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ABSTRACT 

We discuss here pseudoscalar-pseudoscalar meson elastic 

scattering, using finite energy sum rul'es (FESR). We derive algebraic 

properties of the resulting equation, and give numerical values for 

the 1-0-0- and 2+0-0- couplings, computed using the physical 0-, 

1 , and 2+ masses . 
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I. iNTRODUCTION 

We study here the process P + P ~P +P (p = 0 meson) , 

using finite energy sum rules (FESR).1,2 In order to avoid spin compli-

cations we have chosen to consider external pseudoscalar mesons. 

Internally, we take account of l-(V) and 2+(T) states only. The 

complete self-consistent system includes processes with V and T 

states external (e.g., P + V ~V + T) and P states internal,and is 

not discussed here. 

Provided the amplitude satisfies analyticity crossing and has 

Regge asymptotic behayior, its discontinuity in. 
1 

v = '2(s - u): D (v,t), 
v 

at fixed t satisfies 

1 

2 
D (v,t) v

n 
dv 

v . 

+N { 
~ Background 

.~ ~~l n 

integral +.~ + .~:::::: ___ jdv v 

-N Regge cuts Regge pOles) 

(1.1) 

We drastically truncate the right side of (1.1), keeping the leading 

Regge pole only. We then have 

~l+N 
-N 

D (v,t) v
n 

dv 
v 

§(t) Na(t)+n+l 

a(t) + n + 1 (1.2) 
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In the following, we disc'C~ss the approximations involved in 

using (1.2), and we apply this relation to the process P + P~P + P. 

It is by no means clea~, a :priori,· that there exists a choice 

of Nand t such that our a:pproximations are good. We contend tbat 

empirically such a choice exists, and we discuss how this comes about 

below. 

On making assumptions (i)-(v), as listed in the next section, 

we are left with a set of linear, homogeneous equations for bilinears in 

the unknown couplings. These equations have certain algebraic properties 

which are not characteristic of the present scheme alone. Z = 0 ·field 

theories3 and N/D bootstraps4 yield equations with similar algebraic 

content. 

In Section II, we discuss our approximations. In Section III, 

we show the algebraic content of (1. 2). In Section IV, we· give our 

numerical results for the VPP and TPP couplings. In Section V, we 

discuss exchange degeneracy. We summarize our results in Sec~ion VI. 
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II. DISCUSSION OF APPROXIMATIONS 

In going from the exac·~ relation (1.I) to (1.2) we have made the 

, ! 

following approximations 

(i) o , 

Regge cuts 

(ii) Background integral = 0 .. , 

(iii) L = Leading pole contribution only 

Regge poles 

In order to evaluate (1.2) we will make two additional 

assumptions: 

(iv) 

(v) 

Im a(t) '" = 0, for finite t. Re aft) ~ a(o) + a'(o)t = a + bt, 

D (v,t) can be approximated by narrow resonance contributions 
v 

in the s and u channels. 

We now discuss (i)-(v) in detail: 

(i) E = 0 

Regge cuts 

According to legend,5 cuts arise in a certain cl~ss of diagrams 

containing multiparticle intermediate states, Le., in the third 

double-spectral function region, due to the exchange, for example, of 

two Regge poles, or of a Regge pole plus an elementary particle. 

Hopefully, if we stay away from the boundary of the double spectral 

function, the effect of cuts will not be large enough to affect our 

considerations. 
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W~thout. a definite detailed theory of how cuts arise, their 

effects are empirically inseparable froIl'. those of secondary trajectories. 

(ii) Background integral o 

In our picture, the background integral accounts for the 

oscillations occurring in amplitudes at low energies,
2 

whi:).e the small 

number of Regge poles needed to fit the data at intermediate energies 

have only a smooth behavior. 

We, can roughly estiJ:Uate the error we make in neglecting the 

I 

background integral by computing the maximum deviation of the resonance 
! 

i 
o~cillations from their average values, assuming the statement above 

connecting the background integral with resonance oscillations is 

correct. In the ~ = 1, 1111, case, the error amounts to about 10%, 

taking N halfway between and 
2 

m 
g 

However, more precisely 

this error estimate is really a lower limit, since one could always add 

. . 6 
a: smooth contribution to the background integral. 

(iii) > leading trajectory only: 

Regge poles 

Here we deal separately with: (1) neglect of secondary 

trajectories such as p'; (2) neglect of the Pomeranchon. 7 

With respect to (2), our profound ignorance of the nature of 

the Pomeranchon leads us to neglect it arbitrarily and completely. 

With respect to (1), suppose' p', for example, corresponds to 

resonances in the t channel. These resonances must occur in lower 

partial waves than those which would make up the p trajectory, which 

lies higber. 

.. 

.,' 



~-- ,-

.. 

.. 

-5- UCRL-18625 

The p' contribution is su:;rpressed for large Z-,- and 
L' 

therefore for small t and/or large N. As we shall see below, the 

narrow resonance approxima tior_ fo~ the left side of (1.:2) requires just 

the opposite: large 't and/or small N. It is our contention that 

there exists a range of Nand t for which the regions of validity 

of the two approximations overlap. 

(iv) 1m a(t) ~ O. Re aCt) = a(O) + a'(O)t ~ a + bt 

If we approximate our amplitude by one Regge pole in the' 

t channel, and stick to the right half of theJ plane, unitarity 

i~p1ies8 

Ima(t) K(t) ~(t) , (2.1) 

w,here ,K( t) is the usual kinematic factor in the uni tari ty condition. 

In the narrow resonance approximation, which we use here, aCt) is 

r~al for real t and both sides of (2.1) are small. Equation (2.1) 

immediately impl'ies ~(t) is real in this approximation. Above thresh­

old a(t) and ~(t)jq2a(t) are real and have no right-hand cuts in t. 

If no, trajectories cross, a(t) and ~(t)jq2a(t) also have no left­

hand cuts, as pointed out by Cheng. 9 

Once we know a(t) and f3(t)/q2a(t) have no right or left-

hand cuts, we conclude ,they are real entire functions. We assume 

aCt) a + bt , (2.2) 

andthatb 1 GeV-
2 

is a universal constant for all Regge trajec-

tories. Mandelstam
lO 

has given arguments which make this behavior of 

a(t) plausible. The slope b then fixes the energy scale of the system. 
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Experimentally· (2.2) seems to be ::airly well satisfied. 

(v) Narrow resonance appyoximation for Dv(v,t) 

We note there are three sources of error here: 

1. Background in low partial waves, 

2. Background in high partial waves, 

3. Finite resonance width effects. 

. 8 
Item 3. could be taken care of by., for example, using the Cheng-Sharp 

10 
equations as modified by Mandelstam. In any case, 1. and 2. a.re 

more serious problems. 

1. Since we are now in the sand u channels we must 

consider (2J + l)PJ(zs) or (2J + l)PJ(zu)' Zs ipcreases (decreases) 

with t(N).· In contrast to the situation consider'ed in (iii), we want 

high t and/or low N to suppress the low partial waves. 

2. With regard to the high partial waves, we have the following 

empirical information: (A) In the phase shift analysis of TIN 

scattering, if the highest partial wave resonating has J = Jo' the 

partial wave a(J
O 

+ l,t) seems to be very small. 
11 

Bareyre, for 

example, concludes that up to the F wave (1688) resonance, all G 

wave phase shifts are smaller than 3 degrees. (B) The tail, for 

example, of the fO(1230) contributes only a few percent of the p 

wave amplitude at 

A rough theoretical explanation of (A) and (B) above goes as 

follows: We use (1. 2) at t 
2 

m (> 0) so that we are outside 
resonance ' 

the physical region for the sand u channels. Our partial wave 

expansions are therefore asymptotic and we expect some sort of divergent 

... 
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behavior as we hit the boundary 0:: the double spect.ral function. 

However, Regge theory tells us that, at·fixed E., the amplitude goes 

at most as as t increases. The divergence of the partial 

wave series for D (v, t) at most at.taches a phase to the exponential.
12 

v 
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III. FESR FOR P +P ~ P + P IN THE MASS DEGENERATE CASE: 

ALGEBRAIC PROPERTIES 

We consider (1.2) in the mass degenerate case, including 

internal V(l-) and T(2+) states only-. 

As shown in Appendix A, (1.2) then takes the form, 

2 

L 
s J=l 

s 

The relation (3.1) is evaluated at fixed t, and the s channel process 

is a + b ~ c + d. 

In (3.1) the g~~~ are effective dimensionless coupling 

constants. The first two subscripts refer to 0 states, the third 

subscript refers to a sum over intermediate spin J states. I
n 

and 

K~J) are positive kinematic factors depending on the masses (mO'~' 

m
2

) and on the limits of integration, N. Th~ quantity f(J) is the 

fraction of the full contribution of the intermediate spin J states 

included on the LHS; f(J) is related to the choice of N, If we 

choose C" ) f .:: O~ () and r(l) =1, N should be approxima.tely halfway 

~. / 

.\--
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between the 
. + (2) 

1 and 2 . states; if f'· =1/2, then f(l) = 1, and 

N should be 
. 2 

approxJ.mately at m
2

-,c If the term on the RHS of 

channel Regge pole, the terms on the left arise from 

resonances;in sand u respectively. No crossing matrices appear 

in (3.1); however, the signs of the kinematic factor are shown explicitly. 

[These signs arise from the signs of v
n 

and of Disc(x - m
2 

± iE)-l. ] 

For convenience we now define 

, - J /K (1). 
''"0= 00' 

~O 

f 
abc 

D 
abc 

(2) 
- gabc . 

Writing out (3.1) for-nO and n 1 we have, using (3.2)-(3.4), 

for n = 0, 

F F + F F + A. FF + ~ (D D - D D ) 0 
abs cds ads bcs 0 cas bds 0 abs cds ads cbs 

for n = 1 

o 

The usual invariance arguments give F = - F ,D = + Db . abc. bac abc . ac 

Summing (3.5) and (3.6) over permutations of the free indices 

we have 
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o , 

(D D + D D + D D )(-~+ 2) 
abs cds ads cbs cas bds 1 

0, (3.8) 

Since ~O > 0, and assuming at least one bf the D's 
. i 
1.S 

nonzero, (3.7) and (3.8) yield 

F F + F F + F F 
abs cds ads bcs "cas bds 

o 

,2 

Substituting (3.9) and (3.10) into (3.5) arid (3.6) yields the ' 

two additional relations ,.' 

o , (3. 11) 

~, - 1 - ~ ~ o 0 1 
o 

It is immediately clear from (3.9) and (3.11) that our system 

allows a U(n) symmetric solution with the F's and D's identified 

as the Clebsch-Gordan coefficients for the antisymmetric and symmetric 

couplings of three representations each transforming like 

'Vn
2 

- 1 Ee !,.13 Since the antisymmetric coupling of the vector singlet 

vanishes, this statement has teeth with respect to the tensor singlet 

coupling ratio only. Computing the Singlet/octet coupling ratio in the 

ii' 

~ . 
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U(3) case, one discovers that the result is equal to that conjectured 

by Glashow and Socolow
14 

by analogy with OkUbo' s
15 choice for the vector 

nonet. 

Let us explicate the remarks above. 

The four conditions: 

(a) Total antisymmetry of F abc' 

(b) Equality of the 0 and 1 rilUl tiplici ties. 

(c) Equation (3.9). 

( d) F F abs abs' = 5 
ss' 

are necessary and sufficient for the Fls to be the structure constants 

of a compact, semisimple, Lie algebra.
16 

Weare unable to derive 

(a) through (c)~ We can, however, interpret ·(d) so that it is physically 

reasonable. That condition is e,quivalent to the statement that all V's 

have the same total reduced width, and that the V's couple to 

.. orthogonal combinations of PP 17 states . 

If we assume (a) through (c) are satisfied the F's are then 

the structure constants of an arbitrary compact, semisimple, Lie 

algebra, and the (0-,1-) multiplets transform as the adjoint 

representation. 

Suppose we make the additional assumption that the 2+ 1 , , 

and 0 multiplicities are equal and that the three multiplets 

transform in the same way under the Lie algebra for which the F's are 

the structure constants. Then the D's are the Clebsch-Gordan 

coefficients for coupling tbe representation in question to itself 



UCRL-1S625 

trilinearly and symmetrically. Note that if we begin with the adjoint 

representation and add an arbitrary number of singlets, the F's for 

the singlet couplings are all zero because of theantisymmetry. The 

D's, however, for the singlet couplings, are nonzero. Let us set the 

representation ~ = adjoint EE7 (p singlhs). Since the singlets are 

indistinguishable we want to know if p is nonzero ... Assumption (d) 

above must now be changed slightly to a~commodate the F's which are 

zero, and the metric tensor gss' acquires p zeroes on the diagonal. 

We want to see if p t 0 and if so, we want the relevant adjoint/ 

singlet coupling ratios for the D's. Equation (3.11) containsinforma-

tion relative to this point. A subset of the D's must be the Clebsch-

Gordan coefficients for coupling the adjoint representation to itself 

tri;Linearly and symmetrically. This fixes the Lie algebra to be of the 

unitary type A [(modulo addition of p U(l)'sJ. 
n , 

This is because 

adjoint ®adjoint contains adjoint only once for the orthogonal 

Bn' Dn+2 (n ~2); and symplectic Cn+l(~2) algebra~ and for G2 . We 

lS 
have not checked F

4
, E

6
, E

7
, ES' We conjecture the statement is true 

for these also because of the completeness of the (n + 1) x (n + 1) 

matrix representation of An' 

The structure constants and d's' for SU(n), satisfy, in the 

notation of 19 Gell-Mann, . 

[A.
l

, A. • J 
J -

[A.
l

, A. • J 
J + 

= 2if'
ijk

A.
k 

- 2d'
ijk

A.
k 

, (3·13) 

4 
O .. 1 (3.14) + -

n lJ "" 

,I, 
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for 

1 ,~ 
2 

(i, j, k) ~ n - 1 

If we try to set F (£ f', D ex:: d ~, so that p= 0 and there 

are no singlets, we immediately contradict (3.11), since the 

, 
d 's satisfy 

f' f' 
cas dbs 

where the normalization of the ~'s is chosen to be 

Tr (~. A .. ) 
1. J 

Now however, if we define 

1 

20 .. 
1.J 

(2/n)2 1 , 

we can rewrite (3,13), (3.14), and (3.15) as 

[~., ~.J 
1. J- 2if .. k~k ' 

1.J 

for 0 ~ (i, j, k) ~ n
2 

- 1, and 

f f 
ca.s dbs = d d - d d 

dcs abs 'ads cbs 

so tha.t p I 0 explicitly gives a solution to (3.11) and 

, 
'f, 's and 

(3·16) 

(3. 20) 
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1 

d .. =:: (2/n)2 5 .. 
OlJ IJ 

This solution is unique. For the n =:: 3 case (3.21) corresponds to 

the coupling strength ratio· assumed by Glashow and SocOlow.
14

. 
J 
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IV. FESR FOR P + P ~ P + P IN THE NONDEGENERATE CASE: 

NUMERICAL RESt~TS 

We now apply the FESR (1.2) . 

t3( t )Na(t )+n+l 

aCt·) + n + 1 
(1. 2) 

to the P + P ~ P + P case. We consider n = 0(1) [vector and tensor 

Regge terms on the right-hand side.] only. Making approximations (i)-(v), 

as listed in Section II, we can rewrite (1.2) as 

+ ( _l)n+lR (J)(a b···) (J} (J) 1 
. nu.' gads gcbs g (n+l) g(n+l)J(a b ... ) 

. acs . bds ' 
s 

(h.l) 

which is identical to Eq. (3.1) except that the kinei'natic factors a.re 

now dependent on particle labels and on the channel label, since we 

want to insert the known - - + o , 1 ,and 2 masses. We are not interested 

in electromagnetic splittings and therefore choose definite f" Y for 

the right side of (4.1), obtaining equations of the schematic form 

\'C
t 

·(nn). 
L·J J 

n(J) , (4.2) 

J , ) 
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a set of homogeneous linear equations in unknown bilinears in coupling 

K* 
constants which we label by e.g., Y

Kn 
The isospin crossing matrix 

from the t to the jl channel is Ctj , and the dependence on (It' 
\' .; 

Y
t

, I ... ) etc. has ,been ,suppressed. The explicit forms of the kine­. s 

matic factors (R,J)' are derived in Appendix A. 

In order to use (4.2) to evaluate the ratios between unknown 

bilinears Yn we 

(a) assume there is a unique N for each process, and use the 

condition that the determinant of the coefficients of the unknowns 

must vanish to determine each N.
20 

,(b) combine (ff') and (¢w) on the right-hand side of (4.2)', so 

that there is one I = 0, Y = ° equation for each value of N. We 

explain this procedure in Appendix A. 

In Table 1 we show the various contributions for each indepen-

dent process. In Table 2, we write out the FESR in a shorthand notation, 

explicitly giving the crossing matrix elements and the factors of ~ 

arising when a tesonancecontributes to one cross-channel only. In 

Table 3 we show the coupling constant relations arising in the degen-

erate case. ,These of course also follow from the relations of Section 

III. We have performed numerical computations for the equations 

shown in Table 2 only. We use the nonsupercohvergentequations only, 

since the cancellations in the superconvergentequations induce large 

numerical uncertainties. 

As shown in Fig. 1, we test the sensitivity and self-consistency 

of our equations by choosing the limit of integration, N, in the 
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following three ways: cutbff mass correspond.ing to 

1 21 ',. 2 
N 2"(IIly I + mT ) (Case I) , 

N 
, 2, 

(Case II) := m
T ' " 

i , 

1 2' ' 2 
(Case III) N := 2"(mT + m

3
- ) 

Our specific procedure is to take for each term on the left-

hand side of (4.2) a weighting factor f(J) : 

Case I: 1 x (V) ; .01 x (T); 

Case II: 1 (V) ; 
li 

(T); x 
2 

x 

Case III: 1 x (V); 1 x (T) . 

For each of (I, II" III) 'we use the determinental condition to deter-

mine N, and for each case we then find the ratios of the unknown 

bilinears in coupling constants. 

In Table 4 we shoY} the coupling ratios compared to experiment 

and to exact U(3). 
i ' 

In Table 5 we show the calculated cutoff masses 

corresponding to the various self-consistent limits of integration. 

It will be noted that these masses are quite reasonable, and this is 

I , 
a strong check on the self-consistency of our system. 

Though our calculated coupling ratios are reasonable we note 

that a good experimental test is lacking, and that we have introduced 

numerical ambiguities into t.he system by using the procedure (ii) above, 

as discussed in Appendix A. 
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V. EXCHANGE DEGENERACY 

In the PP ~ PP syst.em we can make some interesting statements 

h d b t tb t d t t · t . 21 regardingexc ange .egeneracy e ween .e vec ·or an ensor .raJec ·orles. 

By exchange degeneracy we mean, for example, 

p' 
r-

KK 
(S·l) 

where the r' s are reduced widths. Clearly the 1 and 2+ t t· 0C e·s 

cannot be exchange degenerate in this sense since they have F and D 

type coupling to the PP system, respectively. However, the addition 

of a 2+ singlet of the proper strength, as in Section III, enables 

exchange degeneracy to be realized for p - A
2

, Ws - fl fS' and 

* ** 
K - K in KJ1 ~ Krr; exchange degeneracy is not then realized for 

* ** 
K - K in .K1'] ~ K1'], and one obtains in fact 

Physically, we expect, and we do obtain from our bootstrap, 

exchange degeneracy between resonances of even and odd J, in the KK 

system, because there are only direct forces and no exchange forces. 

By contrast the. K* and· K** need not be e.xchange degenerate stnce 

the Kn ~Kn(K1']) channel contains not only direct forces: p, ff'(ff'), 

but also exchange forces: K*, K**(K*, K**). Unless the exchange forces 

cancel there is no exchange degeneracy. The K* and K** forces are 

always opposite in sign because of the sign of Pe(z). 
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In the mass degenerate case, the superconvergent higher moment 

sum rule can be satisfied for a particular value of f(2) only. For 

the lower-moment case the 1 and 2+ contributions cancel among them-

selves, and if the SU(3) coupling ratios are used the equation is 

satisfied identically independent of In the higher-moment 

equation, however, 1 cancels against a definite fraction, 
(2) 

f ,of 

2+. [See Table 2.J The remaining fraction of the 2+ contribution 

presumably cancels against a piece of the 3 contribution. 

If the fraction f(2) is chosen equal to the one which 

produces superconvergence in the appropriate channels, the exchange 

forces in the higher-moment equation cancel in the Kr(, but not in the 

KT}, channel. 
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VI. SUMMARY AND CONCLUSIONS , 

Our study of P + P -? P + P includes an algebraic discussion 

of the degenerate case, and a numerical discussion of the nondegenerate 

case. The degenera-t;e case yields algebraic equations. These restrict 

the symmetry properties of particular solutions, but do not force a 

unique solution. In the degenerate case, one also obtains certain 

kinematic relations between the input parameters, which are consistent 

with the actual average multiplet masses, but do not force a unique set 

of values for 
2 

~, 
2 

~, 

In the nondegenerate case, we have in principle a bootstrap 

theory of SU(3) symmetry breaking.
22 

However, the numerical procedure 

used so far induces uncertainties inasmuch we are not able to compute 

the splitting of the I = 0, Y = 0 members of the V and T nonets, 

and instead are forced to introduce an arbitrary assumption. 

We have begun here a discussion of the self-consistency of 

the mesons. Our investigation is very limited however, since we make 

very drastic dynamical approximations, and since we consider one 

process only. The extension of this work to the complete system 

(p, V, T) is now in progress. It is our hope that somewhat more 

definite algebraic results will then arise in the degenerate case. 

It would be of great interest if a mode<l could be obtained, 

incorporating towers of meson resonances, which exactly satisfied the 

FESR. As yet we have not been able to exhibit such an explicit 

0-

solution of the FESR, nor do we know if one exists.C.) 
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APPENDIX A 

In this section we define our notation, give useful kinematic 

relations, and derive the explicit form of the kinematic factors in 

'- (4.2). 

For elastic scattering of spinless particles our differential 

cross section is 

, 

where f has the center-of-mass partial wave expansion 

and 

~ being 

(a) 
... 

(b) 

the 

00 

f == I: (2J + 1) fiE) PJ{cos Q) 

J==O 

CM spatial momentum. 

In terms of f, our amplitudes A( v, -6) 

1 

A( v, t) 
(S)2 

f F 
== 2 - 16:rr 

The v's in each (s, t, u) chartnel are 

sign: v cx(z = x x cos Qx) 

scale: Idv I == Idtl x 

(c) origin: e. g., Vu == 0 for s t 

are given by 

defined by: 

(A.l) 

(A.2) 

(A.4) 

.' 



For particles of unequal mass 

do 
dft 

where the S matrix is 

S 

and the partial wave expansion is 

f 
F 
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(A.6) 

L (2J + l)f}'J(cos e) 

J (A.?) 

We now return to the equal mass case and discuss th~ narrow 

resonance approximation. We have 

f (near E ) 
J Resonance 

rR~ 1 

v - vR + irR~ qR 
(A.8) 

so that, near resonance, the s channei amplitude is 

A( v, t) 

1 

(S)2 
- (2J'+1)P (z) 

2 " J s 

rR~ 1 

v - vR + irR~ qR 
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Since 

dv 
- in' , (A.10) 

1 

(S)2 
= -2- , (A.ll) 

w~ere x is the elasticity of the resonance. It is sometimes useful to 

have the connection between A and the coupling constants, g, defined 

by the two-body decays: 

r (A.12) 

(A.13) 

The bar In (A.12) indicates a spin average; E is 
~l·· .PJ 

the polarization tensor for a spin Jmeson, and 
l(J-l) J-l 

S2. ~ ~esonance 

has been inserted for dimensional convenience. We then have 

r (A.14) 

The Feynman amplitude 
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F 

(See Fig. A-l), 

as one discovers on using the vertices defined by (A.13}. This yields 

A( v, t) 

21..:l g 2 
f 

1hJ 

In terms bf the total width, r, 

, 

so that 

2 
M - s 

Our Regge amplitudes are 

A( v, t) 
set) vo:(t\+l _e-irro:(t» 

= sin no:(t) 

We take 1m o:(t) ; 0, Re o:(t) 

Re ~ < 0, 1m v > ° , 

v = 

0: 
v ,v,a. irra 

e 

a + bt, 
rv -2 

b 1 GeV . 

(A.16) 

(A.18) 

(A.19) 

For 

(A. 20) 
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The discontinuity of A( v, t) c.c:::'oss the left-hand cut in 

v is 

D(v, t) = .+ (3(t)lvl
a

(t) (A.21) 

If A(v, t) has even (odd) signature, D(v, t) is odd (even). 

Our sum rules then read 

1
2
1 .... +N 

dv v
n 

D(v, t) 

-N 

Na( t )+n+l 

a(t )+n+l (3( t) , (A.22) 

after disregarding cuts, the background integral, the Pomeranchon, and 

all Regge poles excepting the leading one. 

In (A.22) 

1 
- u) 

1 . 
2:) v = -(s = s + '2(t - , 

2 

4 

2: L 2 
- m. .. J. (A.24 ) 

i=l 

Our final expression for an s-channel contribution to the 

IJIS·of (A.22) is then 

1 1 

(s )2(\i x
f

)2 
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where C
ts 

is the t to s channel crossing matrix for isospin or 

unitary spin. To finish defining the problem we need to evaluate 

$(t 2 ) = ~esonance . 

From (A .19), near resonance 

As 

giving 

A( v, t) 

lim 

2 
$(m2 )v cx(m )2 

rv R 

_ nCX' (t - m 
2 

) 

1 1 

I v I ~ 00 

1 

2 

(.J + 1)(t)2PJ(Zt)rR~(xixf)2 
1 

. (VR - v - irR~)(PiPf)2 

2 
$(m ) 

2 
$(m ) = 

. 2 
(2J + l)11CX' (m·) 

We are assuming 
rv -2 

cx' = 1 GeV • The cutoff, N, is given by 

4 

\ 2 L 2 
N _0 + m - m. ) 2 LS

N l 

hI 

(A.26) 

, (k28) 

(A.29) 

(A.30 ) 



-28- UGRL-18625 

The RHS of (A.22) is then 

RRS = 

In terms of s 
2 

.(P
l 

+ P
2

) , the CM spatial momentum is 

The LRS of (A.22) is, then given by (A.25). TheCM scattering 

angle is 

4 ! 2 222 2 
2t + s - L mi + (~ - m2 ) (~ - m4 )/s 

i=l 
z = 4IP.IIPf l 

rvl rv 

for the process 1 + 2 ~3 + 4 where z = cos 9
13

, and the l~l's 

are given by (A.33). In the mass degenerate case the two sides of 

(A.22) reduce to 

(RR) 
[SN 

_ 2 2 . ]J+n+l 
2mO + mn /2 

~----~J-+--n--+~l~~--- , 

[ 
m 2 _ 

, J 

2 
2 2 ] n Jl (2J + 1) m J, ( J) 

2~ + mn /2 2' 2 2 1. r 
(m

J 
- 4mo )2 

;, 



,. 
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For the numerical work of Sectibn IV, w'e have combined the 

FESR, for I == Y = 0, evaluated at 
2 

,t == m 
,w 

and t 
2, 

m¢ , into one 

equation as follows. Let be the usual Regge'contribution 

of the particle H to the RHS of (A.22).We have assumed 

is nearly constant over the range 
2 2 

mw :::: t :::: m¢ , so that the FESR at 

2 
t = m reads 

w 

and at 

LHS(m 2) 
w 

2 
LHS(m¢ ) 

== 

Using the physical masses and widths we have then computed 

(A·39) 

2 2 2 2 
x == LHS(m

w 
)/Rw(mw ) : LHS(m¢)/R¢(m¢ ) and used (A.38) as the single 

(w¢) equation to compute broken couplings in the manner described in 

the test. The same procedure was carried through for (ff") . In 

Table AI, we give the numerical contributions corresponding to the 

symbolic notation 'of Table 2. 
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Table 1. FESR arising from Eq. (1.2). Shown are the objects which 

contribute to the LHS: (-) = no contribution, (X) = contribution. 

(y) means contributes to the y channel only. The right-hand side 

is always taken to be the t channel. (SC) = superconvergent. 

LHS ' RHS Process 
r-------· .. --·-.............. ' ....... ·,.··~···-"'A--- ... ,.·--.n~--~ ...... ~~ ... ;. .. , .. ,.-.... ~""""'"\ 

r ---------~ Q ~ K* ....s ff' K** lill . n Particle 

s 's 1 0 
X X P 

s s 
0 1 ff' 

X X 
J1:rr --? :rr:rr 

s s 
2 1 SC 

X X 

s u s u 
1/2 0 K* 

X X X X 

s u s u 
1/2 1 K** 

X X X X 

..., X X 1 0 p K:rr --? KJ1 

X X 0 1· ff' (Kk --? :rrn) 

s u S u 
3/2 0 SC 

X X X X 

s u s u 
3/2 1 SC 

X X X X 
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Table 1 (Continued). 
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Table 1 (Continued). 

" LHS RHS Process 
c-

,..." --:------., ....,....-..... _ ............ 

Q. 
~. K* A2 ff' K** tin n Particle -

u s 
1 1 A2 X X 

u IS 
1 0 SC 

X X :n:T) -7:re'fj 

X 0 0 ff' ('fj'fj -7 :re:n:) 

X 0 a SC 

X 0 1 ff' 

T) 'fj -7 T) T) 

X 0 () SC 
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Table 2. Symbolic FESR for P + P ~P+ P. Signs and magnitudes 

of crossing-matrix elements are shown explicitly, along with factors 

of 1/2 arising if a left-hand resonance contributes to one cross 

channel only. The def~nitionsof the symbols are: 

11(2J + ·1) 
Left-hand symbol: (y) 

Right-hand symbol: (x) 

a(m 2)+n+l' 
.N x 2 

2 .t3(m) 
a(m ) + n +"1 x 

x 

(See Appendix A for details and. notation.) 

Process 

1/3 ff' + 1/2 p p rrrr ~ rrrr 

1/3 ff' + p ff' 

1/3 ff' - 1/2 p 0 
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Table 2 (Cont1nued). 

, 1/2[P + ~ ff' -','1/3 K* + 1/3 K**]= K* 
" (6)2 " 

1/2 fp + ~ ff' + 1/3 K* - 1/3 K**l = K** 
l (6)2 j 

2/3[K* + K**J = p 

1 

(6)2/3[K* + K**J = ff' 

1/2f -1/2 p + ~ ff' +' 2/3(K* - K**)] = 0 (n ~ 0) 
l (6)2 

1/2[-1/2 p + 1 X ff' - 2/3(K* - K**)l = 0 (n = 1) 
(6)2 

Same 

.-

1/2[1/2 w¢ + 1!2ff' + 3/2(p + A
2

) J = ff' 

Same = ¢w 

3/2(p -A2) + 1/2 ff' - 1/2 ¢w = 0 (n = 0) 

,-1/2(p - A,,) + 1/2 ff' - 1/2 ¢l,) = 0 (n = 1) 
c. 

UCRL-18625 

Process 

K:n: -7 Kn 

(iCK -7 r(n) 
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Table 3. Coupling-constant relations in mass degenerate limit. 

[Compare Eqs. (3.9) and (3.11).] 

.( K*)2 _ 3/4 _ p p = 0 
?' Krr: .?' KK ?' rr:rr: 



Table 4. 

A. Independent groups of reactions corresponding to one amplitude. 

B. Resonances occurring in A as intermediate states. 

C. (Isoscalar 'factor)2 for SU(3), assuming magic mixing angle 
2 

tan 9 1/2, and the 

2+ singlet/~ctet coupling ratio (Ref. 14) G
2
/F2 = 8. (2+ isoscalars are multiplied 

by 5/9). 

D. Reduced experimental widths, divided by the corresponding entries in column C. 

'E. Our predicted theoretical reduced widths divided by the corresponding entries in 

column C. Shown are results for Cases I, II, and III with ,the corresponding self-

consistent limits of integration. 

F. Experimental partial widths taken from Ref. 24. IIi the J1:rr: -7 KKcase, 

r exp 
(i,j) 

uqderlined. 

1 

(r . r _)2 
':rr::rr: ,KK 

is the effective width. Quantities used as input are 

:<: 

I 
\.N 
\D 

I 

c::: 
(') 

!:d 
I:-i 
I 
I-' 
CD 
(},\, 
f\) 

\JI 



Table 4 (Continued) 

! 
A B I C D 

Channel Resonance I Isosca1ars ~(expl 

I Isosca1ars , 
I 

i 2/3 0.73 ± O.lS 
I 

p I I 

rc:n: -? rc:n: 
! 

:} fl +f8 

i I} 1 1 (±O.14) 
I 

:010 observed I I 0 
I 

I I , 

I ! 
p 1/3 - l , ! I 

I K* 1/4 I ! (±O.02) 
5 

I Krc -? K:n: i 

1 } 

1 ! ~ 
rcrc -? KK j ~ 

I f 1/(6)2 I 0 • 83 ± O. 32 i } 
I f' f1 + fS 

l_l~4 
I _' I not observed t 

I 

1 ____ 

I ! S - i 
I~** ! o. 5 ± 0.05 J 

~ -- ~. 

E 

f3 theory/isosca1ars 

I II III 

1 0·91 1.04 -

I 1 I 
1 --

I 
1.04 I. -0.91 I 0.S5 

1 i 1 ! 1 
- ! - 1-

1 

I 
! 1·30 1.13 

- I 
I 

I , 
~ 0·92 0·76 

F 

r 
(i,j) 

I exp 
.. [in GevJ 

0.124 

.0.137 
I 

I <0.010 
I 
I 

-
0.049 

0.021 

<0.023 , 

0.045 

:'" ; ... ~ 

I 
+:"" 
o 
I 

f.l 
::0 
t--l 
I 

f---' 
OJ 
0\ 
[\) 

IJI 
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Table 4 (Continued) 

.. , i 
A B C I 

D ~ , 
y 

! Channel Isoscalars I s~eXPL Resonance 
I I 

Isoscalars 
I 

1 s 

t 
I I 

I 

I p 1/6 -
i I 
! 

;} we 

I 
1/6 ! ! 

-
.1 

I I I 

- - ! 1/3 I 0.S5 ± 0.20 

I 
, 

l KK--')KK I 

I 
! 

i KK --,) KK 
A2 1/6 I 0.54 ± 0.14 

fl ! 1/6 0:,69 ± 0.24 

f.} fl + fS I 
L/3 1.20 ± 0;44 

I 

I 
i 
1 f3 

I 
I 
'} I 
! 
I 
I i} ~ 

I 
¥ 

ElF 
theory /isoscalars I r . (i, j ) I exp 

I II III * C' G vJ l .In e 

: 

1.06 0.94 0·92 -
I 

~ 
~ -

1 l 1 

t - - .-
0.0029 

' J 

I 
- 1·59 1·37 I 0.0036 

I " I - j 
11.36 I 1.22- ~ 0.0032 

-I f • 0.053 
i f 

.~ 

I 
I 
i 
I 
~. 

~ 
.~ 

I 
• 

I 
+:­
f--' 
I 

~ 
!:d 
t-i 
I 

f--' 
(Xl 

0\ 
f\) 

\J1 
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Table 5. cutoff masses correspobding to 

self-consistent integration limits N, 

as in Fig. 1. 

Channel 
. 2 

s (GeV ) 
n 

Case 

I II III 

nn ~ nn: 1. 05 1.57 1.-87 

Kn: ~ Kn: 
1.17 1.75 2.08 

nn: -4 KK 

( 

. 1. 27 2.00 



!~ 

Table AI. Numerical values of the terms shown symbolically in Table 2, for the nonsuperconvergent 

relations. Each equation is identified by the object appearing on the RHS. For the RHS the 

value of j3(m 2) is shown. For the LHS the entire contribution is shown. To compute the 
x 

broken couplings shown in Table 4, the f, f', and w,¢ contributions have been combined as 

outlined in Appendix A; the determinental condition then yields the limits of integration, N, 

in Table 5, and the couplings of Table 4. 

Equation-

e(RHS) 

1. 93 (K*) 

1.54 (K**) 

""'\ .-.7 In\ 

O. )+0 (f') 

O.9Lt (p) 

I : I ! 
K**(1420) I 

i 

! I K*(890) fO 0' I 0 ¢o p f ; A2 w I 
I I 

I 
I 
1 

I 0.74 -0·58 1.10 1.20 0;42! - - ~ E 

I ! 

I 
i i F 

! 2.54 2.09 -10·36 ! 10.56 i 3·98 ! I 
J - I - -

I 
I 

I I. 
I I ~ 

I ...,. 1. , p- I i 
~ . ~ ~n 

i 13·00 -.66.221 , 

! ! E 

I 1. 94 3 . 31 . ~ ~ .. 
. i f 

Process 

KJ( ~ KT' 

(KK ~rlJl). 

I 
+=-­

\.).J 

I 

?3 
~ 
t"-i 
I 

I-' 
CD 
u\ 
I\) 

\JI 



Equation 

S(RHS) p K*(890) 

I 

t 
3.60 (f) 

I 
.9.34 -

0.05 (f') 

I 
16.20 -

1. 88 (p) 1.58 -

0.47 (p) -0.09 -

I 0.66 (A
2

) -0·33 -
I 

0.83 (f) 0.88 - ~ 

I 

2.90 (f') 1.83 -

2.18 (¢) 0·59 .;. 

! 

1. 09 (w) 0.29 I I 
1 

-
I 

&. 

Table AI, (Continued) . 

-
f I 
! , 
I 

fO 0' A2 0 ¢O . K**(1420) I Process I f 1.0 

i 

I ! ! 

i 
, 

- i 30.35 0·76 I - - \ -

.1 59 .37 
I I • -* .•. ~.. ".> 

! i - 1.36 I . -
I -

I 
- " T(Tt ~ TtT( 

! i 
I 

- 3·90 0.09 -
1 

- I -
I t : 

I 
I I I - 0.32 , 2.03 1-0.28 0.22 I 0.67 

- 3 . 26 I 20 . 80 ! -2. 86 I 0 . 811 2. 61, I KK ~ KK I 

I 2.83 18.50 , i 7·49 I 0.71 I 2·38 I (KK ~ KK) -

I I I I ( I 
- 6.29 36. 44 ! 16.25 i 1. 46 I 4: 28 

, I I 

- ! 
0.74 3·95 11.89 i 0'.47 11.16 , 1 

! 

I ; I I - o . 34. 2.12 } 0.89 . \ 0.23 o. 70 
I j r 

\.r 

I 
+=­

.+=-
I 

g 
!Xl 
t-l 
I 

I-' 
co 
0\ 
f\) 

\J1 
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FIGURE CAPTIONS 

Fig. 1. Mandelstam diagram for P + P ~P + P in degenerate case showing 

self-consistent limits of integration N, for Cases I, II, and 

III, as discussed in Section IV of the text, and also showing 

the location of 1 and + 2 poles. 

Fig. Al. The process P + P ~P + P with s-channel exchange of spin 

J object . 

.• 
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@ 

Fig. 1. 
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t=m2 (n=1) 
··2+ 

t::; m2 (n=O) 
1-

® 

XBL6812-7296 
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Fig. A.l. 
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* APPENDIX B 

UCRL-18625 

Crossing Trajectories and Possible Branch Points 

Following Cheng,9 we consider the partial-wave amplitude a(J, t) 

and the trajectory function aCt). We have, defining D = l/a(J,t), 

D[a(t), tJ o 

Suppose D(J, t) is regular around "(Jo~ to) and that 

D(JO' to) = O. Then the Taylor expansion of D yields 

If 

dD/dJ [aCt) - JoJ 

(J,t)=(Jo,to) 

". 

aCt) J - R(t - t )" + ... 
o 0 ' 

(B.l) 

(B.2) 

* (Appendices B, C, and D are not included in the version of this 

report submitted for publication.) 
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where 

ric 

On the other' hand, if . dD /dJ I 0, 
Xo 

a(t) 

·1 

( 
.. aD lot .)2 . 1-

J o ± .. _'L:::.:L... (t..;. t )2 + ... , 
.. a2D/aJ2 . 0 

(B.4) 

explicitly exhibiting the two crossing trajectories at J = Jo. 



UCRL-18625 

APPENDIX C 

Some Convenient Relations for SU(n) and U(n) 

The following relations are convenient for the discussion of 

algebraic properties as in Section III above. We define, following 

19 . 
Gell-Mann, the matrices (A.} which generate SU(n). They satisfy 

l 

for 

tAo, Ao} -
l J 

[Alo, Ao] 
J -

1 ~ (i, j, k) < n
2 

- 1 

where the A's are normalized so that 

Under ordinary multiplication we have 

and also 

(C.l) 

2d .. k"- + (4jn)o. 0 lJ .~ . lJ 
, (C.2) 

, 

(c.4) 

(c.6) 

From these relations d and f are totally antisymmetric and symmetric 

in their indices respectively. 

>-.' 
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The "'i are· n X n and traceless.:. Furthermore A. .:A.. commutes 
J J 

wi th all the "'i and is therefore a multiple of the identity. From 

(c.6) we have 

d. 'k II 

1 
= 2" Tr(c' ~ "-k) 

The Cartan condition for the f's reads 

n5. 
lp 

and the symmetry properties give 

, 

= 0 

It is convenient for the derivation of· further relat'ions to 

employ the matrix identities 

[[A, B], cJ + [[B, C], AJ+ [[C, AJ, BJ 0, 

[(A, B), cJ + [(B, C), Al+ [(C~ A), BJ = 0, 

(A, {B,C }} - (B, (C, A)} + [C, [A, BJ] 0 . 

Inserting the Ai into (C.10) - (C.12), we get 

f b fd + f ~ + f f = 0 , 
a s sc bcs sad cas sbd 

o 

(c.8) 

(C.10) 

(C.ll) 

(C.12) 

(C.13) 

(c.14) 



From (c.8) and (C.15) 

2 
n - 4 

n ~\.e 

Last, we give four relations for trilinears in f and d: 

f.r.fkp pJ.q qJr r 

d . f . f kp pJ.q qJr r 
n 

- 2' dijk ' 

2 
d d f = n - 12 d 

fiq qjr rkp 2n ijk 
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(c.16) 

(C.17) 

(c.18) 

(C.19) 

It is sometimes useful to define d's and f's for Urn). We set 

, 1 

AO = (2/n)2 ~ , ( (:.'20) 

so (C.2) becomes 

(C.21) 

for 

( 
.) 2 o ~ i, j, k < n - 1 

then 

1 

d' .. 
OJ.J 

(2/n)2 O .. 
J.J 

(C.22) 

Equation (C.4) becomes 

A.. A.. 
J.J 

(C.23) 



" . 

(C.7) gives 

d~ .k 
D. 

and (C .16) becomes 

with the new f equation 

We also have 

-53-

.1. 2 
(2/n)2 n , 

which follows immediately from (C .18) . 
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(c.24) 

(C.25) 

(c.26) 

(Most of the above relations are contained in Macfarland et al., 

Cambridge Uni vers i ty preprint 1968, unpubli shed ~ ) 
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APPENDIX D 

Derivation ofFESR 

We deriVe the finite energy sum rule using the lChuri 

representation. 

Consider the amplitude for the process P + P 4 P + P, 

~ssuming equal masses. In the physical region for the t channel make 

the expansions 

A±( v, t) L a±(J, t) P
J

(zt)(2J + 1) 

J=O 

of the even and odd J :parity amplitudes. 

Noting v = ~(s - u), and defining 

, (D.l) 

a(l)(J, t) = ~ 12
00 

::2 QJ(l+ 2:2) Ds(t, s) 

(D.2) 

= 2: 1. oo~ Q (1 
1T 2 2q2 J 

4m 

D (t, u) 
u 

(D.4) 

where D are the s,u discontinuities in the dispersion relation 
s,u 

'I 



.. ~ 

A(v, t) 

Note 

= !1· 00 ds' 
11: . 2 

4m 

= 

-55-

D (t, s') 1· r 00 

-: -=-, ---s- + ;; J 4m
2 

du' 

- 1 - u/2q2 
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D (t, u') 
u 

u' - u 

2 
1 + s/2q . 

If there are no exchange forces Du.= a(2) = 0, 

what is usually call,ed exchange degeneracy. 

+ -a . = a , and we have 

We prefer to expand 

00 00 

A(v, t) 

(D.6) 

in a power series in v (Le., in s arid u). Khuri, [N~ N .. Khuri, 

'Phys. Rev. 132, 914 (1963); 130, 429 (1963)J has proved theorems 

relating the analytic behavior of a(i)(J, t) in the complex J plane 

to that of C(1,2)(J; t},under the assumptions (i) a(J, t) has a . 

unique, meromorphic interpolation for Re J > - ~ with a finite number 

of poles in Re J > -~; (ii) lim a(J, t) ~ c(t)We~IJI Ht)., 
J~oo 

Re ~(t) > 0, 1m ~(t) = ° . 

Under these conditions C(K,t) is such that we can make a Watson­

Somro:erfeld transformation on (D.6), 
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+ 
A-(v,t) =J~O+iOO 

J -~oo o ... 

J - H - e -i:rrJ 
dJ Ci(J, t)(-v) sin(:rrJ) , 

where we have separated A(v,t) into even and odd parts in v. We have 

generalized Khuri's result:,slightly here, assuming A(v, t) has no 

singularities for ReJ >J
O

' Note that (D.?) is true provided 

analyticity, crossing, and unitarity hold. Whent is chosen such 

that the positions of the poles in the J plane, a(t), satisfy 

Im a - 0, Re a ::>:: n (n any integer), the pole contributions which 

appear on moving the contour in (D.?) have the usual Regge form 

-ina il - e . 

sin na 
(D.8) 

As we move the contour to the left, uncovering the right half 

of theJ plane, we will get, in general, a sum over pole contributions, 

a sum over cut contributions, and a remainder integral, usually referred 

to in the literature as the background integral. Our approximation will 

be to neglect all,these terms, e~cept the leading Regge pole, so that 

(D.?) becomes 

(Background Integral) + ~ 
futs 

+1 -i:n:a(. t) 
- - e 

sin :rta(t) 
(D.9) 

, 
(".' 
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here two kinds of amplitudes .1= (i-, - ... ) We have with. 3 , 

(0+, + . . . ), corresponding to odd or A( v, t) . We assume here 2, even 

also Im a ~ 0, Re aCt) ~ at + b, with b ~ 1 GeV 
-2 

for all 

trajectories. 

Taking the imaginary part of (B.9) for t = (mresonance)2, 

multiplying by v
n

, and integrating from -N to +N, we get 

or 

~l+N Im A( v, t) dv v
n ~(t) Na ( t)+n+l 

~ aCt) + n +1 .. (D.IO) 

-N 

. Since taking the imaginary part changes the symmetry in v, 

n = even in (D.IO) corresponds to the trajectory with .1 = odd., and 

n = odd to .f'(even+) [VeT) trajectories]. 

J 
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LEGAL NOTICE 

This report was prepared as an account of Government sponsored work. 

Neither the United States, nor the Commission, nor any person acting on 

behalf of the Commission: 

A. Makes any warranty or representation, expressed or implied, with 

respect to the accuracy, completeness, or usefulness of the informa­

tion contained in this report, or that the use of any information, 

apparatus, method, or process disclosed in' this report may not in­

fringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, or for damages 

resulting from the use of any information, apparatus, method, or 

process disclosed in this report. 

As used in the above, "person acting on behalf of the Commission" 

includes any employee or contractor of the Commission, or employee of 

such contractor, to the extent that such employee or contractor of the 

Commission, or employee of such contractor prepares, disseminates, or pro­

vides access to, any information pursuant to his employment or contract 

with the Commission, or his employment with such contractor. 
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