/GKllUO,Q0J 
C U "-i MU ~..i I ~ L K 2 I b C l 1 U U , 4 U ) 
c 1 J r.11 i·ii o N / H L K s / v-.; E. 1 G H r < 1 o u ) 
c '.Ji••· ·"'1 u iJ I t) L I\ 6 I M ,'.\_ l K l x ( 1 lJ iJ , :, ) 
C () ~' ~'1 tHJ/ t3 L K 7 I m_ A 1 ( l 0 IJ J 
( •_J t , t"H_h\J I ~ L I\ b I C. u l 1 v V J 
C0"-1MLi!\J/ 8LK ~/ LFtlOuJ 
OlMENS!UN XKlb,bl,XC(~,oJ,XTt~Pl6,6),X(4),~(4),INUtX(6),l~UtM(bJ, 

}f'J·J0(10) . 

AA1=XC3J-X(2J 
A~2=U1)-X(.SJ 
AA~=)l.(2)-X( 1 J 
bBl=YC2J-Yl5J 
b82=YU)-YC1J 
BiJ.S:y l1 )-'( (2J 

C--- CALLUL~f~ tL~McNf ~~[A 

c---
V: ( A J;_) ~ '1b2- A !..ii I..*·~, c.d ) It!_. i) 
I F ( K r 1 f) !- 1 • · • t • (' ) ·, i ! l ' !.H.1 1 

L--- .3f_fuP -'ltdr<IXllrJJ Fuii·dtK A~l'<A( A1'HJ ·\JUUE:. t'AK~Mtif:k \itL.IUh:S. 
V V : V * 0 t 1'J S T Y I b • 0 
lJ•) 4Ul) J:_l,o 
K=NUDCJJ 
rlEA T ( r<. J =r1t.~ l l 1•\ J t v v *lit I 
w E I G t1 T ( K J = t~ t l G 11 T ( K ) t v v 
LU(KJ=Cu('<.) tXd*V'J 
CF(~)=Cf l~)tX~*VV 
L: r-1 A 1 t-< 1 X ( t, , 1 ) 
i F ( L • E ti1 • 2 ) Gu I \ J .) 9 .~ 
LL\=L-1 
l f- ( f\i Ur~~ b E R • t 1.:J • ~··A l 1.- i x ( K , l ~ ) ) G l) f U 4 v 0 

3-18 (fJiJfl,,JUt 
•"I ti T R I X ( i\ , L ) = '" d i"1 c~ E ~ 
"l.4T~lX{'\ 1 1 J~Ltl 

4 (; u C LH.il l : HH: 
~ o 1 C U; ' T l i'-HJ t:. 

l---
c---
( - - - ( u N s T ~· '-' c r t Lt. :•1 t 1'-J T •• "c ,, L •it-' Ac I 1 il l'J c E rv. A. 1 p I x 
c--
c---

xf- = v • 1 HF:.«•c. v 



c-- .. 
c---

A L 1 =. ;c F I h (1 • ( 1 

JlL?::-•\L l It>.~) 
ALj:-xf-/<Ju.v 
AL4=i..+.oAxf /4~.o 
.AL'1=Al4/~.U 
X((l,l):=llLl 
XC(l,2J:ALc:'.'. 
X.((1,3)::ALr:' 
xcc1, 1n=o.v 
.XC( l,':>)=AL_S 
X((l,6J::O.O 
X((2,2):f.L1 
XC(2,3):ALc'.'. 
XC(2,4)::0.0 
XC(2,S):O.O 
XC(2,6)=AL3 
XC(3,~)::AL1 
XC(5,4):AL3 
XC(.S,'~l=O.O 
XC(3,b)=0.0 
x c ( /~ I 4 ) :: />.. L /J 
xCC4,SJ::AL~ 
XC(4,6):~.L'J 
XC(5,SJ:AL4 
XCC5,6J=4L5 
XCl61t.J=ALL4 

c - - - c t ) (\~ s r k u t r E L t ;>·it_ r· i T " x K 
11 c u ND u c 1 1 u "' "''A r ~ 1 x 

c---l,---
xf =lc:>.u•v 
5 1 :; ( X K X * b R 1 ~ b t~ l 1 X ~ Y It A A 1 *A A 1 ) IX F 
;,,':::: l ),"~A:-·,, i. ,.".r; Ix:·,\}.,,,'•(_" .... ;,,·) Ix~ 

S3=CXKX*dB~*eb3tX~Y*AA3*AA3)/XF 
Xl\ll1 l )=3.0*Sl 
X K l 1 1 2) =- l X K x "-ti u 1 1t. ti H 2 t X ~ Y *A A 1 *A A 2 ) IX F 
XK(l,SJ=-c~~x~b~l·o~~+)KY*AAl*AAS)/AF 
XK(l,4):-4.u*XKCl,2) 
xi.<:( t,'5J=v.~.l 
X~(l,bJ=-4.0*~K(l,~) 
" tc• l 2 , 2 ) = 3 • l> * ::, 2 
XK(2,3J:-(XKi*H~~*t~3tXKY*AA2*AAS)/Xf 
JI. i\ ( 2 , ll ) :: - 4 • { . * A I'\ l l I (.'. } 

XK(?,j)=•4.U*X~(2,~} 
Xl'd2,t>)=u.:} 
XK ( S, 3)=5.0•S.) 
X. K ( _Sc 1 1-l ) : 0 • V 
XK(~1~J=-~.U*A~l~15J 
X~lS,b};-q.U•X~ll,~) 
XK(~,4}=8.v•(SctSl-XK{},cJ) 
'/.. I<_ ( tJ , ':> ) ::: ·4 • I} * l ;j ~ - 2 • \I * x K ( 1 , ~ ) - x ~ ( 2 , _\ ) - "- K ( 1 , 2 ) ) 
XK(4,b)=~.U*(Sl-2.0*~~c~,~)-x~(t,2)-XK(l,3J) 
X~(~,Sl=~.U*(S3t~~-•~l2,5l1 
x~c5,bJ=4.0*l~~-~.o~xK(l,2J·XKll,31-x~c~,3}l 
A r< l h , ~ ) = 0 • :) * ( ") 1 t .~,) - A r'- ( 1 , _'> J ) 



L--·--
l---
C - • - .3 UH 5 T 1 T lJ T t: E LE 1'<1 t N T f"l A T R 1 x I I'. T U G L 0 8 AL MA T R l X 

c.--
c--c ...... 
C - - - F l L L . 1 !\i L U 'b E. M' I k 1 A t\J G L E:. l J F t l. E M E N l vi A T R I l E:. S 

c---
IJU !.!20 I=l,'.:> 
J=ltl 
DlJ 41 J K: 1 , l 
Xi\.(J,10=Xi<..(K,J) 

410 XC(J,K):X((K,J) 
420 COl\f lNUt 

lFCKUOt:.1.NE.lJ GU TU 429 
T Ht T ~' = u E .\J S T 1 
DU 42.S l=l,b 
1)0 425 J=lrb 
XCtl,J):~.OAXC(l,J)/lrltlA 

XK(l,J):X~(j,J)+XC([,J) 

XCll,Jl=2.U*XCCI,J)-~KCI,Jl 

4 2 ~ c u rn 1 , rn f. 
429 CUNTH-1UE 

L---c--- AR~ANGE ~LIDE St~Ut~CE l~TU ~JMERICAL GR~ER, ANU PUT INTO "lNUEM". 
C - - - ~ R ~ A r..i G E. k (M I C 1 J L U '•1 '~ P !) 1 ~,. T t k A R R t.. Y " lr..J DE )( " I ;\J l L} UR u t: R A N A L fJ GO lJ S I O 

C--- "lNDE:fvi" SEJUth1CE.. 
c---

DO 43(1 l=l,6 
I ;.; i ; E x ( I ) = l 

4~0 lNOE~ClJ=~00llJ 
Ou 4L10 l=l,':> 
K: l t 1 
u:J ._. .. _.,; J:;,,:;, 
I F . ( l •\l !-) t_ 1"' ( J ) • G I • J 1-J l) t '1 ( 1 ) ) G ! l f U ·'..4 4 0 
1\I T E: fl.';:~~ : 1 ; HJ t X l '"l J 
N T t "'1 P = l ~J D t f"" l J ) 
I 1·J tit x ( J ) = I t-J 1_:i l: x l l ) 
I 1\i u t. ;-. ' ( J ) = l 1-J I j t_ •V1 ( I ) 
1 i'J U f. x ( I ) : .·~ I t: ,~, rv: 

I rJD F t•• ( 1 ) : rJ 1 t ••l P 
q il U ( I J !·~ l 1 ;·~ IJ t_ 

c.--
c---
c - - - s u 8 s r I T u 1 t. t l t ~-· t ,' J -, " )(. !'\ It 'II) A ' H l x I N r u G Luc .ll. L " GK " MA T k I x • 

c - - - K t. A k 1-( A ·'J c ~ t i.,· In 0 ,~ , 1-, c u L ~; !C: ~J ~ u F 1:: L r. rv:t:J.ir iJl A T fd x i '.\J ' u !'J u ·'" E.tH L A L u r< u t r-< 

c--
L---
( - - - Pt AR h: A 1-1 G c f-< u ~. ::> u f " x I\ " l\ ,,~ u P J T T \I T fJ " X l E r;1 P " : 

c---
()1_1 t.!50 l=l,b 
L)i.l !5:.1 J:.:1,n 
..._ = l . ·~ [. t. X l I J 

4 5 1) I. T t- · t t 1 
( l , .J ) : x " ( K , -.1 J 

L---
l - - - ~ t. .'\ ,_ ,.... A ~ r, t::. l 11 L ,,. : , \j j u t- " .c: l t -' t l " 1\ n 1 t-' u 1 I d J " ,. "' " : 



c---
u ·J :~ r_, u r = i , o 
D l I 1~ t. 0 j : 1 , b 
I\= I :-.J :,; l.t. ( l ) 

QbO XK(J,IJ:XltMP(J,~) 

c---c - - - p lJ I II x K ti t LE :v. t. f; r IV\'~ I h' J ;( l i~ T t J d f1 ND ti) F u R 1-1 I,;, L {IBA L fw' A T R l x "'; K II : 

l ---
u d ;·n o L = l , o 
l ~< u ... = l l'< :) f: "' ( l J 
I l = I k O tJ - 1 
I.) fl 4 7 I) .J : l ' 0 
l UJ l = I N 0 E i"i( J J - I 1 

4 7 0 GK (] 1-{lJ."i, 1 L.JL J =br<. ( i t'('j·.~ Ii Utt ) t x :< (I, J) 
c---
L---~ 
C • - • ~ U ~ S l l T U r E. I:. Lt. ("1 L ;\j l " X C " ~!',A T k l x 1 :\J I CJ G LU t:3 AL t"l A T !-< l x " (, C " • c..--
c---
( - • - r ? I:: A!-'( R I~ ' J G l '-< U h ~ J.i.. • • 'u li l L 1 ii· ' ·• S !I F ::_ L tJ,: t.f\1 f " X C " ; 'I l\ l ~ l X 
L .. ~-
C--- -<t.Att'r·U, 1JGt t~1J~1~ uf "J.( 11 ,.\·JD P1if Jr,ifJ "Xlt-r-1P": 
c-- .. -

uu 500 I=l,o 
uu Suo J=l,o 
K=ii\11JE.x l I) 

~00 xrt~P(l,JJ=xCCK,JJ 
L---
l - - - R E A t..: I~ A l\i G t. c u L u 'ii i"' 5 lJ F " x T t \\ ~ p " A :\j () p u T I f\; T 0 II )( c .. : 
l.---

Utl ':>10 I=l,o 
L.1 ,_, s l \I J = 1 , b 
I'· ;; J -~ 1) ~ x ( l ) 

':; 1 'J l ~ l j I l ) :: ,\ j l. '" • ~ - ~ J I "· ) 

c-~-
L - - - Pu r t L [ i"· L : ·j t " ·"' L ,, ,,, ~ r ,~ l ): 1 rv. 1 u \; L LJ ~}A L " G c " ~ t\ 1 r< I x • L--- lJ'.1 Seri i=t,6 

I i-< u ··v : l r • ;-J t '.'I. ( 1 J 
ll=J~t)..;-1 
iJ 1! ':) c ~·, J : I , 6 
IC•. l L = l , ; i) t , .. i l J J - 1 l 

')20 GClft<i).;,.,JCdLJ=GL(lf·<1.,, IU·LJ tx.C(l,JJ c I j I.: T l II I ~-
~ i: I 1. Ir< I ,r 
t ;.; i' 

(_ 



L--· 
c---

;':} i J r~ ~~ t , t : r 1 : .: L c u ,"' t' t Y , r·~ :< 1 ~ ,~ , , , L u L _) 

L--- r r1L1 '.:)Lir-.k1_Hll}l"fr_ l-iULfl~Llt.:J h~·mr:.u SY~.Vltl;.(l( i·lAlRlX ··Ge" t::>Y \itCIUk 

( -- - " )' " A ~JU P U T S 1 HE Kt ~ U l I I h l; V t C 1 J k l ~d U C 0 ;v, ~'ii)''-' \I F C T lJ R " l 11 
• 

L-·-L--- C i i 1 
-'i : i L < J/ ri L !"- c!_ I 1,...1 l l l u U , , ~ ,; J 

C: J ''H" Li .'U fi L K 51 L ( 1 U 0 J 
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