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FINITE GROUP ACTIONS ON THE MODULI SPACE
OF SELF-DUAL CONNECTIONS. 1

YONG SEUNG CHO

ABSTRACT. Let M be a smooth simply connected closed 4-manifold with posi-
tive definite intersection form. Suppose a finite group G acts smoothly on M .
Let n: E — M be the instanton number one quaternion line bundle over M
with a smooth G-action such that 7 is an equivariant map. We first show that
there exists a Baire set in the G-invariant metrics on M such that the moduli
space ./%*G of G-invariant irreducible self-dual connections is a manifold. By
utilizing the G-transversality theory of T. Petrie, we then identify cohomology
obstructions to globally perturbing the full space .#, of irreducible self-dual
connections to a G-manifold when G = Z, and the fixed point set of the Z,
action on M is a nonempty collection of isolated points and Riemann surfaces.

1. INTRODUCTION

Let G be a finite group, and let M be a simply connected closed smooth
4manifold with a positive definite intersection intersection form and with a
smooth action of G on it. Let n: E — M be a quaternion line bundle with
instanton number one and with a G-action on E through a bundle isomorphism
such that 7 is a G-map. The moduli space .# of self-dual connections on F
is a G-space but may not be a manifold.

To make .# a manifold, Donaldson [9] used a compact perturbation of a
Fredholm map, and Freed and Uhlenbeck [14] found generic metrics on A .
We cannot use these methods directly to make .# a G-manifold, because Don-
aldson’s perturbation is not G-equivariant and Uhlenbeck’s method need not
yield a G-invariant metric.

We can regard this G-action on the bundle as a subgroup of a generalized
gauge group [5]. From the G-action on the bundle, we can define naturally a
G-action on the set & of all connections, the gauge group &, Q”(?E), and
Q"(E), where £, is the associated Lie algebra bundle of E. G then acts on
# /8 and the moduli space .# . We use two different methods to transform
this mysterious G-moduli space .# into a smooth G-moduli space with some
singularities. In [7] we will find generic metrics on A such that the moduli
space .# is a G-manifold when G is the group Z/2".
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234 Y. S. CHO

Let .# "% be the set of the G-invariant gauge equivalence classes of irre-
ducible self-dual connections. In this paper we first show that

Theorem 4.6. There exists a Baire set in the G-invariant metrics which is ob-
tained by averaging, such that .# ~G s a smooth manifold in the moduli # ~
of irreducible self-dual connections.

To see the local G-structure of .# at each self-dual (G-invariant connection
V e #%, we will use the Ativah-Singer G-index theorem [1, 3] for the G-
invariant elliptic complex:
v v
0- Q%) =0 %,) L= (%) -0,
sY :

where 7 is the formal adjoint of V.
We now assume G = Z, = (h). Suppose that the G-fixed point set F =

(P}, U{T*}?2, on M, where P, is an isolated fixed point and 77 is a
Riemann surface with genus 4.

Theorem 3.10. If a connection V is an irreducible (reducible) G-invariant in
M, (V)= g(V), and (hg)2 = +1 for some gauge transformation g, then we
get

dim H,, —dim H,, = 1(10 + 34)(+1),

dim Hy,_ —dim HS_ = 1(10 - 34),
where A =n, + Z;’il x(T;") —sign(h : M), sign = signature, and H*+_ means
the £1 eigenspace of hg .

Theorem 3.10'. If V is a self-dual irreducible connection, h(V) = g(V), and
(hg)2 = —1 for some gauge transformation g, then we have

dim Hy,, — dim He,, = 1(10 + 4),
dim Hy, - dim Ho_ = (10— 4),
where H; is the 1 eigenspace of hg.

Theorem 3.10" . Let V be a self-dual reducible connection and g(V) = h(V)
for some gauge transformation g ¢ I',. Then we get

(14+ 4),
(10-4),

dim H,, —dimHg,, =1
dim Hy_ —dim Ho_ = 4
where H; is the £1 eigenspace of g hgg,. for some g, , g, €Ty .

By considering the ends of the moduli space {19, 30], together with Theorems
3.10 and 3.10’, we obtain the following theorem.
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FINITE GROUP ACTIONS OF SELF-DUAL CONNECTIONS 235

Theorem 5.6. The value A=n, +3Y 2 (TA') —sign(h: M) =2.
1 i=1

We can also get this value for 4 from the Lefschetz fixed point theorem.
Using this index calculation, we want to perturb the map yw: /6 —
% xg Qz(gE) given by (V) = (V, Rv) to one transverse to the zero section.
This Fredholm G-map w is locally equivalent to the sum of a (G-equivariant
linear map and a nonlinear (G-equivariant map with finite dimensional range.
By combining Theorems 3.10 and 3.10" . we then get

Theorem 5.7. Suppose that ¥V is G-invariant, reducible, and self-dual in A .
Then there is a G-equivariant perturbation around ¥V in B such that the per-
turbed moduli space has a neighborhood at ¥V which is an open cone on CcP’.

Theorems 3.10 and 3.10" then yield

Theorem 5.10. I/ V is G-invariant and irreducible in 4, then there is a G-
invariant smooth compact perturbation around V such that the perturbed new
moduli space has a smooth 5-dimensional neighborhood at V .

We then apply a G-transversality technique of Petrie [22] to investigate G-
transversality on a neighborhood of the fixed point set .# % Consider a fiber
bundle F — V — X where X =.#°. Let X, ={End of .# U neighborhood
of reducible connections in %G} NX,and F = Homf;(Hé_ , Hé_) = the
surjective G-homomorphisms.

Theorem 6.6, (i) To perturb w G-transversally throughout a neighborhood of
#° we use the obstruction classes O,(y) € H3(X, Xo: Z).

(i) If ©4(w) = 0, then the G-section y has a smooth compact G-perturbation
R+ o of the self-dual Yang-Mills equations which is transversal to the zero

section throughout a small neighborhood of .# ¢,

Let N(%G) be a neighborhood of .#° such that v 1is transverse to the zero

section throughout N(.#Z"). For each V € .Z\N(.# (’) , we can choose a local
coordinate chart ©g., in % /® such that 4(O.,)NO;.,, =. Let
K = #\{N(#°)UEnd of .#
U neighborhood of reducible self-dual connections} .
The compactness of K and the local splitting of ¥ giveusa G-map y,: /& X

D"'(n) — % x Qz(ffE) via y (x,w) = y(x)+ o(x, w), where ¢ is defined
G-equivariantly for each w in an n-ball D"(n) c R" for some n.

Theorem 7.6. For almost all w € D"(n) the restriction map w( )+ o( , w) is
transversal to the zero section throughout a neighborhood of K .

Thus if the obstruction cohomology classes ©,(y) = 0, then we have a
smooth G-manifold .# of dimension 5 with A-singular points each of which
has a cone neighborhood on CcP’ , where A =rank H (M ; Z).
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236 Y. S. CHO

2. FINITE GROUP ACTIONS ON CONNECTIONS

Recall that HP" is the set of 1-dimensional quaternion subspaces in the
(n + 1)-dimensional quaternion space H""' , and E = {(/, v) e HP" x H""" :
v € I}. The projection P: E — HP" given by P(/,v) = [ is a natural
quaternion line bundle. The associated unit sphere bundle of E — HP" is
just the Hopf bundle $*** — HP" which is 4n-dimensional classifying of
SU(2)-bundles. In case n =1, HP' = S* and the Hopf bundle S” — S* is
4-dimensional classifying of SU(2)-bundles with C,(E )[S4] = —1. We have
the following well-known fact:

Theorem 2.1. Let M be a compact oriented 4-manifold. Then there are natural
1-1 correspondences {equivalence classes of SU(2)-bundles on M } «— [M 4 S4]
~H'M;2)=1.

Let E— M* bea quaternion line bundie with instanton number one. The
instanton number of this line bundle E is defined by —C,(E)[M]. If a finite
cyclic group Z/nZ actson M , we have an induced bundle #"E — M where A
is a generator of Z/nZ . Since the bundles E and 4"E are bundle isomorphic
on M we havea Z/nZ-action on this bundle £ — M by composing any bundle
isomorphism E to A"E and the induced isomorphism. Similarly if an abelian
group acts on M , the group acts on the given bundle via pull backs.

Let G be a finite group. Choose Riemannian metrics on the vector bundle
E — M with respect to which G acts by isometries. Let

QYE)=TA'T"ME)
be the k-forms on M with values in £. A Riemannian connection on E is a
linear map V: Q%E) — Q'(E) satisfying V(fo)=df ® 6 + [V(s) and
d{o,,0,) =(Vo,, 0,) +{0,, Vo,)

for any f € C®(M) and any 0,0,.0, € QO(E). We extend a Rieman-
nian connection V on E to the generalized de Rham sequence QO(E) =,
QUE) 4 Q¥E)— ... forany 000 e Q (E)d (0®0)=d0@0—OAVG.
The curvature of a connection V is the 2-form R® =d" oV € Qz(Hom(E , E))
with values in Hom(E, E). We have the Bianchi identity d"RY = 0. The
associated Lie algebra bundle % of E is given by & = P Xsu() FU2),
where P is the associated principal bundle of E and % % (2) is the Lie alge-
bra of SU(2). We have the induced metric on A"T*M ® % from the metrics
on M and % . The pointwise inner product gives an L*-norm in Q"(?E) by
setting (¢, , ¢,) = [,,(¢,, ¢,)dvol forany ¢, ¢, € Q"(?E). The formal ad-
joint 6¥: Q"(%,) - Q"(%,) of d" isdefined by (d" ¢, ¢,) = ($,,3"$,)
for all ¢, € Q"(%;) and ¢, € Q"H(?E). For each nonnegative integer / we
define Q;'(fg) to be the space of sections whose derivatives of order </ are
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FINITE GROUP ACTIONS OF SELF-DUAL CONNECTIONS 237

square integrable. Thus Q;(%,) is the Hilbert space completion of Q"(%,)
with respect to the inner product

/ . .
(. eI} = ;/M(v’qsl , V') dvol .

Throughout this work we will implicitly use various Sobolev spaces without
mention.

Let & be the space of all SU(2)-connections on E . Since the difference
of any two connections is in Ql(?E) , & is an affine space having Ql(?E) as
the vector space of translations. On an oriented Riemannian 4-manifold M
there is the Hodge star operator #: A"7*M — A*™"T*M given by aAx § =
(a, B)dvol € A*T*M . On the middle dimension A’T*M, «* = 1 and so
NTM=NT"MoA T'M, where ALT*M are the (£1)-eigenspaces of *.

If we change the metric by multiplying by a positive number S, the inner
product on the tangent space is multiplied by S and on 2-forms by S™%. How-
ever, the volume form is mulitiplied by S > Thus * is conformally invariant on
AT*M . The adjoint operator 3Y = —xd "+ on the 4-manifold. A connection
V is (anti) self-dual if «RY = RY (—RV, respectively).

Let P — M be the associated principal bundle of £ . Let P Xsu(2) SU2) —
M Dbe the associated Lie group bundle where SU(2) acts by adjoint on fiber
SU(2). The set of all sections & = I'(P Xg;,) SU(2)) is called the group of
gauge transformations. There is a natural action of the gauge group & on the
space % of connections, namely g(V) = goVo g_l for all g € & and all
Ve#. Let ¥ =%/6 and # = &/ /6, where & is the set of self-dual
connections.

Equivariant self-dual connections were first studied by Fintushel and Stern
in [12]. Let a finite group G act on the bundle E - M through bundle
isomorphisms such that # isa G-map. The compatible action induces an action
on Z. On QO(E) , h(6) = hoooh™ ' forany he G andany o € QO(E) , where
h ' isa diffeomorphism of M and /4 is a bundle map. For a connection V,
h(V), o= h(V,,(h_la)) , where o € QO(E) and v is a vector field. There is an
action of G on each Qk(gt) defined by (h¢), o, = (h¢)h“(1v e
G acts on M by isometries, (G-action commu]tes with the *-(;per%tion. Also,

G acts on the set ./ of self-dual connections and G-action descends on the
moduli space .# . The finite group G actson €, B =%/6 and 4 =7 /6.

vy Since
k

3. THE INDEX OF THE FUNDAMENTAL ELLIPTIC COMPLEX
Let V' be an n-dimensional vector space with inner product ( , ) by defining
a homomorphism A’(V) — Hom(V, V) by (u Av)W = (u, w)v — (v, w)u
forall u,v,w € V. Wehave (uAviw,, w,) + (w,, (uAv)w,) =0. We

can identify AZ(V) with the Lie algebra so(n) of the special orthogonal group
SO(n).
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238 Y. S. CHO

In dimension 4, the decomposition A = Ai + Az_ corresponds to the de-
composition of the Lie algebra so(4) = so(3) ¢ so(3). So, we can consider

AZi as 3-dimensional Lie algebras. On the Lie group level the homomorphism

n: Spin(4) = Spin(3) x Spin(3) — SO(4) defined by n(g, A)x = gxh™" has
kernel {(—1, —1), (1, 1)}. As a manifold Spin(3) = SU(2) = Sp{l) = S?,
and 7 is the 2-fold universal covering map. Thus for any oriented Riemannian
4-manifold M , we may have, at least locally, the two-complex spinor bundles
V. (even) and V_ (odd). Denote the total spin bundle V' =V, @ V_. The
complex endomorphism bundle of V' is isomorphic to t' 2 complexified Clifford
algebra bundle of the cotangent bundle 7~ M . In particular,

ALT*M)~Hom(V,, V), ALT*M) ~Hom.(V_, V,),
(3.1) AL (T"M)=~Hom.(V,_, V,)°, AL(T*M) ~Hom(V_, V_)°,
0 * 4 4 *
AT M)=A.=A(T"M)=C.
Here O denotes the traceless endomorphisms, and A'C denotes the complex-
ification of A°.
Let E — M be a quaternion line bundle with & = 1 over a compact oriented
simply connected smooth 4-manifold M . For a self-dual connection V € &/
there is the fundamental elliptic complex

(3.2) 0- %, . 0\#,) =,

E E )—)09

where Q; (%) is the Sobolev completion of Q*(%) with a Sobolev k-norm
16l = L {81 + -+ 1V“¢)"} d vol.

It is a basic fact that the Sobolev completion of the space of cross sections
of a smooth finite-dimensional vector bundle is a Hilbert manifold [19]. The
operators d¥ and af_V in (3.2) are continuous. The gauge group action & on
the space of connections # extends to a differentiable action %, on % . If we
do not complete (3.2) with Sobolev norm, then we cannot guarantee the elliptic
operators to be invertible. Moreover the index of (3.2) is independent of the
kth Sobolev norm. This fundamental complex was first defined and studied by
Atiyah, Hitchin, and Singer [1].

(3.3) The sequence (3.2) is an elliptic complex with finite dimensional coho-
mologies.

We choose metrics on £ and M which are G-invariant. Assume that the
connection V is G-invariant self-dual. Replace the fundamental elliptic com-
plex (3.2) by a single elliptic operator:

(3.4) 6V +d":Q'(%,) - %,)e 0 (%,).

We complexify (3.4) to write this in terms of the Dirac operator associated
to the metric:

(3.47) 87 +d: QU — QUE) @ Q. (5,),
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FINITE GROUP ACTIONS OF SELF-DUAL CONNECTIONS 239

V.oV ®%) L TV oV ®%.)

(3.5) \ /

1
FA @V oV_®%,)

where the connection V on V. ®V_® %, is induced by the Riemannian
connection on ¥, ®V_ and the given self-dual connection on %, and C is the
Clifford multiplication by 7°M on V. . The two elliptic operators (3.4)" and
(3.5) have the same index because they have the same symbol and factor through
the same connections, that is, they can be written in the form D o = eV, ¢

Since we start with the G-invariant self-dual connection V, the induced
Dirac operator D is also G-invariant. To compute the G-index and g-index,
for some g € G, we will use the Atiyah-Singer G-index theorem.

Theorem 3.6 (Atiyah-Singer G-index theorem [24]). Let G be a compact Lie
group acting on the compact smooth manifold M, and let D be a G-invariant
elliptic operator on M . Then the g-index of D is related to the fixed point set
M by the formula

mCh (j a(D)td(T* @ C)

Ind, (D) = (=1) Ch,(A_,N¥®C)

[TM*],

where m = dim M*, j: M® — M s the inclusion map, and N¥ is the normal
bundle of M® in M.

Here m will vary from one component to another.
The analytic index, Ind;(D) = Ker D — Coker D € R(G) is a virtual repre-
sentation of G. For the identity element e € G,

Ind, (D) = tracee: Ind (D) — Ind;(D)
= Ch(V_®%,)ch(V, — V. )td(TM & C)e(TM)~
ch(V_)-ch(%,) - A (M) - [M]
= P (£.)[M]+ 3ch(V_)4"(M)[M]
= —8C,(E)[M]+3(~by+ b, ~b,)
=8k —3(x - 1),

'[M]

where k = —C,(E)[M], b, = the ith Betti number of M, b, = rank of

HE(M ; C), x = the Euler characteristic of M, and 7 = the signature of
M . Under our assumption, k = 1. Since M is simply-connected and the
intersection form is positive definite, we have y —7=2.

(3.7) [1]. Let the connection V be G-invariant self-dual and let D be the
induced Dirac operator. Then Ind, (D) = 5, where e is the identity element in
G.
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240 Y. S. CHO

Let G act smoothly on M 4 and preserve the orientation of M , where the
normal bundle of the fixed point set has even dimensional fibers. Then the fixed
point set M “isa disjoint union of even dimensional submanifolds.

Suppose that a G-action on the bundle £ — M has a fixed point set F =
{Pl.}l'.'_il U {T’l'},'.';1 on M where T" is a Riemannian surface with genus 4, .

We now specialize to the case that G = Z, and h generates G. Let P € F
be an isolated fixed point. Consider the elliptic operator

6V +dY: Q%) - Q%) el (%,).

To compute Indh(éV + dY) we will use the Atiyah-Singer G-index theorem

for the Dirac operator (3.5) which has the same index as sY + dY .

Fintushel and Stern [12] compute the index of a related elliptic operator.
They considered an SO(3)-bundle, and the induced bundles and operators
which are all G-invariant. We consider an SU(2)-bundle with G-action and
G-invariant elliptic operators. However we consider the whole induced bundle
with G-action.

If P e F is an isolated fixed point, then

Ch,(V, - V_) Chy(V_) Ch(Z)1d(T,M ® C)[P
Ch,(A_,T,M&C)

Ind, (D)|,,, =

Let % be the complexified bundle of the associated Lie algebra bundle %
of the SU(2)-bundle E . The restricted bundle z'*?c — F over the fixed point
set F=M"c M isan SU{(2)-bundle, where i: £ — M is the inclusion.

Since B SU(2) is 3-connected, the induced bundies on F are trivial because
F has at most two dimensions. The possible actions of # on i"E — F are
(10), (579), (5 %), or (' %) by considering Z,-representation on C”.
However ('%) and (3 °) do not preserve the SU(2)-structure on i"E.
The remainders (%) and (7' °) act on SU(2) as the usual multiplication
of SU(2), and on the associated Lie algebra bundle . as the adjoint action.

Let

it a o
<—E —it) e AU Q2),

+1 0 it a £1 0\ (it a
0 41 —-a —it 0 1) \-a -it)"

So the G-action is trivial on %, — F and also on the complexified Lie algebra

bundle over F . Thus we have

where

Ch,(%,)=Ch(%.)=3+C(% )+ - =3,
d(TM" @ Cy=1+1C(TM" 8 C)+- =1,
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FINITE GROUP ACTIONS OF SELF-DUAL CONNECTIONS 241

and

Chh(V+ - V_)Ch,(V_) P
Ch,(A_,T, & C) LP]
2 eni/Z_e—ni/2)e—7zi/2 i i
= : _ Pl=—
H1 TS (€ +e™)[P]

| —

Hence (Ind, D)|, = —3, where (h) = Z,. The contribution to Ind,(D) on a
fixed point component T , which is a Riemann surface with genus 4, , is

Ch,(V, - V_)Ch,(V.)
e(T"Ch, (A_ N"& C)
(ex]/z . e—xl/Z)e—xl/Z(exl/2+n[/2 _ e——xz/2—7zi/2)e—xz/2——ni/2
Xl(l ._ e(xz+7!i))(1 _ e(.’(2+7[i))
% (e,\‘, +e(ez+ni))[T}x,]
_1
-2

(7]

(X, [T - X,[T"]),

where X, and X, represent the Euler classes of the tangent bundle and the
normal bundle of T% respectively. Thus

Ind,(D)|,, = —3{X,[T"] - X,[T"]}.

T

Theorem 3.8 [3]. Let X be a compact oriented manifold of dimension 4k , and
let h be an orientation preserving involution with fixed point set X " Let (X h)z
denote the oriented cobordism class of the self-intersection of X "'in X. Then

sign(f : X) = sign[(X")?].

In our case the manifold A has dimension 4 with fixed point set F =

{P}, U {T)"};’; . - The isolate fixed points have self-intersection 0. For the
Riemann surface 77 the self-intersection of 7% in M is the sum of the
signed isolated transverse intersection points. Thus sign((T"")2 ) = the self-
intersection of T* = (Xz),[TA'], where (X,), is the Euler class of the normal

bundle of T in M.
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sign(h: M) = Sign((Mh)z)

= ngn = Z [T 1,

Ind, (D) = ZIndh(D)ipl + Zlndh(D)[T/;,
] i=1

N Zl <_%> v ; <—%> (), 171 = (), [T
- % {”1 + :ij ; }

i=1

= {n +Zx "y —sign(h : M)}

Theorem 3.9. Let V bea G-mvartanl self-dual connection. Let D be the induced
Dirac operator by the fundamental elliptic complex (3.4). Let F = {PI.};?:'l U

{TX'}:Z1 be the fixed point set on M . Then we have
Ind ( ) =15,

Ind, (D {n +ZX "y —sign(h : M)}

If V isa G-invariant self-dual connectlon, we have the G-invariant elliptic
complex 5Y + dv: Ql(?E) — QO(gE) @ Qz_ (%5). By ellipticity this complex
has finite dimensional Ker and Coker. The analytic G-index of this complex

= Ker(6v + dY) - Coker(5V + dY)
= Hy, — (Hy & HZ) € R(G),
where these cohomologies are the cohomologies of (3.2).

The cohomology Hg = 0 if the connection V is irreducible, otherwise it has

dimension one and trivial G-action, since G acts on these cohomology groups.

(dim Hy,, +dim Hy, ) — (dim Hy, +dim Hy, + dimHZ_) = 5,
(dim Hy,, —dim Hy, ) — (dim Hy, + dimHy, —dimHg )= -3 -4,

Il

where 4 =n, + Z;’;l )((TA') —sign(h : M) and =+ stands for +1 eigenspace of
the generator h € G.

Theorem 3.10. If'a connection V is irreducible (reducible) in # , h(V) = g(V),
and (hg)2 = +1 for some gauge transformation g, then

(10 - 34),
(10 + 34),

dim Hy,, —dim Hy | =
dim HY,_ —dimHS_ =
where H_, . is the 1 eigenspace of hg .

1
3
1
3
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FINITE GROUP ACTIONS OF SELF-DUAL CONNECTIONS 243

Note that each element of the fixed point set .# Y in the moduli space A
is a G-invariant self-dual connections up to the gauge equivalence because G-
invariant in .# may not be G-invariant in % .

Suppose that V is a self-dual irreducible connection such that #(V) = g(V)
for some gauge transformation g (# 1) where (h) = G. Then (hg)V =V
and (hg)2V = V. We have (hg)2 =xled. If (hg)2 = I, then we have the
same result as in Theorem (3.9). If (hg)2 = —1I, then f has order 4 on the
total space E and f has order 2 on the base manifold M, where f = hg.
Again we have an f-invariant fundamental elliptical complex

0-0%%,) - Q'(&,) - Q' (5,) -0,
As before we have an induced elliptic operator
D:(V.eoV. @7 )—-T(V. V.27,
and its index
aimst’ 2Ch (V. = V) Ch (V) Ch (& )td(TM & C) e
e(TM')Ch (A_ N & C)
(yfm 2 Ch,(V, = V_)Ch,(V_) Ch (E)td(TM" & C)[Mh]
e(TM")Ch,(A_,N"® C) '

ind,.(D) = (~1)

=

The only difference between this formula and the previous formula is that the
h-Chern character Ch, (%) is replaced by the f-Chern character Ch f(?c).
The various associated SU(2)-bundles, especially £ ., over the fixed point set

F=M =M = (P}, u{T"}"?, on M are trivial. On E, f acts as a
multiplication of
2ni/4
e , 0
( 0 e42m'/4>

with order 4. On the associated Lie algebra bundle %, f acts adjointly, i.e.,

e’ 0 it, a\(e ", 0N_( it, €
0, e )\ -a, -it 0, " —e My, it )

So if we write %, = R& C, then f acts trivially on R and f acts with

i

weight 2 on C . Using the splitting principle, Ch (%) = el te™e™ peteT =
1—1—1=—1. Since td(TM"®C)=1, ‘
Chy(V, = V) Cly(V) 1
Ch, (A_,N"®C)

2

and
Ch,(V, - V_)Ch,(V_)

e(T*)Ch,(A_ N"® C)

[T7] =
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where XZ(TA") is the self-intersection number of 7% . Thus we have

n,
i

Ind (D) = Y [(Ind (D)]P; + i:[lnd AD

i=1 i=1

Z Z 2T = Xy(T'7Y)
i=1 =1
{rll-i-Z)(T)—mgn( M)}.

i=1

N|>—‘

Similarly we can calculate Ind 2(D) and Ind (D).

Theorem 3.9'. Let V be a self-dual irreducible connection, let h(V) = g(V) for
some gauge transformation g, (hg)2 = —1, and let D be the induced elliptic
operator by the fundamental elliptic compiex (3.4). Let F = {Pi};;‘l U {T)"}?il
be the G-fixed point set on M and let { = hg. Then we have

Ind (D) = 5,

=1

Ind (D) = % {'71 + 3 0(Th) — sign(h ; M)} ,
Inds(D) = 5

3

Ind/-x (D) =

P —

{’71 + 3 x(T") = sign(h - M)} .

=1

For simplicity let 4 =7, + Z?in X(TA') —sign(h: M).
Now consider the analytic index for the fundamental f-invariant elliptic
complex: Ind (D) H - H2 € R(H) where H = ( f> Irreducibly, H = (f)-

decomposition H @n N v s H‘ EBn 0/anV . » where A actsas (1)"
on H o., and h,1 € Z . Then

Ind o(D) = (hy + hy + hy + hy) ~ (hy + h; + hs +h3) =
Ind (D) = (hy + ih) — hy — ihy) ~ (hy + i} — by — ih3) = 4,
Ind 2(D) = (hy ~ h{ + hy — hy) = (hy — hy + by = h3) = 5,
Indf;(D)z(hO—[hl +ihy) = (bl — ih} = b+ ih]) = 1A,
From these we obtain
Theorem 3.10' . Under the hypothesis of Theorem 3.9, we have
hyg—hy = 2104 4), Ky =k =1(10-4).

Remark. From the above calculations, hlI — h]2 =0 and h§ - h§ =0.
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Next suppose that V is a self-dual reducible connection such that A(V) =
g(V) for some gauge transformation g ¢ I', where I'y is the isotropy sub-

group of ¥V which is SO(2). Then (#g)V = V and (hg)z(V) =V. So
(hg) eTg.

Consider the extended gauge group & = {g: E — E| g is a bundle isomor-
phism which covers id or # on M} . Then we have exact sequences

0—6—0 -2z ={id, h}
and /

0-TIg—-TIy—2,-0,
where F[V 1s the isotropy subgroup of V in the extended gauge group &' . Then
F[V is either 'y x Z, or O, ~T'g ® o'y where g = ('?%). The extended
gauge transformation hg € F/v lies on 4.

If I“[v ~Ty xZ,, then hg = gh for some g, €'y, hgh = g, . Since
(hg)’V =V, (gg)V=V andso g(V)=V.

This contradicts g ¢ Iy, . Thus I"[V # Ty xZ,. Soif I"[V =Ty x Z,, then
we have gel.

If F’v ~0,=Tg@oly, then hg = g,0g, for some g, g, € I'y, where
o=g lhgg; ' covers h,and V isa o-invariant. From this expression, it is
not clear that ¢ has order 2, but by construction o is of the form (' 9). So
o acts on the Lie algebra bundle & as

-1 0 it a -1 0\ (it -a
0 1/)\-a —it 0 1) \a -it)"’
Thus we obtain Ch_(D) = —1.

By similar calculations for irreducible connections, we have

Theorem 3.9". Let V be a self-dual reducible connection, let h(V) = g(V) for
some gauge transformation g ¢ 'y, let D be the induced elliptic operator by
the fundamental elliptic complex (3.4), and let F = {P,.}:?:'l U {T'l'}:?i1 be the
G-fixed point set on M . Then hg € Ty @ ol where o = (' 9). Moreover if
o= gl_lhggz_l Jor some g, , g, €'y, then

Ind,(D) =5, Ind_(D) = 4.
Theorem 3.10" . Under the assumption of Theorem 3.9", we have
dimHy,, — dim Hy, = 4(14 + 4),
dim H,,_ —dim H,_ = L(10 - 4).
We will show in Theorem 5.6 that A4 =n, + Z,’-’il x(T;") —sign(h: M)=2.

We can calculate the dimension of the fixed point components of .# % of the
moduli space .# by Theorems 3.10, 3.10", and 3.10".
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Corollary 3.11. Suppose Ve .#%, heG,and ge ®.
(i) If V s irreducible and h(V) = V¥, then the dimension of the V-
component is 1.
(ii) If V is irreducible, h(V) = g(V), and (hg)2 = —1, then the dimension
of the V-component is 3.
(iii) If V is reducible, then ¥V is a singular cone point of a 1-dimensional
Jixed point component and a 3-dimensional fixed point component.

G
4. PERTURBATION OF ./

Let C* = Ck(GL(TM)) be the set of Ck-automorphisms of the tangent
bundle, that is, the group of gauge transformations for the bundle of frames.
Then C* is a Banach manifold [14]. If g is a fixed metric on M , then every
metric on M is realized by a pull-back metric ¢*(g) of g for some ¢ € C k.
Since the symmetric group Sym(xn) = GL(»n)/O(n), many different elements
in C may produce the same metric on M. However this does not affect
genericity arguments.

Let P _: Q- QZ_ be the projection onto the anti-self-dual 2-forms with
respect to the metric g. Then ¢"P_¢~'* is the projection onto anti-self-dual
2-forms with respect to the metric ¢ (g), that is, the following diagram com-
mutes:

NAT' M), —— T T M),

Tgo“* lc‘ﬂ'

2 PL 2 *
T(A2T" M) CTALTM),.

o (g)

where P_ is the projection onto the anti-self-dual 2-forms with respect to the
metric ¢*(g).

Let k be large enough and define ®: %7~ x ck - §22_(é’]5),_2 by ®(V, ¢)
= P_(qb_“RV), where ‘%[il is the set of irreducible connections on E with
(I —1)-Sobolev norm. ®(V, ¢) = 0 if and only if RY is self-dual with respect
to ¢"(g). Thus C* is chosen as our parameter space so that we can detect self-

duality by mapping into a fixed space Qz_(,%:_),_2 with respect to the metric g.
Lemma 4.1. The map ®: %," x ck - Qz_(f;"ﬁ)/_2 is a G-map.
Proof. Forany h€ G and any (V,¢)€ %~ x C* we have
D(h(V). h(g)) = P_[(h(#)”"R"V) = P_[(h(¢))""hR"H']
=P_h[(¢) "R")=hP_[¢" "R 1= hD(V, ¢).

The fourth equality holds because the metric g is G-invariant. Thus we have
a G-mvariant map ®.
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Corollary 4.2. A connection V is self-dual with respect to ¢"(g) if and only if
h(V) is self-dual with respect to (h¢)"(g).

Theorem 4.3 [14]. The map ¢ is smooth and has zero as a regular value.

Since zero is a regular value of ©, ¢~ ! (0) is an infinite-dimensional Banach
manifold of self-dual connections parametrized by the set C ¥ of all metrics.
Since the gauge transformation group &, acts on M trivially, &, acts on

o' Y(0).
Theorem 4.4 [14]. CI)_I(O)/QSI C (£_,/8, x Ck) is a manifold. We have the
following diagram:

') —— %,AGCk -2, Qz_(gg)[_z

I l

[@'(0)/8,]" —— @ '(0)/8, —— £ ,/®, x C*

I+ I I

(C¥1° c* c*
For cach metric ¢ € ct, n_l(d)) = %T(g) is .he moduli space of irre-
ducible connections with respect to the metric ¢"(g). As a set, <I>_1(0) /®, =

Usecr Mgy -
Theorem 4.5. The manifold CD_I(O)/Q5[ is a G-space.

Proof. Since ® is a G-map, dfl(O) is a G-space. By Corollary 4.2, a connec-
tion V is self-dual with respect to ¢"(g) if and only if A(V) is self-dual with
respect to the metric (h-¢)"(g).

For any gauge transformation g €®,,h€ G,V € //(,;(g) we have

he(V)l=hlg g '1=hg g 'h"
= (hgh™"Yh"n yhg 'n”

1

)= h(g)-[A(V)].
Since G acts on &, by conjugation, h(g) € &,. Hence the map /Z’¢T(g) N

‘%((l;b)‘(g) given by [V] — [#(V)] is well defined and the G-action on

®~'(0)/®, is well defined.

Since the projection map 7n: %, /&, x k-~ isa G-map, the restriction

T CD_I(O)/Qil — C* is also a G-map. In [14] it is shown that the map 7 is

Fredholm and 'ﬁ_](qS) = ‘%d‘;(g) , which has dimension 5.

The map 7: CD_I(O)/@, — C* is a G-Fredholm map. The restriction map
n: ((I)_I(O)/QS,)G — (Ck)(; is a G-trivial Fredholm map by Theorem 3.10. By
the Sard-Smale Theorem for a Fredholm map between paracompact Banach
manifolds we have the following.
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Theorem 4.6. There exists a Baire set of (Ck)G such that ()™ " (¢) + (/@T(g))G
is a smooth manifold in the moduli space A d;(g) of the irreducible self-dual
connections for the metric ¢*(g) on M .

We now fix a G-invariant metric on M and fix a G-invariant metric on the
total space E of the bundle such that the fixed point set .#Z ~G , in the moduli
space .# = of the irreducible connections, is a manifold. Note that the above
Baire set of (C k)G is an open dense set for each k.

5. PERTURBATION IN A NEIGHBORHOOD OF %G

In §4, we showed that for an arbitrary finite group G there is a G-invariant
generic metric on M such that the fixed point set .# ~C in the moduli space
A~ of irreducible connections is a manifold. We will fix this G-invariant
metric and set G = Z, . In this section we will study local G-structures at the
fixed points in .# % Then we will locally do G-equivariant perturbations at
the fixed points. Also we will use the results in §4 to find necessary conditions
under which we can perturb globally in the neighborhood of .# .

Recall the local structure of the moduli space .# = & /& C % . Suppose
that the fundamental elliptic complex

0 v v 9
(*) 0—’94(g5)52v Qy(%) — Q (%) — 0
has the indicated Sobolev norms, where V € .4 . A connection V is reducible
iff dimR(KerdV) =1 at Qo(fE) iff the isotropy group of V is I'y = {g €
®lg¥g ™ = Vi=u(l).

Considering the orthogonal decomposition,

To# = Q4(%,) = (Imd" ) @ (Kerd" ).

For each V € . % we have a neighborhood of the form

Oy ,={V+A674=0, [A], <3} if Vis irreducible,

9\7, Ju(l) if V is reducible.

In particular the space % ~ of irreducible connections is open in % and
1S a smooth Hilbert manifold. In the reducible self-dual case E splits as E =
[ @, where [ is a complex line bundle on M and the reducible connection
V=V,0V,. Similarly, Q"(%,) = Q"®Q"(/*). Recall that the manifold M is
simply connected and has positive definite intersection form. The cohomology
groups Hé and Hé of the complex () are finite dimensional complex vector

spaces, and Hg. ~R.

For a gauge transformation g € &, the anti-self-dual part Rf(v) =go RY )
g~ '. This gives a section of the fibration .F = & X3 Qz_(?E) B =F]6,
where ® = &/{%1} acts on Q (%) by adjoint. Namely, the section ¥: & =
F|® — & xy Q(8,) is given by W(V) +(V, RY).

(5.1)
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Let V €.# be a self-dual connection on E. Set ¥ = Kerd® C Q;(?E) and
W = Qz_z(?E). Define a smoothmap w: V — W be y(A) = d¥ A+ [4, A]_.
Then the differential (dy), = a’Y: V — W . The map ¥ is a Fredholm map.
By setting V, = Kera’_v and W = coker dY , we have d_V: V=KeV —-Ws=
W,@ W, and the restriction map a’_V : ¥} — W, is a Hilbert space isomorphism.
Defineamap F: ¥V — V by F =id+(d" ) 'oPo(y—(d"),), where P,: W —

W, is the projection. Then (dF), = id and F has a local inverse G around O.

Let U be a small neighborhood of 0 on which G is defined. Define ®: U — W),
by ¢ = Pj(y —dy,)G. Then ®(0) =0, d® =0 and ® is commutative with
U(1)-action, and we have a local commutative diagram:

V— Y s wW=WeW,

F| e

V=¥,0V,

(®.d_)

We have local coordinates of the moduli space .# :

M NOy , =@ '(0) if V is irreducible,

(5.2) M0 (Oy ,/U(1) =@~ (0)/U(1)
1f V is reducible.

Let a connection V be a self-dual G-invariant connection considering the fun-
damental elliptic complex

av dy
0- Q%) = 0'(%,) — Q1 (%,) -0

Lemma 5.3. (i) The covariant derivative d" : Q%) — &"NZ,) is also G-
invariant.

(ii) The adjoint operator §° is G-invariant.

(iii) The map w:V — W given by w(A) = d¥ A+ [4, A]_ is G-invariant.

(iv) The map F:V — V given by F = id+(d§7)_1pl(t// - dy,) is G-
invariant.

(v) ® = ply —dw,IG is G-invariant, where the function G is a local inverse
of F.
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Proof. (i) Forany he G, ¢ € (%), and v, - v, € TM we have

14
v i N
(d"he), ... = D (=V'V, [(hd)(vy v v,)]
j=0
+Z HJ (ho)( [UI,1)] UO""U,'A'””;"'UP)
i<j
p .
=3 V'Y, by o)
j=0 ’ / ’
+Z(_ '+fh(¢h~ oy V0 AT ,,Amh_,v‘“.h:,“)
i<j ! * / i
p N
=h | (-1)Vh, Uiy e ke
Jj=0

zﬂ
+ Z Ly Jf',,} ],h:"t'0~~-h:'qu~~h:’an~~h:'zvl,)

i
i<j

= h[(d"(b)h:],‘o,_,hf.,, ]

* P

= [h(d" §)], .. -

where V ko = (Vha), = (hVa), = h[V,-1,0]. Thus d¥ (he) = h(d¥ ¢).

(11) For g € QO(? ), heG,and A€ Q! (%) since G acts isometrically on
E and M

(0,6 (hd)) =(d o, hA)=(h 'd o, A)
=@ h o, A =(h"",6 4= (o, hd" 4).
For the last three assertions it is sufficient to show that [4, A] is G-invariant:
(A4, A]), , = (h(Ad— A0h™"),
= hdy b hA o BT = hA b A, B
= [h(4), h(A)], -

Suppose that a connection V is G-invariant, reducible, and self-dual. In
the fundamental elliptic complex the cohomology groups are H =R , Hé ~

Ck+3, and Hé ~ C*. They have G-actions. Also the isotropy group I'y =
U(1) of V in the gauge transformation group & acts on the cohomology groups
Hé and Hé by scalar multiplication. Of course Hg is a trivial representation
of G. On the cohomologies H‘l7 and Hé the G-action and I'g-action are
commutative because their representations are linear.

(5.4) On Hé and Hé the G-action and I'g = U(I)-action commute.
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Theorem 5.5 [9]. There is an open set ‘//A”o of the moduli space A of self-dual
connections which is a smooth 5-manifold diffeomorphic to M x (0, 4,) for small
Ay > 0 and where complement K = '//\%io is compact and y(V) =(V, RY)
is transversal to %0.

From Theorem 5.5, the end of the moduli space .# is naturally diffeomor-
phic to M x (0, 4;) for small 4, > 0, and only contains irreducible self-dual
connections. Recall the fixed set F on M is F = {P}/ U{T"}2 where T"
is a Riemann surface with genus 4,. The end of the moduli space .# may
contain

Fx (0, 2) = {P; x (0, A} U{T" x (0, A)}72,
as the fixed point components. By Theorem 3.10 some fixed point component in
# has dimension ;(10-34), and by Theorem 3. 10" another fixed component
in .# has dimension $(10+ A), where 4 =n, + Z,’Zl(T'lf) —sign(h : M) .
Theorem 5.6. Suppose that a cyclic group G = (h) acts on a closed, simply
connected 4-manifold M with positive definite intersection form. Let the fixed
set M© = {Pz‘}:ll U{T"}?2, where the P.’s are isolated points and the T %
are Riemann surfaces with genus A respectively. Let A = n, + S (T -
sign(h : M). Then A = 2 if h preserves the orientation, and A = 0 if h
reserves the orientation.
Proof. By the Lefschetz fixed point theorem, the Lefschetz number L(h) =
x(Mh) . Since M is a simply connected closed 4-manifold, H' (M) = HS(M) =
0. The number L(#) = 2+sign(h : M) if & preserves the orientation, otherwise
L{h) = sign(h : M). Thus we have the desired conclusions.

Theorem 5.7. Suppose that V is G-invariant, reducible, and self-dual in # .
Then there is a G-equivariant perturbation around V in % such that the per-
turbed moduli space .#, has a neighborhood at NV which is an open cone on

CP?, where the cone point ¥V is fixed by G.
Proof. By Lemma 5.3 the differential map y: V' = Ker(6") C Ql(gk) - W=
QZ_(,?’E) given by w(A4)=d" A+[4, A]  decomposes as a map (P, d_v): H'a
v, — H'® W, by a diffeomorphic G-invariant. The restriction map dY|I, is a
Hilbert space isomorphism and @, dY are (G-invariant. By Theorem 3.10 and
Theorem 5.6

dimHy, —dimHs, =2, dimH, —dimH,_ =4.
If 7(V) = g(V) for some gauge transformation g ¢ I', then by Theorem
3.10"

dimH., —dimHS, =4,  dimH,_-dimH,_ =2.
The map y is a G-equivariant submersion if and only if the map ® isa G-

equivariant submersion. We can easily perturb @ into a G-equivariant submer-
sion. For example, in the first case, by Schur’s Lemma the map ® decomposes
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as

ky+2 2

— H,

1 t 1 k +1
®:Hy,=H, &Hy =C""aC z

2 2 K, k,
—H, eH,_ =Cloc".

From this decomposition we can choose a map #: Hé — Hé which is linear
surjective and G-invariant. We choose a smooth cutoff function p € C,(6¢,.,)
such that p = 1 near 0. Then ®+p(h—D): Hé — Hé has a C-linear surjective
derivative & at zero. By (5.2) the new zero set modulo I'y, is a cone on cP’.

Suppose that a reducible self-dual connection V is not G-invariant. We
choose an open neighborhood O ,/U(1) in & such that (O, /U(1))N
h(Bg.,/U(1)) = . We will show that the connection 4(V) is also self-dual re-
ducible. Since h(éVA) = 6h(v)(h(A)) we have a map #: Kerd® — Ker(éh(v)),

where
h(V)(

hw(A) =hid  A+[A, A]_1=d"V (hA) + [hA, hA]_ .

Thus we have a commutative diagram:

Kers' —Y o Q%

£)
s g

Keré"V) —— 0% (%,)

By the Kuranishi technique, ¢ =~ (¢, d_v): Hé eV — H.\z7 ® W, where the

restriction ¢: Hé — Hé is a I'g-map. The action of the isotropy group
h:Tg—T () is a diffeomorphism. After a compact perturbation we have

(5.8) h: [cone on CP? at [V]] — [cone on CP? at h(V) ] is a diffeomorphism
except at the cone point [V].

We set 4 = %#{u € H2(M :Z)u-u = 1}. We have A-reducible self-dual
gauge equivalence classes [Vl], el [VA]. There is a compact perturbation
¥, = ¥ + o such that y, = w outside small cone-neighborhoods of the Vs,
The differential dy, is also a Fredholm operator which has the same index as
dy .

WNext we would like to perturb the new moduli space £ = {V € Z: y, (V) =
0}, where v, =y +0: % — % x 692_(35) , G-equivariantly to a smooth 5-
malzlifold with A-singularities, where each singularity is a cone neighborhood on
CP~.

We have the smooth part //QOU% ~0Oy {open cone on CP? at each reducible
connections} in the moduli space .#, C % with A-singularities. We would like
to perturb a small neighborhood of .# ~% first locally and then globally by
using the Petrie G-transversality argument.
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Suppose a connection V is G-invariant, (self-dual) irreducible and (V) =
0. Locally the map y,: V = Keré' — W = QZ_ (%) is a Fredholm opera-
tor, (dy,),: V' — W has index 5 with splitting V' = Ker(dy,), &V, W =
coker(dy,), ® W, , and Ker(dy), = R**, coker(dy,), = R* . The restriction
map (dy, )Ol,”] 1s a Hilbert isomorphism.

To see the local structure at irreducible connection V we would like to use
the Kuranishi argument for this Fredholm map ,: V' — W . Define a differ-
entiable map F = id—i—(d(,z/l)_1 op o(y, —dy,): V-V where p: W =W
is the orthogonal projection. Then dF = id. So F is diffeomorphic in a
neighborhood of F_I(O). Define a map Q: Ker(dy,), — coker(dy,), by
Q =pyowyo F~' around the zero, where py: W — coker(dy,), is the or-
thogona! projection. By Lemma 5.3 these maps are all G-equivariant. So the
map

(Q, (dy,),): Ker(dy,),® V|, — coker(dy,), ® W,
is smooth G-equivariant and v, = (Q, (dy,),) o F is G-equivariant decompo-
sition. We would like to perturb the map

Q: Ker(dy,), — coker(dy,),

to be a map whose derivative is surjective and G-equivariant.
For Ve.# "%, h(V)=g(V). If (hg)* =1, then by Theorem 3.10, since
A=2,

dimHy, —dimHg, =1,  dimHg —dimHy =4.
If (hg)* = —1, then by (3.10') we have
dimH, ~dimHy, =3,  dimHy —dimHe =2.

The map y, is a G-equivariant submersion if and only if the map Q isa G-
equivariant submersion. In general @ is not a submersion. By Shur’s Lemma,
the G-equivariant map Q splits as follows:

(i) If (hg)’ =1, then
0: Hé _ Rk+5 _ (Rk'+l)+€9(Rl\’+4)_ - Hé
(5.9) , o
() If (hg)" =—1, then
1 k+5 k,+3 k,+2 2
Q:Hy=R"=R") &R _— H
=R =Ry aR".

From this splitting we can easily choose a map #4: R . R* which is a

G-invariant epimorphism. Choose a smooth cutoff function p € C(0.,) with

p =1 near 0. Then the map (1 - p)Q+ ph: R S R s G-equivariant and
its derivative is an epimorphism near 0.
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Theorem 5.10. Ifa connection V is G-invariant, self-dual, and irreducible in #
then there is a G-invariant smooth compact perturbation around ¥V such that the
perturbed new moduli space has a smooth 5-dimensional neighborhood at V .
Proof. By the above construction and replacing ¥, by [(1-p)Q+ph, (dw,),].
we have the result.

We have shown that we can locally perturb each G-invariant self-dual con-
nection into a G-invariant manifold. We now would like to find conditions
under which we can perturb a neighborhood of the fixed point set .# % into a
G-equivariant smooth neighborhood of .# “. Todo tt , we introduce Petrie’s
G-transversality argument and then apply it to our case.

The G-transversality argument gives a solution in terms of an obstruction
theory and by giving a criterion for the vanishing of the obstructions.

6. OBSTRUCTIONS FOR G-TRANSVERSALITY

We would like to introduce two basic ideas. First, the problem of equivariant
transversality is a global phenomena whereas the nonequivariant situation is
local. Second, Shur’s Lemma applied to the equivariant vector bundles involved
along with transversality gives a splitting of the problems into two parts.

The fixed point part was already done by using generic metrics on M . So
our main interest is the transversality obstruction.

More precisely, suppose that three smooth G-manifolds N, M and Y
are given, with Y C M a G-invariant submanifold, and a proper G-map
f: N — M which is transverse to Y with X = f_I(Y) and H C G. Then
fH is transverse to Y” ¢ M and the normal bundle v(X,N) of X in
N has a splitting v(X, )" @ v(X, N),, with v(X, N)" =vx"”, N") and
v(X", N) = (X, N),lyn ®v(X™, X). The fact that f is transverse to Y
throughout X s expressed by the following two equations:

(1) v(xX™, Ny = (MY et My,

(2) v(NT, Ny = () (Y, M),

By Shur’s Lemma, equation (1) depends only on fH: N M" and is con-
cerned with the action of the normalizer of Hmod H on N” and M" , which
by induction can be assumed to act freely. Since there is no H-action the
problem of f H being transverse to Y? in MY is treated by Thom transver-
sality and in particular gives X" = (fH)_l(YH) as a submanifold of N. Itis
equation (2) which provides the basis for the transversality obstruction theory.
Define the G-fiber bundle Vé‘.n = Hom'(¢, n) of real surjective homomor-
phisms of the G-vector bundle ¢ over Y onto the G-vector bundle n over

Y. The action of G is defined by conjugation on Ve - Then VéHn is a

G/H fiber bundle over Y"” if H is normal in G. The fiber over y € Y" is
V(H), = Homj,(év, 1,)» the space of real surjective H-homomorphisms from
the fiber ¢, to #,. Then Petrie shows the following theorem holds.
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Theorem 6.1 ( G- transversality theorem [22]). Let f: N — M be transverse to
Y on Z,_, Uk>h , and without loss ofgeneralzty suppose f hY?. Let

x* = (fk)"l( Y'), k>H,and X, = Uk>HX . Then there is a G-invariant
neighborhood W of Z,_, and a proper G-homotopy of [ rel WUZ,, to a map
OMNY on Z,, iff a sequence of obstructions

O,(f,K)e H"(XH/N(H), Xy/NH), =, V(H))

ne
vanishes. Here V(H) is a function of the components of X" . The value of
V(H) at a component P of X"
H
V(K), = Homj,(v(H" . N),, (Y. M)y ;)
for xePCX H

Moreover let H be the set of irreducible representations of G,
=2 ax v My =) b
x€H x€H
where a, and bx are integers, x € P. D, = HomH( X, X) is a division algebra,
dimD, =d, . Then V(H) = I'[ GL D,)/GLa,-b,,D,).

Remarks. (i) dim X" =0 or dimY” - dim M" + dim N¥
(i1) The cohomology obstruction classes O,(f, K) should be understood in
two ways:

H. . H | vH H J_
1. a;componentsofX if X —UlXj ,xjer ,and XH—XHOXJ,
then

O.(f, H)
n n . H ;
=[lo.f o), e [TH (X /N(H), Xy /N(H), n,_ V(H), )
j=t j=1
2. as representations of G:

o/, m=T] o
)(GH
0.(/), € H'(X" IN(H), X, /N(H), n,_ V(H)").
(iii) If
dim x” < min{d (a, - b, +1) -1},
XEH
b,#0
then the obstruction O,(H, f) =0 forall n.
Recall that y is a cross section of fibration

o 2
F=F xy QT =B =F/®
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which is a smooth vector bundle associated to the principal bundle € = — %~
Let Z be the zero section #, = {V € Z|y,(V) = 0}. Then Z is the moduli
space of the perturbed connections, which is also perturbed at the reducible
self-dual connections.

Let X = %IG and X, = {%0 U open cone neighborhoods at each self-dual
connections} UX . Then X\X, is compact.

We now apply Theorem 6.1. Inourcase H=G6G=2,, Z, =3, Xy, =T,
X = XH, and, by the construction of /ZG, the map y,: % — & has a
restriction !/llH such that 1//1H nzt throughout X . Let us consider the obstruc-
tion classes O, (y,) € H'(X, Xy m,_(V(H))) where V(H) is a fiber bundle
over X . The fiber over x € X is V(H), = Homy,(w(@", Z) v(Z, F), )
where x is an irreducible G-invariant self-dual connection. From the local
structure at x =V, To% = Keré' = R g V, for some k. By (5.9) the

map y,: R o vV, — R o W, is split as follows. For any V € X\X, and

h(V) - g(V), if (hg)* = +1, then
=(Q.d ): (R e R Y erv - (Rl e R oW,
if (hg)*=—1, then
v, =(Q,d"): (R" e R eov, - (Rie RS ew,.
Here the sign + means the +1 eigenspace of hg. If (hg)2 =1, then
v(@" B, =R+ (V)
vZ,F), =0 (%)=Rew
= (R e(m),) o (R e W)_),
v(Z.F)y = (RE0(W)_),

where (V| and W), (V.

Hilbert space isomorphisms by d_ . Thus the fiber

and W, ), and (V_ and V|_) are G-equivariant

V(H), = Hom), (v(B", B) ,v(X,F), )
= Hom'(R“™ g (1)), R: e (W))_)
contractible if dimV|_ = oo,
T Vs, if dimV,_ < oo.
f (hg)2 = -1, then
REt2 ~ k,
v#", B) =RPe V), wZ,F), =R eW)_
(6.3) The fiber V(H)_ = Hom’(R“"* R%) is the Stiefel manifold Visa s,
which consists of all k,-frames in RM*2
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(6.4) The Stiefel manifold V, , is arcwise-connected and

n(V, )=0 ifi<n-k,
infinite cyclic group if n —k isevenork =1,
Vi) = {

. Z, ifn—-kisoddand k > 1.

By (6.2), (6.3), and (6.4) we have
(6.5) In the bundle V(H) — X, the fiber has the fundamental groups as follows:
Z if(hg)=-landi=2,

n,(V(H),) = { 0 if (hg)2 =+1land i <3,

where h(x) = h(V)=g(V).

Moreover if (hg)z = 1, then the obstructions cohomology class O, (y,) €
H'(X,Xy:n, (V(H)) =0 forall n.

However the compact set X C /%IAH = A, ~0 ¢ A, = 5. This is in-
correct because .# | may not be a manifold. By Corollary 3.11 .#| ~Cisa
disjoint union of 1-dimensional manifold components and 3-dimensional mani-
fold components which correspond by 4(V) = g(V), (hg)* =1,0r (hg) = -1
respectively. Thus X = U,-X,-l U, XI.3 where dim X,.l =1 and dimX[3 =3.1If
V) =g(V), (/1g)2 = —1, then the obstruction cohomology classes O, ,(y,) €

HYX]), X35 Z), where X =X nX,.

Theorem 6.6. (i) To perturb y: % — % x, Qi(fE) to be G-transversal through-
out a neighborhood of #° there are the obstructions O,(y,) € H3(X, Xy Z).
(ii) If the obstructions ©4(w,) = 0, then the G-section y has a smooth
compact G-perturbation R_ + o of the self-dual Yang-Mills equations which is
transversal to the zero section throughout a small neighborhood of %G .

7. PERTURBATION ON THE FREE PART OF .#

In [7], 1t is shown that there is a G-invariant metric on M such that the
moduli space .# is a manifold in a G-neighborhood of the fixed point set
M Suppose that the obstruction cohomology class ©,(¢) = 0 and that the

map B 2 .F =% X g QZ‘(?

) 1s the Fredholm G-map which is transverse

to the zero section throughout a G-neighborhood N(.# G) of the fixed point set
#%. Let Y = (//\{N(%’G) UEnd of #}. Then Y is a compact subset of
A and #\Y is a smooth 5-dimensional manifold with some singular points.
For each V € Y we can choose a local coordinate O, = {4 € Q;(?E)MVA =
0, ||4ll; < &} if V is irreducible, otherwise ©. /U(1) is a local coordinate
chart at V such that #(0¢.,)NO., = where £ is the generator of G = Z,.

To see the local structure of themap w: B =% /6 -.% =% x, Q° (%) and
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its interaction with the G-action, let us consider the following diagram:

V.+V. =V >0 i Q' (Z
ot 2 Y., ©. _(Fg

I [

/ li W 2 ’ A
Vo + V] =h, (V) D h(Og.,) o Q_(fb.)h(v) =W, & W

)v:WO@Wn

Since y 1s a G-map, the above diagram commutes. Since y is a Fred-
holm map with index 5, w becomes locally w = (Q, L): V&V, — W& W]
by some G-equivariant diffeomorphism where Q, L are G-maps, dy|, =

1

L|,:V, — W, is a Hilbert space isomorphism, and QI%: v, = Rk+5(Ck+3) —
1

W, = Rk(Ck) is also a G-map with dQ = 0 (if V is reducible) (cf. [14,
Lemma 4.7]). Since % is diffeomorphic, we can locally identify 4 with its dif-
ferential at the origin V. Let dyy = L, and dV/h(V) = L,. Since yh = hy
we get Lyh = hL . Since V| is the kernel of L, and L;: V|, — W, is an
isomorphism,

L[hV,] = h[L,V,] = h(0) =0, so h(V,) € KerL,,
L[hV,]=h[L,V)=h(W,), soL,:h(V,) = h(W,).

Thus we have the canonical splitting v = (Q,, L,): h(V))®h(V)) — h(W,)) &
h(W,) at a neighborhood of A(V).

(7.1) For each V €Y the generator h € Z, preserves the local splitting of the
Fredholm map y: % — % .

With these preliminaries let us perturb ¥ on Y C .# . Suppose that Ve Y
is reducible. Then A(V) is also reducible. We may choose a small neigh-
borhood Oy , of V with By N h(®y ,) = . There is a perturbation
S Qz_ (%) such that a new section y, = ¥ +0: % — ¥ is trans-
verse to the zero section throughout O, . Define a perturbation on h(Oy.,)
by o(h(A)) = ho(A4). We have a G-equivariant section ¥, =y, +0: % —F
which is transverse to the zero section throughout O, U (O, ). Since this
is a compact perturbation, if we mod out the zero set at V by U(1), then this
reducible connection has a neighborhood which is a cone on cP’. Adding
such a perturbation at each reducible connection in Y, we have a section
wy: & — F which is transverse to the zero section near the reducible con-
nections in .#, = {V € Z|y,(V) = 0} . Thus we have

(7.2) Suppose that V € Y is reducible. Then there is a G-equivariant compact
perturbation of  so that .#| has a cone-neighborhood on CP* at v.

Let Y, =.#,— {N(#°)UEnd of .#U [cones on CP’ at reducible self-dual
connections]}.
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Let V € Y, be irreducible, where Y, is compact. The Fredholm map y,
locally splitsas v, = (@, L):©,  cV =Vl — Qz_(gE) = W, & W,, where
L =dy,: V, — W, is a Hilbert isomorphism, V}, = R+ , Wy = RF , and where
each map is a G-map and each space is a G-space.

Choose a smooth cutoff function p € C(8y,.,) and consider the family of
perturbations ¢, = p-w: B¢, — R@ - Qz_(?E) for each w € R* = w,.

Ohw)

As above, extend the perturbation by h(s,A4) = g,,(h4d) on h(Og,,) —
R o) C QL(%})yy, for cach AW € Ry, (cf. Lemma 6.1). By considering

the G-map Q R . R we have the following immediate consequence.
vilty v

Lemma 7.3. w € Rkv is a regular value of Qg : RkVJr5 — RkV if and only if

h(w) € R:(V) is a regular value of OQuwy: Rl,‘,fv“) — RZ(V) .

We can cover the compact set Y, with the supports of a finite number of
such perturbations. We get a family of perturbations y,, = v; + 0, + O, +
~-+0, +0, foreach w=(w,,..., wn)eRk‘ X x R = R™.

We rﬁay assume that the support of the perturbation lies in a small neigh-
borhood of Y,. Let a smooth mapping ¥: % x B"(n) — & be defined by
W(x, w) =, (x), where B"(n) = {w € R": Jw] < n}.

(7.4) For small n > 0, this mapping ¥: % x B" () — % 1is transversal to the
zero section Z C ¥ .

Proof. Suppose that (x, w) € % x B"(n) with y(x, w)=0.

(i) If x ¢ support of p, forall i, then ¥(x, w) = y,(x) =0, and ¥ is
already transversal by our construction.
(ii) If x € support of p, for some i, then x € suppp, C Oy ., . Write

¥(x,w)=yw(x)+o(x,w,)+p,(x)w;. Then W, = (w,---w; ---w,),
where o(x,W,) =3_,,; 0, (x) is uniformly ¢'-small.

This is guaranteed by choosing # small after covering with a finite number
of coordinate charts. Note that d(y;+o0) .V =V,0V, - W =W,o W, will
still be transverse to W, . Also o, is the map

Rk+5 % Rk’ p;xid R x Rk, scalar multi Rk’ ’

which has a surjective differential. Namely the w,-spaces are carried onto w.
Hence the total differential is surjective, i.e., w A Z .

By Sard’s theorem for families, the map v, = y,+0,, +0,, + --+0,, +0,,

1 1 ‘n n

w
is transversal to the zero section for almost all w € B" (7).

w

Lemma 7S5. vy, : % — % isa G-map.
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Proof. If A ¢ suppp, forall i, then h(A) ¢ suppp, forall i and y, (hd) =
wi(hA) = hyy(A) = hy, (A). If A € supp p, for some i, then 4 € suppp; C

Oy., and h(4) € h(Bg ,). By our construction Og. N h(Bg.,) = and

l//w(hA) = V/3(hA) + Gur] (hA) + Ghuvl (hA) +o a’uw (hA) + Uhu: (hA)
= hy,(A) + hah,ml(A) +ho, (A)+---+hao,, (A)+hao, (A)

u, w,

= hyy(4) + 6y, (A) + 0, (4) +-+0,, (4) +0, (4)]

=hy,(4).

Theorem 7.6. There is a compact G-equivariant perturbation y, = Yy + g, of
the perturbed self-dual equation y, = R_ + o, so that the new moduli space
My ={V € B:y,(V) =0} is a smooth 5-dimensional G-manifold with A-
singularities each of which has a neighborhood diffeomorphic to the cone on cp’
except the cone point, where A = rank Hz(M; Z).

If the obstruction cohomology classes ©,(y) vanish, then we have a smooth
G-manifold .# of dimension 5 with A-singular points each of which has a cone
neighborhood on cpP’ , where A = rank HZ(M; Z).
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