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Abstract. We investigate the nonstationary equations of the semiconductor device theory
consisting of a Poisson equation for the electric potential Y and of two highly nonlinear
continuity equations for carrier densities n and p. We use simplicial elements with linear
polynomials and four-node two-dimensional and eight-node three-dimensional isoparametric
elements. There are constructed finite element solutions such that the current densities J,, J,
and the electric field strength || wy|| are constant on each element. Two schemes are proposed:
one is nonlinear, the other is partly linear. The schemes preserve the property of the exact
solution (corresponding to the physical meaning) that the carrier densities n and p are
positive. Existence of the solution is proved in both cases, unicity in the second case. A
subsequent paper II will be devoted to problems of stability and convergence.

1. Introduction. We consider a system of three equations in a bounded domain
Q c R™, m =2, 3, which form the basic model of mobile carrier transport in a
semiconductor device (see, e.g., Buturla, Cottrell, Grossman, Salsburg [1]):

(1.1) ~ay=L(p—n+N(x),

on
ot

(12) v [ D= v l)vn = p(x, (99 )nvy] - R, (n, p).

If

(13) 2= v [D,(x. |94 vp + 1, (x. IT¥1) 94| = R, (n, p).

The unknowns are the electrostatic potential i and the electron and hole densities n
and p. All coefficients appearing in (1.1)—(1.3) are positive. ¢ and & are constants (g
is the electron charge, ¢ is the dielectric permittivity), the diffusion coefficients
D.(x,§), s =n, p, are related to the mobilities p (x, £) by the Einstein relation
D.(x,§) = Uppy(x, §) where Uy is the thermal voltage. N(x) is a given function of
x =(x,...,X,) which is equal to Ny(x) — N,(x), Ny(x) and N,(x) being the
donor and acceptor impurity densities. N changes its values extremely rapidly if x
approaches the so-called junctions (curves or surfaces lying in {2). Close to junctions,
max|| VN|| assumes values 10'® — 102 cm™*. R (n, p) are recombination terms. We
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28 MILOS ZLAMAL
simplify the system, taking

np — n?
(n+n)+r(p+n)

R,(n,p)=R,(n.p)=R(n,p)=

and further 7, = 7, = 7. These simplifications are not essential for the construction
of the approximate solution as well as for all results of this paper. Let us remark at
this place that in practical computations 7 is of the magnitude 10~%s and the length
t, of the time interval is ¢, = k7, where 1 < k < 10.

Before formulating the problem completely, we scale the system by introducing
new dependent as well as independent dimensionless variables and the new dimen-

sionless doping profile and mobilities,

y=Ury, n=nn, p=np, x;=1Ix (j=1,...,m), t =1,

(1.4) _
N=nN, p,=pft,, s=n,p.

Here /=5 X 10"%cm is the realistic value of diam(Q), n, = 10*%cm™> is the
intrinsic number, and for silicon at room temperature p, = 1300 cm?/Vs for elec-
trons and g, = 500 cm?/Vs for holes. Keeping the same notation of all variables, of
the mobilities and of the doping profile as before, we get

(1.5) —AYy=a(p—n+N(x)) inRVre (0,T),

16) =y (w194 vn - n94]) - R(n, p)

in @,
(1.7) %—’t’=v,,v {r,(x. I v¥ DI vp + poy]} - R(n. p)
(1.8) R(n,p)=n’;p—p_+1—2, 0 =9 x(0,T).

The values of a = [%gn,/eUy, v, = TUpny/!* (s =n,p) and T are a = 0.016,
Y, = 130, v, = 50, T € [1,10]. The quantity sup a|| VN || is of the order 10° — 10°.

Let us remark that the expressions in the brackets on the right-hand sides of (1.2)
and (1.3) are equal to J, and -J,, respectively, where

3, = qu, (x, | V¥ ) (Urvn — nvy), I, = —qu,(x, V¥ N Urvp + pvi).

J, and J, are the electron and hole current densities. In the scaled system the current
densities are

J=8Jr (s=n,p),

Un.
g =1 IT”',LO(B,, = 1.04 X 10~“4em2, B, = 4 X 10-*4cm™?),

where J¥ and J* are dimensionless quantities,

(1.9) Jr =p,(x, Iv¥l)(vn—nvy), Ir=—u(x, |VeI)(vp + pvy).

The first terms on the right-hand sides of (1.6) and (1.7) are equal to y,v - J¥ and
-,V - J respectively.
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FUNDAMENTAL EQUATIONS OF SEMICONDUCTOR DEVICES. [ 29

We denote by T =T'! U I'? the boundary of Q. The basic boundary conditions
are Dirichlet nonhomogeneous and Neumann homogeneous boundary conditions

(1.10) l1’|r1 = ‘P*|rlv "|r1 = "*!rl’ Plrl =P*‘r1’
n*(x), p*(x)>0on I

Wl _am _ ¥
Wl i

2 3V.r2=
and ¢(x%1)=0, x°eQifl'=g

vie (0,T].

(1.11)

Here y*(x), n*(x), p*(x) are sufficiently smooth functions defined on & (of course,
for computations we need to know the values of these functions on T'! only).
In addition, we have an initial condition
(1.12) n=n%x), p=p%x) inQ, n°(x), p°(x)>0 onQ.
In case that T' = @ we need the compatibility condition

(1.13) /Q[po—no+N]dx=0 i =g,

The last requirement is
(1.14) n(x,t)>0,  p(x,1)>0 onO.

Remark 1.1. We can easily prove that any sufficiently smooth functions ¢, n, p
satisfying (1.5)—(1.7) and (1.10)—(1.12) satisfy automatically (1.14) if p (x,§) are
continuously differentiable functions.

We formulate the problem (1.5)-(1.7), (1.10)—(1.14) in a variational form. We
denote by V' the space

V={ve H(Q), vlr =0}.
Let us remark that we use the usual notations of the Sobolev spaces H"(), m = 1,
2,...,and H™?(Q), m=1,2,..., 1 <p< oo (H™ = H"). Also L?(2),1<p
< oo are the Lebesgue spaces and (-, -) will denote the scalar product in L*(Q).
Set w = e ¥n, z = e¥p which is the so-called Boltzmann statistics. Then vn —
nvy = e¥Uw, Vp + pvy = e ¥vz. Multiplying (1.5)-(1.7) by a function v € V,
integrating over Q and using Green’s theorem and (1.11) we get

(1.15) d(y,v)—a(p—n+N,v)=0

(1.16) . (A, 0) + v 2 (¥ w,v) +(R(n,p),v) =0} wweV,
(1.17) (p,v)+yp'rrl(x[/;z,v)+(R(n,p),u)=O

where

d(y,v) =f9 VY- vodx, 2y w,0) =/Qu,,(x, Ivyl)e¥vw - vuds,

(1.18)
7' (¢; z,v) =/S.2up(x, [vyl)e ¥vz - vodx.

We are looking for ¢, n, p such that
V—4y* n—n* p—p*eEV, n=e*w,p=e vz, Y(x°1)=0

(1.19) ifT =g,

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use




30 MILOS ZLAMAL

Of course, the conditions (1.12)—(1.14) remain, which means that w(x,¢) > 0,
z(x,t) > 0 on Q. Without using Boltzmann statistics, the equations (1.16) and (1.17)
have the form

(1.20) (n,0) +v,p2(¢; n,v) +(R(n, p),0) =0 e
(1.21) (p,v) +y,72(¢; p,v) +(R(n, p),v) =0

v2(4; n,0) = [, (x, Iv¥ )l wn = nvy]- vods,
(1.22) ¢

72(y; p,v) = /Q (%, vy )[vp + poy] - vodx.

Remark 1.2. Let the data have the following properties:

(1) T e C?, dist(T!, T?) > 0;

(2) Ne LYQ), g > m;

(3) dy' < p(x, &) <d, (=const>0),s=n, p;

@) n° p®e L*(Q), n® p®>0ae. in @y

(5) y* € H>4Q), ¢ > m, n*, p* € H\(Q), n*, p* > 0 ae. on I'’,
Then the problem (1.5)-(1.7), (1.10)-(1.14) can be formulated as follows: Find
Y—Y*eVVIe0,T),y(x%t)=0ifT'=3, n—n* p—p* L}0,T; V)N
L0, T; L*(Q)) satisfying (1.12)—(1.14) and

vie(0,T) d(y,v)—a(p—n+N,v)=0 VveV,

4 (n,0) + 1,245 n,0) +(R(n, p),v) = 0
in 2'((0,T)) Vv e V.

2 (p,0) + 1,m2(¥; p0) +(R(n, p),0) = 0

We can easily prove that for any such p and n,

*

%’} = ____d(n‘; n*) € L*(0,T; V') and %Itl = ———d(pd_t P*) e L*(0,T; V')
(V” is the dual of V). Hence, as n — n*, p — p* € L*(0,T; V) we have (see, e.g.,
Girault-Raviart [3, p. 152]) n — n*, p — p* € C((0,T]; L*(Q)) and the initial
conditions (1.12) make sense. Existence as well as unicity of the solution (not defined
in this way) was proved by Mock [5] for the case that T' = @ and D,, u, are
constant. Gajewski [2] proves existence and unicity for the case that the boundary
conditions are of a general type and the diffusion coefficients and the mobilities are
of the form

D, = Urm,, m =const>0, p(x,|vy])=m,+ M(x,|v¢]).

It is known that the discretization of the equations (1.5)—(1.7) by finite differences
does not give good results if it is carried out in the standard way (see Scharfetter and
Gummel [8, p. 73]). This is caused by extremely large values of ||vy| close to
junctions. Scharfetter and Gummel [8] proposed for the one-dimensional case to
treat the equations (1.9) as differential equations in n and p with J,, J,, p,,, p, and
vy assumed constant between mesh points. The scheme which they derived proved
to be successful (see Mock [6] and references given there). We use the same idea: the

quantities J,,, J,, p,, p, and | V{| are assumed constant on each element. Starting
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FUNDAMENTAL EQUATIONS OF SEMICONDUCTOR DEVICES. I 31

from this requirement we construct finite element approximations of the forms »?,
7!, v2, #2 (see (1.22)). Then we introduce two fully discrete schemes for the solution
of the problem (1.15)-(1.17). The first one is nonlinear, the other is partly linear and
its motivation comes from results of a singular perturbation theory (see Section 4).
We prove existence of positive solutions as well as uniqueness in the second case and
show by means of Lemma 3.1 that the matrices appearing in these schemes have
several important properties.

In the near future we want to investigate stability and convergence of both
schemes. These are extremely difficult problems. The only results which were
published, are, to our knowledge, results introduced in Mock’s monograph [6].
Stability of a fully discrete scheme is there proved in one case only, namely for the
scheme presented by Mock [5]. This scheme turns out to be the one-dimensional case
of our nonlinear scheme (see Remark 3.1).

2. Discretization in Space. We cover @ by triangles or quadrilaterals if © € R?
and by tetrahedrons or hexahedrons if @ C R?, with nodes lying in Q. We consider a
family {7,} of such partitions. Let K (a closed set) denote an element of 7,
hyg = diam(K), h = maxg oo hy,

U K (ingeneral, Q, # Q),
KeZ,

aQ, =T,=T} UTZ T} (i=1,2) are the parts of I, corresponding to I'. We
choose the partitions in such a way that all nodes of T} belong to T'* (i = 1,2) and
that a boundary side and a boundary face, respectively, lie either in T} or in T2.

We consider linear polynomials on simplices and four-node and eight-node
isoparametric elements on quadrilaterals and on hexahedrons, respectively. The
geometry of the elements and the restrictions of the trial functions to K can be
expressed in this common way:

d
(2.1) x=x(§) =Y x'M(¢), £=(4,....¢,) €K,
j=1
‘1 A
(2-2) U(X)|K= Z UJ‘MJ’(‘E)» §€EK.
j=1
Here x/ = (x{,..., x},) isa vertex of K, d = 3, 4,8, v, is the value v(x’) and K is

the reference element. K is either the triangle (0,0), (1 0), (0, 1), or the tetrahedron
(0,0,0), (1,0,0), (0,1,0), (0,0, 1) or the square (-1, 1), (1, 1), (1,1), (~1,1) or the
cube (-1,-1,-1),...,(-1,1,-1), (-1,-1,1),...,(-1,1,1). Further, M,(§) (usually
denoted by Nj(E )) are shape functions. We have for simplices

23) M(§)=1-¢ - -§,. ME)=§....M,,(§=¢,,
for quadrilaterals
(2.4) M1(£)=%(1 “51)(1 _‘fz), ( ) =141 +£)(1 - ¢,),

. M3(§)=%(1 +§1)(1 +£2)’ M4(§) 4(1 _51)(1 +£2)

(concerning the remaining shape functions see, e.g., Zienkiewicz {9, p. 169)).
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32 MILOS ZLAMAL

To each partition from {7, } we associate the finite-dimensional space

(2.5) Vi = {U € Co(ﬁh); vlg=X vM(£), vl = 0}-

j=1

Also the space

d
j=1
will be needed.
As approximations of the functions ¥, n, p, w, z we take functions ¥,N,P € W,
and the functions W, Z € W, defined by

(2.7) W,=e VYN Z,=e%P, Vx/€Q

i
here the index ; denotes a value at the node x’. (2.7) is in agreement with the
Boltzmann statistics.

First we construct finite element analogues of the forms »!(y;w,v) and
7'(y; z,v). We start from the requirement that the quantities J,, J,. v, p, and v
should be constant on each element. (1.9) is equivalent to

(2.8) F = lvvl)etow, I = —p,(x vy l)e vz

Let ¢* (s = n, p) be constant vectors which are the assumed approximations of J_ on
K and pX = p (XX, || vy (x %)) where xX is the center of gravity of the element K.
Then we require

(2.9) 6" =pletvw, of = —pkeVvz

Introducing the notation (&) = Y(x(£)) where x(£) is given by (2.1) and defining
in the same way all the remaining functions, we derive

(2.10) v =e %", —pyvi= e¥J 70",

J being the Jacobian matrix of the mapping (2.1):
(xy,...,x,,)

(2.11) J(¢) = ——————-.
9(¢,,....¢,)

We consider first simplicial elements. Integrating the jth components of (2.10) in
the interval [0,1] along the §;th axis and using a local notation w,,...,w,,,, for
values of w at the vertices x/ (j = 1,...,m + 1) of K, we obtain

W, = w
o
Wimsl = Wi
) 1 o 1 N n
— dlag(/ exp[-d (£, 0] dby, o [ exp[-§(0,....¢,)] dg,,,)Jro ,
0 0
2T &4
_“5
Zm+l - Zl

- diag(jol exp[d(£,.....0)] dgl,...,fo‘ exp[§(0.....£,)] dgm)ﬂop.
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FUNDAMENTAL EQUATIONS OF SEMICONDUCTOR DEVICES. I 33

In these equations we replace w by W, z by Z and J by ¥, we compute the
integrals and solve the resulting equations. We get

(2.12) 0" = pke¥ (JT) ' BEOW = pKe (JT) ' BRI T O W,
‘ o’ = ~,u’p(e“"‘(JT)—1DKVZ = —,u;fe"”‘(JT)_lDKJTVZ,

where

(2.13) {BK = diag(B(¥, = ¥,),..., B(¥, = ¥,..,)), B(&) =§(ef—1) ",
D¥ = diag(D(¥, — ¥,),..., D(¥, = ¥,,.1)), D(£) = e*B(£) = B(-¢).

Now, we define discrete analogues of the forms »* and #! for the case that v = v*.
Here v* € ¥V, is the basis function associated with the node x* and defined by
v*(x/)=8F, j, k=1,...,q and q is the number of all nodes not lying on I';. The
expressions (2.12) for ¢"” and ¢” depend on the mapping (2.1). We choose this
mapping in such a way that the node x* is mapped on the vertex (0, 0) and (0,0, 0),
respectively, of the reference element K. It is true that this way does not determine
(2.1) uniquely; however, it suffices to a unique determination of the forms »} and ;.
Since we have (assuming £, = Q)

(g, wook) =) f J* - wokdx, 7 (y; z,0) = —Z/ Jy- vokdx,
K “K K K

and since v* vanishes outside the set S,, which is the union of all K € .7, such that
x¥ is a vertex of K, we define these discrete analogues in the following way:

v (¥, Wk = ) ,ufe"’*/ (JT)'BXITYW - wokdx,
KeS,; K

(2.14)
(¥, Z,0*)= ¥ uge-%f (JTY'DXITVZ - wo* dx.
KeS, K

For an arbitrary v = LJ_, v,0¥(x) € V¥, we define
q q
(215) v (¥; W,0) =Y, v (¥ W,0k), ol (¥; Z,0) = Y v,a(¥; Z,0%).
k=1 k=1
The forms »} and #} are symmetric with respect to the arguments W, v and Z, v,
respectively. We prove it only for »;. We have to show that v, (¥; v/,0%) =
v (¥; v* v’) for j, k =1,...,q. Bvidently, if x/ and x* are not neighbors, then
vi(¥; v/, 0%F) =0 = »i(¥; vk v/). If x/ and x* are neighbors, then consider ail
elements from 7, such that x/ and x* are their vertices. Let K be such an element.
From the definition (2.14) we see that it suffices to prove
- . -1 .
ST Bl vv! - wokdx = [ (J]) BT w0 - ol dx.
K K
Here J, s = j, k, are the Jacobian matrices of the mapping (2.1) which map X on K
in such a way that x* is mapped on the origin and B, = e¥:BX. The above equation
is equivalent to
. - -1 .
(vo/) BN it = (vit) B, (I ) v,

J

which can be verified in an elementary way. As the verification is lengthy, we omit it.
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34 MILOS ZLAMAL

Remark 2.1. It is evident that in the same way we can derive the discrete
one-dimensional forms v}, and m,. These forms are equivalent to the finite-difference
scheme proposed by Scharfetter and Gummel [8].

Remark 2.2. For ¥ = 0 we have BX = D¥ = I. Hence, if p, = p, = 1 the forms
v, and m; are equal to f[o VW - Vvdx and [ VZ - Vudx, respectively, which are
the bilinear forms associated with the Laplace operator restricted to V.

Now, we introduce the forms »; and 7} for the case of four- and eight-node
isoparametric elements. We get them in the same way as above if we integrate (2.10)
in the interval [-1, 1] along the parallels to the axes going through the points (-1, -1)
and (-1, -1, -1), respectively. They become

(¥ W) = X e (J7) BEIW - [ wotar,

KeS,
(2.16)
T(¥; Z,0K) = 3 phe (J7) ' DKVZ - [ wokax,
Kes, K
q
v (s W)=Y v (¥, W,0k)
(2.17) ol Yo e v,
m(V; Z,v) = Y vmi(¥; Z,v5)
k=1
Here,
. 1{W,-wW - 1(2Z,— Z,
Si=J(-1,-1), VW= 2(W4— w, | Y2=2lz, -2,
ifm=2,
B¥ = diag(B(¥, - ¥,), B(¥, - ¥,))
DX = diag(D(¥, - ¥,), D(¥, — ¥,))
1 W2 - Wl 1 Zz - Zl
J,=J(-1,-1,-1), %W:E w, - W, |, ez=5 Z, - Z,
Ws — W, Zs - 7, if m=3.

BX = diag(B(¥, - ¥,), B(¥, — ¥,), B(¥, — ¥,))
DX = diag(D(¥, - ¥,), D(¥, — ¥,), D(¥, — ¥,))

This time, the node x* is mapped by (2.1) on the vertex (-1, -1) and (-1, -1, -1),
respectively, of the reference element K.
Finally, we derive »?(¥; N,v) and #2(¥; P,v) for the case of simplicial
elements. The jth component of the term e"'B* v W in (2.12) is
e‘P'B(\I’l - \I,‘j+1)(I'Vj+l - Wl)
= eV B(¥, - ‘Ifj+1)[e“l’/+1(]vj+l —Ny) +(e" Y — e""l)Nl]
= D(‘I’l - ‘I’j+1)(Nj+1 - Nl) _(\I,j+l - ‘I'l)Nv
hence

e"BXyW = DKYN - Nv¥ = DXITYN - NJTv¥
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and
v2(¥; Nook)y= Y uk f (JTY'DKITYN - wo*dx
Kes,
(2.18) -y u’,ff NY¥ - vokdx,
Kes,
q
vE(¥; N.v)= Y vi(¥; No¥) wev,.
k=1

Similarly, we get

a2 (¥; Pv¥)= ¥ upf (JTY'BXITwP - wo*dx
Kes,

(2.19) + ¥ u,,f PVY - vokdx,
KeS,

a2 (¥; P.v) = Z v (¥ Pook) Yoevl,.
k=1

3. A Nonlinear Scheme. In this section we restrict our attention to simplicial
elements and to Neumann boundary conditions, i.e., we assume I'! = &. We will
prove existence of the fully discrete approximate solution using, as in Mock [5],
elementary degree theory. We need two things: 1) A priori estimates of the solution
which we are able to get, as Mock [5], only for the case that ' = @, 2) A
maximum principle which we prove for simplicial elements under the condition, not
too restrictive, that they are of acute type; for four- and eight-node isoparametric
elements we are able to prove the maximum principle only for parallelograms and
rectangular prisms, respectively.

Sufficient conditions for proving existence are as follows.

A: N(x), n%x), p%(x) are defined on @, n°(x) > 0, p%(x)> 0 on Q, p,(x, &)

(s = n, p) are positive functions for x € Q, £ € [0, o0) which for each x € Q are
continuous for £ € [0, 00). Also, ©, must be such that all points xX liein Q.

The forms d(y, v) and (u, v) will be replaced by

(3.1) d,,(‘l',u)=/9 v¥ - wvodx,  (u,v), =X IX(w) V¥, u,ve W,
h K

Here, I¥ is the quadrature formula
m+1

(3.2) I®(F) = meas(K) Z

If u and v denote the vectors whose components are the values of # and v at the
nodes, then

(3.3) (u,0),=u"Mv, M= {(vj,v"),,}j.kﬂ,

where v', v?,...,v9 are the basis functions: v/ € W,, v/(x*) = 8. Evidently, the
mass matrix M is diagonal with positive diagonal elements (we denote them by m)),
hence M is lumped by means of the quadrature formula IX (see, e.g., Zienkiewicz [9,
p. 537)).
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36 MILOS ZLAMAL

We have to replace the condition (1.13). We could restrict ourselves to the case
Q, = Q and replace N, n° p° by N,, nY), p) € W, defined as follows: (N, v), =
(N,0), (n%,0), = (n%0), (p%0), = (p°0) Yo € W, (then (p§ — n) + N,, 1), =
Jol p° — n® + N]dx = 0). Since computing exactly the L>products is impossible,
we replace N, n° p® by their interpolates (i.e., functions from W, having the same
values at all nodes as the original functions) and ask instead of (1.13)

(3.4) (p?—n%+ N, 1), =0,

Le.,

q
£l nt e N] =0
=

Let us remark that the choice of the discretization of the second term in (1.15)
does not play any role in proving existence of the solution.

For simplicity, we consider an equally spaced partition of the interval [0, T']:
t;=1iAt, i=0,1,...,r, r = T/At. We denote by ¥/, N', P\, W', Z' e W, (W'
and Z' are determined by (2.7)) the approximations of ¢/, n', p’, w', z'. In the
sequel, the upper index i will always mean a value at the time ¢,. The forms »* and
7' will be replaced by »} and =} and a(¢;), p(z;) by AN'/At = (N'— N'"Y) /At
and by AP’ /At, respectively.

Now, we are ready to introduce a fully discrete version of the problem (1.15)—-(1.19),
(1.12)~(1.14) when T} = 2.

Find ¥/, N', P’ € W, satisfying

d,(¥,v)—a(P' =N+ N,v),=0, ¥ =0

Jo

' W . pi YoeW,, i=
(3.5) (AN',v), + Aty (¥ W'v) + At(R(N', P'),v), =0 102 ";l
(AP, v), + Atyp'rr,f(\yi; Zi,v) + AI(R(Ni’Pi)’v)h =0 NN
0o Wi=eNL  Zj=eYP,  j=12...,
(37) NO = "(1)? PO =P?,
(3.8) Ni’ Pi >0 on Qh,

Remark 3.1. If we discretize the one-dimensional problem in the above way and if
we take y,p, = Y,p, =1 we get a scheme identical with the difference scheme
presented by Mock [5].

If W € W, has a local extreme at a point from £, then evidently it attains it also
at a node. W attains a local maximum (minimum) at a node x’ if and only if the
values of W at all neighboring nodes are not greater (smaller) than W,. A simplicial
partition is called of acute type if all angles of the triangles and all interior angles
between faces of tetrahedrons, respectively, are not greater than 4.

The following lemma is a generalization of a lemma from Zlamal [10, p. 210]:

LEMMA 3.1. Let the given simplicial triangulatiog be of acute type. If W e W,
attains a local maximum (minimum) at a node x’ € Q,, then
(3.9) vi (¥, W,v/) > 0(<0),
where v/ is the basis function associated with the node x’. The same assertion is true for
the form =}(¥; Z,v).
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Proof. We consider first triangles and prove the lemma for the case of the
maximum and of the form »}. Since pXe¥ > 0, it is sufficient to prove that (see
(2.14)

(3.10) fK(JT)‘lB"JTvW- vo/dx>0 VKES,.

Displacement, rotation and reflection do not change the form of the above in-
tegrand. To see this, consider a rotation or reflection given by x = Ay, y = (y;, »,)7,
A being the corresponding matrix. Then the mapping y(¢) is equal to 47 *x(§) (see
2.11) and the new Jacobian matrix J* is equal to A7%J. Hence, we get

ST BT W v dx
K

=|det 4 |f (JT)_IBKJT(AT)_lvyW (A7) 'l dy
K* :

= f*(J*T)"lBKJ*TVyW- v,/ dy.

We obtain the same result for a displacementx =y + a.

We take such transformations that (0,0) is the vertex of K* corresponding to x/
and the remaining vertices are (x,,0), (x5, ¥3), X, > 0, y; > 0 (for the moment we
denote the coordinates by x, y and x, y, z, respectively). If we denote by W, W,,
W, the values of W at these vertices then W, > W,, i =2,3, v{ =1, vf=0{=0
and we find that the integral in (3.10) is equal to

_ _ 2 2 _
2x2y3[(W1 WZ)B(\PI \Pz)(x3 + 3 x2x3)

+(W, = W) B(¥, — ¥3)x,(x, — x3)].
The function B(§) is positive on the whole axis —00 < £ < . As the triangulation
is of acute type we have x, > x; > 0 and x? + y7 — x,x; > 0 (easy to prove).
Hence, (3.10) is true.

Now we consider tetrahedrons and prove that (3.10) is true. By displacement,
rotation and reflection we achieve that the tetrahedron K* has vertices 4 = (0,0, 0),
B =(x,,0,0), C = (x3,30), D= (x4, ¥4,24), x>0, y;>0, z,> 0. We find
that (3.10) is equal to

1
bx,ysz,

[(Wl - W2)B(\I,l - ‘I'z)Fl +(W1 - W3)B(‘I’1 - ‘1'3)F2

+(W1 - W4)B(‘I’1 - \1'4)F3]»
where
Fy= (%3 + 98 = x5x3) 25 +(xays = x30) [p3xa + (%3 = x3) 34 = x25],
Fy = x3(x; = x3)23 + x,0,[ y3x + (x5 = X3) ya = X 33],
Fy = —x,p5[ysxa +(x3 = x3) 34 = X,33].
To finish the proof, it is sufficient to show that F>0 ;=12 3. We compute the

cosine of the interior angle between the planes BCD and ACD. We find that this
cosine is equal to F,/D,, where D, > 0 and |F| < D,. From acuteness there follows
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F, > 0. We compute the cosine of the interior angle between the planes BCD and
ABD. We find that this cosine is equal to F,/D,, where D, > 0 and |F,| < D,. From
acuteness there follows F, > 0. From acuteness it follows that the point (x,, y,) of
the x, y-plane lies on the same side of the straight line going through BC as the
point A. Consequently y;x, + (x, ~ x3) ¥, — Xx,y; < 0and F; > 0.

Remark 3.2. Lemma 3.1 is true for four-node isoparametric elements if these
elements are parallelograms with diagonals making angles with sides which are not
greater than j#. It is also true for eight-node isoparametric elements if these
elements are rectangular prisms.

THEOREM 3.1. Let the conditions A and (3.4) be satisfied. If the triangulation is of
acute type then the problem (3.5)~(3.8) has a solution.

Proof. Let N'~1, P‘~! & W, be positive functions on &,, satisfying
(3.11) (P1=N"14+N,1),=0.
We consider the system
d,(¥0) —a(P*= N+ N,,v),=0, ¥f=0
(N&,v), + eAty,p; (¥ W v) + eAt(R(N*, PF),v),

(3.12) = (Ni_l, U)h VU S Wh’
(P v), + eAtypw,}(‘I'E; Z:,v) + eAt(R(N*, P*),v),
= (Pi_l,U)h
where
Wj‘ =e ¥ /5 Z; = e“'fPf, 0<exgl.

Suppose, we prove that for e = 1 (3.12) has a solution ¥/, N‘, P/ such that N’ > 0,
P'>0 on Q,. This solution satisfies the condition (P’ — N' + N,,1), = 0 (put
v =1 in the first equation in (3.12)). Taking successively i = 1, 2,..., r, we prove
the theorem.

First, we derive a priori estimates of ¥¢, N, P¢ supposing that the system (3.12)

has a solution such that N¢ > 0, P¢ > 0 on ,. We have
(3_13) O<Mp_)<1, O<M<l
an ap

Therefore —R(n, p) < -R(0,0) = ;. We denote by ¥* the vector (¥f,...,¥f)" and
use the same notation for the other functions. Since v}(¥; W,1) = »;(¥; 1, W) =0
we get from the second of equations (3.12)

(n>0,p>0).

q q q
£ i— 1

LomN< X N+ SA Y my,

j=1 Jj=1 Jj=1
consequently |N¢|, < G[IIN“"Y|, + 1] = C{~!, where C/™! is a constant not
depending on &, ¥¢ N¢ P 0 < ¢ < 1 (it can and will depend on k and At). The
same argument proves |[P¢||, < Ci~!. The matrix form of the first equation in (3.12)
is

(3.14) K¥¢ = aM(P - N+ N,),
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K is symmetric, singular and A = 0 is a simple eigenvalue with v = (1,...,1)” being
the eigenvector. The necessary and sufficient condition (P* — N*®+ N, 1), = 0 for
solving (3.14) is satisfied, as we assume that a solution of (3.12) exists. We use the
condition \I{If_ = 0, which means that we delete the jth row and column in K,
thereby obtaining a positive definite matrix K. Hence,

¥ <[ K" laM(Pe = N*+ N ..
consequently,

1970 < GIINT oo +IP Yo + 1] = €171

1

Denoting Cj ! = max, ., ., C/~' we see that

(3.15) [Nl <Gl 1Pl < Go7'y ¥ <Gl O<e<

Let X € R*¢ be the vector with components ¥y,...,¥;, Nf,...,N}, P,..., P}
and Y the vector corresponding to the right-hand sides of the system (3.12). This is a
nonlinear system, the left-hand side of which is a linear function of the parameter e.
Denote by G(X) and F(X) the vectors corresponding to the left-hand sides of (3.12)
for ¢ = 0 and ¢ = 1, respectively. Then (3.12) is equivalent to

(3.16) (1 - €)G(X) + eF(X) = Y.

Let us consider G(X) and F(X) as (continuous) mappings from S C R*? into R%,
where S is the domain

19l < C§7' O<NE< Gyl 0<Pr<CY  j=1,...,4.

For ¢ = 0, (3.16) reduces to G(X) = Y. This system has just one solution in S. The
second and third component of this solution are N'~!, P‘~! and the first is
determined uniquely (owing to (3.11)) by (3.14) where we replace the index & by
i — 1. Therefore, if deg(G, S,Y) means the degree of G with respect to S and Y (see,
e.g., Ortega, Rheinboldt [7, p. 154]) then deg(G, S,Y)= 1. According to the
Poincaré-Bohl theorem (see [7, p. 157]), deg(F, S,Y) = deg(G, S,Y) if we prove that

(3.17) Y # (1 - ¢)G(X) +eF(X) VX€dS,0<ex<l.

Then it follows from Kronecker’s theorem (see [7, p. 161]) that the equation
F(X) = Y has a solution in S, i.e., (3.12) with ¢ = 1 has a solution such that N,
P'>00nQ,.

Suppose, Y = (1 — £,)G(X) + ¢;,F(X) for some X € S and some ¢, € [0,1].
Since (3.15) holds as long as N¢> 0, P> 0, necessarily at least one of the
components of N and P* is equal to zero. Let, say, N = 0. Because we have also
N >0, P> 0, k=1,...,q, the function N* attains a local minimum at x/,
consequently the same is true about W®. We set v = v/ in the second equation in
(3.12) and we get, on account of (3.9),

m;N/~! < egAtm R(0, P) < 0,

which is a contradiction.

Remark 3.3. Evidently, Theorem 3.1 remains true for isoparametric elements if we
restrict oursleves to domains £ which can be covered either by parallelograms
having the property introduced in Remark 3.2 or by rectangular prisms.
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Remark 3.4. In practical computations the approximation (N, v), of (N, v) is not
sufficient. On elements lying close to junctions we use a more accurate quadrature
formula, or we cover such elements by smaller elements and use again the formula
(3.2).

4. A Partly Linear Scheme. We consider again simplicial elements; however, the
boundary conditions are of the general type (1.10) and (1.11) and ! # &. V, is
now the space

Vi={vew, vjn=0}, Ti+o,
the Dirichlet condition reads
(41) ¥/ =y*(x’), Ni=n*(x/), P/=p*x/) WX €T}, i=1,...r.
In addition, we have again (3.6), (3.7) and (3.8).
In the first equation of (3.5) we replace N/ = ¥/ W, and P/ = e ¥/ Z/ by e/ W;"!
and e~ YZ!"!, respectively. This approximation is motivated by the fact that w and

z are slow variables (see Markowich [4, Introduction]). After this modification the
discrete Poisson equation has the form

(4.2) d, (¥, v) +a(e¥Wi™t—eYZ"L v}, = a(N,v), YweEV, i=1,...,r
The remaining two equations differ from those in (3.5) in that the term R(N', P%) is
replaced by R(N'~!, P'~1). Hence,
(AN'0), + Aty (¥ W, 0)
= -At(R(N"L P71, v},
(AP, v), + Aty,m(¥'; Z',0)
= —At(R(N"Y PI7Y),0),

(4.3)

voeV,,i=1,...,r.
(4.4)

We write the equations (4.2)-(4.4) in matrix form. We denote by ¥* the vector
(¥{,...,¥,)" and use the same notation for the other functions. Then the equations

are

(4.5) K¥' + aM[E(¥)Wi-! — E(¥)'Z71] = aMN, + a,
(4.6) AN = M(N' = ARV + Arb~Y,  i=1,...,r,
(4.7) AP = M(P™' — AfR™Y) + Arci™L,

Here

q

K={d,(v/,0")}; ers E(¥') = diag(e,..., %),
A,=B,E(¥Y)", B ,=ME(¥')+Aty,K,(¥),
K,(¥) = {s(¥': o/, 0™)} 1,

i — iy~! i
A, = BE(Y), B =ME(¥)" + Ay K,(¥),
K,(¥) = {m(¥ v/, 0m)}

q
Jom=1

R = (RN PY), o (R(NGY P,

i—1

and the vectors a, b ~!, ¢/~ come from the Dirichlet conditions.
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LEMMA 4.1. Let the triangulation be of acute type. Then the matrices B, (s = n, p)
and K are positive definite Stieltjes matrices and A, are M-matrices. In addition, B,
are strictly diagonally dominant and K is diagonally dominant (concerning the defini-
tion of M- and Stieltjes matrices, see |7, p. 54]).

Proof. We restrict ourselves to the proof that B, is a positive definite strictly
diagonally dominant Stieltjes matrix. First, we prove that the elements b, of B,
have the property b, <0 if j+#m, b,>0. We have b, = (e¥v/,0"), +

Aty, v, (' v/, v™). The function v/ has a local minimum at x™ if j # m. Therefore,
by Lemma 3.1, b,,, < (e¥'v/,0™), = 0. Further, again by Lemma 3.1,

by, = (e¥v’,07), + Aty (¥'5 v/, 07) > (e¥v/,07), > 0.

Now, we prove that K,(¥') is diagonally dominant. Then B, is strictly diagonally

dominant. To this end, let x/, j =g+ 1,...,4* be the remaining nodes, i.e., the
nodes lying on T} and let us consider the matrix KX(¥') = {», (¥’ v/,0™)}7,. .

Let k,, and k%, denote the elements of K,(¥') and K}(¥'), respectively. Evi-
dently, k, = k%,, j, m =1,...,q. As above, we prove by Lemma 3.1 that k% > 0,

bz
k¥, < 0if j# m. Also, k%, =0 if x/ and x™ are not neighbors. Further, we have
(¥’ v/, 1) = 0, consequently =4, k%, = 0. It follows that
q
lkjj| - Z |kjmi
ooy

q*
Y k* =0 if x/ has no neighbor from T},

g Jjm
m=]
= Z kjm = gq*
- Yok — X k%, >0 if x/ has neighbors x" from T,.
m=1 m;

Since the form v}, is symmetric, B, is symmetric. It has positive diagonal elements
and is strictly diagonally dominant. It follows easily that all eigenvalues of B, are
positive, hence B, is positive definite. It remains to prove that B;! > 0. To this end,
consider a vector f > 0 and the vector W determined by BW = f, which is
equivalent to

(e¥'W,v), + Aty vh (¥ W,v) = (g,v),, W,geV,,
W(x’) = W, g(x’) =fjm_l‘.1.
If W, = minW, then by Lemma 3.1, »j(¥'; W,0/) <0, hence e¥'W,>g, >0,
consequently W > 0, which means B! > 0.
Remark 4.1. For the two-dimensional case one can prove (assuming I'} # @ and

the triangulation to be of acute type) that K (¥') are positive definite diagonally
dominant Stieltjes matrices.

THEOREM 4.1. Let the condition A be satisfied. If At < 1 and if the mesh is of acute
type there is just one solution of (4.2)—(4.4) satisfying (4.1), (3.7) and (3.8).

Proof. Let us assume that N'~! and P'~! are positive. The components of the
second term on the left-hand side of (4.5) are

am,[e"'fl/l/,’_l - e""/ZJ’HI].
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These are increasing functions of ¥/. As K is a positive definite matrix, the mapping
of R? into RY defined by the left-hand side of (4.5) is uniformly monotone.
Therefore (see [7, p. 167]), (4.2) has just one solution.

From the regularity of A, s = n,p (A, are M-matrices by Lemma 4.1) there
follows existence and uniqueness of N' and P'. It remains to prove that N' and P’
are positive. To this end, we consider the equations

MNE® + eAty, K, (#)We = MN" ! + gAr(-MR ! + b ~1),

4.8 . . , .
(48) MP* + ety K,(¥')Z = MP' ' + eAt(-MR~' + ¢' 1),

Ne=E(¥)We, P =E(¥)'Z:, eec]o01].
The solutions exist and are unique (we apply the same argument as above). If we
show that N* and P°® are positive for € € [0,1] then the proof is finished, since
Ne¢= N P¢= P'for e = 1. The variational form of (4.8) is
(N5 0), + ebty, v, (Y5 Wev) = (N1 v), — eAt(R(NE, P71, 0),,
(4.9) (P& v), + ebty,m(¥'; Z5v) = (P v), — eAt(R(N', PIY),0),,
VvoeV,.

N*® and P* depend continuously on ¢ € [0,1] and for ¢ = O they are positive on Qh
(they are equal to N'! and P'", respectively). If they were not positive for
e € (0,1] there would exist &, > 0 and x’ such that either N*(x’/) = 0, N®(x) > 0,
P%(x)> 0 Vx € , or vice versa. Consider the first case. Then W has a local
minimum at x/. Setting v = v’ in (4.9) we get (by (3.13))

0 > ]Vji—l _ EOAIR(]\/I-i_l,i)j-i_l)

aR(ﬂ]\{/i_l, Pji—l)
on

= N/71 — ggAt| R(0, P/7Y) +

J

N> (1 —gA)N/ 1 >0,

which is not possible.
Appendix
In case of quadrilateral elements, Lemma 3.1 can be proved under the condition
that the elements are convex and their diagonals make angles with the sides which
are not greater than 7. However, in contradistinction to triangular elements, the
forms »} and @, are not symmetric. The matrices K (%) must be defined as follows:

i ivooom iy 9 i io,om o
K, (%) = {ni(¥50",0)} e K (¥) = {m(¥5 07 07))
The matrices B, and A4, (s = n, p) are defined as in the case of triangles. One can

prove that K (¥), B, and A4, are M-matrices with positive diagonal elements, and
K, (¥') are diagonally and B, strictly diagonally dominant matrices.

q
Jom=1"
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