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INTRODUCTION

In the generalized Markovian decision model, developed in [DE LEVE
1964], a system is considered which has a general state space and can be
controlled continuously. There is an underlying stochastic process, called
the natural process. It describes the evolution of the state of the system
during the course of time if the system is left uncontrolled. A reward
structure is associated with the natural process. A decisionmaker controls
the system by making interventions, chosen from an arbitrary set of fea-
sible interventions in each state. An intervention induces a reward and an
instantaneous (possibly random) change of the state of the system. At each
point of time either an intervention is made or the natural process is
left untouched. In the latter case we speak of a null decision. It is further
assumed that only a finite number of interventions may be made in any finite
time interval. In this model only stationary policies are considered. A
stationary policy associates with each state either an intervention from
the set of interventions in that state or the null decision. A policy iter-
ation principle, hereafter called the general method, has been developed
in [DE LEVE 1964] which is proven to approximate the maximum expected
average reward per unit of time sufficiently good if the number of itera-
tions is large enough.

Applications of the general method (cf. [DE LEVE, TIJMS & WEEDA 19701])
are versions of the automobile insurance problem and the anticipation prob-
lem in production control, continuous time inventory models and a contin-
uous version of the automobile replacement problem of [HOWARD 1960]. Al-
though the general method has a large number of potential applications,
its use is obstructed by the fact that it is not a ready-made technique.
The only way to solve a problem numerically is to "translate” the princi-
ples of the method in terms of the problem and develop numerical procedures
by exploiting the special structure of the problem. A relatively simple
numerical solution has been obtained for the automobile insurance problem.
The mentioned version of the production control problem is much harder to
solve. Although numerical solutions have been obtained, not much can be
said about their quality so far.

In this monograph the general model and method are considered under
much stronger assumptions. In the first place the natural process is a

finite state Markov renewal process induced by a semi Markov matrix.
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Secondly the sets of interventions are finite sets. Thirdly, inter-
ventions can be made only at the epochs of state transitions of the natural
process. )

On the one hand, such a specialization yields stronger results like
finite step convergence. On the other, since this specialization of the
general method is still not a ready-made technique, computat:ional proce-
dures have to be developed which are preferably general within this special
model.

The thus obtained model is called the finite generalized Markov
programming model. It is defined in section 2.2. Each problem which satis-
fies the assumptions of this model can also be formulated as a finite
Markov renewal decision problem and vice versa. A policy iteration method,
which is predominantly a direct specialization of the general method, is
presented in section 2.3. This policyAiteration method has four operations,
a preparatory part, a policy evaluation operation, a policy improvement
operation and a cutting operation. The preparatory part is executed once
and the remaining three operations at each iteration step. The second and
third operation are different compared with corresponding operations in
the well-known methods described in [HOWARD 1960] and [JEWELL 1963]. The
preparatory part and the fourth operation do not form part of any other
existing policy iteration method.

In chapter IV numerical procedures, which are general within this
special model, are developed for the cutting operation. In the general
method the cutting operation is formulated in terms of its target set:
the intersection of all sets that do not worsen in a lexicographical sense
a pair of vectors defined for each set, with respect to a certain given pair.
It is proven that the target set is an optimal cutting set, i.e. a set that
maximizes the lexicographical improvement with respect to the given pair.
The computational procedures obtaining an optimal cutting set are based on
lexicographically optimal stopping in a Markov chain with two arbitrary in-
come vectors. These methods may serve as a guidance for developing tech-
niques for more general special models as in [DE LEVE, TIJMS & FEDERGRUEN
1977]. Moreover in chapter IV less far-reaching procedures are developed
in the sense that they aim at a suboptimal cutting set. A finite step con-
vergence proof in a sufficiently general setting to cover all variants of
chapter IV, is presented in chapter III.

In chapter V a numerical comparison among policy iteration methods is
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performed. It involves the three main variants developed in chapter IV and
the policy iteration method of Jewell/Howard. The class of problems which
satisfy the assgmptions of the finite generalized Markov programming model
is partitioned into two subclasses. For the first subclass it is shown
that all four methods are identical. The numerical investigation is per-
formed on members of the second subclass for which all four methods are
different. It includes two sets of randomly generated problems as well as
a discrete version of the production control problem mentioned above.

The treatment of the finite generalized Markov programming model of
section 2.2 is continued in Chapter VI. Discounting is invoked in section
6.3 and a policy iteratioﬁ method maximizing the expected discounted reward
vector for a fixed interest rate p is presented. In section 6.4 a paramet-
ric generalized Markov programming model is considered. In this model an
intervention is assumed to take a small time € 2 0. During the time € the
natural process is "frozen". For the parametric model a partial Laurent
expansion for the expected discounted reward vector for a fixed policy in
the parameter p is obtained for each sufficiently small fixed € > O.

This Laurent expansion is utilized in chapter VII to develop a new
type of sensitive optimality called sensitive intervention time optimality.
It is shown that policies of this type exist and that they can be computed
by applying the methods of this monograph. Moreover a procedure is speci-
fied for the computation of a bias-optimal policy in the finite generalized
Markov programming model. The procedures are illustrated on a numerical

example.






CHAPTER I

PRELIMINARIES

1.1 NOTATION AND SOME PROPERTIES OF MATRICES

Let IN be the set of natural numbers and let € be the set of complex
numbers. For Je IN\{0} we denotebyafrthe set of J-dimensional column vectors
with components in €. Similarly CJXJ denotes the set of JXK-matrices with
entries in €. Matrix and vector operations are defined in the usual way.

X
The equation in u € CJ for fixed B ¢ CJ K and A € C given by

(1.1;1) Bu = Au

has a nonzero solution for n € {1,...,J} distinct values of X called the
eigenvalues of B, cf. [KATO 1966, p.37]. The set of all eigenvalues of B
is called the spectrum of B and is denoted by o (B).

The norm of B, notation: IBl, is defined by

J
(1.1;2) Isl = max ) 1B, 1.
ie{1,...,3} 3=t J
For each matrix B e C° O M/M yists (cf. [KATO 1966, p.27]) and

lim Is
n->o
is called the spectral radius of B, notation: spr(B). Between spr(B) and

0(B) the following identity holds (cf. [KATO 1966, p.38]):

(1.1;3) spr(B) = max |[A].
Aeo (B)

X
Let v € CJ, B ¢ ¢J J and A € €. Consider the inhomogeneous equation

in u € cJ
(1.1;4) [A1-BJu = v, °

where I is the JXJ identity matrix. This equation has a unique solution u

if and only if A ¢ o(B). Then the inverse I:)\I--B:I“1 exists and the solution



of (1.1;4) is given by
-1
(1.1;5) u = [AI-B] ~ wv.

X -1
The matrix function R}\(B): c\o(B) — G:J J defined by R)\(B) = [AI-B] ~ is
called the resolvent of matrix B. For particular A,u ¢ o(B) the matrices

R, (B) and RU(B) satisfy the resolvent equation, cf. [KATO 1966, p.36]

A; - = (A-wWR_(B)R (B).
(1.136)  R\(B) - R (B) = (A-WR )RU( )

If, moreover, spr((u—A)Ru(B)) < 1 then R)\ (B) has the Neumann series expansion

(1.1;7) Ry (B) = (x—u)“(Ru(B))“”.

n=0

- d
Let S be a subset of {1,...,3}. Then S = {1,...,J}\S and |S| denotes

X
the number of elements in S. Let B ¢ (I:J J and let T,S be nonempty subsets of
{1,...,J3}. The matrices with entries Bij' i,j € S, respectively Bij' ies,

j € T, are denoted by BS and B Similarly for u € €, the vector with com-

sT*
ponents ui,Ji € S is denoted by ug. ‘ J

Let IR™ denote the real J-dimensional Euclidean space and let :lR+ denote
the set of vectors u € ]RJ with nonnegative components. For u,v € IRJ, we
writequifui 2 v, for i e {1,...,0} andu > v if u 2 v and u # v. The
notation <u,v> denotes the scalar product of u and v. Sometimes the operation
O between two vectors u,v € ]RJ will be used; uOv denotes the vector with
components uivi. Observe that this operation is commutative, associative and
distributive. The vector in IRi with all components equal to one is denoted
by 1. The notation T s is reserved for the subvector of | corresponding to a
nonempty set S < {1,...,J}.

Let JRJdeenote the set of real JxK-matrices. For A € ]RJXK we write
A>0if all entries are nonnegative, A > 0 if A 2 0 and A # OandA>>0if all
entries are positive. For A,B € B we write a 2 (>)(>>)B if A-B 2 (>)(>>)0.
The same notation applies to vectors.

A matrix A € IRJXK is called lexicographically nonnegative, notation:

A _>_ 0, if for each row of A either all elements vanish or the first non-
vanishing element is positive. A is lexicographically semi-positive, notation
A0 if A 7 0 and A # 0. For two matrices A,B ¢ R we write a )_ (»)B

if A-B > (»)O0.



1.2 SUBSTOCHASTIC MATRICES
. IXJ P s
A matrix P e R, is called substochastic if
(1.2;1) Il < 1.

A well-known model described by a substochastic matrix and a vector a € IRi
such that zi=1 ui = 1 is a finite homogeneous Markov chain. Let Q,H,P)

be a probability space and let M S {1,...,3} be a finite index set. A
sequence of possibly defeqtive random variables 1n: >+ M defined for n ¢ N

with ]P{jo=i} = a; is a finite Markov chain if

(1.2;2) P =iy | 39 igreeen 37 1) i},

= ]P{ln+1= ln+1 1n= n

whenever P {j, = i,,..., 3,

if for some substochastic matrix P

= in} > 0. A finite Markov chain is homogeneous

(1.2;3) ]P{ln+1 =3 | i, = i} = Pij for n e W,

whenever JP{:_jn=i} > 0. For a finite homogeneous Markov chain it is easily

d
derived that for u =2 0 and P0 =1

(1.2;4) ®{3

. : . n

n J|10=1}=(P)ij.

In the sequel, the Markov chains we consider are finite and homogeneous.
Therefore, the adjectives finite and homogeneous can be omitted without
confusion. To the indices 1,...,J will be referred to as states and P will
be called the transition matrix.

A state i € M has access to state j if for some n € N (Pn)ij > 0. A
state having only access to itself is called absorbing. Two states having
access to each other are said to communicate. The communication relation
between two states is an equivalence relation.

For a substochastic matrix P the Cesaro sum of nonnegative powers of P

% d

-1 n .
(1.2;5) P = lim (n+1) - ) P*
i=0

n->o

exists and satisfies (cf. [DOOB 1953, p.175])



(1.2;6) " =p'P" =pp* = P*P.

In the sequel P* will be called the Cesaro sum of P. An important
special case of a substochastic matrix is described by the following
lemma (cf. [KEMENY & SNELL 1960]).

LEMMA 1.2.1. For a substochastic matrix P the following statements are

equivalent:
(1) spr(P) < 1;
2

(ii) 1Pl < 1 for some n € W\{0};

(iii) lim___ P" = 0;

. n

(iv) zn=0 P converges;
(v) [1-P] is nonsingular;
(vi) HPJ" < 1;

(vii) P* = o.
. 4y g -1 _y® .n
Each of the statements (i) - (vii) implies [I-P] = = 2n=0 P .

A substochastic matrix is called transient if one of the statements of

lemma 1.2.1 holds. Frequently the following trivial property of a transient
matrix will be used.

LEMMA 1.2.2. Every square submatrix of a transient matrix is again transient.

Also the following lemma will be in frequent use (cf. [DENARDO & FOX
1968]) .

LEMMA 1.2.3. Let P be a transient matrix. Let s € IQJ be an arbitrary vector.
el
For each u € Eg- define the operator L: B{I - Eg- by Lu = s+Pu. Define
d -
=N ALt for n =

has the following properties:

d
2,3,... with L1 = L. Then L is a J-stage contraction and

(i) 1imn_)m L™ exists and is given by w = [I-—P]_1 s;

(ii) lu=uesu=1u;

2

(1ii) Lu 2 (3)(2)(<)u = u 2(>)()(<)u.

A substochastic matrix P is called stochastic if

(1.2;7) Y P..=1 for i e J.
. ij
jeJ

In this case spr(P) = 1 and P* > 0.

The set of states M of a Markov chain with stochastic matrix P can be



partitioned uniquely into two sets of states E and T. Each state i ¢ E satisj
fies Pzi > 0 and each state i € T (T may be empty) satisfies P:i = 0. The set
E can be partit;oned in a unique way into the equivalence classes (with respect
to the communicaticn relation) El' A=1,...,2 with1 £ L £ |E|]. Such an equiv-
alence class is called a subchain. The states in E are called persistent and

those in T transient.

The following lemma (cf. [KEMENY & SNELL 1960]) relates and specifies the

solution sets of the equations Px = x and P*y =Y.

LEMMA 1.2.4. If P is a stochastic matrix then the solution sets of the equa-

tions Px = x and P*y = y are identical and their general solution is given by
%

(1) X = o, ¢
a=t A A

where

Oy is an arbitrary constant for each fixed X\ e {1,...,L},
¢X is a vector in B{{ for each fixed A ¢ {1,...,L} such that (¢A)i = 1 for
ie EA’ (¢X)i =0 for i € E\EA and the subvecﬁor (¢X)T is given by

B -1
(2) (¢A)T = [IT—PT] PTEX 1 l.

If P is transient then x = 0 is the only solution of Px = X.

*
Some more properties of the matrix P are summarized in the following

lemma (cf. [DOOB 1953, p.175-183]).

*
LEMMA 1.2.5. Let P be a stochastic matrix with Cesaro sum P and subchains

EA' A=1,...,L. Let PI be the ith row of P* for i € M. Then
(i) P: = P; for i,j € EA;
(ii) pzj =0 for i € E,, J ¢ E,;

PR * PR .
(iii) Pij > 0 for 1,]*5 EA'
(iv) defining w, = Pi for i € E

2 A=1,...,L then

AI

*
P, =
i

| o~

(¢A)i LI for i € M,

A=1

where ¢A is defined in lemma 1.2.4.

Next some relations between the spectra of a stochastic matrix P and

some matrices associated with P are stated (cf. [VEINOTT 1969]).



LEMMA 1.2.6. Let P be a stochastic matrix with p* as its Cesaro sum. Let
52 p-1 and o, () S 6(®\{1}. Then

(1) o =1{r-1, x ec(P};

(i) o(»-P") = {0} u o, (P);

(iii) o(B-P*) = {-1} u {A -1, A € o, (®)}.

. . . = ok JIxXJ
For a substochastic matrix P, the matrix function Hp: ¢\o(P-P ) —C

is defined by

- * -1 *
1.2; = - - .
( 8) Hp Rp(P P) (1+p) P

satisfy the resolvent equa-

Observe that HO exists by lemma 1.2.6. Hp and H

0
tion

(1.2;9) H -H =-pH H

p 0 p 0

and for |p| < [spr(HO)]-l, Hp can be expanded into the Neumann series

_ _yn _n+l
(1.2;10) B = I =e)" H).

- - X,
The resolvent Rp(P): €\o (P) — CJ J has the following Laurent expansion (cf.
[VEINOTT & MILLER 19691])

(o]
(1.2;11) R (B) =p 2 +8 =p 12"+ | (-p® 5!
o P Z 0
n=0
for 0 < |p] < ESPI(HO)]_l.

The following lemmas are frequently used in the sequel (cf. [DENARDO &
FOX 1968] and [DENARDO 1971] respectively).

LEMMA 1.2.7. For a subchain EA' Ae {1,...,L}, of a stochastic matrix P and

E)
and a vector r € IR

P r2(S)r=>P_r=r.
Ey Ex

LEMMA 1.2.8. Let P be a stochastic matrix and let b € Ify satisfy P*b = 0.
Then x ¢ R satisfies [1-Plx = b if and only if x = Hb+r with r € R

*
satisfying P r = r.

In the subsequent chapters the set of states M of a Markov chain will be



partitioned frequently. If (A,E) is such a partition a Markov chain with
the set A as set of states may be considered. Such a Markov chain will be
called an A-embedded Markov chain. Whenever spr(PK) < 1 its transition
matrix P(A) is related to P by

-1

(1.2;12) P(A) = PA + PAKEIK—PK] PAA.

1.3. MARKOV RENEWAL PROCESSES

In this section a summary of Markov renewal processes is given which
establishes the notation and states some properties needed in subsequent
chapters. For a more extensive treatment the reader is referred to [GINLAR
1969, 1975 resp.], unless stated otherwise.

Let (Q,H,P) be a probability space and let M = {1,...,J} be a finite
index set. On this probability space is for each n ¢ N defined a sequence
of pairs of possibly defective random variables in: Q > M and En: Q> n{k
such that 0 = EO < El < 22 < ... . The sequence of pairs (jn'En) thus
defined, forms a Markov renewal process if

(1) it has the Markov renewal property:

(1.3;1) P{3 =3 tptast | dg=igr-erd =1 0

]
Iet
o
A
It
A
-
A
Usa

IA

A
-
—

=®{j

= - < s = 1
I =30 t st 1n},

-n+1 -n

whenever IP{jO=iO,..., j_n=i s b, =0st, ST, <t
and

In
N
It

(ii) it is homogeneous in time, which means that for n € IN

(1.3;2) P {3

Ipa1 =3 By St L g =il =0y, LdeM

n+l -n =n

for some possibly defective distribution function Q(t)ij with support

: < .
in R and zjeM Q(t)ij < 1 for each fixed t € R, . Assume further
(1.3;3) r{j,=1i, t, =0} =1, for some i € M.

The family of probabilities {Q(t)ij, i,jeM, t eim+} is called a

semi Markov kernel and can be arranged in an JXJ-matrix Q with the functions



Q(t)ij as entries. Such a matrix is called a semi Markov matrix. For each
fixed t € I{+ the numbers Q(t)ij’ i,j € M, form a substochastic matrix Q(t).

A semi Markov matrix Q can, therefore, also be understood as a matrix func-

JIXJ

‘tion Q(t): R, ~» B{F . The name semi Markov matrix will be used in either

+
sense and will be abbreviated by SMM.

For an SMM Q(t) the limit limt+w Q(t)ij exists for i,j € M and the
numbers Pij are defined by

a .
(1.3;4) Pij = lim Q(t)ij for i,j € M.
oo

The numbers Pij also constitute a substochastic matrix. The Markov chain
induced by it is called the embedded Markov chain of the Markov renewal
process.

In relation to the possibly defective distribution functions Q(t)i

(n) J

i,j € M, are defined the functions Q (t)..: R, > ng_ for n=1,2,...

ij +
and i,j € M such that

(1)

Q (t)ij = Q(t)ij, for t € R,
and
(n) _ (n-1)
(1.3;5) QT ()4 = Y [ Q(au),, 9 (t-w) o for t € R,.
keM
uel0,t]

Observe that the matrices Q(n)(t), n=1,2,..., with as entries the func-
tions Q(n)(t)ij are again semi Markov matrices as a consequence of the con-
volution theorem for (possibly defective) distribution functions (cf.
[FELLER 1966, p.141]).

An SMM Q(t) is called normal if
(1.3;6) spr(Q(0)) < 1.

This property guarantees that the corresponding Markov renewal process
developes beyond time zero. Normality will be postulated in the sequel of
this section.

For fixed i,j € M the function R(t)ij: ]{F > I{F is defined by

o

(1.3:7) R(®) ;4 = 7 o™y, ..

n=0 H

R(t)ij is easily recognized as a renewal function and represents the expect-

ed number of renewals of state j in the time interval [0,t] if the initial



state is i. Observe that by (1.3;7) R(t)ij is right continuous and non-
décreasing. The matrix function t - R(t) with entries R(t)ij is called
the Markov rengwal matrix (abbreviation: MRM) corresponding to Q(t). The

following lemma states some equivalences.

LEMMA 1.3.1. The following statements are equivalent:
(1)  R(0) < o
(ii) R(t) < = for t e R,:

(iii) Q(t) is normal.

The following trivial properties of Q(t) and R(t) are frequently

used.

LEMMA 1.3.2. Let Q(t) be a normal SMM with MRM R(t) and P = limt+w Q(t) a
stochastic matrix. Let EA be some subchain of P. Then
(i) Q(t)ij = 0 for all t € B{F if and only if Pij = 0;

(ii) R(t)ij = 0 for all t eim+ whenever i ¢ EA and j ¢ EA'

The Laplace-Stieltjes transform of a normal SMM Q(t) is denoted by
g(s) . Each entry q(S)ij' i,j € M, of g(s) is for s 2 0 defined by

d -st
(1.3;8) Q(S)ij = I e Q(dt)ij-
tE]R+

Observe that lq(s)l <1 for s > 0. By an extension to finite matrices of
the multiplication rule for Laplace-Stieltjes transforms of convolutions
(cf. [FELLER 1966, p.411]), the transform of

(n-1)

(1.3;9)  a™(s) = a(s) q (s) = [q(s)1®,  for s = O.

Observe that "q(n)
22=0 (n)(s)ij, m = 0,1,2,... is bounded for s > 0 we have by the extended
continuity theorem for Laplace-Stieltjes transforms (cf. [FELLER 1966,

p-410])

(s)I < 1 for s > 0. Since the sequence of partial sums

a o -
(1.3;10) r(s),. = 2 q(n)(s).. = e st R(dt),., for s > 0.
ij ij 1]
n=0
ten{+

Note that as a consequence of (1.3;9) and lg(s)ll < 1 for s > Q
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©

(1.3;11)  x(s) = ) [q(s)1" = [I—q(s)]_1
n=0
and

(1.3;12)  r(s)q(s) = q(s)r(s).

The mth normalized moment of Q(t) is denoted by Qm' m € IN with
entries
-1

(Q).. d I (m!)

m
m’ ij t Q(dt)ij’

tsIR+

provided that the integral is finite for all pairs (i,j) e MxM. If Qm is
finite then QZ is finite for % < m. Notice that P = QO (cf. (1.3;4)). The
following lemma presents the asymptotic expansion for s + 0 of g(s) in its

normalized moments (cf. [CHUNG 1974, p.168]).

LEMMA 1.3.3. Suppose Qm is finite for some m ¢ IN. Then q(s) has the

asymptotic expansion

=]

q(s) = (—1)£ Q‘Q s£ + o(sm), s + 0.

L

Il ™~

0

The following asymptotic properties of r(s) for s + 0O are used in

chapter VI (cf. [DENARDO 19711]).

LEMMA 1.3.4. Let Q(t) be a normal SMM with corresponding MRM R(t). Let
P = QO be stochastic with Cesaro sum P . Let a € Eﬁl Then
(1) x(s) =0(1/s), s ¥ 0;

(ii) P*a = 0 implies r(s)a = o(1/s).

A partial Laurent expansion for r(s) in terms of the normalized
moments of Q(t) is provided by the following lemma (cf. [DENARDO 1971,
p.4841]) .

LEMMA 1.3.5. Let Q(t) be a normal SMM and let Qm+2 be finite. Let P = QO
be substochastic with Cesaro sum P*. Then r(s) has a partial Laurent ex-
pansion in powers of s at the origin given by
m .
r(s) = Z st Ri + o(sm), s v+ 0,

i=-1

X
where the matrices Ri € B§J J, i=-1,0,1,...,m are uniquely determined by
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the system of equations

[1-PIR, = F,
Rt i
(1 T
P QR =PG,,
with
I for i =0 i+1 9
+ ) (-1) Q, R, _
0 fori#0 =1

e

R;’

[[fe

Gi Fi+1

+ .

2 By
In case P is transient then the finiteness of Qm+1 is required and (1) sim-
plifies to

[1-p1 F,  for i > -1
d 1

(2) R,

0 for i = -1.

To conclude this section the Markov renewal equation in U(t): n{++ Dij,
given by '
(1.3;13) U(t) = G(t) + f Q(dy)U(t-y)
yelO,t]

is considered where G(t): n{++ Eg- is a given vector function and Q(t) is
a normal SMM. The solution space of (1.3;13) is constructed as follows.
Let the normin R° be defined as lvll = maijJIVjI. Let FJ be the collection
of functions U(t): R > R such that

(i) Uj is Borel measurable for j = 1,...,J;

(ii) lu(t)l is bounded on finite intervals.

A property of the solution of (1.3;13) is specified by

LEMMA 1.3.6. The Markov renewal equation (1.3;13) has a unique solution in

F_ given b
5 g. y

U(t) = J R(dy)G(t~-y)
yel0,t]

if Q(t) is a normal SMM and G(t) € FJ.
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The Markov renewal equation (1.3;13) can be obviously extended to
matrix functions. Each column vector function is the unique solution in
EJ of an equation of the type (1.3;13). The name Markov renewal equation
will also be used for this extension. Notice for example that a MRM R(t) is

uniquely determined by

(1.3;14) R(t) =TI + I Q(dy)R(t~-y) .
yvel0,t]

In this monograph, the vector function G(t) in (1.3;13) is assumed to
be of bounded variation. In agreement with its economic interpretation, it
will be called a reward vector. In order to define the normalized moments

of G(t), let G+(t) d max[G(t),0] and_G_(t) ! max [-G(t),0] for t e Eg:

h-1 .m + =1 m -
£ [ mH ™ " G (at) < » and [ (m!) "t G (dt) < « then the m~th
‘telRy . _1t€]R+
normalized moment G_ = f (m?) ™ G(dt) exists and is finite.
m teIR+

The Laplace-Stieltjes transform g(s) of a reward vector G(t) exists for

s 2 0. An asymptotic expansion for g(s), s + 0, is provided by

LEMMA 1.3.7. If a reward vector G(t) has a finite kth normalized moment Gk

for some k 2 0, then g(s) has the asymptotic expansion

k
g(s) = Z (—1)2 Gl 52 + o(sk), s + 0.

1.4. FINITE MARKOV RENEWAL DECISION MODELS

Markov renewal decision models with a finite number of states and a
finite number of actions per state were considered among others by [HOWARD
1960, 1963], [JEWELL 1963], [DE CANI 1964], [SCHWEITZER 1965, 1969],
[DENARDO & FOX 1968] and [DENARDO 1970, 1971].

Primarily a description of the general finite Markov renewal decision
model (cf. [DENARDO 1971]) will be given. Its name will be abbreviated by
MRD-model.

In the MRD-model a system is observed at a sequence of stochastic

epochs t , n = 0,1,2,... such that to =0 < t1 < t2 ... . At each epoch the
n = = =
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system is in a certain state. Let M = {1,...,J} be the set of states. If at

epoch En state i has been observed, the decision maker chooses an action k

from a finite se; of actions K(i). Each pair (i,k), i € M, k € K(i) induces

(i) a set of J possibly defective distribution functions Q(t)tj, jeM
with support on n{+ each representing the joint probability that the
next observation epoch occurs not later than En+t and state i is the
next observed state (implying zjeM Qij(t) < 1) and

(ii) a reward function C(t)i denoting the cumulative expected reward earned
by the system during the interval [En' min(t,§n+1)).

Let F g XieM K(i) and let f ¢ F. Each component f(i) of f satisfies f(i) €

€ K(i). Hence f specifies a decision rule. If the same decision rule f is

applied at each observation epoch, we speak of a stationary policy. The ad-

jective stationary is omitted in the sequel. Each policy f induces a normal
£(1)
ij

. Moreover, it is assumed that for i € M, k € K(i) and

SMM Q(t;f) with entries Q(t) , 1,5 € M and reward vector C(t;£f) with

components C(t)i(l)

jeM

k
(1.4;1) [ t Q(dt)ij < @,
teﬂu

Each policy f € F induces a vector function V(t;£f) which is the unique

solution in FJ of the Markov renewal equation

(1.4;2) V(t;£) = C(t;£) + [ Q(dt;f)G(t—u;f).
uel0,t]

Each component \7(t;f)i of G(t;f) is interpreted as the expected reward
earned in the time interval [0,t] during the Markov renewal decision process
induced by policy f with initial state i € M.

If discounting is invoked in the MRD-model then a reward at time t is
multiplied by a discount factor e—pt where p is the interest rate. Invoking
discounting in this model corresponds to Laplace-Stieltjes transformation of
the functions ﬁ(t;f), C(t;f) and Q(t;f). Their Laplace-Stieltjes transforms
are denoted by ¥ (p;£f), c(p;f) and g(p;£f) and exist at least for real p > O.
A component \7(p;f)i of ¥(p;f) then represents the expected discounted
reward in the time interval [0,w) during the Markov renewal decision process
induced by policy f € F with initial state i. ¥(p;f) uniquely satisfies

(1.4;2) in transformed form given by
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(1.4;3) T(pif) = c(p;if) + qlp:f)¥(p;f) for p > 0.

For fixed p > O (1.4;3) represents a set of J linear equations with
the components Vkp;f)i, i€ M as unknowns. A policy iteration method can be
developed (cf. [JEWELL 1963]) which computes a policy maximizing ¢ (p;f) over
f € F for any fixed p > 0. Such a policy is called p-optimal.

In [DENARDO 1971] p is considered as a variable. By substitution of the
asymptotic expansions for p + 0 of q(p;f) (cf. lemma 1.3.3) and c(p;f) (which
is similar to the one for g(s) in lemma 1.3.7) in equation (1.4;3) a part-
ial Laurent expansion for ¥(p;f) is obtained which is given by

n
(1.4;4)  9(pif) = [ ¥ (8" + 0™, ¥ 0
m=-1
whenever the normalized moments Qn+2(f) and cn+1(f) of Q(t;f) and C(t;f)
respectively are finite for some n € IN. The system of linear equations in

(Gm(f),§m+1(f)), m=-1,0,1,...,n given by

m+1
- _ _ m _ k -
[1-9, () ¥_(£) = (-1 c_(£) + k£1 D7 g BV (6
- _ m+1 _ ~
(1.4;5) [1-Qy(£) IV (£) = (-1)7" "c_,, (£) = Q (D)V _(£) +
m+2 X .
+ kzz (-D7Q )V (),

with C_l(f) d 0, has a solution which is unique in Gm(f).

The coefficient V—l(f) in 1.4;4) represents the expected average
reward vector per time unit in the long run for a fixed policy f € F. It
will be called the gain of policy f. A policy f* € F such that V_l(f*) 2
2 V—l(f) for £ € F exists and is called gain-optimal. A gain-optimal policy
which maximizes also Vo(f) over the set of gain-optimal policies is called
bias-optimal.

The computation of the gain V_l(f) for a policy f € F requires the
matrix Qo(f) and the vectors T(f) d Ql(f)T and Co(f). Hence if only the
data

(@5 = o), for 1,3 €M, k eX()
k d k _ k . .
(1.4;6) T, < Zjem(gl)ij = EjeM fteIR+tQ(dt)ij for ieM, k eK(i)

k
(Co)i = C(w)t for i eM, k e K(i)
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of the MRD-model are specified then the gain can be computed for each

k k
policy. If the data of the MRD-model are restricted to (Qo)tj, Ti' (CO)i
for k € K(i), i,j € M and moreover

(1.4;7) T >0 fork e K(i), ieM,
1

then we speak of the undiscounted MRD-model. If the data of the MRD-model

are restricted to (QO)tj' T?, (CO)? for k € K(i), i,j € M and

(1.4;8) T& 20

i
holds with equality sign for some pair (i,k), i € M, k € K(i) and if
moreover for each policy f € F and subchain Ex(f), A=1,...,L(f), of Qo(f)

(1.4.9) Tf(l) >0  for some i ¢ E,(f),

then we shall use the name uhdiscounted MRD-model with interventions.
Observe that assumption (1.4;7) is a sufficient and assumption (1.4;9) is
a necessary and sufficient condition for the normality of the SMM Q(t;f)
for each £ € F in the MRD-model.

Usually the gain g(f) d V_1(f) is computed by solving the system of

equations in g(f) and u(f)

g(£f) Qo(f)g(f)
(1.4;10)

u(f) = Qo(f)u(f) + Co(f) - T(f)og(f) .

(1.4;10) is a simplification of (1.4;5) for m = -1. A solution (g(£f),u(f))
of (1.4;10) is unique in g(f) but not in u(f). A particular solution of

(1.4;10) is obtained by defining

e
(1.4;11) u(f)i(x) =0 for A =1,...,L(f)
where i()A) is an arbitrarily chosen state in subchain EA(f).

In all three models a gain-optimal policy can be computed by
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METHOD 1.4.1. The following computational steps are to be executed:

(1) Fix an initial policy f1 € F.

(ii) Compute a particular solution (g(fl),u(fl)) to (1.4;10) for policy £
by taking for each state i(A), A = 1,...,L(f1) the state with the
largest index in subchain Ex(f1)'

(iii) Compute for each i = 1,...,J the action sets

. . k _
K, (1) = {k e K(i): ZjeM (Qg) 55 9(E) 5 =

K
- £).
MAX) k(i) zjeM (Qq) 55 9¢ 15}

and

]

) ) k k k _
Ky(i) = {k e Ky (1) (Cp)[ = g, T, + ZjeM (Qg)s5 W(Ep) g =

k k k
LCyly = 9;T; + 1. (Qo)ij u(fl)j]}_

= maxkéxl(i) jeM

(iv) Choose a policy f € F such that f(i) = fl(i) whenever fl(i) € Kz(i)
and f£(i) € K2(i) arbitrarily otherwise. If f£(i) = fl(i) for i e M

then stop. If f1 # £ then redefine f1 by £ d f and repeat operations

1
(ii), (iii) and (iv).

Next the well-known conditions for the optimality of a policy (cf.

[DENARDO & FOX 1968]) in the undiscounted MRD-model are stated in

*
THEOREM 1.4.2. A policy £ satisfying for i € M and k € K(i)

k * *
I (9p)i5 9ty <gte,,

jeM

with
) (QO)];_j g(f*)j = g(f*)i
jeM

implying

k * k k * *
(Cy)y = g(ET, + ] (Qg) 34 ulE )y Su(e)

jeM
is gain-optimal, i.e. g(f) Sg(f*) for £ € F.

REMARK 1.4.3. If each policy f € F has only one subchain then the condi-

tions of theorem 1.4.2 are reduced to

(co)? - g(f*)T? + jZM (QO)?j u(f*)j S1J(f*)i for ieM, k eK(i).



CHAPTER I1I

FINITE GENERALIZED
MARKOV PROGRAMMING MODELS

2.1. INTRODUCTION

The generalized Markov programming model, introduced in [DE LEVE 1964],
generalizes the Markov decision models of [HOWARD 1960] and [JEWELL 1963j.
The system considered has a general state space and can be controlled con-
tinuously. There is an underlying stochastic process, called the natural
process, which describes the evolution of the state of the system during

vthe course of time if the system is left uncontrolled. The decisionmaker
controls it by making interventions. An intervention causes an instantaneous
(possibly random) change of the state of the éystem. At each point of time
either an intervention can be taken or the natural process is left untouch-
ed. In the last case we speak of a null decision. A policy assigns to each
state either an intervention from a set of feasible interventions in that
state or the null decision in that state. The process resulting from the
natural process and a policy is called a decision process. For each fixed
policy the decision process is assumed to have the property that only a
finite number of interventions may be taken in any finite time interval.
Also in [DE LEVE 1964] a policy iteration method has been developed and is
proven to approximate the minimum expected average cost per unit of time
sufficiently good if the number of iterations is large enough.

Applications of the model and the method are presented in [DE LEVE &
WEEDA 1968] and in [DE LEVE, TIJMS & WEEDA 1970]. Recently in [DE LEVE,
TIJMS & FEDERGRUEN 1977 ] the general model is treated under the simplifying
assumption that any decision process has a fixed regeneration state. The
authors also provide some applications of this approach.

In the sequel the general model is considered under the much stronger
assumption that the natural process is a finite state Markov renewal process
and the sets of interventions are finite sets. This finite model is des-

cribed in section 2.2. In section 2.3 a policy iteration method is presented

‘
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which is predominantly a direct specialization of the general method to this,
finite model. Under these stronger assumptions a stronger result as finite
step convergence is possible and proved in chapter III. Further such a
specialization makes sense because the general method is no ready made tech-
nique and presents no computational procedures for its operations. Partic-
ularly the so-called cutting operation indicates no specific computational
procedure. Such a procedure is developed in chapter IV. Furthermore, the
finite step convergence proof of chapter III is given in a more general
setting then is needed for the policy iteration method of section 2.3. This
is done to allow for variants on this cutting operation. These variants

are worked out in chapter IV and are computationally investigated in chapter
V. Also the existing methods of HOWARD and JEWELL are included in this in-

vestigation.

2.2. A FINITE GENERALIZED MARKOV PROGRAMMING MODEL

d
A system is controlled by a decision maker. Let ¥ = {1,...,J'} be the
set of observable states of the system. If the decision maker leaves the
system untouched the evolution in time of the system is described by a

stochastic process called the natural process.

ASSUMPTION 2.2.1. The natural process is a Markov renewal process induced

by an SMM N(t) with IN(O)I < 1, N d

f t N(dt) < « and associated
1 telr,

with it a reward vector G(t).

The natural process is assumed to possess some additional properties

specified by

ASSUMPTION 2.2.2. There exists a unique nonempty set A c ¥ such that

0
(1) N(t)ij =0 for i € Ay, J e ¥;
(ii) G(t), = 0 for i € A.;
i 0 a
(iii) zjeW (NO)ij =1 for i ¢ A, with N, = ItenlkN(dt);
(iv) (N)).— is transient.
0 A,

The decision maker may only interrupt the natural process at one of
its observation epochs. An interruption immediately followed by an instanta-
neous (possibly random) change of the state of system, is called an inter-

vention.
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ASSUMPTION 2.2.3. An intervention x in state i € ¥ induces

T X _
1,...,J"}with zjew Pij 1 each

representing the probability that j is the state observed after

(i) a family of probabilities {P’i‘j, i

applying intervention x in state i,

(ii) a reward G;( € IR.

The only possible alternative to applying an intervention in some state
is to leave the natural process untouched until its next observation epoch.

This alternative is called the nulldecision in that state.

ASSUMPTION 2.2.4. The nulldecision xo(i) is feasible for ie l-% and not for i € AO.

From assumption 2.2.1 it is clear that the nulldecision xo(i) in
induces the family of probabilities {N(t)ij, jeV¥Y, te ]R+} and the
reward function G(t)i. ‘

Immediately after applying an intervention the state of the system is
again observed and followed by either a new intervention or the nulldecision
in the new state. This implies that in this finite model a sequence of
interventions at one epoch is permitted rather than only one in the general
model (cf. [DE LEVE 19641]).

The sets of actions at the disposal of the decision maker are specified

by

ASSUMPTION 2.2.5. In each state i € ¥ a finite set of actions X(i) is given
such that

(i) X(i) consists of the interventions in state i if i € AO;
(ii) X(i) consists of the interventions and the nulldecision xo(i) in

state i if i ¢ AO.

In the sequel the symbol x will be used for an action (here either an
intervention or a nulldecision). The notation xo(i) will not be used unless
the nulldecision is specifically meant.

In this model the set of policies Z is given by the Cartesian product

e

2.2; X i).
( il) Z ieV X(1)
The process resulting from the control of the natural process by a policy

z € Z is called the decision process corresponding to policy z. Further, to

each policy z € Z corresponds a partition (A(z),A(z)) of ¥ with
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d . .
(2.2;2) A(z) = {i e ¥: z(i) # Xo(l)}.
An element of Ajz) is called an intervention state. The SMM associated with

policy z € Z will be denoted by S(t;z). Notice that entry S(t;z)ij of
S(t;z) is given by

N(t)ij for iéAa(z), jJj eV
(2.2;3) S(t;z),. = .
1] z (i)
Pij for iea(z), jeV

The numbers P:;l), i € A(z), j € ¥, can be arranged in an |A(z) |xJ'-matrix

denoted by P (z) . In partitioned form S(t;z) is then given by

A(z)Y

(2.2;4)  S(t;z) =| ---->212112 ;

ASSUMPTION 2.2.6. The SMM S(t;z) is normal for each z ¢ Z.

REMARK 2.2.7. Assumption 2.2.6 is made to prevent that the decision process
for each fixed policy z € Z does not develop beyond some observation epoch.
To prevent this several conditions are possible which are either necessary
or sufficient or both for assumption 2.2.6 to hold. By the assumptions 2.2.2
and 2.2.3, assumption 2.2.6 implies the existence of a nonempty set A1 such
that

(1) X(i) = {xo(i)} for i € A .

The existence of A1 is a necessary condition. A sufficient condition for the

validity of assumption 2.2.6 is

(2) P(Z)A(z) =0 for z € Z.

A more general form of condition (2) is assumed in the general model (cf.

[DE LEVE 1964]).

A necessary and sufficient condition is

(3) spr(P(z)A(z ) <1 for z € Z.

)

In chapter VI the model of this section is parametrized by the assumption
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that each intervention takes a small time € > 0. € is then considered as a
variable. Then assumption 2.2.6 can be dropped at the expense of the appear-
ance of an extra term in the principal part of a partial Laurent series
expansion of the expected discounted reward vector in terms of € and the

interest rate p.

2.3. POLICY ITERATION IN THE FINITE GENERALIZED MARKOV PROGRAMMING MODEL

In the sequel the model of section 2.2 will be referred to as the
finite GMP-model. If the data of the natural process in the finite GMP-

model are restricted to the O-th moment N0 of N(t), the O-th moment G0 of

G(t) and the row sums of the l-st moment N1 of N(t) given by T g N1 1, then

the model will be called the undiscounted GMP-model.

Summarizing we have in the undiscounted GMP-model for the natural process

(2.3;1) (NO)ij =0 for j e ¥; (GO)i = 0; Ti =0 for i e AO
A S . N - .
(2.3;2) (Ng) ;5 2 0 for j e ¥; .Z (Ng) g5 = 1 for i ¢ A

je¥
(2.3;3) (GO)i €e R; 0 < T, < for i ¢ A,

(2.3;4) SPI((NO)X_) < 1.
0
For convenience assumption 2.2.6 is sometimes replaced by the equivalent

(2.3;5) spr(P(z)A ) <1 for z € Z.

(z)
For the finite GMP-model a policy iteration method is developed which

computes a policy maximizing the gain, i.e. the expected average reward

per unit of time in the long run. The data of the undiscounted GMP-model are

sufficient for this computation. In preparation it is necessary to

define several quantities related to the natural process and the decision

process for a fixed policy z € Z. Some properties of these quantities are

developed. These results are partly used to prove some properties of the

solution of a set of equations arising in one of the operations of the
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policy iteration method and partly stated in preparation of the development
in the chapters VI and VII.

The policy iteration method is to a considerable extent a specialization
of a general scheme given in [DE LEVE 1964]. However, it has the facility
built in to handle policies which imply a sequence of interventions at the
observation epochs.

The method is iterative and consists of a preparatory part and four
operations per iteration step. The first two operations are respectively
related to the policy evaluation and policy improvement operation of method
1.4.1. For the third operation, called the cutting operation, no specific
computational procedure is indicated by the general scheme. Computational
methods for this cutting operation are developed in chapter IV and investi-

gated on their computational merits in chapter V.

Primarily two vectors related to the natural process are specified in

definitions 2.3.1 and 2.3.2.

DEFINITION 2.3.1. The vector k. € nfl is defined by

0
(1) (ke = [T = (=] (6o
0 0 0 0
(2) (kg) o <o.
0
DEFINITION 2.3.2. The vector t0 € n{ﬂ is defined by
d -1
(1) (t0)36-= [IXa - (NO)KE] TKE
(2) (to)a <o.
0

Notice that (ko)i ((to)i) represents the expected total reward incurred
(expected total time elapsed) during the natural process with initial

state i ¢ AO until the set A is entered.

0

The next two quantities involve one action and the natural process.

DEFINITION 2.3.3. For each action x € X(i) and state i € ¥ a number

k(i,x) € IR is defined. For x intervention in state i ¢ A1

a
K(i,%) =G + ) P

X
(k) L= (k)
L, Pty - o)y

ij"o
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and for the nulldecision in state i ¢ A,

(e

K(i,%,(1)) = 0.

DEFINITION 2.3.4. For each action x € X(i) and state i € ¥ a number

t(i,x) € R is defined. For x intervention in state i ¢ A1

d
t(i,x) = )} Pr(t), - (t

)
jey 13073

0°1i

and for the nulldecision in state i ¢ Ao

. . d
t(l,xo(l)) = 0.

The term—(ko)i (—(to)i) appearihg in the right-hand member of the
definition of k(i,x) (t(i,xf) is interpreted above. The term G: +
Xjew P}.:j(ko)j (Ejew sz(to)j) represents the expected total reward incurred
(expected total time elapsed) if in initial state i intervention x is taken
and after that the evolution of the system is described by the natural pro-
cess until the set Ao is entered. This interpretation covers also the case
that in state i the nulldecision xo(i) is taken.

Next two matrices related to the natural process and a set of states
A are introduced and some of their properties are summarized in the lemmas
2.3.5 and 2.3.6.

LEMMA 2.3.5. Let A be a given set of states such that A, € A c ¥, Then the

0
matrix [Ig - (NO)KJ is nonsingular and its inverse

< -1
R, (A) [Ig - (NO)EJ

exists.

PROOF. Because AO 2 K, (NO)FE transient (cf. assumption 2.2.2 (iv)) implies

(No)— transient by lemma 1.2.2. The assertion follows then by lemma 1.2.1. [J

A

LEMMA 2.3.6. For a given set A satisfying A

o & A< Y the matrix UO(K) €
R |EI*IAl gefinea by

- d -
UO(A) = RO(A) (NO)EA
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has the following properties
(1) Uy(a) 2 0;

id A = I-

(ii) UO(A) 1A 3

PROOF. By the lemmas 2.3.5 and 1.2.1 the entries of the matrix Ro(i) are in-
finite sums of nonnegative real numbers implying Ro(g) > 0. Because also

(NO)EA > 0 assertion (i) easily follows. By assumption 2.2.2(iii) and because
A, 22

(No)g 75 + (NO)I:A 1A = 75.

Hence

UO(A) IA RO(A)(NO)EA TA

RO(A)[IK - (NO)KJ 75

= Ii 15 = 15 ’

completing the proof. [J

Observe that RO(K) is the Oth moment of the MRM corresponding to SMM
N(t)z (cf. lemma 1.3.5 (2)). Each entry Uo(i)ij, i ¢A, jeA, is interpreted
as the probability that state j is the first state taken on in the set A by

the natural process with initial state i ¢ A.

The following lemma states two relations expressing respectively (ko)g

in (ko)A and (to)i in (to)A for a set of states A, A, c A c V¥,

0

LEMMA 2.3.7. For each set of states A such that AO cacY, (ko)i and

(tO)X satisfy respectively
(1) (ko)g = RO(A)(GO)E + UO(A)(kO)A;

(ii) (to)i = RO(A)TA + UO(A)(tO)A.

PROOF. Premultiplying (1) of definition 2.3.1 by [Iz - (N,)z_ 1 shows that
—_— Y AO 0 Ao

(k)= = (G,)x + (NJ)= (k)% -
0 Ay 0 A, 0 A, 0 A,

Since A, 24 and (ko)AO =0

(1) kglg = Gyl + (N z(ky)z + (Ny) 74 (Kg) 5
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By the lemmas 2.3.5 and 2.3.6, (1) is equivalent to
(2) (kolg = RO(A)(GO)K + UO(A)(kO)A-

The relation (ii) follows by replacing k, and G, by t

0 0 and T respectively. [

0
Some quantities related to the decision process for a fixed policy

Z € Z are specified in

DEFINITION 2.3.8. For each fixed policy z € Z the following quantities are
defined.

1]
(1) The vectors k(z) and t(z) € ]ij with components k(i,z(i)) and t(i,z(i)),

ieV.
J'xJ’
(ii) The matrix So(z) € R by
No)atz) v
So(z) = | ————————— .
P(z)A(z) y

The Cesaro sum of nonnegative powers of So(z) is defined in the usual
*

way and denoted by So(z). Observe that the matrix SO(Z) is stochastic

by assumption 2.2.2 (iii) and assumption 2.2.3. The set of persistent

states is denoted by E(z) and the set of all transient states by F(z).

The subchains of so(z) are denoted by EA(Z)' A=1,...,L(z).

]
(iii) The vectors Go(z) € n!J and 1(2) € Iﬁi by

Go(z) g ———————— and T(2) = —

z (i
respectively, where G denotes the vector with components Gi( ),

A(z)
i € A(z), induced by the décision process of policy Z.

(iv) The matrix P (A(z)) € R |a(z) [x]a(z) |

+ of the A(z)-embedded chain, by

d PR
PO(A(Z)) = P(Z)A(Z) + P(Z)A(z)m‘ UO(A(Z)) .

Notice that PO(A(z)) is stochastic by lemma 2.3.6 (ii) and assumption

2.2.3. The Cesaro sum of nonnegative powers of PO(A(z)) is defined in
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the usual way and denoted by P;(A(z)). The matrix HO(A(z)) €

wP@IXIRE] g fined by (cf. section 1.2)

. a : . ]_1 . .
HO(A(z)) = [1 - PO(A(z)) - PO(A(z)) - PO(A(Z)).

A(z)
The set of persistent (transient) states of the A(z)-embedded Markov
chain is denoted by E(A(2)) (F(A(2))). The subchains of PO(A(z)) are

denoted by EA(A(z)),‘ A=1,...,L"'(z), where L'(2) is thé number of

subchains of PO(A(z)).

]
(v)  The matrix T (2) € =Y x|a(z) | by

PO(A(Z))

The ith row of Fo(z) is easily interpreted as the probability distrib-

ution of the first future intervention state given initial state ieVY.

The next lemma shows the equivalence of the solution sets of the equa-

tions u = So(z)u and p = Po(z)uA(z) for a fixed policy z € Z.
1]
LEMMA 2.3.9. For a vector | € ng- we have for fixed z € 2

u = SO(Z)u = | = I‘O(Z)uA(Z)-

PROOF. By the lemmas 2.3.5 and 2.3.6 and definition 2.3.8 (ii) we have

Yz T S P atr Ve T S0P Aty A Mace)

= Nolatzr Yrer ¥ Yol mtET AG2) Pace)

which is equivalent to

UO(A(Z))UA

s Yean (z)°

Using definition 2.3.8 (ii) and (iv)

uA(z) = sO(Z)A(z) uA(z) * SO(Z)A(z) A(z) "A(z) =



27

= P(z)

a(z) Yaz) T EP@Ea@am Vo (B) 1y,

PO(A(Z) )uA(z) .

The use of definition 2.3.8 (v) completes the proof. [

The next lemma proves that the number of subchains in the decision
process of a fixed policy z € Z equals the number of subchains of the A(z)-

embedded Markov chain.
LEMMA 2.3.10. For each fixed policy z € Z
L'(z) = L(z).

PROOF. Since (NO)KTET

L'(z) 2 L(z). On the other hand by (2.3;5) EA(Z) naz) # @ for A=1,...,L(2)

is transient EX(Z) nA(z) #¢ for A = 1,...,L(z) and

and L'(z) < L(z). Hence L'(z) = L(z). 0O

The lemmas 2.3.11, 2.3.12 and 2.3.13 establish some relations between
S5(2), Py(a(2)), k(z) and t(z).

LEMMA 2.3.11. For each fixed policy z € Z we have

(i) (z P(z)

o *

a(z)E(ET RoB(2)) = 54 (2) gy i
*

PO(A(z)) = SO(Z)

)WA(z)

(z)

*
O
*
(ii) S0

YA (2) Ya(z) "

PROOF By partltlonlng the matrices S (z) and S (z) the relation

S (z) S (z) = S (z) implies the four relatlons

* *
(1) S0 x1zr = So @ xrEr M)At * S0 xtera (2 P a2y ETET

*
(2) S0 aTa () = So @ atr Mo'atEac) * So P Em ) @a )
3 * = st N + s )., P(z)
(3) S0 a () aET = S0P Az No'aEr (2) 5 (2) 2B p (2)ETEY
4 s* = s¥( N + s
(4) 0®ai) = S0P aam M) amae t 50® A=) P a

. * . * . . s
Solving S (Z)A(z)_T_T'from (3) and S (Z)KTET from (1), which is permitted
because (N )—T_T is transient, yields
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* * —
(5) So B xtzr = S0 @ mEraz) PP a(z) mrrRo B (2)
and

* - * —_—
(6) S0 a)E@m ~ 50 a@) 2P a2 xR0 B (@)

(5) and (6) constitute assertion (i). Substitution of (6) in (4), and (5)

in (2) yields respectively

* *
(7) So(z)A(z) = SO(Z)A( )PO(A(Z))
and
*
(8) SO(Z)XTETA(z) s® (Z)A(Z)A(z) PO(A(Z)).

(7) and (8) constitute assertion (ii). 0O

LEMMA 2.3.12. For each policy z € Z the vector t(z) satisfies

(i) t(z)A( ) [p (A(z)) - A( )] (tO)A(z)i-P(z) R (& (z)) 1=

(ii) S (z)t(z) = s* (Z)W~7—T'KT_7'

A(z)A(z) A(z)’

PROOF. By its definition t(z)A(z) satisfies

(1) t(z) = P(2) - (t,)

a(z) a(z)v %o 0’ a(z)

P2)ayaEr 0w T P Pae T Tam ) am

By substitution of the relation (ii) of lemma 2.3.7 into (1) implies asser-
tion (i). To prove assertion (ii) notice that by lemma 2.3.11 (ii), assertion

(i) and lemma 2.3.11 (i)

* *
Sop(z)t(z) = SO(Z)WA(Z) t(z)A(z)
* ——
= S5 ya 5y P24 oy aray RoB@) Ty
= 502 yxray mET 0

LEMMA 2.3.13. For each policy z € Z the vector k(z) satisfies

(i) k(Z)A(z) = [PO(A(Z)) - A(z)](ko)A( )

+ P(z) R,(@& a(z)) Gy (2)

+ G (Z)A(z) +
A(z)A(Z)

-NCAM
(ii) s (z)k(z) = s*(z)G ().
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PROOF. By its definition k(z)A(z) satisfies

(1) k(Z)A(z) = GO(Z)A(z) + P(Z)A(z)w ky - (kO)A(z) =

= GO(Z)A(z) + P(Z)A(Z)Alzi (kO)A(25 + [P(Z)A(z)_IA(z)](kO)A(Z)'

Substitution of lemma 2.3.7 (i) into (1) implies assertion (i). To prove
assertion (ii) observe that by lemma 2.3.11 (ii), assertion (i) and lemma
2.3.11 (i)

*
So(z)k(z) = +

. _
S0 ya(z) P @ a(z)arEr RoR (26, (2) gy

G, (z)

*
* 50 yaz) %P a2

+ S;(z) G, (2)

.
S0 (2) yxrzy o B aTEy YA (z) a(z) =

*
= So(z)Go(z). 0O

The following theorems are concerned with the general solution to a
set of equations arising in the policy evaluation operation of the policy

iteration method.

THEOREM 2.3.14. Let z € Z be a fixed policy. Let for each fixed h\ €
{1,...,L(Z)} H
with ¢X(A(Z))i =1 for i e EX(A(Z)) and ¢>\(A(z))i =0 for i € E(A(z))\EA(A(z)).

¢A(A(z)) be the solution to the equation u = PO(A(z))u

Then the set of equations

(a) y(z) = PO(A(Z) )Y(z)A

A(z) (z)
(1)

(b) = PQ(A(Z))WA + (k(2) —y(z)l:|t(z))A

Ya(z) (2) (z)

has a solution (y(z) ). The vector y(z)A is uniquely given by

a(z)""a(z) (z)

L(z)
(2) Y(2) g ) = x£1 ¥,(2) ¢, (Az).

The scalars yA(z) are given by

<85 (2) ; Kk (2)>
(3) y,(8) = —————  for A =1,...,L(2),

<s;(z)i,t(z)>
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* *
where So(z)i is the row of matrix So(z) corresponding to an arbitrary state

ie EA(A(Z)). The general solution for w

a(z) is given by

: L(z)
(4) Va(z) = Bo(B(2)) (k(2) ~y(2)at(z), . + le B ¢, (A(2)),

where the BA' A=1,...,L(z) are arbitrary constants.

PROOF. By lemma 1.2.4 the general solution of (1) (a) is given by

L(z)
(5) ¥(2), ) = AZI ay ¢, (a(z)),

where the aA, A=1,...,L(z) are constants still to be specified. To specify
the Oy (1) (b) is premultiplied by the matrix Sg(z) to yield by lemma

2.3.11 (iii)

YA(z)

(6) S5 (2) (k(z) -y(z)Bt(2)), = O.

YA (z) (z)

Substitution of (5) in (6) yields for each i € EX(A(Z)) with X ¢ {1,...,L(2)}

fixed

0.

(7 <8g(2); /k(2)> = o <Sp (), t(2)>

A

Since by lemma 2.3.11 (ii) and T(z)i > 0 for i € A(z)
8 < * > =< * > >0
(8) SO(Z)i,t(Z) = So(z)i,T(Z) ’

oy is uniquely determined by (7).

Defining yx(z) = ax completes the proof of (3). By lemma 1.2.8 with
b = (k(z)-—y(z)nt(z))A(z) and by lemma 1.2.4 the general solution of (1) (b)
is given by (4). 0O

COROLLARY 2.3.15. A particular solutionof (1) (b) of theorem2.3.14 is obtained

if in each subchain EA (A(z)), A=1,...,L(2), one arbitrary state i (\) is chosen

for which wi()\) = 0. The scalars B)\ in (4) are in this case specified by

(1) B, = ~[Hy(A(2)) (k(2) ~y(z)mt(2)] .

THEOREM 2.3.16. If the constants BA’ A=1,...,L(2) in theorem 2.3.14 are

specified then the system of equations in y(z) and w
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y(2z) I‘O(Z) y(2)

A(z)
(1) )

w o= To(z) w

A(z) + k(z) -y(z)Dt(z)

has a unique solution.

PROOF. The subvectors y(z)A(z) and wA(z) are uniquely determined by theorem
2.3.14 and corollary 2.3.15. By the lemmas 2.3.5 and 2.3.6 also Y(Z)KTET

and WKTET are uniquely determined by

Y(z)m = UO(A(Z)) Y(Z)A(Z)
and
N = UO(A(Z)) w

A(z)'
completing the proof. [

Finally a policy iteration method for the finite GMP-model is stated.
In the sequel the method will be referred to as GMP1.

METHOD 2.3.17 (GMP1). The method consists of the following five main opera-
tions:

(1) Preparatory part. Compute the vectors k0 and t0 and the real numbers

k(i,x) and t(i,x) for i e ¥, x € X(i). Fix an initial policy z € Z.

(ii) Policy evaluation operation. Compute the particular solution

(y(z) ,w(z)) to the system of equations of theorem 2.3.16 obtained
by taking for each state i(A), A = 1,...,L(z), the state with the
largest index in subchan EA(A(z)).

(iii) Policy improvement operation. Introduce the notation

(N,)

a 0)ij for x = xo(i), ié AO
X ’
Bolis = § x
Pij for x € X(i), x # Xo(l): ieV
and
X(1)\{x, (i)} for i € A(z)\A
da 0 0
X (1) otherwise.
Compute :

(1) the vector ¥ € HJI with components 91 with
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(iv)

X

max [ Y (s )X, Y(Z).] ’
ex, (i) Lyey 01 3

(2) the set of actions in each state i € ¥ given by

a b4 s
X, (i) = {x € X (1) ) (SO)ij Y(Z)j = Y-} ’

jey *

(3) the vector W € nfr with components Wi given by

w, =

X

max [k(i,x) -9.t(i,x) + 2 (s, W(Z).] ’
€X, (1) o jey 013 J

(4) the set of actions in each state i € ¥ given by

X3(1)

(5) policy

{x € X2(i): k(i,x{--?it(i,x)+jzw(so)§j'w(z)j = Wi}’

2 € 2 such that 2(i) = z(i) whenever z(i) € X3(i). If

z(i) ¢ X3(i) then choose Z(i) € X3(i) arbitrarily.

Cutting operation. Let A satisfy A

0

the vectors y'(A) and w'(A) respectively by

-UO(A)T
y' (@) = |---—- ¥
E.
and
.UO (A) -
w'(A) = | =———- w .
_IA .

Define the collection of sets

Define the
a%(2)
and policy

z' (1)

d

M(2) = {a,caca@: [y ()5 (5 W' (A)A(z)] > [?A(Z) ,wA(z)J}.
set
4a
= n a
aeM(2)
z' such that
{ 2 (1) for i € A(z')

xo(i) for i € A(z")

c A c A(2). For each set A define
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with A(z') defined by

A(z') = 2%(2) u {i € 2%(2) n a(2): y'(A*(2))i =9,

and w' (A%(2)), = @.}.
i i
(v) If z'(i) = z(i) for i € ¥ then stop. Otherwise redefine z equal to z'

and repeat operations (ii)...(v).

REMARK 2.3.18.

(i) A large part of the computation of k(z) and t(z) for a particular
policy z is done in the policy independent preparatory part.

(ii) The collection M(2) is nonempty because A(2) e M(2).

(iii) A(z'),A*(Z) e M(2) is proved in chapter IV.

(iv) No specific computational procedure is indicated in operation (iv)vto
compute the sets A*(Z)Aand A(z'). We shall return to this problem in

chapter 1IV.

Finally the relationship between the undiscounted GMP-model and the
undiscounted MRD-model with interventions is exhibited.

Let HO denote the class of problems satisfying the assumptions of the

undiscounted MRD-model with interventions (cf. section 1.4). Let H2 denote
the class of problems satisfying the assumptions of the undiscounted GMP-

model. Then it is immediately verified that m e II, implies w ¢ I . Conver-

2
. A transformation © to be applied on 7 € II

0

sely let m e II is specified

0 0

in

DEFINITION 2.3.19. The transformation O transforms a problem T € HO into

a problem O(m) by the following steps:

(i) Define a nonempty set AO such that

M>A. > {ie M: T];_=OforkeK(i)}.

0

3

If the right-hand set is empty then AO may be any nonempty subset of M.
(ii) For each i € M\AO if AO # M specify a particular action k € K(i) satis-
fying Tt > 0. Denote this action by xo(i).
(iii) Extend the set of states to

v My {m=(i,k): T’i‘ >0, k € K(1)\{x, (1)}, i e m}.
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(iv) Define a substochastic matrix N_. with entries

0
k . .
(Qo)ij form = (i,k) € Y¥\WM, j e M
a . B o
(NO)mj = orm=1ic¢ M\AO, k = Xo(l), j e M,

0 otherwise,

a vector T with components

(1)

Tt form = (i,k) ¢ Y\Mor m ie M\AO, k =x

d
T =
n

0 otherwise

and a reward vector G, with components

0

(c )t form = (i,k) ¢ YWMorm =1 ¢ M\AO, k = x(1i)

0
(GO)m =
0 otherwise.
(v) For each pair (i,k), i e M, k € K(i)\{xo(i)} such that TE > 0, an
intervention x in state i is defined inducing a reward ? =0 and a

deterministic transformation to the state (i,k) € Y\M.

(vi) The set X(i), i € ¥, is defined by

K(i) for i e M
X(i) =
{xo(i)} for i € Y\M.

It is easily shown that O(w) € H2 at least if AO = M. Depending on the

structure of the problem under consideration also other choices of AO are

possible to guarantee that ©(m) e II,. The freedom of choice of the set AO

2
can then be exploited in the computation of a gain-optimal policy. Observe

that in this respect the number of statesin ¥ is maximal and the cutting

operation is superfluous if AO = M is chosen.



CHAPTER III

ON THE CONVERGENCE OF GMP-SCHEMES

3.1. INTRODUCTION

In this chapter a more general version of the policy iteration method
GMP1 for the finite GMP-model is considered. This version is called a GMP-
scheme. It contains GMP1 and other variants, to be specified in Chapter IV
as special cases.

A GMP-scheme has the preparatory part and the policy evaluation opera-
tion in common with GMP1 but replaces operations (iii), (iv) and (v) by an
operation called a compound policy improvement operation. The computations
to be executed in this operation are not specified but only the properties
are stated which are required to obtain the final result of section 3.2:
convergence within a finite number of steps to a gain-optimal policy. The
properties imposed upon this compound policy improvement operation are

specified by definitions 3.1.1 - 3.1.3.

DEFINITION 3.1.1. Let z,2' € Z be policies. Let (y(z),w(z)) be the solution

to the system of equations in the policy evaluation operation of GMP1, ob-

tained in the way indicated by corollary 2.3.15, for a particular policy z.
i

The components of the vectors y((z')z),w((z')z) € ]iJ are for i € A(z")

defined by

d
(1 y((zz), = ) s (z").. y(z),
i jev 0 ij j
and
(2) w(tzhz), & jgw So(z") g W@y + k(2 - y((2)2); (=),

The components of y((z')z) and w((z')z) for i ¢ A(z') are defined by

' g v
(3) y((z)z), = jzw Sp(z') ;5 vz 2),
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[[fe7]

(4) w((z')z) Zso(z')ij wi(z")z) .

je¥

Observe that in (1) and (2) the vectors y(z) and w(z) are involved
while (3) and (4) are relations among the components of the vectors y((z')z)

and w((z')z) respectively. This difference is typical for a GMP-scheme.

DEFINITION 3.1.2. For each policy z € Z the sets of policies D(z) and D*(z)

are defined by

D(z)

{z'" € Z: [y((z")z),w((zM)z)] > [y(z),w(z)]}

D*(Z)

{z' € 2: [y((z")2z),w((z")2)] P> [y(2),w(z)]}.

Observe that D(z) is nonempty because z € D(z) for z € Z. However

*
D (z) may be empty.

DEFINITION 3.1.3. An operation computing a policy z'e D(z) and redefiningz

by z d z'" is called a compound policy improvement operation. An iterative
method consisting of the preparatory part of GMP1, the policy evaluation
operation of GMP1 and a compound policy improvement operation is called a

GMP-scheme.

Definition 3.1.3 specifies a minimum requirement for a method to be
called a GMP-scheme. Two additional conditions, required for finite step

convergence to a gain-optimal policy, are given in

DEFINITION 3.1.4. A GMP-scheme is called

(i) distinctive if z' ¢ D*(z) whenever D*(z) @,
(ii) preserving if z'(i) = z(i) whenever y((Z')z)i = y(z)i and

w((Z')Z)i = W(Z)i.

3.2. AFINITE STEP CONVERGENCE PROOF FOR DISTINCTIVE AND PRESERVING GMP-SCHEMES

Because the policy evaluation operation of GMP1 is maintained in a
GMP-scheme the definitions and results of section 2.3 apply to a GMP-scheme.

Only some additional notation is needed. For each policy z € Z we define

(3.2;1) EGEED S E(2) 0 A2
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and

(3.2;2) F(A(2) 2 F(z) n (D).

In relation to the compound policy improvement operation two additional

vectors are specified by

DEFINITION 3.2.1. The vectors §((z')z) and w((z')z) € ﬂfj are defined by

(1) y((z")z)

So(z")y((z')2)

and

(2) w((z')z) Splzhw((z')z) + k(z') - y((z')z)ot(z").

The following theorem specifies some properties of a GMP-scheme.

THEOREM 3.2.2. Let, for a given policy z € Z, z' € D(z) be the policy ob-

tained by the compound policy improvement operation of a GMP-scheme. Then

(i) 3_(((z')z)i = y((z')z)i = §((z')z)j = y((z')z)j for i,j € EA(Z') and
each fixed X € {1,...,L(z")};

(ii) ;v((z')z)i 2 w((z')z); for i € E(A(2"));

(iii) y(Z')E(z.) 2 y((Z')Z)E(z.) 2 y(f)E(z.);
(iv) y(z')E(z,) = Y(Z)E(z') implies w((z')z)E(Z,) = w((z')z)E(z.);
(v) y(Z')F(z.) z y((Z')Z)F(z,) 2 y(Z)F(Z.);

(vi) y(z') 2 y(=z).
If in definition 3.1.2 the symbol Z.is replaced by (=) then (i) - (vi)

hold with reversed inequality signs (equality signs).
PROOF. By the definitions 3.1.1 and 3.2.1 we have
(1) y((z")z) = 5)(z")y((z")z) 2 y((2z")2) 2 y(z).

Applying lemma 1.2.7 to (1) per subchain implies assertion (i). Assertion

(i) implies

(2) Y So(z')ij[y((z')z)j-y(z)j] 0 for i € E(A(z"))

je¥

and consequently

v

(3) Xso(z')ij[w((z')z)j—w(z)j] 0 for i e E(A(z')).

je¥
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Adding k(z')i - y((z')z)it(z')i to both sides of (3) yields

(4) G((zf)z)i z So(z')ijw((z')z)j +k(z')i —y((z')z)it(z')i

je¥

v

jz‘y Sp(2') 4 jw(2) 5 +k(z"); - y((z)z2) t(z"),

W((Z')Z):.L for i € E(A(z")),

which completes the proof of assertion (ii). By the definitions 3.1.1 and

3.2.1 we have for i ¢ A(z')

(5) w((z')z), = jgw Sp(2)wi(z)2) 5 = wi(z")2),;

(4) and (5) imply

(6) w((z")z = S4(z") w((z")z)

+
E(z"') E(z") E(z")

+ [k(z") -y((z")z) ot(z")]
: E(z")

> w((z')z)E(z,).
Premultiplying (6) by S;(z')E(z') yields
*
[] 1y - [] ] >
(7) so(z )E(z.)[k(z ) —y((z')z) ot(z )]E(Z') 0,

implying the left-hand part of assertion (iii). The right-hand part of
assertion (iii) is implied by z' € D(z). To prove assertion (iv) notice

that y(z')E(z,) = Y(Z)E(z') implies the equality sign in (7) and also

* -
(8) Sy (2 )E(z.)EW((z )z) —w((z )Z)]E(z.) = 0.

By lemma 1.2.5 (ii) and (iii) applied to the matrix S;(z) (8) implies

assertion (iv). To prove (v) notice that for y((z‘)z)F(z,) we have by (1)

and assertion (iii)

(9) y((z')z)

F(z'")
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IA

S0 p(zn YD p(an) * o= panezn Y #Pe(a

A

' ] v L}
S0z ) ()Y ((22) 5 (o) +50(Z ) p(zn)p ()Y (2 g 21y -
y(z')F(Z.) satisfies by theorem 2.3.16 and lemma 2.3.9

(10) y(z')F(z') = SO(zl)F(z')y(z')F(z') + SO(ZI)F(Z')E(Zf)Y(ZI)E(Z')'

da
The application of lemma 1.2.3 (iii) with u* = y(z')F(z,) and

F(z F(z') 2> y((z')z)F(Z,) and therefore assertion

(v) . Assertion (vi) is the immediate consequence of assertions (iii) and

d
u = y((z')z) " yields y(z')
(v) . Observe that if in the definition of D(z) the z_sign is replaced by
$(=) the proof remains valid with reversed inequality signs (equality signs

throughout). [

In the remaining part of this section, let {zn, n=1,2,...} be a

'sequence of policies generated by a GMP-scheme, where z, is arbitrarily

chosen.

LEMMA 3.2.3. For n 2 MO' MO some finite natural number, we have in a

GMP-scheme
1) ylz ) =yWz  z) =y((z  )z) =y(z);

).

n+1

(ii) w((zn+1)zn)i = w((zn+1)zn)i for i € E(zn+1

PROOF. Since Z is a finite set only a finite number of strict improvements
in y(z) is possible. This implies assertion (i). Assertion (ii) is an

immediate consequence of theorem 3.2.2 (iv). [

LEMMA 3.2.4. For n 2 MO' where MO is specified by lemma 3.2.3, we have

in a preserving GMP-scheme

w((zn+1)zn)i = W((zn+1)zn)i = W(zn)i

(1) for i € E(zn ).

+1
zn+1(i) = zn(i)

v

PROOF, Fix n 2 MO and let B be the possibly empty set

e

(1) B={ieV: w((zn+1)zn)i=w((zn+1)zn)i = w(zn)i}.

Let Ek(zn+1) be an arbitrary subchain of So(zn ). By lemma 3.2.3 (ii) we

+1
have for i ¢ EA(A(zn+1))
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(2) . é: | Sp(Zpyq) 50z, )20 = Wiz ) 1 = 0.
Je A Tn+l
(2) and lemma 3.2.3 (ii) imply that j € B for some j € EA(Zn+1) satisfying
. 2. i t!
SO(zn+1)ij > 0. Hence B # ¢ and B n Ek(zn+1) # ¢. By lemma 3.2.3 (i) and the
preserving condition we have zn+1(i) = zn(i) for i € B.

By (1) we have for j € B n A(Zn+1)

(3) Lo8o(zn,y) 5plwiiz )z, = wiz) 1 =0
Le¥
and for j € B n A(zn+1) since zn+1(j) = zn(j)
(4) mz\y S0(Zne) 9% ((Znyg)2p) g = wlZp, 0250 5 = wizy)y =

= z So(z ) w(zn)l .

Ley n+1’ j&
. . . d .
(4) implies that (3) holds for j € B. Let BA =Bn EA(zn+1)' For j € BA we
have then
(5) ) So(Zney) 5wz )20 ) = w(z) T =0,

REEA(Zn+1)

implying k € By for each k € EA(zn+1) such that So(zn+1)jk > 0. This implies
). Since Ek(zn+1) was arbitrary this completes the proof. []

B, = EA(z

A n+1

LEMMA 3.2.5. For n 2 Ml’ M, 2 M, some finite natural number and MO

1 0
specified by lemma 3.2.3, we have for a preserving GMP-scheme
(1) E(Zn+1) = E(Zn);
(ii) w(zn+1)i = w(zn)i for i e E(Zn)'

S .
n+1), n 2 MO. This

) © E(zn). Since the set of policies Z is finite, assertion

PROOF. By lemma 3.2.4 we have zn+1(i) = zn(i) for i € E(z
implies E(zn+1
(i) follows. Since for each subchain El(zn)' A€ {1,...,L(zn)}, n 2 M1 we

have y(z ) = y(zn) by lemma 3.2.3. By assertion (i) and the

n+1 EA(zn) E, (2y)
policy evaluation operation of method 2.3.17 the states i(A), A e{l,...,L(zn)}
are identical for n 2 M1' This implies assertion (ii). [

LEMMA 3.2.6. For n 2 M2, M2 > M1 some finite natural number and M1

specified by lemma 3.2.5, a preserving GMP-scheme converges, i.e. it has
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= B 2
zn+1 zn for n 2 M2.

PROOF. For n 2 M,, the lemmas 3.2.3, 3.2.4 and 3.2.5 imply F(zn+1) = F(zn).

Since y(zn+1) = y(zn) we have w((zn+1)zn)i > w(zn)i whenever zn+1(i)# zn(i)

by definition 3.1.4 (ii). By the definitions 3.1.2 and 3.2.1 and lemma

3.2.3 we have for n 2 M1

(1) wilz )z ) =8,(z  dwl(z )z ) +k(z ) -y(z  )0Otz

+1 1)

w((z

v

n+1)zn) 2 w(zn).

By the lemmas 3.2.4 and 3.2.5 (ii)

(2) w(zn+1)E:(z ) T w((Zn+1)zn)E(z ) w(ZII)E(Z )
n n n
implying that w((zn+1)zn)F(zn+1) satisfies
3 w((zn+1)zn)F(zn+1) < So(zn+1)F(zn¥1) w((zn+1)zn)F(zn+1) *
+ SO(zn+1)F(zn+1)E(zn+1) w(zn+1)E(zn+1) *

+ [k(z -y(z ) ot(z )] .
n+1) n+1 n+1 F(zn+1)

Applying lemma 1.2.3 (iii) with u g w((z

vl n+1)zn)F(zn+1) and
u = W(zn+1)F(zn+ll yields for n 2 M1
w(z_) <w((z )z ) <w(z ) .
n F(zn+1) n+1 n.F(zn+1) n+1 F(zn+1)
Hence zn+1(i) # zn(i) for i ¢ F(zn+1) also implies w(zn+1)i > w(zn)i.

Since the number of policies is finite we have the assertion. [

Finally the convergence of a distinctive and preserving GMP-scheme to

a gain-optimal policy is the subject of

THEOREM 3.2.7. A distinctive and preserving GMP-scheme converges within a

*
finite number of steps to a policy z satisfying

(1) y(z*) > y(z) for z € Z.

*
PROOF. Since in a distinctive and preserving GMP-scheme 2z e D (zn) at

n+1
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each step and the number of policies is finite we have Z41 = % and

* *
D (zn) = @ for n > M,. Defining z d zM2 we have for each policy z € 2

2

(2) [y((2)2") ,w((z)2*)] £ [y(z*) ,w(z") 1.

The assertion follows by theorem 3.2.2 and (2). [

REMARK 3.2.8. The finite step convergence proof, given here for a GMP-
scheme, differs in some respects from a standard proof of method 1.4.1

(cf. [DENARDO & FOX 1968]). The modifications implied by the structure

of the compound policy improvement operation are rather straightforwardly.
)z ). =

+1""n"i
= w(zn)i for i € E(zn+1) is necessarily different and relies on the pre- .

Only the argument to prove the implication y(zn+1) = y(zn) = w((zn

serving property postulated in lemma 3.2.4. Further the proof as a whole
is constructed in such a way that a property of the convergence is exhib-
ited. It shows that primarily convergence in the subchains is obtained and

afterwards in the transient states.



CHAPTER IV

CUTTING METHODS AND OPTIMAL STOPPING

4.1. INTRODUCTION

In this chapter three policy iteration methods are developed for
the finite GMP-model. All three methods are proven to be distinctive and
preserving GMP-schemes. Theorem 3.2.7-then proves their convergence within
a finite number of steps to a gain-optimal policy. An investigation of
their computational performance is presented in chapter V.

The first method considered is GMP1 (method 2.3.17). As remarked in
section 2.3 (cf. remark 2.3.18) the formulation of the cutting operation
of GMP1 does not provide a specific computational procedure. To develop
such a procedure the relationship between the cutting operation of GMP1
and the more basic problem of optimal stopping in a finite Markov chain
is exposed in section 4.3. An optimal stopping problem in a finite Markov
chain will be abbreviated by OSP with plural form OSPs. It is shown that
the sets A(z') and A(z*) of GMP1 are stopping sets which are optimal in a
lexicographical sense to a coupled pair of OSPs. In preparation some prop-
erties of coupled pairs of OSPs are proven in section 4.2.

In section 4.4 the second method, denoted by GMP2, is developed. It
is identical to the operations of GMP1 with the exception of the cutting
operation, which is replaced by a suboptimal cutting method. A suboptimal
cutting method computes, roughly speaking, a stopping set, which is
"better" in a lexicographical sense than the set A(Z).

Finally in section 4.5 a third method, GMP3, is presented, which uses
a suboptimal cutting method involving the vectors y(z) and w(z) of the
current policy z. In GMP3 the policy improvement operation and the cutting
operation can be combined to a single operation, which is identical to

operation (iii) of method 2.3.17 with Xl(i) g X(i) for all i € VY.
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4.2, OPTIMAL STOPPING AND OPTIMAL CUTTING

In this sec;ion some properties of a coupled pair of OSPs are proven.
Primarily a brief review of optimal stopping in a Markov chain is given.
For a discussion of this model the reader is referred to [BREIMANN 1964]
and for a treatment as an optimal gain problem to [DERMAN 1970]. In [EMRICH
1970] algorithms computing optimal stopping policies are developed. In
[HORDIJK, POTHARST & RUNNENBURG 1972] optimal stopping problems with a
countable state space are considered. This latter study is based on and
includes several extensions of material treated in [DYNKIN & JUSCHKEWITSCH
19691].

Suppose a Markov chain with set of states M = {1,...,J} and a sub-
stochastic matrix P is given. In each state i € M one may choose among at
most two alternatives. The‘first alterﬁative is to stop in that state, im-
plying an income Ai. The second alternative is to continue and earn nothing.
The objective is to find a policy specifying the alternative per state such
that the expected income is maximized. Such a policy is called an optimal
stopping policy.

An optimal stopping problem is summarized by the 4-tuple

(4.2;1) (ASIACIPI)\)I

where AS(AC) is the largest nonempty (possibly empty) set of states with
stopping (continuing) as the only feasible alternative. It is assumed that

As and Ac are disjoint and that the set As and the matrix P satisfy

(4.2;2) spr(PX—) < 1.

s
The above formulation of an OSP implies that Ai is not defined for i € Ac.
Occasionally Ai will be defined for i € M in which case also the notation
(4.2;1) will be used.

An OSP can be formulated as a problem satisfying the MRD-model of
section 1.4 with g(f) = 0 for each policy f € F. A set of states B satis-
fying As c B¢ X: is called a feasible stopping set. The collection of
feasible stopping sets is denoted by B. Obviously there exists a one-to-one
correspondence between feasible stopping sets and policies. The following
method is a particular version of the policy iteration method of [HOWARD

1960] adapted to OSPs. This method computes an optimal stopping set.
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METHOD 4.2.1. The following computational steps are executed:
(i) Fix an initial feasible stopping set B.
(ii) Solve the following set of equations in the components of the expected

income vector n(B)i, ieM

n(B),
(1) { *
n(B)i

zjeM Pij n(B)j for i € B,

A, for i € B.
i

(iii) Construct a feasible stopping set B' by the following rule. Define

i € B' if and only if one of the following three conditions is satis-

fied:
(a) i e és; .
(b) i € B n fE. and A, > ZjeM Pij n(B)j;
. S .
(c) 1 e Bn AS and Ai > XjeM Pij n(B)j.
(iv) If B' = B then an optimal stopping set is obtained. Otherwise rede-

fine B d B' and return to step (ii).

REMARK 4.2.2. The above method is somewhat simplified if X;'is chosen as
initial feasible stopping set. Then operation (iii) can be simplified by
defining i € B' if and only if one of the following two conditions is satis-
fied:
(a) 1 e As; .
(b) i e BnA_ and AizzjeMPijn(B)j-
This simplification is based on the fact that B' © B at each nonterminal
step in this case.

Since PK; is transient, PE is transient for each feasible stopping
set B. Hence [11-3--}?—]-1 exists for B € B. In the sequel of this chapter
a matrix W(ﬁ) € I!‘BIXIBI will be used, defined by

(4.2;3) wE) & [I]—B—PE]_l Py

Since XjeM Pij
2.3.6). The system of equations in n(B) (cf. method 4.2.1 (ii)) is then

<1 for i € K;'we have W(B) = 0 and W(B) IB < 75 (cf. lemma

equivalent to

n(B)z = W(B) A_,
(4.2;4) { B B

n(B)B

AB.
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DEFINITION 4.2.3. An ordered pair of OSPs (AS,AC,P,A) and (Aé,Aé,P',A') is

called coupled if As = Aé, A = Aé and P = P'. The expected income vectors

c
corresponding to a stopping set A which is feasible to both OSPs are denoted

by n(A) and v(A) respectively.

LEMMA 4.2.4. Let B,C satisfy C,B € B and C o B for the coupled pair of OSPs
(AS,AC,P,A) and (AS,AC,P,p). Let v,8 € Igd be given vectors with components

satisfying respectively

S .
zjeM Pij Yj z2 vy for i € C
(1)
Y < Ai for i € B,
Z. P.. 8. 26 for i € C
jeM 1j 3 i
(2)
8§, <, _ for i € B.
1 1
Then
(i) if for i € B n C either
(3) zjeM Pig Y5> ¥y
or
(4) ZjeM Pij vy = vy and ZjeM By 8528,
then we have
(5) n®),v®) ] 2z Ly,s].

The assertion remains true in the following cases:

(ii) The symbols 2 and > are replaced in (4) and (5) by > and >
respectively.

(iii) The symbols y and > are reversed in assertion (i).

(iv) The symbols » and > are reversed in assertion (ii).

(v) Equality signs hold throughout.
PROOF. By (1), combined with either (3) or (4), we have

~ y= + P >
(6) Ps Y5 * Peg Ag 2 ¥

B

*
In the setting of lemma 1.2.3 (iii) we define u = n(B)]_3 and u = Yﬁ' Then
(6) implies

(7) n(B)E 2 vg-
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Since n(B)B =y, = AB by (1) we have

B
(8) n(B) 2 v.

Consider the OSP (AS,AC,P,9A+u) where 6 > 0 is sufficiently large to guar-

antee for i € B n C

(9) Zjem Pij[eYj+-sj] > 0y, +6,.

(9) implies by an argument similar tc the one used above
(10) én(B) + v(B) 2 By + 6.

(8) and (10) imply (5). To prove assertion (ii) notice that (9) holds with
strict inequality implying (10) and (5) with strict inequality. The other

assertions follow by introducing the appropriate changes. [

LEMMA 4.2.5. Let the coupled pair of OSPs (AS,AC,P,A) and (AS,AC,P,u) be

given. Let the vectors o,B,Y,8 € 194 satisfy
(1) Lo,B] ¥ (¥ L[y,8].

Moreover let for some state i € X;.n K;-either

(2) Liem i @5 < Mg,
or
= - <

(3) Ljew Py @5 = Ay and Jyo Pyg By < by
Then for such a state

(i) either

(4) Ljew Pij Y5 < Moo

or
5 . P.. Y. = A, <
(5) Ljew Pig Y5 = Apand [y By 65 < uy.

The assertion remains true in the following cases:

(ii) The symbol < is replaced by < in (3) and (5).

(iii) The symbols » and > are reversed in assertion (i).
(iv) The symbols > and > are reversed in assertion (ii).

(v) Equality signs hold throughout.
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PROOF. (1) implies o 2 y. Hence (1), (2) and (3) imply
Ya Py, S). P..a, <A,
jeM 1ij '3 jeM 1ij 3 i

_ _ - . . _ <
If zjeM Pij Yj Ai then ZjeM Pij(yj aj) 0 implying ZjeM Pij(dj Bj) < 0.

Hence

¥ < <
Lyem Pij 85 % zjeM Piy By < Hyr

completing assertion (i). The assertions (ii)...(v) follow straight for-

wardly by introducing the appropriate changes. [

LEMMA 4.2.6. Let B,C satisfy C,B € B and C 2 B for a coupled pair of OSPs
(AS,AC,P,A) and (AS,AC,P,u). Let o,B € 134 be given vectors with components

satisfying respectively

for i € B

IA
Q

Liew Piy %5 S o
(1)

>
o, = A, for i € B
i i
and
< i B
zjeM i3 Bj < Bi for i € B
(2)
Bzf'B
PR or i e B.
Then

(i) if for i € B n C either

(3) a, > A,,
i i
or
(4) ai = Ai and Bi > ui,
then we have
(5) [a,B] > [n(c),v(c)].

The assertion remains true in the following cases:

(ii) The symbols 2 in (4) and > in (5) are replaced by > and >
respectively.

(iii) The inequality signs including > are reversed in assertion (i).

(iv) The inequality signs including » are reversed in assertion (ii).

(v) Equality signs hold throughout.
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PROOF. By (1), combined with either (3) or (4), we have

(6) @z 2 Pz, o, + Pz 0g = Pg. Ac + Pg Oz.

In the setting of lemma 1.2.3 (iii) define u* = n(c)a and u = o5- Then (6)
implies

(7) Os z n(c)a.

Since aCZ AC = n(C)C by (1), combined with either (3) or (4), we have

(8) a 2 n(C).

Consider the OSP (AS,AC,P,6X+u) where 6 > 0 is sufficiently large to guaran-
tee for j € B n C

(9) 6o, + B, 2 BA, + ..

J BJ J uJ
Then (9) implies by the same argument
(10) 6a + B = On(C) +v(C).

(8) and (10) imply (5). To prove assertion (ii) notice that (9) holds with
strict inequality implying (10) and (5) with strict inequality. The other

assertions follow by introducing the appropriate changes. [J

The following theorem presents a sufficient condition for a feasible
stopping set to be optimal in a lexicographical sense to a coupled pair of
OSPs. In the terminology of the cutting operation of the GMP-model such a

set will be called an optimal cutting set.

THEOREM 4.2.7. Let A € B for the coupled pair of OSPs (AS,AC,B,A) and
(A_,A_,P,u) satisfy for i e An X; either

1 . . i
(1) 3 n(A)J > A

ZjeM Pi

or

(2) ZjeM iy Ny =

|
>
[
o
ja]
o}
o~1
(N
m
=
il

and for i € A n K;'either

3 . n(a). .
(3) j n( )J <A

zjeM Pi
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or

(4) ZjeM Pyy n(a)y =, and ZjeM v, <.
Then

(5) [n),v(B)] < [n(a),v(a)] for B e B.

PROOF. Let B € B and B' d A U B. Then B' 2 A. Let in the setting of lemma

4.2.6 (i) C g B', B g A, O Q n(a) and B

e

Vv (A). Then by this lemma
(6) [n@),v@a)]l 2 [n(B"),v(B")].

Let in the setting of lemma 4.2.5 (i) o = n(A), B d v(a), v d n(B') and

]

§ d v(B'). Then (3), (4) and (6) imply by this lemma that n(A) and v(A) may
be replaced by n(B') and v(B') in (3) and (4). Notice that A n B =B'n B.
Hence for i € B' n B we have either
]
stm Pyy (B, <

or

"y, = .2 V(B") . S ..
szM Pij n(B )j A; and zjeM Piy ( )] Wy

In the setting of lemma 4.2.4 (iii) let C B', B g B, Y Q n(B') and

§ d V(B'). Then this lemma implies

(7) [n(B),v(B)I < [n(B"),v(B")]
The proof is completed by combining (6) and (7). [

LEMMA 4.2.8. Let Bk, k = 1,2, be feasible stopping sets to the coupled pair

* d
of OSPs (AS,AC,P,A) and (AS,AC,P,U) such that B1 # B2. Let B = B1 u 82 and

B gB n B,. Then

* 1 2
(1) [n(Bk),v(Bk)]B* Y () (=) [A,u]B* for k = 1,2
implies
(2) [n(8,) ,v(B)1 ¥ (=) [nB),vE)II2() (=) [nE",vE"]

for k =1,2.

PROOF. Let in the setting of lemma 4.2.6 (i), C g B*, B g Bk' o g n(Bk) and

B g v(Bk). Then (1) implies the right-hand part of (2) by this lemma. To



51

prove the lefthand part, let in the setting Lemma 4.2.4(i) C g Bk' B 2 B*,
d , d .
v = maxk=1,2[n(Bk)i] for i € M and 6i = maxk=1'2[v(Bk)i] for i € M. By (1)

we have for i € B s, k=1,2,

() NB; = Loy Pig MBS S Ly Pyy Yy
and
(4) VB, = ZjEM iy V(B < EjeM AR

(3) and (4) imply immediately
Y. 2 Y. and z P §., 286, for i € B*.

(5) ) Ljem P13 Y5 2 V4 jem Fij %5 % %1
For i € Bk n B3—k' k = 1,2, we have by (1)

(6) Ai < v = n(Bk)i <

and provided that \)(Bk)i >y

Liew P13 7
i
< = <
(7) u; S8, = V() < Zjeﬂ Py sj
If \J(Bk)i < ui = Gi for s§me ie Bk n'B3_k, which may only be true if also
n(Bk)i > Ai’ then we have for sufficiently large 6
> =

(8) en(Bk)i + v(Bk)i b4 exi + Hy SAi + Si.
From (4) and (8) we obtain

- > - > -
(9) 2j€M Piy 85 =8 VB, -8 200, -n(B),)
Relation (6) implies

- > - > -

(10) 6(x, -n(B),) > 80 Zjdn Py Yy e(yi_ ZjéM PysYy)
From (6), (7), (9) and (10) it follows that for i e Bk n B3—k' k=1,2
+ < +
(11) Oy, + 8, ZjEM Piy (OYy 85
(5) and (11) show that the assumptions of Lemma 4.2.4(i) are satisfied. As
a consequence we have for k = 1,2,
(12) [n(B*),v(B*)] > Ly,81 2 [n(Bk),V(Bk)]
The assertions with E:replaced by > and = respectively follow by invoking

the appropriate modifications. 0

The next lemma characterizes the collection of feasible stopping sets

to a coupled pair of OSPs having identical expected income vectors.

LEMMA 4.2.9. Let B € B be a feasible stopping set to the coupled pair of
OSPs (AS,AC,P,A) and (AS,AC,P,u). Let D(B) be the collection of feasible

stopping sets given by
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2® 2 {aeB: n(a) = n(@), v(a) = v(B)}.

Moreover let

+
[[fe})

2eD (B) T aeD(B)

Then

(i) B e D(®);

(ii) B_ e D(B);

(iii) ¢ e D(B) = B_cccB'.

PROOF. If D(B) contains only B then necessarily B = B+ = B_ and (i), (ii)
and (iii) trivially hold. Let D(B) contain at least two sets B1 and B2. Let
* d

B =

B, v B, and B d B1 nB,. Then by lemma 4.2.8 in the equality version

*

we have for k = 1,2
* *

n(B),v(B )] = [n(B),v(B)I = [n(B),v(B)I.

This implies that if B ,B, € D(B) also B*,B* e D(B). Since D(B) is a finite

2

collection, repetition of this argument yields (i) and (ii). To prove (iii)
¥ .

notice that A ¢ D(B) implies B_ S AcB by (i) and (ii). Conversely,

notice that by assertions (i) and (ii)
+ +
(1) nB),v(B)] =1[nB_),vE_)] =I[nB),vB)].

. + =
Hence we have for i ¢ B n A

+
A= Ly Pig NB);
and
+ +
o= Zj€M Pyg V(B = V().
Let C d B+, B d A, Y d n(B+) and § = V(B+) in the setting of lemma 4.2.4 (v).

Then this lemma implies here
(2) [n(a),v(@a)1 = [ne"),vEH 1.

(1) and (2) complete the proof. [J
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4.3. SOME PROPERTIES OF GMP1

In this section we prove by means of theorem 4.3.3, preceded by the
lemmas 4.3.1 and 4.3.2, that method 2.3.17 (GMP1l) converges to a gain-
optimal policy within a finite number of steps. Also a method is presented
which computes the set A(z'), the ultimate goal of the cutting operation

of GMP1. This method 4.3.5 is related to the coupled pair of OSPs

(4.3;1) (,/A(2),Ny,9)

and

(4.3;2) (AO,A(zi,NO,W).

It computes per iteration step the expected income vectors y'(B) and w'(B)
for the current feasible stopping set B and constructs a new set B' with
improved (in a lexicographical sense) expected income vectors. At each step
the vectors y'(B) and w'(B) can both be obtained by inverting only one
matrix. The method converges to the set A(z') within a finite number of
steps as is proven by theorem 4.3.6 and 4.3.7.

An alternative to method 4.3.5 is to solve OSP (4.3;1) followed by a
second OSP which maximizes with respect to W among the collection of opti-
mal stopping sets of (4.3;1). Also this method is presented in this section

(method 4.3.8).
LEMMA 4.3.1. The sets A*(Z) and A(z') defined in GMP1 satisfy
*
A" (2),A(z") e M(2).

PROOF. Let B B2 e M2). B1 and B, are feasible stopping sets to OSP (4.3;1)

1’ 2
as well as to OSP (4.3;2). By lemma 4.2.8 in the ¥-version

a
B, =B nB,c¢ M(z).

Because M(2Z) contains a finite number of sets this implies A*(z) e M(2).

Applying lemma 4.2.4 (v) with C d A(z'), B d A*(z), Y d y'(A(z')) and

§ d w' (A(z')) we have
* *
(1) [y'(a(z")),w'(A(z'))] = [y' (A (2)),w' (A (2))]

implying A(z') € M(z). 0O
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LEMMA 4.3.2. The method GMPl satisfies at each iteration step

Ly'(a(z")) ,w'(Aa(z"))] > [y(z),w(z)]
with the equality sign holding if and only if z' = z.

PROOF. By the policy improvement operation of GMPl1 we have

(1) [Y(Z) ,W(Z) ]A(E) < A(E)

where the equality sign holds if and only if 2 = z. In the setting of
lemma 4.2.6 (iii) let C Q A(z), B g A(z), o g y(z) and B Q w(z) . By this

lemma, (1) implies
(2) [y(z),W(z)]fs [y'(A(2)),w'(A(2))].
By the cutting operation of GMP1, we have since A*(i) e M(z) by lemma 4.3.1

1) * ' * A 1 ' 5
(3) [y'(a (2)),w' (A (z))JA(Z) > y'(a@),w (A(z))]A(Z)‘

Let, in the setting of lemma 4.2.4 (iii), C d A(2), B d A*(é), Y d v'(A(2))

and § d w'(A(2)). Then by this lemma and (1) of lemma 4.3.1 we have

(4) [y'(a(z")),w'(a(z"))] > [y'(a(2)) ,w' (A(2))].

By Lemma 4.2.9 the equality sign holds in (4) and (2) if and only if 2 = z'
(2) and (4) imply the assertion. []

THEOREM 4.3.3. The method GMP1 converges within a finite number of steps

to a gain-optimal policy.

PROOF. In the setting of a GMP-scheme we have y((z')z) = y'(Z(z')) and
w((z')z)=W'(A(z')). By lemma 4.3.2 z' ¢ D*(z) unless z' = z. Hence GMP1
is distinctive. By the policy improvement operation and the cutting

operation GMP1l is also preserving. Theorem 3.2.7 completes the proof. [J

DEFINITION 4.3.4. Let (AO,A(z),NO,y) and (AO,A(E),NO,W) be a coupled pair

of 0SPs with B denoting the collection of feasible stopping sets. Then a
set B € B satisfying for B € B
ocs

[y' (Byog) ' (Byo )] 2 [y (B) ,w' (B)]



55

is called an optimal cutting set. The collection of optimal cutting sets is
denoted by

Q . ] = ] 1 — ]
Docs = {BeB: y'(B) =y (B g) and w'(B) =w (Bocs)}.

*k
Next a method is presented which computes a feasible stopping set B .
*k
In theorem 4.3.6 B is proved to be the optimal cutting set with the

largest number of states.

METHOD 4.3.5. The following computational steps are executed:
(i) Fix B = A(2) as initial feasible stopping set to the OSPs
(AO.A(E),NO,y) and (AoiA(Z),NO,W).
(ii) Compute the matrix UO(B) and the vectors y'(B) and w'(B)
(cf. method 2.3.17, operation (iv)).
(iii) Compute the set B' such that i é B' whenever
(1) i € A(2),
(2) i € Bn XB satisfies either
or

Zje\l, Ny ;5 ¥' (B)y = 9;

, .
jey WNolyy Y (Bly > 950

w'(B)j > W,

Liew Mg)yy i

*%
(iv) If B' = B then define B = B and stop. Otherwise redefine B d B'

and return to step (ii).

THEOREM 4.3.6. Method 4.3.5 converges within a finite number of steps to a
*k
feasible stopping set B satisfying

*%
B = U B.

BeD
ocs

PROOF. Method 4.3.5 generates a sequence of feasible stopping sets satis-

fying

B0 = A(Z) 2 B

2B, 2 ... .

1 2

The method stops at the smallest value of n such that Bn = Bn+1' Then
**x

B = Bn. At each nonterminal step we have for i € Bn n Bn+1 either
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(1) Xjew M) s5 ¥ (B > 9,

or

(2) (N

Zjew Wy ;5 v' (B, = 9; and ¥

' .
i3 w (Bn)j > W..

je¥ O)ij i

In the setting of lemma 4.2.4 (ii) let C d Bn' B d Bn+1’ Y d y'(Bn) and

d
§ = w'(Bn). This lemma implies then for each nonterminal n

(3) [y'(Bn),w'(Bn)] < [y'(Bn+1),w'(B )]

n+1

Since the collection B is finite, the method converges within a finite

*% **k -
number of steps to some set B € B satisfying for i € B n AO either

. 2 .
(4) Zjew (Ng) gy ¥ (BT < 9,

or

'**
(5) Zjew (Ng) g5 ¥' (B7)

*% .
. W' (B ). S w,.
ij 3j i

yi and z. (N,)

] je¥ 0

%

Notice that for i € B n A(2) (1) and (2) are satisfied for some n € IN.
In the setting of lemma 4.2.5 (iii) with a g y'(Bn), B 2 w'(Bn),

Y d y'(B**), 8 = w'(B**), (1), (2) and (3) of this lemma are satisfied for

% =%
ieB N A(Z) and some n € N. Hence (1) and (2) hold for i € B n A(2)
*
with Bn replaced by B *. By this modification of (1) and (2) and the rela-

tions (4) and (5) we have by theorem 4.2.7

(6) [y'(B),w' (B)] f_[y'(B**),w'(B**)] for B € B,

*% *%
implying B € Docs' For any set B € B such that B n B # @ the <-sign
*
holds in (6). Hence B € Docs implies B € B *. By lemma 4.2.9 the assertion

follows. 0O

Kk
The following theorem shows the relationship between the set B and

the sets A(z') and A" (2) used in method 2.3.17 (GMP1).

THEOREM 4.3.7. Let B** be the optimal cutting set specified by theorem
4.3.6. Let B** be defined by

d _** 3 _— ** . d
wx =B Nlier nB :yg, = Zjew y'(8 ). an

B (NO)ij 3

*k
w, = zjew (NO)ij w' (B )j}.
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Then
(i) B,, = a"(2),
(ii) B** =

A(z').

*%
PROOF. By theorem 4.3.6 and the definitions of B and B,

SRRk s \ o -
(1) [y'(B "),w' (B )]A(Z) = Ly'(B,,) /W (B**)]A(Z) > [y, A2)

implying B"",B,, € M(2). Hence also B" ,B_ 2 A"(2) (cf. method 2.3.17 (iv)).

Suppose A*(z) c B**. Since B** satisfies (4) and (5) of theorem 4.3.6 for
i

ieA (2)n B** and so does by lemma 4.2.8 B, with strict inequality in (5)

——
of theorem 4.3.6, we have for i € A (2) n B** either

. -
(2) Licy Mgyy v/ B0 <9,
or
- ' W
3) Ljey Wiy ¥' (B =9 and Jyoy (g)yy w' (B )y < @,
. . . . d a *x da _,
Now lemma 4.2.4 (iv) is applicable with C =B __, B =A (2), vy = y'(B,))

and § d w' (B, ) yielding
(4) [y' a%(2),w' % (2)1 < [y'(B,_),w (B )]
Yy W Yy i) 1YV k! 0
. . L. d d
Let in the setting of lemma 4.2.5 (ii) a = y'(B**), B = w'(B**),
Y d y' %), § g wr@a*(2). Then by this lemma we may replace B _ by
A*(Z) in (2) and (3). Then (2) and (3) imply A*(Z) ¢ M(2), a contradiction.

*%

Hence A*(z) = B,, and moreover by lemma 4.2.9 A(z') =B . [

Alternatively the set A(z') can be computed by solvihg a sequence of
two separate OSPs. The first OSP maximes the expected income with respect
to ¥ and the second computes among its optimal stopping sets the set which

maximizes the expected income with respect to W and contains the largest

number of states.

METHOD 4.3.8. The set A(z') can be computed by the following four steps.
Compute:
(i) An optimal stopping set Bopt to OSP (AO,A(z),NO,y) by method 4.2.1.

(ii) The sets (BO

Pt)+ and Bopt)_ defined respectively by

w
i

i 2 : ). N)..y'(B ). =791
opt Bopt u {i e a(2) n Bopt zjeW ( 0)lJ y'( opt’ 3 v

y'(

Gl
I

ien. 2 ). N, . B =
opt’ - = Bopt V{ie Ry 0By ZJGW Ng)y 5 opt’ 3
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(iii) An optimal stopping set A_ ) , (B )+,N0,W) by method
4.2.1.

(iv) The set A(z') by

ot to OSP ((Bopt opt

) +
eV {ie (Booe) 0

ot Aopt: Zjew ), =w.}.

] = 1
A(z') Aop (NO)ij w (Bopt 3 i
The question, which of the two methods is the most efficient, is not
resolved here. However if all policies have exactly one subchain, both

methods reduce to solving the OSP (4.3;2).

4.4. SUBOPTIMAL CUTTING METHODS

In this section cutting methods are introduced which do not necessa-
rily lead to an optimal cutting set. Such methods will be called suboptimal
cutting methods. A policy iteration method having the operations (i), (ii),
(iii) and (v) in common with method 2.3.17 and operation (iv) of method 2,.3.17
replaced by a suboptimal cutting method, is temporarily denoted by GMP2.
Primarily it is shown that such a policy iteration method satisfies the
requirements of theorem 3.2.7. Furthermore a particular suboptimal cutting
method is presented which requires no matrix inversion. The method GMP2,
referred to in chapter V, contains this particular suboptimal cutting method
as cutting operation.

The next definition specifies the goal of a suboptimal cutting method.

DEFINITION 4.4.1. Consider the coupled pair of OSPs (AO,A(z),NO,?)

and (AO,A(z),NO,W). A feasible stopping set BSCS satisfying either

Q

(i) Bscs = A(2) if and only if for AO c B ¢ A(2)

[n@az),v@EaeE)l ¥ ne),ve) ],

or

‘(ii) each state i € Bscs n A(Z) satisfies either

. )
Zjew Nl iy ¥  (Bgog)y > 75

or

' = G b} s O
Ljew W)y ¥ (Byog)y = 25 and Ty (NQ) W' (A(Z)y > W,

is called a suboptimal cutting set.
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The policy obtained at the end of each iteration step of GMP2 will be
denoted by z". Notice that for a given policy z € Z its successor z" isuni-
quely specified only for a particular suboptimal cutting method.

The following lemma and theorem describe the convergence properties

of GMP2.

LEMMA 4.4.2. The method GMP2 satisfies at each iteration step
Ly'(a(z")),w' (a(z"))] 2 [y(z),w(z)]

with the equality sign holding if and only if z" = z.

PROOF. According to definition 4.4.1 we have either A(2") = A(2) implying

z" = 2 or A(z") < A(2). In the latter case we have for i € A(z") n A(Z) by

definition 4.4.1 either

Ljey Mg)yy v' @z") ;> 9,

or

Ljey MNg)yy v AG") 4 =g, and [o oy (0), 0 w' R(z") 4 > w,.

ij i

Let in the setting of lemma 4.2.6 (ii) o g y'(A(z“)), B S w' (A(z")),

C g A(2), B g A(z"). By this lemma
(1) [y'(a(z")),w'(a(z"))] > [y'(A(2)),w'(A(2))].

As in the proof of lemma 4.3.2 the policy improvement operation of GMP2

implies
(2) [y(z),w(z)] < [y'(A(2)),w' (A(2))]

with the equality sign holding if and only if Z = z. The assertion follows
from (1) and (2). 0O

THEOREM 4.4.3. The method GMP2 converges within a finite number of steps

to a gain-optimal policy.

PROOF. In the setting of a GMP-scheme we have y((z')z) = y'(A(z")) and
w((z')z) = w'(A(2")). By lemma 4.4.2 2z" € D*(z) holds in GMP2 unless
z" = z. Hence GMP2 is distinctive. By the policy improvement operation and
the construction of a suboptimal cutting set, GMP2 is also preserving.

Hence the requirements of theorem 3.2.7 are satisfied, completing the proof.[]
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A suboptimal cutting set can be obtained by truncating method 4.3.5
at some iteration step. However at least one matrix inversion is required.
For the initial feasible stopping set A(Z) the computation of the vectors

: -1
' ) . : _ .
y'(A(2)) and w'(A(2)) requires the matrix [I§T§3 (NO)KTE)] . A subopti
mal cutting set, the computation of which does not require a matrix in-

version, is the subject of

LEMMA 4.4.4. Consider the coupled pair of OSPs (AO,A(Z),NO,Q) and
(AO,A(Z),NO,W). Let the set B € B satisfy for i € A(2) n B either

(1) Liew Wg)sy 95 > 95
or

2 Liey WMoty 95 =83 23 dyoy Wo)yy @

E

. > .
J i

then B is a suboptimal cutting set.

PROOF. Let in the setting of lemma 4.2.5 (iii) a d 9, B d W, Y d y'(A(2)),

[ g w'(A(2)) then (1) and (2) imply for i € A(Z)r)ﬁ either

(3) Licw W)y v' 214 > 9,

or

4) Ljey (g)gy v' (A2 = 9y and Iy y (Mg)yy whBE)y > Wy

In the setting of lemma 4.2.4 (ii) let B d B, C d A(Z), Y d yv'(a(2)),
[ d w'(A(2)). Then this lemma implies

Ly'(B),w'(B)] > [y'(&2(2)),w' (a(2))],

excluding possibility (i) of definition 4.4.1. Let in the setting of lemma
4.2.5 (1) a Sy ), B S w i, v £y (a2)), § & w'(a(2)). Then this
lemma implies that y'(A(Z)) and w'(A(Z)) may be replaced by y'(B) and
w'(B) in (3) and (4). Hence B satisfies possibility (ii) of definition

4.4.1, completing the proof. [

The method, referred to as GMP2 in the sequel, has as cutting opera-
tion the computation of a particular suboptimal cutting set B. This set

satisfies (1) and (2) of lemma 4.4.4 and moreover for i € Xa'n B either

(4.4:1) )y WQ) 5 95 <95,

or
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Zje‘{’ Ng) ;5 95 = 95 and Xjew (NO)ij Wy < W,

(4.4;2) ‘s
ij 43 i

4.5. A THIRD SPECIAL VERSION OF A GMP-SCHEME

Finally in this section a third special case of a GMP-scheme is con-
sidered. It has the operations (i), (ii), (iii) and (v) in common with
GMP1 and GMP2. Its cutting operation computes a set AO c C € A(2) such that
if A(Z2) # C for i € A(2) n C either

(4.5;1) Zjew Ng) 55 Y25 > 9,
or

, =9 N ) o> oW,
(4.5;2) Zjew (Ng) ;4 ¥(2), = g, and Zjew N ;5 wizg) > W
and for i € Xg n C either
(4.5:3)  Lj .y gy v(2)5 <9y,
or

(4.5;4) Zjew (Ng) ;5 v(z)y = g; and Liew Mg)ij w(z), < W,
The GMP-scheme specified in this way will be denoted by GMP3. A finite
step convergence proof of GMP3 is covered by theorem 4.4.3. To see this let,
in the setting of lemma 4.2.5 (iv), o g y(z), B d w(z), v g y'(A(2)) and
8 g w'(a(z2)). By this lemma, (4.5;1) and (4.5;2) imply (3) and (4) of lemma
4.4.4. Replacing B by C in the remaining part of the proof of lemma 4.4.4
shows that also C is a suboptimal cutting set. If A(Z) = C then only (4.5;3)
and (4.5;4) hold. A(2) is then a suboptimal cutting set by (2) of lemma
4.3.2 and definition 4.4.1(i). Consequently theorem 4.4.3 can be applied
to establish finite step convergence in both cases.
Notice that GMP3 is obtained from GMP1 if in operation (iii) Xl(i)

d X(i) for all i € ¥ and the operations (iv) and (v) are omitted.






CHAPTER V

A NUMERICAL COMPARISON
AMONG POLICY ITERATION METHODS

5.1. INTRODUCTION

In section 2.3 it has been shown that a problem satisfying the assump-
tions of the undiscounted MRD-model with interventions can be transformed
to a problem satisfying the assumptions of the undiscounted GMP-model and
vice versa. For this purposé a transformation © has been introduced in
definition 2.3.19.

For the numerical investigation in this chapter a related transforma-
tion T is needed to establish a similar relationship between the undis-
counted GMP-model and the undiscounted MRD-model where interventions are
excluded by condition (1.4;7). As a consequence, the class of problems
which satisfy the assumptions of the undiscounted GMP-model can be par-
titioned into two subclasses. For one subclass the methods GMP1l, 2 and 3
applied to one of its members and the method Jewell/Howard (method 1.4.1)
applied to the transformed problem are identical. For the other subclass
this is not true. The numerical comparison is performed on members of this
latter subclass. For this purpose two sets of randomly genérated problems
are solved by the methods GMP1,2,3 and Jewell/Howard in section 5.3,

In section 5.4 a production control problem is formulated and solved
numerically by each of the four methods.

Finally in section 5.5 some general conclusions are drawn on the

numerical results.
5.2. SOME CONNECTIONS BETWEEN THE UNDISCOUNTED MRD- AND GMP-MODELS
In this section we display some connections between the undiscounted

MRD-model of section 1.4 and the undiscounted GMP-model of section 2.3 and

also between the policy iteration method of Jewell/Howard (method 1.4.1)
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and the special cases GMP1, GMP2 and GMP3 of a GMP-scheme, discussed in
chapter IV. Primarily a relationship between the two models is established.
This is done by defining two transformations T and T'.

Let Hl denote the class of problems satisfying the assumptions of the
: 1 the data (QO)Ej, T?,
O)i for k € K(i), i,j € M are given and condition (1.4;7) is satisfied.

undiscounted MRD-model. Then for each problem m € II

(c

Let H2 denote the class of problems satisfying the assumptions of the un-

discounted GMP-model. Then for each problem T € Hz the data NO' G, and T

0
are given and the conditions (2.3;1)-(2.3;5) and the assumptions 2.2.3-

2.2.5 are satisfied. A subclass H21 c H2 is specified in

DEFINITION 5.2.1. A problem T € H2 satisfies 7 € H21 if the following

additional conditions are imposed on.T:

(i) There exists a unique nonempty set A c ¥ such that xo(i) ¢ X(i) for
i € A and X(i) = {xo(i)} for i € A.

(ii) PFor each pair (i,x) with i € A, x € X(i) we have G? = 0 and

P_j = 1 for some state j € A.

(iii) (NO)ij =0 for i,j € A.

The two transformations T and T' are specified by the definitions 5.2.2
and 5.2.3.

DEFINITION 5.2.2. The transformation T transforms a problem T € Hl into a

problem T(w) by defining
(i) The set of states of problem T(mw) by

d

¥=Mu{m=(i,k): i € M, k € K(i)}.

(ii) A substochastic matrix NO with entries

J(Q k. form = (i,k) € Y\M, j € M,
0°ij
w2
0'mj
0 otherwise,
a vector T with components
T? for m = (i,k) € ¥Y\M,
i
4
T =
m
0 otherwise,

and a reward vector GO with components
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) form = (i,k) ¢ ¥\M

o)y

d
Gyl =

0 otherwise.
(iii) Exactly one action x for each k € K(i), i € M such that each pair
(i,x) induces a reward G: = 0 and a family of probabilities {P:j' je v}

such that P* =1 and sz =0 for j # (i,k).

i, (i,k)
(iv) The set X(i) for i € ¥ by

K(i) for i e M
X(i) = {
{xo(i)} for i € Y\ M.

DEFINITION 5.2.3. The transformation T' transforms a problem T € H21 into

a problem T'(m) by defining

(i) Exactly one action k for each intervention x € X(i), i € A such that

k d X
Q) is = ) Py (NJ) .
0%ij Lk igt 0’23
k d X
T, = ) P.. T
i VR i 2
and
k d X
(c)s = Y_P., (G,
0'i ten i2 02

(ii) The set of actions K(i) g X(i) for i € A.

(iii) The set of states M g A.

It is easily verified that the transformed problem T(w) for 7T € 1'[1
satisfies the conditions (2.3;1)-(2.3;5), the assumptions 2.2.3-2.2.5 and

the additional conditions specified in definition 5.2.1 with A = M. Hence

(5.1;1) T(m) € H21 for m € Hl'

Similarly problem T'(m) satisfies

(5.1;2) T'(m) € I for 7 € H21

1

by verifying the assumptions of the undiscounted MRD-Model (cf. section 1.4).

Moreover, it is easily proved that

(5.1;3) T'(T(m)) =7 for T e H1
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and
(5.1;4) T(T'(m)) =7 for m € H21,

or, equivalently, T and T' are each others inverse and establish a bijective

mapping between II, and I

1 21°

The main reason for considering subclass II is lying in the fact that

21
the computations to be executed by the method Jewell/Howard (in the sequel

abbreviated by J/H) if applied to a problem m € II, are, except for a minor

1
modification, identical to those to be executed by GMPl if applied to prob-

lem T(m) € I This fact is proven in

21°

THEOREM 5.2.4. Let 7 € Hl. If .

(i) in the definition of the set Kz(i) for i € M in operation (iii) of
method 1.4.1 (3/H), g, is replaced by max, . . zjeM(Qo?tj 9y

(ii) the states i(A) in the operations (ii) of the method J/H and GMP1 are
identically chosen for corresponding policies,

(iii) corresponding initial policies are chosen,

then the computations to be executed by J/H on m and GMP1 on T(w) are

identical.

PROOF. For problem T(w) € H21 we have A = AO = A(z) for z € Z and (NO)K—'=0
sos s A . _ _ 0

by definition 5.2.1. This implies (ko)AO = (GO)A and (to)AO = TA by

definitions 2.3.1 and 2.3.2. Hence the computation of kO and to in the pre~-

paratory part of GMP1 is superfluous. The fact that A = A(z) for z € 2 im-
plies that also the cutting operation is superfluous. Furthermore for cor-

responding intervention x and action k

(1) k(i,x) = jzi P’i‘j(ko)j—(ko)i = jgg p’i‘j(GO)j = (co)f,
(2) ti,x) = jz}_\ PY, (k) 4= (Eg), = jzi Ty i

and

3 zzi Piy Mg) gy = (Qo)tj'

Since (N o,

o’a ~
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- -1
(4) U,y (a) = [IA - (No)z:] Ng)ga = (NO’AA .

By (1)-(4) it is easily verified that for corresponding policies z and £

under the conditions (i), (ii) and (iii)

P, (A(2)) = 0, (£)
Y(2)p (py =9 w(z)y (p) = uld).
MO v f’m ; w(z) gy = ;’.A_(ZT'
X2(i) = Kl(i) H X3(i) = KZ(i)'
and
z' = fl'

completing the proof. [J

5.3. NUMERICAL RESULTS FOR A CLASS OF RANDOMLY GENERATED PROBLEMS

From theorem 5.2.4 it follows that a numerical comparison between
algorithms based on J/H and GMP1 makes no sense for problems in the sub-
class H21. This conclusion can be extended to GMP2 and GMP3 because these
methods differ only in the cutting operation with GMP1 and this operation

is superfluous for problems in II_,. If one of the conditions of definition

21
5.2.1 is violated then theorem 5.2.4 is not valid. Hence it seems appropri-
ate to investigate the subclass HZ\H21. In this section a numerical compar-
ison is performed on randomly generated problems, which are members of a

subclass H22 c H2\H21. This subclass H22 is specified by

DEFINITION 5.3.1. A problem T € H2 \II21 is a member of subclass H22 if it

has the following properties

(i) All interventions imply deterministic transformations of the state of
the system. For convenience a positive natural number is assigned to
the symbol x, which is equal to the index of the state occupied after
the intervention.

(ii) For each pair of interventions xl,x € X(i) there exists an interven-

2

. . X1 X2 X2 .
tion x, € x(xl). The associated rewards Gi ’ Gx and G;~ satisfy
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Next a trahsformation T" is introduced, which transforms a problem

mTel into a problem in II

22 1°

DEFINITION 5.3.2. The transformation T" transforms a problem m € H22 into

a new problem T"(w) by defining
(i) Its set of states M identical to the set of states Y of problem m.

(ii) Exactly one action k for each intervention x € X(i), i € ¥ such that

k X
(Qo)ij = ix(NO)xj = (NO)xj'
cok =¥ 6y +& = () +&
0%i ix'T0'x i 0'x i’
T# = P? =T .
1 1X X X

(iii) Exactly one action k for each nulldecision such that

[

k
(QO)ij (NJ) .y

0%1ij

k
(CO)i Gyl g v

1]

Tk =T,.
i i
REMARK 5.3.3. It is easily verified that problem T" (m) satisfies the

assumptions of the undiscounted MRD-model. Hence T"(m) € Hl' The sets

of policies of the two problems T € H2 are identical.

2 and T"(m) € H1
However, the implications of two corresponding policies may not be identical.
For example, a policy z € Z for problem m may have z(i) = intervention and
z(z(i)) = intervention for some state i ¢ ¥. Then for problem T" (m) the
matrix Qo(f) for the policy f corresponding to z, may satisfy Qo(f) # So(z).
Hence it is not immediately clear that a policy for problem T"(m) corres-
ponding to an optimal policy for problem 7 is also optimal for T"(m). How-
ever, the conditions of definition 5.3.1 guarantee the existence of an op-
timal pair of corresponding policies. This fact is proven by theorem 5.3.8

preceded by the lemmas 5.3.4-5.3.7.

LEMMA 5.3.4. Let 7 € H22 and let Zy42, € Z be two policies satisfying



69

() Solz)py) * O

(ii) zl(i) = z2(i) for i € Y except for one state % € A(ZZ)’
a(z,),
zl(zl(l)) with 22(2) € A(zz)and zl(l) € A(zl)'

(iii) A(zl)
(iv) 22(2)
Then

D" (
Z, € zl)'

PROOF. By the assumptions on zy and z, it follows that

y(zy)y = Y(Zl)zl(z) = Y(z1)z1(z1(z)) = y(21)z2(m) = y((z))29) .

If zz(i) = zl(i) for i € A(zl), i # 2 then y((zz)z1)i = y(zl)i for i eA(zl)

and also for i € A(Zl)’ since

y((zp) z)), = jzw Upa(2)) ;5 y(z))z) 4 =

ij UoB(2)) 5 vz 4 = ¥(zp);.

By property (ii) of definition 5.3.1 we have

21(2) zz(l) z2(£)

&) + Gzl(z) <G
implying
(1) k(£,21(l)) + k(Zl(l):ZZ(l)) =
zl(l) z,.(R)
=6, + (ko)zl(z) - (kg * Gzl(z) + (kO)zz(Z) - (ko)zl(z) <
22(1)
<G & ) T ®ole T
= k(L,z, ().
Also we have
(2) t(l,zl(l)) + t(zl(l),zz(l)) =
= (to)zl(z) - (Egdy * (tO)zz(l) - (to)zl(z) =

t(%,zz(l)).
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Hence by (1) and (2)

Wiz y = k(hz (1) = vz, £z () +wlz), () =

K(2,2,(2) - y(z)), €08,z (1) + k(z,(2),2,(2) +

Yl £l (0,2, () +wlz), (g

A

k(l,zz(l)) - y(zl)z t(l,zz(l)) + w(zl)zz(l)

w((zz)zl)z.
For the remaining states i # 2 we have w(zl)i = w((zz)zi)i for i € A(zlf

and for i € A(zl)

i

wi(zy)z), = ) Uy (Blzp)) 35 Wlzy)z)) ) 2
jEA(Zl)
>y Up Bz ) gy wzy) g = wlzy);.

jea(z,)

Hence y((zz)zl) = y(zl) and w((zz)zl) > w(zl) implying z, € D*(zl). 0

LEMMA 5.3.5. Let one of the methods GMP1,2,3 be applied to a problem T € H22,

* *
yielding a gain-optimal policy z . Then z satisfies

*
So(z ) « = 0.
A(z )
PROOF. Suppose the contrary. Then a policy z' can be constructed such that
the assumptions (i)...(iv) of lemma 5.3.4 are satisfied with z4 and z, re-
*
placed by z and z' respectively. Hence z' € D*(z*) contradicting the opti-

mality of 2" (cf. theorem 3.2.7). [

LEMMA 5.3.6. For a problem m € II with transform T"(w) € Hl, we have for

22

ie Kz'and intervention x € X(i) in m and corresponding action k € K(i) in
" ('ﬂ')

. _ k k
(1) k(i,%) = (Cp)] + _Z (Q9) 55 %g)5 = (ko);

jeM

and

. _ -k k
(2) t(i,x) = T, + ) (Q9)55(Eg)y = (tg);-

jeM



PROOF. Applying transformation T" we obtain easily

. _ X _ =
k(i,%) =G + (kg) = (),
_ X - -
=G+ (G, + L Mgy (kg)y = (kg)y
je¥
k k
= (Cy)y + 'ZM (Q9)55Kg)5 = (ko)
and €
t(i,x) = (to)x - (to)i =
=T+ ) (N _.(t). - (), =
X jey 0'xj 03 0'i
k k
=T, + ) (Q)..(t ). - (t)).. O
i em 0°ij 0’3 071

LEMMA 5.3.7. Let z € Z be a policy for problem mw € I

50(®)a(z)
equations of theorem 2.3.16. Then

22 satisfying

= 0. Let (y(z),w(z)) be a particular solution of the system of

(9(6),u(6) 2 (y(2),wiz) + Xk, - y(2) @ty

is a solution of the system of equations (1.4;10) for the policy f in

problem T" (m) corresponding to z.

PROOF. For y(z)i and w(z)i we have for i € Y respectively

(1) y(z), = )} S, (2),. y(2).
i jev 0 ij 3j
and
(2) w(z), =k(i,z(1)) - y(z), t(i,z(i) + ) Sp(2) 54 w(z) 5.

je¥

Applying transformation T" to (1) and (2) and lemma 5.3.6 to (2) yields

for i e M

(3) v2); = Loy g vz,
jeM

and

(4) wiz), + (kg); = y(2);(g)), =

= Co(f); -y(z),T(D), + jZM Qo(f)ij[w(z)j+ (kO)j—y(z)j(tO)j].
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Identifying (3) and (4) with (1.4;10) completes the proof. [

For a problem m € II the following theorem proves that the policy f*

22
*
for problem T"(m), corresponding to a gain-optimal policy z for w, is gain-

optimal for T"(m).

THEOREM 5.3.8. Let z* be a gain-optimal policy for problem Te H220btained.by
one of the methods GMP1,2,3. Let f* be the policy in the setting of prob-
lem T"(m) € Hl' which corresponds to z*. Then f* is gain-optimal for problem
" ().

PROOF. From the construction of the methods GMP1,2,3 it follows that for

*
ie VY, x € X(1) and an optimal policy z for problem T

b4 * *

Zjew (8g)i5 ¥(2)y S y(z)

S . *. . X * *
k(i,x)-y(z )it(l,x)i-Xjew (SO)ij w(z )j < w(z )i'

For ie Ay, Xe€ X(i)\{xo(i)}it follows by the lemmas 5.3.6, 5.3.7 and (1) that

(2) jgw (S9) 5 y(z*)j =
= y(z) 2 ij (o) g y(z*)j =
- jgw (Qo)tj g(e"),
and
(3) K(1,%) - y(z) ti,x+ ] (SO):j w(z*)j =

je¥
= k(%) -y(z), tli,x +u(z’) 2 k(i,x) -y(z*)i t(i,x) +

+ ) o)L wzh), =
0 j

xJ

_ k * k k * *

= (Cg)y - g(f),; T, + .Z Qg5 ulE ) = Geg)y +y(27) (gg)y

je¥

for corresponding action k and policy f* in problem T" (m). Observe that (2)
and (3) hold with equality for i € Eb and x = xo(i). Substitution of (2)
and (3) in (1) yields the optimality conditions for the undiscounted MRD-
model (cf. theorem 1.4.2).
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REMARK 5.3.9. The idea behind the transformation T" has been applied by
[HOWARD 1960] to the automobile replacement problem. This problem also
satisfies the conditions of definition 5.3.1. In practice these conditions

are often satisfied. Another example is presented in section 5.4.

The methods GMP1,2,3 and J/H are compared for two sets of problems
51,82 c H22. S1 contains 10 problems with 10 states and S2 contains 5 prob-

lems with 50 states. Each problem satisfies A. = {J} and the triple

0

(NO,GO,T) is obtained as follows. Each row of the matrix (NO)K ¥ is obtain-
0
ed by generating J random numbers and dividing by their sum. The vectors

G0 and Tt are obtained by generating IZ random numbers which are multi-

ol
plied by a common factor. The numbers G: are obtained by generating J
random points in the unit square and taking Gi equal to the Eucledian dis-
tance between point i and point x after which these quantities are multi-
plied by a common factor.

To evaluate the effect of the initial policy on the results, two

initial policies were used for problems from the set S,. These are

1

xo(i) for i = 1
(5.3;3) zl(l) = { 1 otherwise,
and

1 for i =J
(5.3;4) z, (1) = { %y (1) otherwise.

In the tables 5.3.10...5.3.12 the following results are presented for
each method:
(1) the number of iteration steps per problem (NIS),
(2) the total number of iteration steps for the whole set (TNIS),
(3) the total execution time in seconds (TET),
(4) the average execution time per step (AET).

The results are taken from [WEEDA 1974].
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TABLE 5.3.10

Results for the set S1 with initial policy (5.3;3)

- . - B —

Method NIS TNIS TET AET

1 2 3 4 5 6 7 8 9 10
GMP1 5 5 6 4 5 4 4 5 6 1 45 36 .80
GMP2 5 4 5 4 4 4 4 4 5 1 40 29 .71
GMP3 4 3 5 4 3 3 3 3 3 1 32 24 .75
J/H 32 3 3 3 2 2 2 2 1

23 20 .85

TABLE 5.3.11

Results for the set 51 with initial policy (5.3;4)

Method NIs TNIS TET AET

1 2 3 4 5 6 7 8 9 10
GMP1 4 4 5 5 4 4 3 4 5 4 42 33 .80
GMP2 4 3 4 5 4 3 3 3 4 3 36 27 .75
GMP3 32 4 5 3 2 2 2 2 2 27 22 .83
3 2 3 4 3 2 2 2 2 2

J/H 25 25 .98

TABLE 5.3.12
Results for the set S, with initial policy (5.3;3)

Method NIS TNIS TET AET
1 2 3 4 5

GMP1 6 6 5 6 5 28 480 17.1

GMP2 5 5 4 5 4 23 315 13.5

GMP3 4 4 4 5 3 20 295 14.8

J/H 3 3 3 3 3 15 610 41.2

5.4. A PRODUCTION CONTROL PROBLEM

In this section the methods GMP1,2,3 and J/H are applied to a produc-

tion control problem, which is in subclass II In order to apply method

J/H to this problem, transformation T" (cf. gifinition 5.3.2) is used. A
continuous time version of this problem has been solved numerically in
[DE LEVE, TIJMS & WEEDA 1970].

A product can be produced at m+l production rates, which are denoted
by r =0,1,...,m. r = 0 corresponds to the situation that the production is
switched off. r > 0 corresponds to production at a rate of r units of prod-
uct per unit of time. The demand per unit of time is Poisson distributed

with parameter A and supplied by the stock s, available at the beginning of
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each unit time period. If the demand exceeds the available stock, the short-
age is replenished by an emergency purchase. M denotes the maximum stock
level. Stockholding costs are c, per unit of time and per unit of product
in stock at the énd of each unit time period. An emergency purchase costs

c2 per unit product. Production cost amounts to c,r per unit of time for

3
production rate r. Changing the production rate from r' to r" costs an
amount b(r',r"). The criterion is to minimize the expected average cost per
unit of time. Successively the basic notions of the undiscounted general-

ized Markov programming model are specified for this problem.

The set of states

y ¢ {i=(x,s): r=0,1,...,m, s=0,1,...,M}.

The natural process and the set A

0

The set Ao is defined by

A, 9 fi=(em:r=1,...,m} v {0,000} u{(,0}.

The natural process describes the mutations in the stock level at a fixed

production rate. Let i = (r,s) ¢ A, be an arbitrary initial state of the

0
natural process. Then production is continued at fixed rate r and the ran-

dom stock s' after one unit time period is given by

s+r-k if O < str-k <M
s' = M if s+r-k 2 M
0 if str-k £ 0 B

where k denotes the random demand in that period with probability

k
a d P{k=k} =A-,—e—>‘.

We have then

s+r-M
]P{s'=M|(r,S)} = P {k < s+r-M} = 5 a,
e - ' k
k=0
P{s'=0|(x,s)} = P{s+xr-k <0} = P{k 2 x+s} = ] a,
k=s+r
P{s'=s'|(r,s)} = P{k = r+s-s'}=a 0 <s' <M,

r+s-s'
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For i € (r,s) € A_ the probabilities (NO)ij are given by

0
s+r-M ce s
Zk=0 if j = (x,M)
e if § = (r,0)
(8) k=s+r %k ifd=(z,
0'ij e
ar+s—s- if j = (x,s"), 0 <s' <M
0 otherwise.
For i = (x,s) € EO we have T, = 1 and
S+E—M Mil
(G), = -c, M a -c a , s' +
0'1i 1 k=0 k 1 si=1 r+s-s
o0
+ ¢, Z (s+r-k) - Car.
k=s+r+1
For i = (r,s) € AO we have by condition (2.3;1) (NO)ij =0 for j e VY,

T, = 0 and (G 0.
i

0'i =
Interventions

The interventions in this problem change the production rate but maintain
the stock level. Hence they imply deterministic transformations of the
state of the system. In each state i = (r,s) € ¥ m interventions are fea-

sible, which are denoted by x = (r',s) with r # r'. The intervention cost

Gf is given by
Gi = b(r,r") for i = (xr,s), x = (x',s) r # ¢'.

For r = r' we take b(r,r') d 0 and for r,r',r" € {0,1,...,m} the number

b(r,r') are assumed to satisfy
b(r,r') < b(r,r") + b(x",r').

Observe that the conditions of definition 5.3.1 are satisfied.
Three different numerical examples of this problem are solved by each

of the four considered methods.
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Numerical example 1

M=20, m= 3, ¢, = .2, cC

[ e
== 0N
= O NN

Numerical example 2

M=20, m=3, ¢, =.2, ¢c,=15, ¢, =1, A =1,7 and

w wwo

wwow

w o ww

O www
.

Numerical example 3

M=25, m=3, c, =.2, c

vl O
oo uwm
o uunm
o wuvnuun

The first two numerical examples use the same initial policy given by

(3,0) for r =0,1 and s =0
zl(r,s) = (0,20) for r =1,2,3 and s = 20
xo(r,s) otherwise.

The third numerical example uses the initial policy given by

(3,0) for r = 0,1
zl(r,s) = (0,25) for r = 1,2,3
xo(r,s) otherwise.

The computational performance of the four methods on these three numerical
examples is summarized in table 5.4.1. The number of iteration steps and
the execution time are abbreviated by NIS(i) and ET(i) for problem i=1,2,3

respectively.
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TABLE 5.4.1

Results for the three numerical examples

Method NIS (1) NIS(2) NIS(3) ET(1) ET(2) ET(3)
GMP1 6 6 7 105(+4)*) 119 (+4) 220(+6.4)
GMP2 6 4 4 98 (+4) 73(+4) 117(+6.4)
GMP3 5 6 6 98(+4) 119 (+4) 189(+6.4)
J/H 6 6 8 170 171 349

In addition, information about the convergence of y(z) and the optimal

policies are given in the tables 5.4.2 ... 5.4.7.

TABLE 5.4.2

Convergence of y(zn) for example 1

2 y(zn)

n GMP1 GMP2 GMP3 J/H

1 -3.674 -3.674 ~3.674 ~-3.674

2 -2.836 -2.836 -2.710 -2.710

3 -2.484 -2.470 -2.489 -2.438

4 -2.346 -2.340 -2.351 -2.360

5 -2.339 -2.339 -2.339 -2.341

6 -2.339 -2.339 -2.339
TABLE 5.4.3

Optimal policy for example 1

r=0 =1 =2 r=3

=0 r' s r' s r' s r'!
0,1 3(0,1 3| 0,1,2,3| 2| 0,1,2 3
2 212,...,7| 1| 4,5,6 1) 3,...,7 1
3,...,20, 0|8,...,20[ Of 7,...,20| Of 8,...,20

)

The numbers between parentheses are the times required for the computa-

tion of the vectors k0 and to.



TABLE 5.4.4

Convergence of y(z_) for example 2

zZ, y(z)
n GMP1 GMP2 GMP3 J/H
1 -4,453 | -4.453 -4,453 -4.453
2 -3.653 | =3.560 -3.600 -3.600
3 -3.392 | -3.267 -3.400 -3.380
4 -3.293 | -3.249 -3.249 -3.291
5 -3.260 -3.249 -3.249
6 -3.249 -3.249 -3.249
TABLE 5.4.5
Optimal policy for example 2
r=0 r=1 r=2 r=3
s r' s r' s r' s r'
0,1 3 |0,1 3|0 3 [0,e..,6 3
2,3 2 |2 2 |11,...,7 2 17,...,10 1
dyeeeys20 o 13,...,13 1 (8,9,10 1 j11,...,20 o]
14,...,20/0 (11,...,20[0
TABLE 5.4.6
Convergence of y(z ) for example 3
z y(z )
n n
n GMP1 GMP2 GMP3 J/H
1 -5.147 -5.147 |-5.147 -5.147
2 -4,313 -4,196 |-4.550 -4.550
3 -4.007 -3.742 {-4.099 -4.094
4 -3.850 -3.733 |-3.797 -3.770
5 -3.741 -3.733 -3.744
6 -3.733 -3.733 -3.733
7 -3.733 -3.733
8 -3.733
TABLE 5.4.7
Optimal policy for example 3
r=0 =1 r=2 r=3
s r' s r' s r' s r'
0,1 3 0,1 3 (0 3 10,0..,4 3
2,3,4 2 2,3,4 211,...,10 {2 |5,6 2
5,¢00,25 0 5,...,18 | 1 |11,12 117 3
19,...,25/ 0 |13,...,25|0 |8,...,12 1
13,...,25 0

79
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5.5. SOME CONCLUSIONS

In this section some general conclusions are drawn from the numerical
results of the sections 5.3 and 5.4. In table 5.5.1 the total execution time
(TET) over all elements of the three sets of problems Sl' 52 and PCP (the
latter denoting the three numerical examples of the production control prob-
lem) is presented. The 4 methods are ordered in decreasing performance. Each

problem of the set S, is counted twice, once for initial policy (5.2;2) and

1
once for initial policy (5.2;3).

TABLE 5.5.1

The total execution time (TET) in sec.

81 TET 52 TET PCP TET

J/H 45 GMP3 295 GMP2 288
GMP 3 46 GMP2 315 GMP3 406
GMP2 56 GMP1 480 GMP1 444
GMP1 69 J/H 610 J/H 630

From the results of table 5.5.1 we conclude that for problems of re-
latively small size the method J/H is preferred over the GMP-methods. This
preference is reversed for problems of a larger size such as those in S2 and
PCP. In table 5.5.2 the average execution time per iteration step is exhib-

ited.
TABLE 5.5.2

The average execution time (AET) per iteration step

S1 AET 52 AET PCP AET
GMP3 .74 GMP2 14 GMP2 21
GMP3 .78 GMP3 15 GMP1 23
GMP1 .80 GMP1 17 GMP3 24
J/H .94 J/H 41 J/H 35

It is observed in table 5.5.2 that the method J/H consumes the largest
amount of time per iteration step. This is mainly due to the difference
between the policy evaluation operations of a GMP-scheme and method J/H. The

computation time for inverting a square matrix is a third degree polynomial
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in its size. Since its coefficients are positive the inversion of 2
matrices of size IXTE}I and XTE) respectively will be less time consuming
than the inversion of one matrix of size |A(z)| + |A(z)| as in method J/H.
A second contributor to the overall execution time is the number of
iteration steps. In table 5.5.3 the total number of iteration steps is

presented for the sets Si, S, and PCP.

2
TABLE 5.5.3

The total number of iteration steps (TIS)

s, TS s, TS BCP TIS
J/H 48 J/H 15 GMP2 14
GMP3 59  GMP3 20 eMP3 17
GMP2  76- GMP2 23 GMP1 19
eMP1 87  GMPl 28 J/H 20

Since the GMP-methods take about the same computation time per step,
a secondary criterion to distinguish between them is the number of itera-
tion steps. Although it is true that larger sample sizes are needed to
draw more definite conclusions, it remains remarkable that the number of
steps is non-decreasing in the order GMP3-2-1 uniformly for all randomly
generated problems. For the set PCP this order is GMP2-3-1 except for the
first example.

If the methods GMP1,2 and 3 are used with a common initial policy z
and z', z" and z" are respectively its successors then, by the results

of chapter IV,
A(z') < A(z") < A(z"").

However, a "deeper" cutting operation implies neither a systematically
larger nor a systematically smaller increase in the gain. This observation
is confirmed by the results presented in the tables 5.5.4 and 5.5.5 for

the three problems of the set PCP. Recall that in the experiments of sec-
tion 5.4 the same initial policy zy is used per problem for each of the
methods GMP1, 2 and 3. In table 5.5.4 the deepness of the cutting operation
is defined by the ratio

IA(zl)I - IA(zz)I
la(z)) |
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The increase y(zz) - y(zl) in the gain is presented in table 5.5.5.

TABLE 5.5.4

The deepness of the cutting method

Example Method
GMP1 GMP2 GMP3
1 .43 .43 0
2 .61 .48 0
3 .44 .39 0

TABLE. 5.5.5

The increase in the gain Y(ZZ) - y(zl)
Example Method
GMP1 GMP2 GMP3
1 .838 .838 .964
2 .800 .893 .853

3 .834 .951 .597



CHAPTER VI

GMP-MODELS WITH DISCOUNTING

6.1. INTRODUCTION

This chapter builds on the finite GMP-model of section 2.2. In section
6.2 some additional quantities are defined. In section 6.3 discounting is
invoked. The value of a reward obtaiﬂed at time t is multiplied by a factor
e—pt where p is a fixed real positive number which is interpreted as an
interest rate. A policy iteration method, computing a policy maximizing
the expected discounted reward vector over the set of policies Z for a
fixed interest rate p is presented.

In section 6.4 a parametric GMP-model (abbreviated as PGMP-model) is
considered. The interest rate p is no longer fixed. Moreover, an interven-
tion is assumed to take a small variable time € 2 0 and to induce a reward
that is an infinitely differentiable function of the parameter €. During
the time € the natural process is temporarily "frozen". For this model a
partial Laurent expansion for the expected discounted reward vector for
a fixed policy in the parameter p is obtained for sufficiently small fixed
€ > 0. A numerical example is worked out in section 6.5.

In the PGMP-model assumption 2.2.6 of the finite GMP-model is dropped.
The PGMP-model permits a unified treatment of problems which satisfy the
assumptions of the finite GMP-model, including assumption 2.2.6 or not.

Moreover, the model can be applied to decision problems in which cer-
tain actions take a small but not exactly specified amount of time. It is
of interest in that case to obtain a policy which is optimal for sufficient-
ly small non-negative values of €. For this purpose a new type of sensi-

tive optimality is introduced with respect to the parameter € in chapter VII.

6.2. SOME ADDITIONAL QUANTITIES IN THE FINITE GMP-MODEL

In this section some quantities are derived from the basic assumptions
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of the finite GMP-model introduced in section 2.2. Also the corresponding
Laplace-Stieltjes transforms are defined, because of their use in GMP-models
with discounting. In the sequel a Laplace-Stieltjes transform is abbreviated
by LST with plural form LSTs.

Frequently we meet in this chapter the convolution between a MRM

R(t) and a vector function B(t) ¢ FJ,given by

(6.2;1) f R(dy)B(t-y) .
yvel0,t]

For convolution the notation * is used so that (6.2;1) becomes
(6.2;2) R(t) * B(t).

Observe that for B(t) also a matrix function with column vectors in FJ,can
be substituted. Notice also that (6.2;1) can be viewed as the unique solu-
tion in FJ.of the Markov renewal equation (cf. section 1.3) in V(t) given

by

(6.2;3) V(t) = B(t) + Q(t) * V(t).

Related to the SMM N(t) and reward vector G(t) of the natural process

are the quantities specified by

DEFINITION 6.2.1. Let A be a given set such that A, ¢ A ¢ Y. Define

0
(1)  the MRM R(t;A) by

resm) €7 ™o,
A
m=0

)

where N(m (t)g denotes the mth convolution of N(t)i;

(ii) the matrix function U(t;A) by
u(t;A) € R(t;R) * N(t) =

r ’ KAI

(iii) the vector function K(t;A) by

- a -
K(t;A)A = R(t;A) * G(t)g

and

K(t;A)A 0.
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An entry U(t;l_\)ij of U(t;A) is interpreted as the probability that j
is the first state taken on in the set A on or before time t by the natural
process with initial state i € A.

A component K(t;i)iof K(t;3) represents the expected reward earned
during the natural process with initial state i € A. The natural process
stops at time t or at the epoch the set A is entered for the first time
depending on which of the two events occurs first.

The LSTs of R(t;A), U(t;A) and K(t;A) are denoted by r(p;A), u(p;a)
and k(p;i) respectively and exist at least for p > 0. However, r(p;i) also
exists for p = 0 since (NO)E is transient using lemma 1.2.1. The same is
true for u(p;A) and k(p;A). By their definitions and the application of the
multiplication rule for LSTs (cf. [FELLER 1960], p.411) we have

(6.2;4) ulp;R) = r(piA)nlp) 5, for p 2 0
and
(6.2;5) k(piA) = r(p;iA)g(p) g for p = 0.

Next a reward associated with action x € X(i) in state i € ¥ is

introduced, which is related to k(i,x) of definition 2.3.3.

DEFINITION 6.2.2. For each action x € X(i) and state i ¢ ¥ a function

K(t)? is defined by
0 for x = Xo(l)
X

G + )

Notice that according to this definition the relation with k(i,x) is

k()X =
1

X d - .
jev Pij K(t,AO)j - K(t,AO)i for x # xo(l).

k(i,x) = ].imt_)m K(t)?. The term K(t;io)i is interpreted under definition
. . X X =
6.2.1, taking A = AO. The expression Gi + zjew Pij K(t;Ao)j represents

the expected reward during a stochastic walk with initial state i € 51 at
t = 0. In the initial state i intervention x € X(i) is taken, which trans-
fers the system to a state j with probability P?j and induces. a reward G?.
From state j on the evolution of the system is described by the natural
process. It stops either at time t or at the epoch the set AO is entered
for the first time, depending on which of the two events occurs first.
Thus K(t)? represents the difference in expected reward of two stochastic
walks each with state i as initial state. Notice that this interpretation

is also valid for x = xo(i).
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The LST of K(t)? is denoted by k(p)? and satisfies for p =2 0

x 0 for x = xo(i)
(6.2;6) k(p)i =

X X - = .
G + zjew Py K(PiRg) 5 = k(piRg) for x # x,(i).

The next quantities are related to the decision process for a fixed

policy z € Z.

DEFINITION 6.2.3. For each fixed policy z € Z are defined

(i) the matrix function

p(tiaz) Sz, )+ P(2) U(tEE) ,

(z) A(z)A(z)

(ii) the matrix function

U(tiA(z))
- ] .

(iii) the vector function

ey d JG(t(:).)i for i € A(z)
* 1@? + for i € A(z),
and

(iv) the vector function K(t;z) with components K(t)i(l), ie V.

The LSTs of P(t;A(z)), I'(t;z) and K(t;z) are denoted by p(p;A(z)),
Y(p;2) and k(p;z) respectively. We have for p 2 0

(6.2;7) p(p;A(z)) = P(Z)Aﬁz) + P(Z)A(z)KTE) u(p;A(z)),
u(p;a(z))
(6.2;8) Y(p;z) = { ————————— ]
p(p;iA(z))
and
0 if 2(1) = x (1)
k(p:z)i = Gz(i) + 2 Pz(i) K(0:BD) . - k(03B therwise
i jey “ij PiByl PiBgl; otherwise.

In the finite GMP-model the following integral equation arises for
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a fixed policy z € Z

(6.2;9) V(t;z) = K(t;z) + I'(t;z) * V(t;z)A(z).
Since P(t;A(z)) is a normal SMM by assumption 2.2.6 and K(t;z) € FJ, since
FJ, is closed under addition and scalar multiplication, the part of equa-

tion (6.2;9) in V(t;Z)A(z)

(6.2;10) V(t;z)A = K(t;z)A + P(t;A(2)) * V(t’Z)A(z

(2) (z) )

is a Markov renewal equation and has a unique solution in F|A(Z)|'

V(t;Z)KTE) is uniquely determined by

(6.2;11)  V(tiz)grs = U(t;A(z)) * V(Eiz), o

Hence (6.2;9) has a unique solution in FJ, for each z € Z. In the sequel
V(t;z) denotes this solution.

By Laplace-Stieltjes transformation of (6.2;9) it follows that the
LST of V(t;z), denoted by v(p;z), uniquely satisfies for z € Z and p > 0

(6.2;12) v(p;z) = k(p;z) +‘Y(p;Z)v(p;Z)A(z)-

With the exception of a policy independent term specified below, V(t,-z)i
(v(p;z)i) is interpreted as the expected reward in [0,t] (the expected
discounted reward in [0,®)) earned during the decision process of policy
z € Z with initial state i.

To specify the policy independent term the connection with the Markov
renewal equation (1.4;2) in the MRD-model is exhibited. In the notation

of the finite GMP-model (1.4;2) becomes
(6.2;13)  V(t;z) = G(t;z) + S(t;z) * V(t;z).

Since V(t;z)i represents the true expected reward in [0,t] for initial

state i and fixed policy z € Z, the following lemma shows that this poligy
independent term is given by K(t;Xa).

LEMMA 6.2.4. The unique solutions V(t;z) and G(t;z) respectively of the

Markov renewal equations (6.2;9) and (6.2;13) satisfy for a fixed policy
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Vit;z) = V(t;z) - K(t;z'x'o).

PROOF. By elimination of G(t;z)A(Z) from

VIEi2) g gy = G(Ei2) g (5) * B2y gy VIEID)
and

K(t;Z)A(z) = G(t;z)A(z) + P(z)A(zw K(t;AO) - K(t;AO)A(Z)
and by elimination of G(t;z)KTE) from

V(t;Z)m)= G(t;z)m) + g(t)mw * V(t;z)
and

KER)a T StiEm) * N Mag)y T KB

it follows that (6.2;13) is equivalent to

(1) V(tiz) - K(t;R)) = K(t;2) + S(tiz) * [V(t;z) -K(t;A) ]

Since

V(tizlgrgy = U(EiA(2)) * V(tiz),

A(z) z)

is equivalent to

V(t’Z)X'(‘z‘) = N(t)i('z_)‘lf * V(t;z),
equation (6.2;9) is equivalent to

(2) V(t;z) = K(t;z) + S(t;z) * V(t;z).

The assertion is a consequence of (1) and (2). [

6.3. POLICY ITERATION IN THE DISCOUNTED GMP-MODEL

In this section a reward earned at time t is discounted by a factor

-t A
e P%, where p > 0 is the interest rate. Invoking discounting in the finite

GMP-model is equivalent to applying Laplace-Stieltjes transformation to the
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normal SMM N(t) and the reward vector G(t) of the natural process. A policy
iteration method is presented which computes a policy maximizing the expect-
ed discounted rgward vector v(p;z) for a fixed interest rate p > 0 over the
set of policies Z. This method is a special case of the method GMP1. Notice

that the elements n(p)ij of n(p) can be interpreted as probabilities and

moreover that
(6.3;1) Ine)l <1 for p > O.

The system of equations (1) of theorem 2.3.16 remains valid in a simplified
version. The matrix Fo(z) is replaced by y(p;z) and the vector k(z) by
k(p;z). Since P(t;A(z)) is normal, (6.3;1) implies that p(p;A(z)) is a

transient matrix. By lemma 1.2.4 y(z) = 0 is the only solution of the

A(z)
Alz) A(z)" This implies that the system of

equations (1) of theorem 2.3.16 can be reduced to the single equation

equation y(z) = p(p;A(z)) y(2)

w = k(p;z) + Y(p;Z)wA(z),

which is exactly (6.2;12) if we identify w with v(p;z). Moreover, all opera-
tions concerning y(z), ¥ and y' in GMPl1 can be omitted. In summary method
2.3.17 then becomes

METHOD 6.3.1. The method consists of the following main operations:

(1) Preparatory part. Compute the vector k(p;ib) from (6.2;5) and the

number k(p)? for each i € ¥, x € X(i) from (6.2;6). Fix an initial

policy z € Z.

(ii) Policy evaluation operation. Compute the unique solution of (6.2.;12)

in v(p;z).

(iii) Policy improvement operation. Introduce the notation

n(p)ij for x = xo(i)
S(p)i.= x
J P, . for x # x. (i)
ij 0
and
X(i) for i € A(z) U 2,
Xz(i) =
X(i)\{xo(i)} for i € A(z) \ Ay-
Compute:

]
(1) the vector ¥ ¢ IEJ with components A given by
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. d X X .
v, < maxxexz(i)[k(p)i + Zjﬂ, ste)yy veiz) )

(2) the set of actions

. . X
X4 (1) {x € X,(1): k() + ¥

X - &
jey s(P)yy V(o.Z)j Y
(3) policy 2 € Z such that 2Z(i) = z(i) whenever z(i) € X3(i). If
z(i) ¢ X3(i) then put 2(i) equal to an arbitrary element of x3(i).

(iv) Cutting operation. Compute (cf. section 4.3)

(1) an optimal stopping set Bopt to OSP (AO,A(Z),n(p),V),

+
(2) the set (Bopt) B
(3) policy z' such that
51 . £ . (B )+
Z (1) or i € opt

z' (i) = :
xo(i) otherwise.

(v) If z'(i) = z(i) for i € ¥ then stop. Otherwise redefine z equal to z'

and repeat operations (ii) ... (v).

6.4. A PARTIAL LAURENT EXPANSION FOR THE EXPECTED DISCOUNTED
REWARD VECTOR IN A PARAMETRIC GMP-MODEL

In this section the GMP-model of section 2.2 is parametrized by the
assumption that each intervention takes a time € 2 0, where € is consider-
ed as a variable. The paftial Laurent expansion in p for the expected dis-
counted reward vector is derived for sufficiently small fixed € > 0. Primar-
ily the asymptotic expansions for p + 0 of n(p), g(p), r(p;ﬁ), u(p;A) and
k(p;A) are presented. After that the parametric GMP-model is defined.
Finally, after some preparatory results, the partial Laurent expansion is
developed in theorem 6.4.16.

The lemmas 6.4.1-6.4.7 state the asymptotic expansions for p + 0 of
various quantities of the finite GMP-model in their normalized moments.
LEMMA 6.4.1. If N is finite for some k € IN then n(p) has the asymptotic
expansion

X m k
ne) = ) (=p)" N_+o0(), p+O0.
m=0



PROOF. The assertion is an immediate consequence of lemma 1.3.3. [J

LEMMA 6.4.2. If Gk is finite for some k € N then g(p) has the asymptotic

expansion
k

g) = ] "G +o, o+o.
m=0

PROOF. The assertion is an immediate consequence of lemma 1.3.7. [

LEMMA 6.4.3. If (Nk+1)§ is finite for some k € IN and AO

r(p;ﬁ) has the asymptotic expansion

C A c VY then

= % m = k
r(p;R)= ) o R (A) +ol(e), p O,

m=0
here R_ (A) 2 0, R_(R) = [I= - (N.)=1"" and
where R_, =0, Ry = 3 o'z an
- =, ~ymnt+l 2 - _
Ry (R) = RyB)[),~ (-D (N)Dz R (A)] for m = 1,...,k.

PROOF. The assertion is a consequence of lemma 1.3.5 and the fact that

. o .
‘NO)A is transient.

LEMMA 6.4.4. If (Nk+1)§ and (Nk)EA are finite for some k € N and

AO c A c VY then u(p;A) has the asymptotic expansion

= X m = k
(1) ulp;A) = ] 0" U (B) +ol), p+O,
m=0

l

where the coefficients Um(i) € IdAlxlA are uniquely determined by

m
- 2 -
(2) U (2) = Z DY R _, @M form=0,1,... k.

PROOF. The assertion follows by invoking the results of the lemmas 6.4.1

and 6.4.3 in (6.2;4) and working out the product.

LEMMA 6.4.5. If (N and (Gz)i are finite for some % ¢ WN and

2+1)§
AO € A c VY then k(p;A)K has the asymptotic expansion

L . .
T
k(piR)g = ) o K Rz +o(), p+0,

m=0
1Al

where the coefficients Km(ﬁ)g € R are uniquely determined by

91
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= _ i
Km(A);\ = (-1)

I~

Rm—i(A)(Gi)K for m = 0,1,...,%.

i=0

PROOF. The assertion follows by invoking the results of the lemmas 6.4.2
and 6.4.3 in (6.2;5) and working out the product. [

Observing that k(p;i)A = 0, the expansion of lemma 6.4.5 is extended
to the whole state space by taking Km(z_;)A =0 for m=0,1,...,%.

LEMMA 6.4.6. If Nk+1 is finite for some k ¢ IN then p(p;A(z)) has for each

z € Z the asymptotic expansion

k
poia() = § B a()o" + 00", o +o0,
m=0

IJA(Z)lxlA(Z)l

where the coefficients Pm(A(z)) € are given by

I
o

JP(Z)A(Z) for m =

Pm(A(Z)) = P(2) Um(A(z)) + l

A(z)A(z)

]

0 for m 1,...,k.

PROOF. The assertion follows by substitution of the result of lemma 6.4.4
in (6.2;7). 0O

LEMMA 6.4.7. If Nk+1 is finite for some k € N then Y(p;z) has for each

fixed policy z € Z the asymptotic expansion

k
k

Ylpiz) = ] o T (2) +0(), p+0O,

m=0
A}
where the coefficients Pm(z) € ﬂg.xlA(z)l are given by

U _(a(z))

T (z) = |-==————- .
Pm(A(z))

PROOF. The assertion follows from the lemmas 6.4.4 and 6.4.6. [
Next a parametric GMP-model is introduced in

DEFINITION 6.4.8. A parametric GMP-model (abbreviation: PGMP-model) is

defined by extending the finite GMP-model as follows.
(i) Assumption 2.2.6 is dropped.
(ii) Each intervention x € X(i), i € ¥ induces

(1) after € 2 0 time units an instantaneous (possibly random) trans-
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formation of the state of the system to a state j with probability
p¥,

ij %

(2) an infinitely differentiable function G(e)i for each € € IR re-

14

presented by its Taylor expansion at € = 0 given by

X (o]
Ge), = )Y (3N
1 ]=O

-1 3 X
€ Gj(O)i,
where G, (0)’i‘ is the j-th derivative of G(e)}i{ at ¢ =0,

(3) a function K(t,s): defined by

x X =
+ —-c:
. G(e)i zjew Pij K(t e,AO)j for t 2 ¢ )
K(t,t—:)i = —K(t;AO)i

0 otherwise.
The notation of the finite GMP-model is extended to the PGMP-model by

DEFINITION 6.4.9. For each fixed policy z € Z define

(i) the matrix function P(t,e;A(z)) by

P(t-e;A(z)) for t 2 ¢
P(t,e;A(2))=
0 otherwise,

(ii) the matrix function T (t,e;z) by

U(t;A(z))
T'(t,e;2) a | ,
P(t,e;A(z))

(iii) the vector function K(t,e;z) with components

z (i)

K(t,e)i for i € A(z)

K(t,e;z)i =
0 for i ¢ A(z)
and
(iv) the vector function G(e;z) by its components
-G(e)?(l) for i € A(z)
d i

G(E:;Z):.L =

0 for i ¢ A(z).

The LSTs with respect to t of the first three of these quantities
are respectively denoted by p(p,e;z), Y(p,€;2) and k(p,e;z). It follows
easily that
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(6.4.1)  plp,e;a(2)) = e " p(p;A(z))  for p,e € R
and

. . _ PEra . et
(6.4;2) k(p,e,z)A(z) =e [G(E,Z)A(z) + P(Z)A(z)wk(p'Ao)j k(piBy) o,y

for p,e € ﬂg,

Observe that k(D:e;z)KTE7 = 0.

In the sequel some results are derived for the PGMP-model.

LEMMA 6.4.10. For each fixed policy z € Z and fixed € 2 0 the function

pe

e k(p,ei2) has the following expansion

A(z)
S )
pe . m
eP® k(p,ei2) =) o) e (2) +o(p), p+0,
az) = L0 LS e Pac
if Nm+1 and Gm are finite for some m € IN. The coefficients KkR(Z)A(z)
are given by
-1
1 . = >
(22) GQ(O'Z)A(Z) for k 0 and £ 20
K (z) = +
2 A(z) 3
0 otherwise
. P(Z)A(Z)W Kk(AO) for 2 =0 and k 20 .
0 otherwise
- -1
! >0 2>
Kk-K(AO)A(z)(l‘) for k 2220
0 otherwise.

PROOF. The assertion follows straightforwardly from lemma 6.4.5 and

relation (6.4;2). [
The following lemma extends lemma 6.2.4 to the PGMP-model.
LEMMA 6.4.11. In the PGMP-model the integral equation

V(t,e;2z) = K(t,e;2) + T(t,e;2z) * V(t,e;Z)A(z)

has for each fixed € > 0 and policy z € Z a unique solution in FJ',

PROOF. The assertion follows since K(t,e;z) € FJ'and P(t,e;2z) is a normal

SMM for each fixed € > 0. [J
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In the sequel V(t,e;z) denotes the solution specified by lemma 6.4.11
for fixed € > 0. Its LST with respect to t, v(p,e;z), satisfies for
p >0, €e>0

(6.4;3) v(p,e;2) = k(p,e;z) + y(p,e;Z)V(p,e;Z)A(z).

The interpretations of V(t,e;Z)i and v(p,e;z)i, i € ¥ are related to those

given for V(t;z)i and v(p;z)i in an obvious way. In preparation of theorem
6.4.16 some additional results are needed. The first is related to the

natural process in any GMP-model.

LEMMA 6.4.12. Let the set A satisfy A, € A ¢ ¥, Then

0
—Ul(A)lA = RO(A)TK.
PROOF. By the lemmas 6.4.3 and 6.4.4

2 -
(-1)" Ry, (B) ()50

I
1
| ~1—

-u, () =

2=0

- RI(A)(NO)KA + RO(A)(Nl)EA

Ry (B) (N)) 5 Ry (R) (N 5, + Ry (R) (N))5,.

Postmultiplying by IA and applying lemma 2,3.6 (ii) yields

-u, @) 1, = Ro@Lm)g T2+ g, 1,1 = Ry(B)Tg,
completing the proof. [
LEMMA 6.4.13. Let b(z),q(z) € ]RIA(Z)I be given vectors and let
S;(Z)A(z) b(z) = 0. Let P(t,e;A(z)) be a normal SMM for € = 0 and let
Pi(A(z)) be finite. Then the system of equations in yA(z) and wA(z) given
by

(a) Ya(z) PO(A(Z))YA(Z) = b(z)
(1)

(b) Ya(z) T PO(A(Z))WA(Z) = q(z) + Pl(A(z))yA(z)

has a unique solution in y

a(z) " This solution is given by

- L(z)
(2) Ya(z) = Ho(2)b(2) + L1 "a, (A(2))
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where HO(A(z)) is specified by definition 2.3.8 (iv), ¢X(A(z)) is defined
similarly as in theorem 2.3.14 and the scalars aA(z), A=1,...,L(z) are

given by

<s5(2) | ,d(z)>
(3) o,(2) = —————  foricE(2).

A o
<o0(z) i,t(z) >

Al
The vector d(z) € IRJ in (3) is defined by

a(z) g q(z) + 2, (a(2)H,(B(2)Db(2)

A(z)

A2 5z, do.

PROOF. By lemma 1.2.8 the general solution to (1) (a) is given by

= HO(A(Z))b(Z) + B(2)

Ya(z)
where B(z) d -aii) uA(z)¢A(A(z)).

For subchain EA(A(z)) we have then

B(2) = ax(z)7 for A =1,...,L(z).

E, (A(2)) E, (B(2))

By applying successively the lemmas 6.4.6, 6.4.12, 2.3.11 (ii) and 2.3.12
(ii) we have for subchain EA(A(z))

*
(4) -So(z) Pl(EA(A(Z))B(Z)

EA(z)EA(A(z)) EA(A(Z))

aA(Z)[-S;(z) P(z)

EA(Z)EA(A(Z)) EA(A(Z))EA(A(Z)).

* U, (a(2)) ]

JE— 1
EA(A(Z))EA(A(Z)) EA(A(Z))

a, (2) (8] (2) P(z)

EA(Z)EA(A(Z)) E, (A(2))E, (A(2))

" RAE) g @) E, Bl

]

o (z)[s*(z) —_— T,
A 0 EA(z)EA(A(z)) EA(A(ZH

t(z) 1.
EA(Z)

*
QX(Z)[SO(Z)EA(Z)
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By premultiplying the EA(A(Z))—part of (1) (b) with S;(z) and

E) (2)Ej) (A(2))
substituting (4), it follows that for subchain EA(Z)’ A=1,...,L(2)

. * *
a)\(Z)ESO(Z)E Z)t(Z) 1= 8, (2) d(z)

A( EA(Z) EA(Z) EA(Z)

which implies (3) and completes the proof. [

The following lemma extends the result of lemma 6.4.13 to the set
of states V.

A(z)b(z)A(z) = 0. Let

P(t,e;A(2)) be a normal SMM for € = 0 and let Pl(A(z)) be finite. Then the

]
LEMMA 6.4.14. Let b(z),q(z) ¢ R° and let 55 (2)

system of equations in (y,w) given by

(@ y - T2y, = b
(1)

(b) w - PO(Z)WA(Z) = qg(z) + Fl(z)yA(z)

has a unique solution in y. yA(z) is specified by lemma 6.4.13 (2) and (3)
and YATZ.) by

(2) = Uy(alz))y

A(2) + b(z)——

Yi(=z) A(z) "

PROOF. The A(z)-part of the assertion follows immediately from lemma 6.4.13.

The A?ED—part of (1) is identical to (2) and uniquely determines YATE)' 0

Observe that the system (1) of lemma 6.4.14 with b(z) g 0 is closely
related to the system of equations considered in theorem 2.3.16. The fol-

lowing corollary states the connection between their solutions.

COROLLARY 6.4.15. The system of equations in (y,w) given by

y - Po(z)yA(z) =0
(1)
w - Fo(z)wA(z) = k(z) - yot(z)

and

[ = To@vay = 0
(2)

p—
£

- PO(Z)WA(Z) = k(z) + Fl(z)yA(z)
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have identical and unique solutions in y.

PROOF. The assertion follows from theorem 2.3.16 and lemma 6.4.14 with
g(z) = k(z) and b(z) = 0. [

In preparation of theorem 6.4.16, a distinction among policies in 2
is introduced. A policy is called normal if P(t,e;A(2z)) is a normal SMM

for € = 0 and non-normal otherwise. For a non-normal policy we have
(6.4;4) EA(A(z)) = EA(Z) for some A € {1,...,L(z)}.

A subchain satisfying (6.4;5) is called a non-normal subchain.

THEOREM 6.4.16. Let Nm and Gm be finite for some m € IN. Then for a

+3 +1
fixed policy z € Z, v(p,e;z) has a partial lLaurent expansion in p, which

is for each sufficiently small fixed € > 0 given by

(1) vip,ei2z) = Z;nl:_l oh Z‘Z=_1 et

m
th(z) +o(p), p ¥ 0.
For fixed h ¢ {-1,0,1,...,m} and % ¢ {-1,0,1,...} and normal z the system

of equations

@ Vo (2) = T2V 0 (2) () = K o(2) + Pl(zévh—l,Q(Z)A(z) *

(2) (z)

= Vho1,0-1

htt, 8P a(z) “Khe1, 0B FT 2V (2D )
(z)

(b) (z) —FO(Z)V

Vhtt,2
“Vh, 2-1

has a solution (Vh,k(z)’vh+1,l

- , . , ,
Vh,l(z) 0 otherwise. In (2) th(z) and Khl(z) are respectively defined
by

(2)) which is unique in Vh R(Z)' Define
’

0
0
(3) V(@) = |-
Vhﬂ,(z)A(z)
and
(4) K@ =K@ + DO @y @y - T

(z) .
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For non-normal z (2)(b) has to be replaced by

(2) (e) (2z) - Tyl2) (2)

Vhet, g+l E, (2) Ex(z)vh+1,2+1 E, (2)

(2)

= Kﬁ+1,£+1(z)EA(z) R E, (2)

for each non-normal subchain EA(Z)'

PROOF. Consider equation (6.4;3) in v(p,e;z). It will be proven that the
expansion

m kz“’ 2

(5) viesesz) = § 0 Lo g€ Vi (2) + £ (pre)

satisfies (6.4;3) with fm(p,a) = o(p?), p ¥ 0 for each fixed and suffi-
ciently small € > 0 if the vectors Vhl(z)' he {-1,0,1,...,m}, % €
{-1,0,1,...} are uniquely determined by (2).

If the A(z)-part of (6.4;3) is multiplied by eps and the expansions of
epep(prs;A(z)) = p(p;A(z)) (cf. lemma 6.4.6 and relation 6.4;1),

e’ %k (p,e;2) (cf. lemma 6.4.10), v(p,e;z) (cf. (5)) and e”® are inserted

A(z)
then we obtain

k
©  (pe) m h pe L, pe _
) {2k=0 X! }{Zh=—1 o Ly e th(Z)A(z)} et (el y gy T
m+1 h po 2 m+2 k ©m h
= o0 Lpeo © Knp(@a(n * Lo B0 L 00 -
3

* gt € Vg (24 ) FROIAEDE (0,8), 0+ gy (pse),

where gl(p,e) = o(pm+1), o ¥+ 0 for each sufficiently small fixed e > 0 (cf.
the lemmas 6.4.6 and 6.4.10). Observe that

© k, ,v-1 tm h ¢ 2 _
) oo PRGN T L0 Ly g & Vg @y =

_ h pe 2 vmin(h,2)+1
= lhee1 ® Lpeog © Lo Yok, 0k Fa(z

m+l peo L vmin(m+1,2)+1 |
+ p Zg=_1 € 2k=1 (k!) v (z

m+1-k, 8-k +9y(PE)

)A(z)

and



100

2 o
(8) Zizo Pk(A(z))pk Zg=—1 o" Lpeoy e* Vi Fa(zy =

o h e % th+l
= Loy P Lgeg © Leg PRBENV L (@), 0 ¥

m+l peo L ymt+2
e zg=_1 € zk=1 Pk(A(z))Vm+1—k,2(z)A(Z) *g3lpee),

+
where gz(p,s) = o(pm+1) and g3(p,s)v= o(pm 1) for p + 0 and sufficiently
small fixed € > 0. Substitution of (7) and (8) in (6) yields

(9) R M el{fiig(h'lm(k”—l"h—k,z—k(Z)A(z) i
- Theo Pk(A(Z))Vh—k,z(z)A(z)} *
N pm+1[z:=_1 Ez{iii?(m+1,2?+1(k!)—1 Varix, 1k Pa
- Zi:f Pk(A(z))Vm+1_k,g(Z)A(z)} *
+ [epe Taz) = p(p;A(z))] EalPe®lp (g =
- m+l peo 2

~ hoo 2
= Lhe0 ® Loeo © K@ am * P €

Lo © Kpe1,0@a(z F9000)

d
where g(p,e) = gl(p,e) - 92(0,6) + 93(0,5).

If the vectors th(z)A(z) satisfy
min(h,2)+1 ., . -1 _ tvhtl _
(10) Ix=o G 7V ik P a(z) T bxmo PB@) Yy () =
= K0 (2 a5y

for h ¢ {-1,0,1,...,m}, 2 ¢ {-1,0,1,...} then (9) implies

pe ) =
(11) [e IA(Z) - p(p,A(Z))] fm(p,E)A(z)

m+ifyo 0 ® L vm+2 .
e LX2=0 € Kt g @Pamy *lgmy © Loy B B(2)

: Vm+1—k,2,(z)A(z)] +

m+1| po 2 evmin(m+1,8)+1 -1
- P [X Z A(z)] + g(p,e).

1
g=-1 k=1 D Ve ke, 0k 2
Substitution of (3) and (4) in (10) yields the A(z)-part of (2)(a). The

A(z)-part of (2) (b) is obtained if h is replaced by h+l in (10). Lemma
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6.4.13 guarantees the unique solution for Vh (z)

9 of the A(z)-part
’
<

A(z)

of (2) if the vectors Vi j(z), i £h-1 and j 2 are known. To show that
1

£,0008) 5 5 = o™, p + 0 (4) is substituted in (11), yielding
pe . =
(12) [e Tz ~ p(p;A(z))] fm(p,s)A(Z)
- PE _ N
=e [IA(z) p(p,e;A(2))] fm(p,e)A(z)

m+1f pee 2.,
P [zz=_1 € {Km+1,z(z)A(z) R AV (@) gy

- Vm,z-1‘z’A(z>)}] * e

Since p(p,e;A(2)) is transient for each fixed p > 0 and € > 0, lemma

1.2.1 (ii) implies that (12) is equivalent to

_ _—pe _ 3 -1
(13) fm(p,s)A(z) =e {[IA(Z) plp,e;a(2))] ~ glp,e)} +
-pe) m+l ¢ 2 a . -1,
+e {p Lyeq €T, ~P(pseia(2)]
(K1, 0B ag + P REDY (), ) 'Vm,z—1(z)A(z)]}'

Applying (1.3;11) and lemma 1.3.4 yields for each fixed € > 0

(19) (1,5 - Ple.eia(z)) 17 = 0(1/0), o + 0,
and
-1 '
(15) [Ty ~Plreia(2)] IRy (2)y ) +Py (A(2))V ,(2) )

- lel_i(z)A(z)] =o(1/p), p + O.

Substitution of (14) and (15) in (13) and the observation that g(p,e) =

+
o(pm 1), p ¥+ 0 for each sufficiently small fixed € > O yields

(16) £20008), 5 = © CoL0(L/0)g(0,e) + 0™ o(1/p), 0 ¥ 0} =

oo™, o ¥+ 0,

for each sufficiently small fixed € > 0, completing the A(z)-part of the

assertion for a normal policy z.
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. _ .4;:4
For V(D’E'Z)A(z) we have by (6.4;4)

(17) v(pi€iz) g = u(p;m))&'(ors;z)A(z)

Inserting (1) of lemma 6.4.4 and the A(z)-part of (5) yields

m+1 h — m+1
(18) V(D:E;Z)m) = [Zh=0 p Uh(A(Z)) + olp )]-
Ld 2 tm h m
: [zz=-1 € Lheet © Vnp(@pqy * o0 )]' Pt 0.

for sufficiently small fixed € > 0. By developing the product in the right-
hand member of (18)

+

n h e g vh+l  —
(19) V(e T lpesy P Lgarg © Lydo U B2V (20,0,

+o0(™, p+0

is obtained implying the assertion for a normal policy z.

For a non-normal policy z we have for each non-normal subchain EA(Z)
(20) Py (E,(2)) =0 for k > 0.

(Z)Ex(z) vanishes and Vkl(z)Ek(z)

h+1,2(z) we take

the one for vh+1,£+1(z)' yielding (2) (c) for non-normal subchain EA(Z)' By

taking Pl(EA(A(Z)) =

Hence in (2) (b) the term rl(z)EA(z) Vh,l

cannot be determined by (2). Instead of the equation for V.

-IEA(A(Z)) in lemma 6.4.13 it follows that th(z)

E, (z)
A
is uniquely determined by (2) (a) and (2) (c) in this case.

REMARK 6.4.17. The partial Laurent expansion for the expected discounted
reward vector G(p;f) in the MRD-model (cf. [DENARDO 1971]) is obtained if
€ = 0 is substituted in theorem 6.4.16 for a normal policy z. Then we
obtain

h

m
(1) v(p,0;2) = p Vh,O(z) +o(p), p¥O

Z
h=-1
where Vh,O(z) satisfies

h+1
(2) V002 = T2V o(2), ) = K o(2) + [T (2)

* Yhx,0®a(z)



and is uniquely determined by (2) and the equation in V (z). The

h+1,0
coefficient Vh(f) of the expansion in the MRD-model is obtained from

h+1

. hod — h k v
(3) [1-04(£) 19, () = (-D)7c () + [T (-1 o (B)v, _, (8)

and a similar equation in Vh+1(f).

and (2) observe that the following notational identities hold for

To display the connection between (3)

corresponding z and f

N)am Yo E@am |
Qy(F) = Sy(z) = ;
LP(Z)A(Z)A(Z)’P(Z)A(Z) ]
BN ;‘Nh)KTsz(z)W
Qh(f) = Sh(Z) = r h=1,2,...
L 0 ) 0 ]
.Gh
Ch(f) = | mm——_——— h=0,1,...

GO(O;Z)Gh

where Gh = 0 otherwise.

=1 4if h = 0 and 6h

ed to an indication of the main steps. The relation

(4) k(p’AO)A(z) k(D,A(Z))A( y * u(p;A(z))k(p;A))

OA()

103

The derivation will be restrict-

is used, which implies the following relation between the moments (whenever

they exist)

(5) K, Bo)ag) = Kh(A(z))A(z) + Zk o U B@)K, _, (R) Alz) "

Using (5) and lemma 6.4.10 we have for Kh O(Z)A(Z)
4

(6) Kh,O(z)A(z)

= G0i2) 5 () St Py ) A *n ARGt
S K@y a *
h+1

*olyog PAENK L (Bg)y -



104

Inserting (5) and (6) into (2) yields

(a) Vh,O(Z)KTE)_ UO(A(Z))Vh,O(z) = Kh(A(z))ZTE) +
h+l = —— =
+2 1 U@V 620 4
(7) §(b) Vh O( )A(z) PO(A(Z))Vh,O(Z)A(z) = GO(O;z)A( )Ghi.P(z)A(z)ZYE3'

2h+1 .

[Kh(A(z))

. Uk(A(z))Vh_k'O(Z)A(Z)]

= d = . . .
where Vh,O(z) = Vh,O(z)_+ Kh,O(AO)' Substitution of (7)(a) in (7) (b)
immediately yields for Vh,O(z)A(z) the equation

(8) - P(z) ) = GO(O;z) 8

Vh,0%) 8 (2) a(z)¥ Vn,0(? a(z) %h.

Inserting the moment expansions of the lemmas 6.4.1-6.4.4 and the

relationship
(9) Zi+é U B(2) By 02, =
= Ry (B (2)) Zh+1 - (Nk)A(z)W hk (?
yields
(10) Yh,0973m - N xmy Yn,0@ =

h+1 k =
k=1 (=1) (N, )=, V (z).

= DG )= + ] 2@ ¥ 'hk,0

h'A(z)
It follows that (8) and (10) are identical to (3) which implies
Vh,O(Z) = Vh(f).

A direct derivation of a partial Laurent expansion in the MRD-model

corresponding to the one of theorem 6.4.16 has been given in [WEEDA 1976].
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6.5. NUMERICAL EXAMPLE

Consider the following problem

53
1]

{1,2,3}

o
]

{1}

Natural process

0 0 0 0
n(p) = |e 0 o ; glp) = [2¢7° .
%e—p/2 0 %e~p/2 e_%p
Interventions
{xo(i)} for i = 2,3
X(1i) =
{1,2,3,4} for i =1
X X X X X
x Py Py Pyg 600y 6400
1 5 b 0 1 0
2 0 1 0 2 1
3 ] 0 3 1 0
4 0 0 1 2 0
X .
Gj(O)1 =0 for j > 1, xe€ X(1).
Results are given for the vectors V (z), Vv (z) and V (z), z € Z.
-1,0 -1,1 0,0
For r(piio), u(p;io) and k(p;io) we have
[1 0
- -1
(6.5;1) r(D,AO) = [IAO - n(p)ig =

[0 (1-%e"?)7!

[e™°

(6.5:2)  ulp;A)) = r(p;Ayn(p)g

o®o e—%p(2_e—%p)-1

L
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e'D

(6.5;3) k(p;i ) = r(p;g Jg(p)= =2
0 0 A - - -
0 o %p(z %0) 1

By the expansions for u(p;io) and k(p;io) we have (cf. the lemmas 6.4.4
and 6.4.5)

1

0 —
2|; K, (&) =
5 1%

Denoting the policy with z(1) = £ by z

- 1 -
(6.5:4) Uy (A,) = [ ]; U, (A =

1
——
[
=
—
[

N
S
o
-
1
—

(6.5;5) KO(AO)

I
r———n
U
NN O
| I———— ]
.

% for 2 = 1,2,3,4 we have

(6.5;6) Z = {21,22,23,24}.
Each policy z € Z is normal and has one subchain. In this example we have

(6.5;7) E(A(z)) = A(z) = A, = {1} for z € Z
and hence

(6.5;8) Po(A(z)) = [1].

Using theorem 6.4.16, V_1 O(z), \Y4 (z) and V (z) in this example are
’

-1,1 0,0

respectively obtained from

0 = Ké,O(z)l + P (B(2)) V-l,O(Z)l

(6.5;9) '
V—l,O(z)KT§)= Uy (alz)) V—l,O(Z)l
0 = K('),l(z)1 + Py (a(2)) V_1'1(z)1 - V—1,O(Z)1
(6.5;10)
V_1'1(Z)£723 = Uy (a(z)) V_1’1(Z)1
and
0= Ki,O(Z)l + Py (A(2)) VO,O(Z)I - VO,-l(Z)l
(6.5;11)
VO,O(Z)3725 = U, (a(2)) VO,O(Z)l + U, (a(2)) V—l,O(Z)i



Ingredients for and result of the computation of V

It is easily verified that since K

0,

TABLE 6.5.1

! _1(z) = 0 we have V

0,
computations are summarized in the tables 6.5.1, 6.5.2 and 6.5.3.

_1(z) = 0.

(z)

-1,0

. 1

Policy PI(A(z))11 KO,O(Z)l V_1,O(z)
z, =3 2 [4,4,4]
z, -1 4 [4,4,4]
zy -4 2 [4,4,4]
z, -1 4 [4,4,4]

TABLE 6.5.2
Ingredients for and result of the computation of V_1 1(z)
14

. 1

Policy Pl(A(z))11 KO,l(z)l V-l,i(z)
2z, ) 0 [-8,-8,-8]
z, -1 1 [-3,-3,-3]
z3 - 0 [-8,-8,-8]
z, -1 0 [-4,-4,-4]

TABLE 6.5.3.

Ingredients for and the result of the computation V (z)

0,0

Policy Pl(A(z))11 P2(A(z))11 Ki o(z)1 VO O(Z)
z, -5 % 0 [o,-4,-4]
22 -1 L 0 [0,-4,-4]
z4 -3 Y 5 [1,-3,-3]
Z, -1 % 1 [1,-3,-31

. . . '
PZ(A(z))11 is required to obtain Kl,O(z)l'

Observe that moreover (6.5;4) and (6.5;5) are needed. Notice also that
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CHAPTER VII

SENSITIVE OPTIMALITY IN THE PGMP-MODEL

7.1 INTRODUCTION

Sensitive discount optimality criteria were introduced in [VEINOTT &
MILLER 1969] and [VEINOTT 1969] in finite state and action discrete time .
Markov decision problems with a substochastic transition matrix for each
policy. In these papers a lexicographical method is developed which com-
putes a sensitive discount optimal policy in a finite number of computa-
tions. An alternative computational approach has been given in [DENARDO
1970]. It performs the computation of bias-optimal policies by solving a
sequence of three discrete Markov decision problems by policy iteration or
linear programming. The basic tool is the Laurent expansion for the expect-
ed discounted reward vector for a fixed policy based upon (1.2;11).

The results in [VEINOTT & MILLER 1969] and [VEINOTT 1969] were recently
generalized by [ROTHBLUM 1975] to discrete Markov decision problems having
for each policy a non-negative transition matrix with spectral radius not
exceeding one. In this case the principle part of the Laurent expansion con-
tains v terms with 1 < v £ J, Other generalizations are treated by [ SLADKY
1974] (equivalence between sensitive discount and sensitive averaging crite-
ria) and by [HORDIJK& SLADKY 1977] (extension to a countable state space).
The partial Laurent expansion (1.4;4) obtained by [DENARDO 1971] is closely
related to the special case € = 0 and a normal policy in the partial Laurent
expansion of theorem 6.4.16 as remark 6.4.17 exhibits.

Theorem 6.4.16 is used in this chapter in two ways. Its first use is
the development of a new kind of sensitive optimality in the PGMP-model,
which has also significance in the MRP-model with interventions.

It is called sensitive intervention time optimality. In section 7.2
sensitive intervention time optimal policies are defined and some of their

properties established. Their computation is considered in section 7.3.
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It is shown that this task can be accomplished by solving a sequence of
problems, each satisfying the conditions of the undiscounted GMP-model,
by means of one of the methods GMP 1,2,3.

Its second use is in the computation of bias-optimal policies in the
PGMP-model by means of one of the methods GMP 1,2,3. The method suggested
here uses an idea developed in [DENARDO 1970] for the computation of bias-
optimal policies for discrete Markov decision problems. The procedures in
the sections 7.3 and 7.4 are illustrated on the numerical example of sec-

tion 6.5.
7.2 SENSITIVE INTERVENTION TIME OPTIMALITY

In this section sensitive intervention time optimal policies are de-
fined in the PGMP-model and some of their properties are considered. In
the sections 7.2 and 7.3 it is tacitly assumed that the matrix N, is finite.

2
Primarily a Laurent expansion in € is derived from theorem 6.4.16 in

LEMMA 7.2.1. Let z € Z be a fixed policy. Then the limit
(e52) 2 1i (0,€52)
vy (€i = 1mp+0 p vip,e;2

exists for each fixed € e(O,eO) for some sufficiently small 0 > 0 and

vo(e;z) has the Laurent expansion

(z) for 0 < e < g,

(1) voleiz) = J._, € 0

\Y% R
-1,3

PROOF,. By multiplying (1) of theorem 6.4.16 with p and taking the limit we
obtain (1) of this lemma for fixed € in (O,eo). By the uniqueness theorem

for Laurent expansions (1) holds on the whole interval 0 < g < €y+ 0

Observe that the domain of the function vo(e;z) can be extended by

analytic continuation to the annular domain 0 < lel < g
3

0’ € € € by defining

\Y 1 j(z) on the points for which it is not yet defined
4

goo
vo(e,z) = zj=—1 €
by lemma 7.2.1.

DEFINITION 7.2.2. A policy z* € Z is (p,e)-optimal if for fixed p > 0 and

fixed € > 0

*
vip,e;z ) 2 v(p,e;z) for z € Z.

The set of (p,e)-optimal policies will be denoted by Dp e
[
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DEFINITION 7.2.3. A policy z¥ ¢ Z is (0,e)-optimal if for fixed € > O

*
vo(e;z ) = vo(e;z)
The set of (0,e)-optimal policies is denoted by DO e*
’

*
DEFINITION 7.2.4. A policy 2z € 2 is sensitive intervention time optimal

if it is (0,e)-optimal on some real interval 0 < € < u where p is positive.
The set of these policies is denoted by DO'
REMARK 7.2.5. Observe that the PGMP-model with € fixed corresponds to a
MRP-model where each intervention is replaced by an action with time €.
Hence (p,e)-optimality and (0,e)-optimality in the PGMP-model are equivalent
with p-optimality respectively gain-optimality on the MRP-model. Consequent-

ly the sets Dp,e and DO,e are non-empty.

Some properties of sensitive intervention time optimal policies are

considered in

THEOREM 7.2.6. Let AO denote the set of policies, which are (O,an)—optimal

for some sequence {En ¥+ 0, n=1,2,...} depending on the policy. Then

(i) AO is non-empty.

(ii) If |A0| > 1 then for any pair of policies v,$ € AO

(1) vy leiv) = vg(e;d) for 0 < |e] < u(y,9)

where u(y,8) is some real positive number.

ﬁii)Do = AO.

PROOF., To prove (i) consider a sequence {vn +0,n=1,2,...}. For each

n D0 e is nonempty. Since Z is finite, some policy is (O,\)n )-optimal on
rEn

a subsequence {vnk v+ 0, k=1,2,...} which implies AO # @. Suppose AO con—
tains at least two policies y and 6. Let i € ¥ be an arbitrary state. By
lemma 7.2.1 vo(a;z)i is analytic and hence continuous on 0 < € < EO' Since

él) +0,k=1,2,...} and

vo(e;é)i > VO(E;Y)i for ee{v(i), £ =1,2,...}. Hence there exist sub-

(1) 4 o, m=1,2,...} such that
E(i)
kn
form=1,2,.... By the intermediate value

1) $0,m=1,2,...} where a(l)
m m

Y,8 € Ao we have vo(e;y)i > vo(e;é)i for € € {e

sequences {e ) 4 0, m = 1,2,...} and {v
(1) (1) ~m (i) (1)
Yﬂm—1< skm < Vﬂm < Ekm+1
vo(e;Y)i < vo(e;G)i for ¢ =

1 - > Y =
with vo(e,y)i > vo(e,tS)i for € and

Vi)

theorem vo(e;Y)i = vo(e;S)i for € e{a
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satisfies e(l) < (1) < v(l) for each m. Defining
n m Ln
gle); = Dvyleiv), - vy(e;8),1]

;l)¢ 0, m=1,2,...}. Since g(e), is analytic for

then g(e)i = 0 for eefa
(i)

0 < le[ < u(l)(y,G) this implies g(e)i = 0 for 0 < [e| < (y,8). Conse-

quently vo(s;y)i = vo(e;d)i for 0 < lsl < u(l)(y,d) and (1) holds for

uers®) Eming 0,61

To prove (iii) observe that definition 7.2.4 implies AO >D If

0

IAO| = 1 then obviously either D, = A, or D, = @. By assertion (ii) the

0 0
same holds if |A0| > 1. However DO = ¢ implies that some policy n ¢ AO is
(O,Bn)—optimal on some sequence {Bn +0,n=1,2,...} contradicting the

definition of AO. This completes the proof. O

To facilitate the computation of sensitive intervention time optimal

policies, the following sets of policies are defined,

DEFINITION 7.2.7. Let Z(-1,-2) d Z, The sets of policies z(-1,4),
£ =-1,0,1,... are defined by

z(-1,-1) g {z* € Z: V _1(2*) >y (z) for z e 2}

-1, -1,-1

and for £ = 0,1,...

z (—1 re)

* .

{z" ez(-1,£-1): V—l,ﬂ(z*) > V-I,K(z) for z € Z(-1,£-1)}.
Definition 7.2.7 implies immediately

(7.2;1) Z(-1,£-1) 2 z(-1,4) for £ = 0,1,...

By (7.2;1) the sets z(-1,£), £ = -1,0,1,... form a monotone sequence and

we may introduce

DEFINITION 7.2.8. The set of policies Z(-1,%) is given by

Z(-1,) d limp z(-1,2).

The relation between the sets DO and Z(-1,») is established in

THEOREM 7.2.9. In the PGMP-model we have

Z(-1,») = DO.
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PROOF. The assertion follows from the equivalence between
(1) vo(e;Y) - vo(e;S) 20 for 0 < & < u(y,s)
u(y,8) some real positive number and

(2) DV_y Vg o e D 2 IV (), V) ((8),...]

for two polices v,8 ¢ z. 0
As a consequence of theorem 7.2.9 and (7.2;1) we have

(7.2;2) Z(-1,2) # ¢ for £ = -1,0,1,...
7.3 ON THE COMPUTATION OF SENSITIVE INTERVENTION TIME OPTIMAL POLICIES . -

According to the results of the preceeding section a sensitive inter-
vention time optimal policy in the PGMP-model can be obtained by solving
a sequence of optimization problems EK' £=-1,0,1,... maximizing V—l,L(Z)
over Z(-1,£-1), If Zz(-1,£) contains only one policy for some £ then this
policy is sensitive intervention time optimal and only a finite number of
problems EK have to be solved. Otherwise Z(-1,») contains at least two po-
licies and the procedure is not finite. To solve problem EZ theorem 6.4,16
is used as a starting-point.

If z € Z(-1,£-1) is a normal policy then theorem 6.4.16 implies that
a solution (V—l,ﬂ(z)'VO,K(z)) of the system of equations

V_y g(2) = To(2)V_y o(2), 0 =0
(7.3;1)

0
Vo,2(2) = To@)WVg p(2) g5y =Kp, g BT (2IV_y 92D (5)=V g 0902

0
is unique in V 1 Z(z). Observe that V 1.2 1(z) is a known and common vector
-1, -1,8-
for z € Z(-1,£-1). By corollary 6.4.15 the same solution for V_y pl2) is
14
obtained if (7.3;1) is replaced by

Vog,g(®) = To@Vog p(2) gy =0
(7.3;2)
VO,Z(Z) - PO(Z)VO,K(Z)A(Z) = KS,Z(Z) - V—l,l(z) o t(z)



114

where

" g - 9
Ko,l’.(z) = K(l),li(z) v—l,l’_—l(Z)'

Hence for a normal policy z € Z(-1,£-1) the vector V_1,£(z) can be obtained
by solving the system of equations in the policy evaluation operation of a
GMP-scheme with k(z) replaced by KS,K(Z)°

In the special case £ = -1 observe that if z is normal KS,K(Z) =0,

implying by lemma 6.4.14 with b(z) = g(z) = 0 that

(7.3;3) \Y 1 1(z) =0 for z normal.
-1,-

Hence if Z contains only normal policies then Z(-1,-1) = Z and problem E—l
can be omitted.

If Z contains a non-normal policy z then EA(Z) = EA(A(Z)) for some
subchain EA(z). According to theorem 6.4.16, V-I,E(z) can be uniquely

Ex(=)
solved from the system of equations

-T =
V~1,£(Z)Ex(z) O(Z)Ex(z) V—I,K(Z)EA(Z)

(7.3;4)

VO,«E+1(Z)E)\(Z)_ FO(Z)EA(Z)VO,K+1(Z)E)\(Z)=K6,£+1(Z)E)\(z)_v—1,£(Z)E}\(z)

The system (7.3;4) shows that V_1 —1(Z)EA(z) # 0 in general for a non-normal
r

subchain Ex(z).

Returning to the case that Z contains only normal policies, let policy

*
z Z(-1,2) be obtained b lvi . Then V =V £
€ ’ obtaine y solving EZ n _1’2(21) _1’1(22) or

arbitrary zl, z, € Z(-1,£). Denote this common vector by V*1 2 Further
=L

2
define for intervention x € X(i) and state i ¢ V¥

1
o

k(i,x) for £

w xd

(7.3:5) (1;0'2)i =
GK(O)Z._{/«@! for £ > 0

(4]

Finally define simultaneously the action sets X (i) for i € ¥ and

£ =0,1,2,...

xP (1) ¢ txer®V ). 5. 5%

(7.3;6) je¥ 0713

* *
(Vo) gy = (Vo ), and

" X _ * . x 1, % _ 1 *
(K p)F = 1) p)ytlix+ zje‘{’(so)ijwl(z )y =wpz); ),
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1 . *
» where (V*1 K,wz(z*)) is a particular solution of (7.3;2) for policy z , the
“Lr
set of policies for £ = 0,1,2,...

(7.3;7) e, & ox x®©

ie¥

(1),

the set of states for £ = 0,1,2,...

(7.3:8) r-1,0 & v E(z),
zeZ (-1,£)
and the action sets Y(z)(i) for i e ¥, £ =-1,0,1,...
v 5y @ xa)
(7.3:9) X(z)(i) ’ for i € A(-1,4)
Y(Z) (i) d

£-1),.,. X ok _o* .
{xey (i) 'Eje\y(sO)ij(v-l ,a@)j_ (V—l,l)i} otherwise.

Observe that for £ = 0,1,2,...

L)

(7.3;10) z2(-1,8) = X ¥y (),
ieV¥

(7.3;11) Z(-1,8) < z(-1,8)

and

(7.3;12) A(-1,2) = U E(z).
zeZ (-1,4£)

The necessary information for the computation of a policy z**e Z(-1,2+1)
is contained in the solution of problenlgewhich specifies a policy z*eZ(—l,K)
1
and the vectors V*1 2 and WE(Z*)' The following method specifies the compu-
-1, .

tation.

METHOD 7.3.1. Given the solution of problem EK’ a policy z**e Z(-1,2+1) is

obtained in the following two steps

(1) Compute the sets E(z) for z € E(—l,ﬂ) and their union A(-1,£). For this
purpose a method developed in [FOX & LANDI 1968] can be used, which
identifies the subchains of a stochastic matrix and hence E(z) per po-
licy.

(ii) Solve problem ££+1 by applying one of the methods GMP 1,2,3 with the

terminating policy z for problem EZ as initial policy. Problem E£+1
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04

has the sets Y )(i), i € Y as action sets. Moreover the numbers

" (’E)

0,/+1 =
and i € W._This yields policy z .

(K ): specified by (7.3;5) replace the numbers k(i,x) for xeY (i)

The computation of a sensitive intervention time optimal policy is now
illustrated on the numerical example of section 6.5. Primarily V_1 0(z) is
7
obtained for z € Z by the policy evaluation operation of GMP 1. It is easily

verified that

[ C1> ] 4 ot {!z for £ = 1,3
t, = an z =
o1 1o fort=2,4

V__1 0(z) is then obtained from the system of equations
r

0 =k(z), - V_ (z), t(z)
1 1,0'%1 1

V—l,O(Z)ZTE7 = U, (a(2)) V—l,O(Z)l
% 4
which results in V (z) =V = 4 for each z € Z. Next problem £
-1,0 -1,0 4 1
is solved with
1 for x = 2
® O¥=gc 0=
0,171 ! 1 0 otherwise
and the action sets
{1,2,3,4} for i =1
Y(O)(i) -
{xo(i)} otherwise.

Since in this problem A(-1,0) = ¥, step (ii) of method 7.3.1 is sufficient

for this computation. Taking z, as initial policy, V (zl) is obtained

-1,1
from

L% 7 Vo 0(E) g m Vo1 (B B(2)y

V1,1 P08 E) T Y)Yy, (7)),

. ' _ ) - .
Since KO,l(zl)l = Gl(O,zi)1 0 we obtain
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) =1 -8 |.
-8

(z

Vo1,1'%

In view of the fact that each policy has only one subchain the policy im-

provement operation can be restricted to the computation of &i' This yields

- 1 _ .
w, Zj€¢ (No)ij Wl(Z)j =0 for i = 2,3

and

_ X _ x 1
) T maxxex1(1)[G1(°)1 Vop,p (@) B 4 Lyey (52137 (2]

= max [Gl(O)T + 8 t(1,x)] = max[4,9,4,8] = 9.

xexl(l)

The maximum is obtained for x = 2. Since A(z) = AO for z € Z, no cutting -

operation is needed. Hence the next ﬁolicy in the iteration is Zye. In the
same way we obtain
=3
Vo122 = 3
-3
and
z (N,) wl(z) =0 for i=2,3
je¥ " 07ij "1 3j !
w, =
* 3,3
X : = 242 = i =
maxxexl(i)[Gl(O)i +3t(i,x)]= max[2,4,2,3] 4 for i =1

implying that policy z, € Z(-1,1) is sensitive intervention time optimal

in agreement with the result of table 6.5.2.
7.4 ON THE COMPUTATION OF BIAS-OPTIMAL POLICIES

The Laurent expansion of theorem 6.4.16 can also be used to compute
sensitive discount optimal policies. In this section only the computation
of bias-optimal policies is considered. The question is whether an unaltered
use of GMP-schemes for this computation remains possible.

In this section we assume that Z contains only normal policies. This

implies V_ _1(z) =0 for z € 2 (cf. (7.3;3)). Further we substitute € = 0

1,
in the partial Laurent expansion for the PGMP-model of theorem 6.4.16 which

becomes then (1) of remark 6.4.17. As a consequence we have in fact returned
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to the finite GMP-model but retain the notation and use the results of the

PGMP-model. The coefficient vectors Vh 0(z), h=1,0,1,... of this expan-
r

sion are uniquely determined by the system of equations consisting of

h+1

k=1 (2)

(7.4;1) Vh,0(@) = To@)Vy o(2) (5 = Ky,0(®) + ) T, (2)V,

k,0 ""A(z)

and the corresponding equation in V. (z).
h+1,0

The computation of bias-optimal policies involves only the coefficient

vectors V_, 0(z) and V_ (z). Each particular solution (y_l(z),wo(z)) of
) 4

0,0
the system of equations

(@) y_y(z) - Ty(z) Y—i(z)A(z) =

(7.4;2)

(b) wo(z) - Fo(z) wo(z) = k(z) + Fl(z)y_l(z

A(z) )A(Z)

has the property that y_l(z) =V, 0(z).
14
Consider the system of equations in (Vo O(z),V1 0(z)) given by
’ 4

(a) VO,O(Z)-FO(Z)VO,O(Z)A(Z)==k(z)+F1(Z)V;I,O(Z)A(Z)
(7.4;3)
(b) ] ,0 (z)-I‘O(z)V1 ,O(Z)A(z)= K1'O(Z)+I‘1(z)VO’O(Z)A(z)+T2(z)V (

For a given particular solution (V_1 0(z), wo(z)) of (7.4;2) let
’

yo(z) d V0 O(z)—wo(z). By subtraction of (7.4;2) (b) from (7.4;3) (a) it
r

follows that yo(z) can be uniquely obtained from the system of equations

in (YO(Z)'WI(Z)) given by

(a) yO(Z) - Fo(z)yo(z)A(z) =0
(7.4;4)
*
(b) wl(Z) - Po(z)wl(z)A(z) = Kl,O(z) + Fl(z)yo(z)
where
* d
(7.4;5) Ki,O(Z) = Kl,O(z) + Fl(Z)wo(z)A(z) + PZ(Z)V—l,O(Z)A(z)‘

Observe the similarity between the systems (7.4;2) and (7.4;4). The fol-
lowing lemma exhibits the relationship between the solution of (7.4;2) and

the one of the corresponding policy evaluation operation of a GMP-scheme.

LEMMA 7.4.1. Let the system of equations in (y_l(z),wo(z)) be given by
(7.4;2) and one in (yii(z),wé(z)) by

-1,0% (2)
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(a) yil(z) - Fo(z)yii(z)A(z) =0
(1)

(b) wé(z) - Fo(z)wé(z)A(z) = k(2) -yl (2) o t).

Then corresponding particular solutions satisfy
2 oyl =y (2 for i ¢ ¥
-1 i -1 i

1 1 .
(3) wo(z)i = wo(z)i + y—l(z)i(to)i for i € E(2).
PROOF. Corollary 6.4.15 implies yfl(z)i = y_l(z)i for i € ¥. It remains to
prove (3). This is done for an arbitrary subchain Ex(z). For (tO)EA(XTET3

the following relation holds (cf. lemma 2.3.7 (ii))

(4) “ole, @@n ™ %P e @EnE, (a2 Fole, @) *

+ RO(A(Z))EA(A(Z))TEA(A(Z))
Hence
(3) (tO)E)\(A(z)) o y—l(z)E)\(A(z))+

" %Ay @ENE, (e Cs ae) T -1 P aen”

= R g @@ e, @) "Y-1 e, G@)
Addition of (5) and the EA(A(Z))—part of (7.4;2) (b) yields
(6) [wg(2) + £, B 3’-1(Z)JEA @eEn *
- Y (“‘(Z”EA (A(z))E)‘(A(z))[wo(z) +t, ”Y—l‘z”EA (A(z)) =
SN REE GEnE ae)Y-1%E ae)
+ RO(A(Z))EA(_—A(Z))TE)\(——A(z))Dy—l(z)E}\(—A(z))=o'

Further by lemma 2.3.12 (i), which may also be applied here,
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) PUEBEIY @ (agz)) "

R (A(z)) (

E, (A(2))E, (3(2)) 0 E, (3(z) "B, (321" Y-1

- P(z) Z)Eﬁ37275=

[t(z)

- [1-p, (E, (A(2))) I(ty) loy_,(2)

E, (A(2)) 0'E, (A(z)) EA(A(Z))=

= [t o Y—l(z)]Ek(A(z)) +

( (z

)

(1P By AN g a2y C0)s, (a(20) © Y-1 P8, e

Substitution of (7) in (7.4;2) (b) yields

@ fwg(@) + £ 9 v g Ay *

" BoEAE@NIwG (@) + 5y 0y &g () =

(k(z) - y_,(2) o t(z)]EA(A(z))

(6) and (8) imply the assertion. O

Suppose a gain optimal policy z* € Z(-1,0) is obtained by using one
of the methods GMP 1,2 or 3. In section 7.3 this optimization problem has
been denote? by EO' In addition, the solution of EO specifies Tg? vectors

* *
v_ and w.(z ). Based on these data we define for each x € X

i ieV
1,0 0 (i), ie

1, % * B .
. eal Liey ™ 590 @5 + Ly g i) 1) ). for x = x,(0)
(ke )T =
1,071 « _ .
zjevpij K1(A0)j - K1(Ao)i otherwise.

. * z (1)
Notice that (Kl,O)i

# K: 0(z)i in this notation. The next step to be
’
performed is concerned with a second optimization problem denoted by E*.

Problem E* is solved by means of one of the methods GMP 1,2 or 3. It is
* )x (0)
1,071
of problem EO. The policy evaluation operation of the solution methods com-

obtained by replacing k(i,x) by (K and X(i) by X (i) in the setting

putes a particular solution (yo(z), wi(z)) to the system of equations
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JYO(Z) T Tp@yp(2) sy =0

lwi§Z)A- I‘O(z)wi(z)A = K:,O(z) - yo(z) o t(z)

(z)

where KI,O(Z) is defined by (7.4;5). In the policy improvement operation
k(i,x) is replaced by (Kzlo)i.

The solution of § specifies a policy z which is gain-optimal for ieV¥
and bias-optimal for i € A(-1,0). An improvement upon policy z can only be
obtained in the states that are transient for all policies z € Z(-1,0),
which may be done by returning to problem Eowith initial policy z and poli-
cy evaluation (7.4;2) where for wo(i)is substituted yo(i)-+wo(z*).1he method

proposed to compute a bias-optimal policy in the PGMP-model is summarized in

METHOD 7.4.2. A bias-optimal policy z** is obtained by the following com-

putational steps.

(1) Problem Eo is solved by applying GMP 1,2, or 3, specifying the vectors
v o wé(z*) and policy z* € %z(-1,0).
’
(ii) Compute the set of actions X(O)(i).
‘e * * . . * 1, *
(iii) Compute wo(z )i for i € E(z ) by using the relation wo(z )i==w0(z )i+
*

AT . .

(iv) Solve problem & by applying GMP 1,2 or 3 with initial policy z .

(tO)i and for i e F(z*) by using (7.4;2).

This results in policy Z and vector yo(i). Compute the vector
~.a - *
wo(z) = yo(z)+w0(z ).
(v) Return to problem EO and use GMP 1,2 or 3 with policy evaluation

operation (7.4;2) to improve policy z. This yields policy z**.

REMARK 7.4.3.

(1) Observe that there is no need to compute the set A(-1,0) in this
procedure.
(ii) The system of equations (7.4;2) is used in the steps (iii) and (v). In

i (a(z) -rR (AT —_—
either case U1(A(z))y_1(z)A(z) may be replaced by 0( (Z))(Nl)A(z)\l’y—
(cf. (10) of remark 6.4.17) if this is computationally convenient.
*

1,

1(z)

(iii) The computation of K 0(z) may be simplified by using the relation

U, (A(2))w, (2) + Uy ANV o

(2) Datz) =

= Ry(&(z)) [-(N))

Vamyv @ + I

2’3@)‘!"’—1,0””‘
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The computation of a bias-optimal policy by means of method 7.4.2 is

now illustrated on the numerical example of section 6.5. Assuming that step

1 of method 7.4.2 terminates with policy z,- Then
4 0
v, =lal: wiz) =|lol: z(-1,00 = {z,,2,,2,,2,}
-1,0 ! 0“1’ ~ ! ' 17°2'%3%4
4 lo
In step 2 the action set X(O)(i) is determined which is given here by
J{1,2,3,4} for i =1
X(i) =
l{xo(i)} otherwise.
Since
0 0 0 0 0
1
N1 = 1 0 N2 = i 0 .
1 1 L o4 1
4 4 | 8 8
It follows from (7.4;6) that
-1 for i =1 and x = 1,3
-2 for i =1 and x = 2,4
* x
Ky )5 =
’ 2 for i =2 and x = xo(i)
1 for i =3 and x = xo(i)

In step 3 wO(zl) is computed from wé(zl). By lemma 7.4.1 it follows that

1 o
WO(Zl)i = WO(zl)i - y—l(zl)i . (to)i for i = 1,2.

Since state 3 is transient for this policy, wo(zl)3 is obtained from

wo(Zy) 3 = Uy(A(2)) 5, wylz) + U A(2)) 4, v, (2),.
This yields
0
wo(zl) =] -4 .

L -4
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Next step 4 is applied with initial policy z,- The vector yo(zl) is
obtained from the equations
¥ (z,) (z,) t(z,), =0
Ky,00%1)1 ~ ¥z 4820 =

Yo )5z ~ Up (B(z1))yy (2]

and the vector wi(zl) from

1 d
wl(zl)1 =0

—_— 1 *
")) = BBV ) + K] 4G5
0
This yields, noting that K (z) = {2 ] '
3
0 0
1
yo(z ) 0 ; wl(zl) =2
0 3

Observe that indeed VO,O(ZI) = yO(Zl) + wo(zl), (cf. table 6.5).

Applying the policy improvement operation we obtain for &1

w, = max [ (K (z))t(1,x) +2 0)13“’1(2 ).]

-y
x=1,2,3,4 7 01%

max[-14%.2, -2+1.2, -1+%.3, -2+1.3]

max[0,0,%,1] = 1.

Since only the null decision is feasible in state 2 and 3 this shows that

policy Z, is the next policy. By the policy evaluation operation we obtain
1 0
1
yo(z4) =(1 ; wl(z4) =2 .
1 3

Applying the policy improvement operation yields for &1
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1
1

<
]

* X
max [(K] )]-¥((zy) t(1,x) + ] (s

X
xex(1) 10 ey 13

max[-1-%+%.2, -2-1+1.2, -1-%+%.3, -2-1+1.3] =

max[-%,-1,0,0] = 0.

This implies that Zq and z, are both bias-optimal in agreement with table
6.5.3.
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