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0. Introduction
Let M" be a complete Riemannian manifold. Then the Laplacian A = -8d
on functions is a nonpositive essentially self adjoint operator when restricted to
functions of compact support. Thus functions f(Y-A ) can be defined by the

spectral theorem for unbounded self adjoint operators, according to the
prescription

0.) 1(-8) = [7100) dE

where dE, is the projection valued measure associated with y—A .

A natural problem is to study the behavior of the explicit kernel &, (x;, x,)
representing f(Y—A), in terms of the behavior of various geometric quantities
on M". As a particularly important example we have the heat kernel
E(x,, x,,t) = k,-u. By use of the local parametrix and the standard elliptic
estimates, one can show that for 1 > 0, E(x,, x,, t) is a positive (symmetric)
C* function of x,, x,, t which for fixed ¢ and (say) x,, is in the domain of all
positive powers of A as a function of x,; see e.g. [9]. In works of Garding [19]
and Donnelly [16], upper estimates for E(x,, x,, ) (and its derivatives) were
given under the assumption that M" has bounded geometry. They showed that
as x, — oo, the behavior of E(x, x,,¢) is roughly similar to that of the

e—t’z(’flx’fz)/4

Euclidean heat kernel, —(———7; (p(x,, x,) denotes distance). Recall that
4at)"

M?" is said to have bounded geometry if the injectivity radius i(x) of the
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exponential map at x stays uniformly bounded from below by some constant
8 >0, and if (some or all of) the covariant derivatives V'R of the curvature
tensor R stay bounded in norm; see §3.

Recently, Cheng, Li and Yau {10] achieved a significant advance. They gave
an estimate of the same general character as the above, but under a much
weaker hypothesis. In particular, they showed that one need only assume a
bound on the sectional curvature, |K,,|< K, and a lower bound on the
injectivity radius of the exponential map i( p) at some point p. Their argument
makes use of three highly nontrivial facts which we now recall.

In what follows we will always let | |, denote the sup norm on D C M", and

i || , the L? norm on D.
1. Moser iteration and the Sobolev constant. The Sobolev inequality

states the existence of a constant S;, > 0, such that

(0.2) sD( /D | g |/ =D < f lldgll,
D

for any g € Hy(D). Let Bg(x) be a metric ball, and let u(x, t) be a solution of
the heat equation (A — 9/3f)u = 0 on [0, T'] X Bg(x). Then Moser’s iteration
argument [30, pp. 115-117] gives the powerful estimate

1 1
T(n+2)/2 + An+2

)(n—l)/n

1/2
-n/2
] Sp" 2 Wullto, 718,00

Similarly, if » is harmonic on [-4/2, A/2] X B(x), ((3%/0t* + A)u = 0),
then

0.3y |u(x,0) |< c,A™D72857/2 |y (=472, A/2]XB(x)"

(0.3) |u(x,T)|< cn[

2. The Sobolev constant equals the isoperimetric constant. In [4], [17],
[28], it is shown that for any domain D in a Riemannian manifold M", the
constant Sy, is precisely equal to the optimal constant ®( D) in the isoperimet-
ric inequality
(0.4) A(3U) = ®(D)(V(U))" """,
which relates the area A(9U) and volume V(U) of an arbitrary subdomain
with smooth boundary U C D C M".

3. Croke’s estimate of the isoperimetric constant. In [13] Croke defines a
constant &(D) as follows. Let x € D, v € T M", |lvll = 1. Let vy, be the
geodesic with y'(0) = v, and let ¢, denote the first parameter value ¢, for which
Y,(t) € dD. Finally, let u() denote angular measure on the unit sphere in
T, M", normalized so that the total measure is 1. Set

(0.5) &(b)= ingu({v € T.M"|llvll = 1andy,| [0, ¢,] is minimal}).
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Croke proves the striking inequality

(0.6) ®(D) = 2"'"’/"(—0‘9(%)?,.—_1?)/7(59(0))‘"“’/",

where a(n) is the volume of the unit n-sphere; this result is sharp. The proof of
(0.6) depends in an essential way on the fundamental work of Berger [2] and
Kazdan [25].

It is apparent that (0.2), the equality S, = ¢(D), and (0.6) reduce the
estimation of E(x,, x,, t) to bounding the L?*norm || E(x,, x,, O g, () to-
gether with a lower estimate for &(B,(x,)). In particular, a considerable
portion of the argument of [10] is devoted to obtaining the required L?-esti-
mate. We enlarge the above circle of ideas by noting that such L*-estimates are
an almost immediate consequence of the finite propagation speed of the wave
kernel cos V=A s k,. In fact, the statement that cos y—A s has unit propaga-
tion speed is itself a sharp estimate on k_,, which holds universally. To get
estimates on other kernels we need only to synthesize these kernels out of
k.os»s by means of the Fourier transform; see (1.4). Thus we obtain a
substantial simplification in the derivation of the required L2-estimates, and
extend their scope to a more general class of kernels k, where f € G4, see §2
for the definition of F,7".

The pointwise estimates which follow from the previous discussion depend
only on knowing a lower bound for the radius of a ball B,(x,;) on which we
have a lower bound for &(B,(x,)). If we define the injectivity angle by

(0.7) a(r, x) = p({y'(0) | v(0) = x, v| [0, r] is minimal}),
then clearly
(0.8) &(B,(x,)) = xei;l{xo)&(Zr, x).

If r is less than or equal to half the injectivity radius i(x), for x € B(x,) we
have

0.9 &(B(xy))= inf &Q2r,x)=1.

09) (B(x)) = inf a(r,x)

In [10] a lower bound for i(x) is established, given H < K, < K, a lower
bound on i(p) for some p, and the distance p = p(p, x); they show in
particular that even if H <0, i(x) decreases at most exponentially as a
function of p( p, x). The injectivity angle &(2r, x) is then estimated using (0.9).
However, a simple comparison argument (see Lemma 4.2) shows that a lower
bound for &(2r, x) follows directly from a lower bound on the Ricci curvature



18 J. CHEEGER, M. GROMOV & M. TAYLOR

Ric,, and a lower bound on the volume V(B,(p)) = V,(p) > V > 0; similar
arguments are given in [13], [36] and [10], §2, Lemma 3, to prove related
statements. From this we obtain (in §2) an upper estimate on the heat kernel,
and, more generally, on k, for a large class of functions f as described in §2,
assuming Ricy, = (n — DH, V,(p) =V =0.

In fact, it turns out that if a lower bound on the injectivity radius i(x) and a
bound on | K| is given, then the appeal to the deep machinery (1)—(3) above
can be avoided. In this case, examination of a parametrix for A leads to an
elliptic estimate, in which the constant can be bounded by a straightforward
comparison argument. The resulting kernel estimates then apply to an essen-
tially wider class of kernels kf, fEe "EIN , N = n/4; see §1. In this connection we
also give an estimate on the decay of i(x), which depends only on assuming
V(B,(p)) = V >0, rather than i( p) = i; > 0; see Theorem 4.3. Our proof is
based on ideas of [21]; unlike the argument of [10], it does not rely on
Toponogov’s theorem.

In dimensions 2 and 3, by means of a special argument we obtain estimates
for the more general functions f € %Y assuming only Ric,, = (n — 1)H,
V.(p) =V >0. We do not know if these estimates can ultimately be gener-
alized to higher dimensions.

We now briefly summarize the contents of the remaining sections of the
paper.

In §1 we give the estimates on kernels k/(x;, x,) for f € @IN assuming a
bound on the sectional curvature, which generalize the results of [10]. In §2 we
give estimates on kernels k/(x,, x,) for f& G4, assuming only a lower
bound on the Ricci tensor. In §3 we make a more detailed study of various
situations involving bounded geometry. In particular we get bounds on
k,(x,, x,) for certain classes of functions f holomorphic in a strip about the
real axis, satisfying certain “symbol estimates.” These bounds yield, in particu-
lar, some LP-operator norm estimates of the sort investigated by Clerc and
Stein [12] and by Stanton and Tomas [31] in the special case of certain classes
of symmetric spaces.

§4 gives estimates on the volume, injectivity radius, and injectivity angle
used in preceding sections. Here we give special emphasis to the role played by
the relative volume estimates which follow from a lower bound on the Ricci
curvature. As an application we consider manifolds for which the condition
Ric, = ¢/r? holds outside some ball B, (p), where r = p( p, x). We give sharp
upper and Jower bounds on the asymptotic growth of the volume V(p) of
B(p), in terms of the constant ¢; the qualitative behavior of V,( p) is strongly
influenced by the precise value of ¢. §4 can be read independently of the
preceding sections, and some may wish to read it first.
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1. Finite propagation speed, L estimates, and bounded
sectional curvature

In this section we derive estimates on the kernel k(x,, x,) for f(/=A)in an
elementary fashion, under the assumption that M is a complete Riemannian
manifold with bounded sectional curvature, | K, |< K.

We begin by explaining how the finite propagation speed and L? operator
norm boundedness of cos sy—-A lead to L? estimates on the kernels of functions
of V-A. These estimates, which are valid for arbitrary complete Riemannian
manifolds, will also be applied in the following two sections.

Recall that u = cos sy-A 8, satisfies the wave equation

(1.1) (a—z—A)u=0,

0x?

with initial data
(1.2) u(0,x) =8, %u(O, x)=0.

Thus by general results on hyperbolic equations (see, e.g., [32, Chapter IV]), it
follows that

(1.3) supp cos s\/st2 C By (x,),

i.e., cos sy—A has unit propagation speed. This fact can be brought to bear on
the estimation of the kernels of other functions of Y-A, by employing the
formula, valid for an even function f(A):

(1.4) f(\/:K) = %[Zf(s)cossﬁds,
where

(1.5) #(s) = f_c:f(k)cosksd)\.

This is just the Fourier inversion formula for even functions, granted the
spectral theorem for y—A. In case M = S|, the unit circle, (1.4) is essentially
the Poisson summation formula. This approach to the study of f(y—A) has
been used by some of the authors before [32], [33], [8] in contexts more like
those considered in §3 of this paper. The finite propagation speed property
(1.3) has entered also into other qualitative studies of A on a complete
Riemannian manifold. We mention particularly Chernoff’s elegant proof that
A* is essentially self adjoint on C°(M) for all k, if M is complete; see [11].
Also, Kannai [37] has obtained estimates for the heat kernel on compact
manifolds.
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We now give a class of function f(A) for which we shall derive L? kernel
estimates on f(Y—A ) using (1.3) and (1.4).
Definition 1.1. We say

(1.6) fesft,

provided that fis even and, for each I = (-, ¢),
!
(1.7) (%)f(s)eL‘(R\I), O<i<k.
We are now ready for our first general result.

Proposition 1.1. Let M" be any complete Riemannian manifold, and let
X, € M". Let B(x,) be the ball of radius R about x,. If f € 5|, then

1 o,
(1.8) 1A Jullareg(x2) < lull [~ 17(s) (s
provided
(1.9) suppu C B(x,), r<R.
Proof. Use the formula, valid for even f,
(1.10) f(\/I)uZ zifwf(s)cossy/:xuds.
™ =00
Now (1.3) and (1.9) imply
(1.11) cos sy-Au = 0 on M\B,,(x,).
Thus the left side of (1.8) is bounded by
1 poo . 1 p> A
;fR_rf(s)coss[_Kuds < EfR_,””” |7(s) ] ds,
since
(1.12) llcos sy—A || < 1.

This proves (1.8).
Corollary 1.2.  Under the hypotheses of Proposition 1.1., if f € F2*% then

1 poo &
1 kf(/-A A < L2 Qk+20)
(113)  NAFA(V-A)Null gy gy < il WfR_r;f (s)| ds.
Proof. The identity (1.4) shows that

(1.14) Akf(V—A )A’u = %fwf(z"”’)(s)cos sy-Auds,
-0
so (1.13) follows exactly as (1.8).
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We now specialize to the case | K, |< K. Choose
(1.15) ry<min(K"'72,i(x,)), r,<min(K""/2,i(x,)).

Then we claim that in a ball of radius r; about x;, the constant in the elliptic
estimate for A can be controlled. Thus Corollary 1.2 leads to a pointwise
estimate in this case. To see this, first assume that

(1.16) =1, |Ky|<l,

and that (1.15) holds. Recall that if g(r) is any function of r alone in a normal
ball B, (x,), we have

Al
(1.17) Ag=g" + Xg’.

Here the prime denotes differentiation with respect to r, and, in general,
A(r, @) denotes the area element in polar coordinates, on the complement of
the cut locus of x,. Thus 4/r"! is the Radon-Nikodym derivative of the
pull-back by expy of the volume element of M with respect to Lebesgue
measure on T, M. A standard comparison (see [7, Chapter 1]) shows that if
| Ka|=< 1, then on B (x,)

efn) _ 4 _ cln)
(1.18) O<—— <o <.
Let ¢ be a smooth function supported on [0,1 /2] with ¢ |[0,1/4] = 1, | ¢’ |< 5,
and set ¢, = ¢(r/¢). Let
r2n log r
P= — —¢,——,n=2].
250 by g (P ® 2 " )
Finally let A (P(x,, x)) = Q denote A, applied pointwise to P. Then on
Bl(xo),

(1.19) |Q(r)|< Cr2m.
If g(x) is a smooth function on B (x,), then

(1.20) f )P(xo, x)Ag(x)dx = g(x,) — j);(x )Q(x)g(x) dx.

By(xp
By the above mentioned comparison, the metric on B(x,) is bounded uni-
formly above and below by a constant times the Euclidean metric in normal
coordinates. Fix e sufficiently small so that the N2 compositions below are

defined and apply the standard iteration argument (see e.g. [15]) to (1.20).
Thus if we write (1.20) as

(1.21) PA=1-0Q,
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and set

P=(I+Q+---0" NP, Nz[
2= 0",

then it follows easily that

(1.23)  PM(AVg) + PV 'Q(AVg) + - -- +PY(Ag) + 28 =g.

The kernels on the left hand are continuous and their sup norms are bounded,
since the metric is boundedly related to the FEuclidean metric in normal
coordinates, and (1.19) holds. Thus we get

18(x0) 1< c(m) (18N 5,050y + 18811 5x0y + - 1% 510 ),

|+,

FNI

(1.22)

(1.24)

n
4
We can now obtain the corresponding estimate in the general case by multiply-
ing the metric by a suitable constant. This gives

Proposition 1.3. Ler | K,,|< K.

v=[7]+1

(1.25) r <min(| K|7'/2, i(x,)), Nz[ ]+ 1,

n
4
Then
(1.26) [ g(xo) < c(m)(r/ 2 Mgl p gy + -+ +r2V 2N N 5 )-

In Theorem 4.2 we will give a lower estimate for i(x) which will be
incorporated into Theorem 1.4 below. First we introduce some notation.

Let ¥(p) denote the volume of B(p) in M", and V¥ the volume of

B(q) C M};, where M} is the simply connected n-dimensional space of curva-
ture H. Thus

(1.27) VH =a(n— l)fr@H(s) ds,
0
where

(sin\/ﬁs/\/—};)n_l, H=>0,

(1.28) @F(s) = { g1 =0

’ b

(sinffH[s/f[H])"', H<o,

and a(n — 1) = V(ST 1.
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Theorem 1.4. Let M” be complete and H < K,, < K. Fix p, x,,x, € M",
ro>0. Set p, = p(p,x;),j = 1,2, and d = p(xy, x,). Let AN > n and assume
f® € L(R),0 <k <4N.Fixr,ry, s withry+ 25 <m/Vk,r,<m/4/k.

(1) Then the kernel k, of f(/-A) is continuous on {(x,, x,) € M X M:
X, # x,} and satisfies

1 =2i—n/2:2j—n ® ity
(129)  [ky(xpx) [ i) 3 R [Ff000(s) | as,

0<i, j<N
where c(n) is the constant in (1.26) and
7, 1
(130) 7 =min||H|"/?, 2
’ 21+ (Vi v(p) VR, V)
(i) If only f € GV, then forr, <F,j=1,2,and r, + r, <d,
|kf(x,, xz)l

. X o0 A .
< ;27—62(}1) 3 r|2:—n/2r221—"/2f | f@*2D(s) | ds.

0<i, j<N d—r-—n

(1.31)

Proof of Theorem 1.4. Since the arguments for (1.29), (1.31) are essentially
the same, we consider (1.31). Let u € L? be supported on B, (x,). We apply
(1.26) of Proposition 1.3 with g = Abk (x,, x,)(u(x;)), xo = x;; by (1.30) and
the estimate for i(x,) of Theorem 4.7, the hypothesis (1.25) is satisfied. If we
combine the resulting estimate with (1.13) of Corollary 1.2, we get

N
) cln i—n P A
84k (e xa) () [< 2L S 220k ()1,
(1.32) e
< C(")”“”B,Z(xz) 2 rl2i—n/2f |f(2i+2j)(3) i ds.
i=0

d—ri—n
Since u is arbitrary, for all x, we have

“Aékf(xl’ x)l B,(%5)

(1.33) N - N

<c(n) ZrEn2 [T (fe2(s) | ds.
i=0 —nTn

If we now apply (1.26) on B, (x,), (1.31) follows.

Remark. The estimate for i(x;) incorporated in Theorem 1.4 can be
sharpened somewhat further, if p; is sufficiently large; see Theorem 4.7(ii).
Also, one can easily choose the constants r, 1y, s, so that the estimate is
optimal. In particular cases in which M" is compact, one can make use of
known estimates on the injectivity radius; see e.g. [7].
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We point out that Theorem 1.4 can be extended to the case IM" # &, by
use of a suitable generalization of Proposition 4.2.

2. Ricci curvature bounded below
We begin by assuming that M" is an arbitrary complete Riemannian
manifold with 9M" = &. Let %7 be the class of even functions { f(A)}, such
that for some constants 4, k, s, we have

a k\*
1) 9 1<al5) o), k= ko525,
where ¢ = 0 belongs to L'(a, o) for all a > 0. If we set
©0

(22) W)= [ e(s) ds,
then

o . k k

(k) <c| X

(23) [T179) 1ds < 5 ) 9.

We are going to estimate k, for f € 4. Our first step is to reduce the
problem to estimating solutions to the homogeneous Laplace equation
(harmonic functions) in dimension (n + 1). The device we employ was used by
Taylor [34], and Lions and Magenes [27], in their independently discovered
proof of the Kotake-Narasimhan Theorem. Observe that if p(x,, x,) =d =
2A + r, by Corollary 1.2 we have V

@A) 1B )l < o )T WOl

for any u € L? with supp u C B,(x,). Thus for such u, for |y|<A4/2, the
power series

)2k+21

= AV ATR Vu
o(x7) = 3 g (VAR )w,
= (cosh\/——fy)f(\/z)u(x), (formally)

converges to an element of L%([-4 /2, A /2] X B/(x,)). Moreover,

(2.5)

(2.6) A, + & ) =90
. v N
M 9y2

and by (2.4),

(2.7) “U”[-A/z,,q/z]xzz,(x,) < C‘P(")”“”B,(xz)Al/z-
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As explained in §0, we can now combine the three facts emphasized in [10]
((0.3), S, = ®(D), and (0.6)), to obtain the estimate

(2-8) |kf(“) |BA/2(x|) < knA_"/z[‘I’(BA(xl))]_(H1)/2‘1’(’)”“” B(x))"
This implies that for all x,
(29) ”kf(xl’ x2)" B4(x3) = knA-n/z[a’(BA(xl))]_(n+1)/2‘I’(r),

where k,, is a constant depending only on n. Similarly, we obtain

(2 10) ”Al kf(xl’xz)”BA(xz)<k A n/Z[ (BA(xl))] (n+1)/2( ) ‘l’( )

Then for each fixed x; we can set

(2.11) w(x, X5, ) 2 (2])' (\/_A)3x2,

to get a harmonic function on [-4 /2, A /2] X B,(x,) whose L? norm satisfies
(2.12) lw(x,, x5, ¥)ll [-4/2, A/ 2]X By(xy) = c”kf(xl’ X))l By(x;)
Finishing the argument as above gives

(2.13)

| kf(xls xz) IBA/Z(xl)XBA/z(xz) = C;%A_"[‘:’(BA(xl))‘:’(BA(xz))]_(HWZ‘PZ(")
for p(x,, x,) = d = 2A + r. The same argument shows that for all x,, x,,

[ kp (%15 %2) 1B, sx0%Bayatx)

< cr%A-n[‘:’(BA(xl))(:’(BA(x2))]—(n+l)/Z‘PZ(O)’

provided ¢ € L'(R™). Note that if k., denotes the kernel of f(V-A) with
respect to the metric g, then k., = c;3.kz /- Thus using (2.13), (2.14) we
can estimate k., in two different ways. It is straightforward to check that the
estimates so obtained coincide; i.e., (2.13), (2.14) have the correct scaling
property.

As mentioned in §0, in Proposition 4.2 we give a lower estimate for
(A, xq), if A is sufficiently small. To simplify the statement of Theorem 2.1,
we will use only Proposition 4.2(i) even though (ii) is sharper if p( p, x;) = p; is
sufficiently large. In §4 we will define a quantity (H, V') by
(2.15) Vi =

where V7 is given by (1.27).

(2.14)
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Theorem 2.1. Let M" be a complete Riemannian manifold with OM"™ = @
and Ric,, = (n — DH. Set V, = V,(p). If f € FP* and A <}r(H,V), then
the kernel kf(xlk, X, ) is continuous for x, # x, and satisfies (2.13), (2.14), where

1
2W1,/V,) 1

(2.16) a(By(x,)) = (

Remark. We point out that just as in [10, §4] (or more or less equivalently,
by the method of “domination of semigroups™), we can in fact obtain point-
wise bounds on the norm of the gradient of k; under the assumptions of
Theorem 2.1. We omit the details.

In the appendix to this section, we describe sufficient conditions for a
function f to be in the class %,>**. At this point we will illustrate our results and
methods by applying them to the heat kernel.

Example 2.1 (The heat kernel). In this case (2.1)-(2.12) can by bypassed.
We begin by recalling the obvious estimate

LA 12
(2.17) foo (e )1 d\ < ce /1
r (4at)?

see [26] for a detailed result. Let u € L?, suppu C B(x,). Set k - =
E(x,, x5, t) and

(2.18) o(x,, 1) = fE(xl,xz,t)u(xz)dxz.
Assume first that p(x,, x,) = d > 2 4. By Proposition 1.1 we have for fixed s
(2.19) lo(xy, ) g ex,y < ce 4@ 2075 1.

Using the fact that e *(~24°/s is an increasing function of s, we have an
obvious estimate for [lo(x, 5)ll By(x)X[E 2] Then using (0.3) we can apply steps
1-3 of §0 to get -

1 O L 2
+ -Nd—24YY/z
(2.20) |D(x1a z) |< Clcn[ L(1+2)/2 1n+2:| €

X (&(B,(x)) " ull.

Thus for fixed x,, z,

1 Z | P 2
-+ —a(d—24)"/z
IIE()_cl,xz,z)ll<clc,,[Zn/2 1n+2]e

(2.21) 1
X (‘:’(BA(xl)))_i(nH)’
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and applying steps 1-3 on B,(x,) X [, 7], we have

1 2 1 1
|E(’_‘1’§2,’)|<02C3[ + H +

(2.22) (n/2-1 An2 || gtz g2

Xe_%(d_“)z/t[‘:’(BA(xl))‘:’(BA(xz))]_%(n+l)-
This gives, ford > 2 A4,

1
[E(x), x5, t)|< 0303[

— | pmid—24)% e
/2 A"]e
. - -3(n+1)
X (&(By(x,)) - 2(By(x,))) .
Similarly, for all x|, x,, including those for which d < 24,

(224)  |E(x), x5, 8)|< c3c,2,[ t,,l/z + %][‘:’(BA(xl))é(BA(xZ))]_;(n+1).

(2.23)

If we combine (2.23), (2.24) with the estimate of &(B,(x)) in Proposition
4.2, we get a generalization of the estimate of [10]. In this connection we wish
to emphasize that for small time, say 0 < ¢ < 1, the uniform estimate provided
by (2.24) together with Proposition 4.2 is not a consequence of the usual
asymptotic expansion

1 1
(2.25) E(E,,lc,t)"'m[l - ET(E)t—%— ]7
where T denotes the scalar curvature. Although we have in fact assumed a
lower bound on Ricy (,,, rather than on 7(x), in effect the upper bound on
7(x) has been replaced by a lower bound on V(B,(x)) for some r. Scaling the
metric on a flat torus makes it obvious that a lower bound on V(B/x)) is
really necessary and that (2.25) need not hold uniformly.

As a second example, consider the family of metrics corresponding to a
sharply rounded cone tip x, as in Fig. 2.1 below.

_—— - e -————

Fi1G. 2.1
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The curvature is ~ 1/¢? at the tip and is nonnegative everywhere. The volume
V(B,(x)) is bounded below independent of & Then according to (2.24),
E(x, x, t) is bounded independent of e, for 0 <t < 1. Again, (2.25) does not
hold uniformly in &.

We can also derive (2.22) as a consequence of Theorem 2.1. This requires
estimating f,(s) and its derivatives, where

(2.26) f;(x) — e_t)‘2.

Note that

@27 ) = 3 (%),

which implies

(2.28) FH(s) = 1-k+D fUO(4735),

We will estimate f(©),(s), since

(2:29) fils) =772,

Then

2.30 A(lk) ) = (-1 kH s e_sz,
A A

where H,(s) is the kth Hermite polynomial; see Lebedev {26, p. 60]. In order
to get a good estimate on H,(s), it is convenient to use the generating function
identity

© [ 2 n
(2.31) 2 2(,;) 1= (1= ) e,y <1
n=0 :
see [26, p. 61]. Pick 5 fairly small, so that
| HA P et
(232) W‘T" < ce® ,

with € > 0 given. It follows that

k 1z
@ o= ) e oo
Consequently,
2 \¢ ]
17 9(s) |<c (|——|) k1| -3kt Dg-i—e)s’/1
(2.34)

n
k 2
=c (L) k| t-ie-s—os’/r
||t
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Thus we can take f, € F94 with @(r) = r72¢"<1797°/¢ 3nd, by Theorem 2.1,
recover essentially the same estimates (2.24), (2.25) on the heat kernel.

To close this section, we show how, for manifolds of dimension 2 or 3, the
more general class of estimates of §1 can in fact be derived under the weaker
assumption that Ricci curvature is bounded from below.

Let

(2.35) Hg = eiej(g) - Vv,_,,_ej(g)

denote the Hessian of g. We will show that the constant ¢(r) in the coercive
estimate

(2.36) I HgllG,,(xp) < c(’)(”dg”%uxo) + lAgll lzar(xo))

can be bounded from above in terms of r, H, if we assume Ric,, = H; compare
[10, §4].

However, the usual proof of the Sobolev inequality which estimates point-
wise norm in terms of H®, s > n/2, norm shows that the constant in that
inequality can be bounded from above if a lower bound for the refined
injectivity angle @(H, &, ry, x,), (as defined before Proposition 2.3), is known.
If we combine this with (2.36), we find that if dim M = 2, 3, we obtain directly
a pointwise estimate on K, f € | , only assuming Ric,, = (n — DH, V,(p) =
V. We turn to the proof of (2.36).

Recall that for any 1-form w we have the Bochner-Weitzenbock formula

(2.37) (d8 +8d)w =3 (- VeV, + Vo0, ) @ + Ric(w¥),
where
(2.38) Ric(w*) = (Ric(w))*,

and «* is the tangent vector dual to w. Fix a metric ball B{x), and Iet () be
defined by ¢(r)|[0, 7/21 = 1, Y(r)|[7/2, 7] = -2r/F + 2. By Stokes’ theo-
rem,

(2.39) j; ) )¢2 dsdg nrdg= [ 48dgAredg— [ 24 dysdg A vdg.

Bz (xp) Br(xp)
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Applying (2.37) to the left-hand side and integrating by parts gives

f V2d8dg A *dg
B

7(xo)

:f {\VE (-v.9., + Vo, )dg A *dg + $*Ric(dg) A *dg]
B:(xp) !

i

(2.40) = V2V dg ANV, dg + 24 X e (), dg N *dg

Bz(xq) { i
+y¢?Ric(dg) N *dg} .
If we substitute (2.40) into (2.39) and transpose the middle term we get

[ 92 .dg A, dg + Ric(dg) A *dg |
B:(xq) i

(2.41) = $28dg A *8dg — f 29dyddg A *dg
B;(xo) Bz(xp)
-[ 203e(y) V. dg A *dg.
Bz(xp) i

Note that vdg = Hg. Applying the Schwarz inequality to the last two terms of
the right-hand side of (2.41) gives

[ 29 dg N dg+ (n— DHIbdgl5 )

4
(2.42) <llAgl} ey + (nAguB,_(xo) + ;ndgn%,_m))

1 2 8 2
= N*v,dg +—lld .
+ ( 5 fB ;(xo)zlx 2 Vedg NV, dg + 3 ldgl B;(XO))
If we transpose the fourth term on the right-hand side, we obtain
Proposition 2.2. Let M" be complete, and Ric,, = (m — 1)H. Then for all
X, r

24

IHgl12, < 48815+ S5 1dgl3 0
r r r

7r2(x)

—2(n— I)H”\Pdg“%,—(x)-

(2.43)

Let A(r, 8), @"(r) be as in §1; see (1.28). Given ¢ > 0 and H, we define a
refinement of the injectivity angle by letting &(H, €, r, x) be the angular
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measure of the set 2%(e) of initial tangent vectors to geodesics y from x such
that y | [0, ] is minimal and

(2.44) —1‘&;—’1)—25, 0<s<r,

@"(s)
at y(s). Note that for all H, &(H,0, r, x) = &(r, x). Let v'g denote the i-th
covariant derivative of g.

Proposition 2.3. Let g be a smooth function on B:(x,) C M". Then for
N>n/2,

&(N) PPN NN
2.45) g? < 2 22— N) || o ig || 2
G4 0 = e f,xo)(fo @ (r) d’),go’ 1vsls

Proof. Lety be essentially as above, but made C*. Then

7(x0)"

! P d :
2 < - —
b4 (x()) (I)(H, e, 7, xo) '/S.ZH(E)‘/; dr(‘Pg(r’a))dr de
-1
&(H,e, r,x
(2.46) ( o)
[ |l et o0 i 0)ar]
. —— —(yg(r,0))A(r, 0)dr| 46
L Ai(r’ﬂ) darV )
e N FrAN=bg\ N ,
<— Al _) (f - r)2r2<“”) Iwigl?,
Ew(H,E,r,XO) 0 @ (I‘) i=0 B:(xg)

and the claim follows.

In Proposition 4.2 we will give a lower estimate for &(H, ¢, 7, x,) for ¢, 7
sufficiently small. We will now combine this with Propositions 2.2 and 2.3 to
get the following result. As in previous instances, the statement can be
sharpened somewhat; see Proposition 4.2(iv).

Theorem 2.4. Let M" be complete, and Ric,, = (n — 1)H. Fix p,x € M"
andry > 0. Set V, = V,(p), p = p(p, X). V{5 = 1V,

(1) Then for N > n/2,

g2(x) < c5(N) (fr(H, V,O)M)
(2.47) [(av2, /v,,) = 3] \70 @"(r)

O B2
i=0
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(ii) In particular, forn = 2,3,

2
fl = 2O [y )
[(4v7 + 1y, ) = 3] \ 0 &"(r)
(2.48) x[r0_4”g”%,0(x) + 25’0_2”‘18“%;,0(%) —2(n— I)H”‘[/dg”%i‘,o(xo)
+4llAgl %?,O(xo)] .

In view of (2.48) the kernels k;, f € %!, can now be treated by the method of
§1.

Appendix to §2. The class %7, an example

As we saw above, the functions

(A1) ) = e
are elements of FP* with
(A2) o(r) =t 3/, >4

Here we want to give another example of a large class of functions which
belong to 7> with

(A.3) o(r)=e""
Consider a region in the complex domain of the form

(A4) Q={zeC:|Imz|sW}U{z€C:|Imz|<B|Rez|}.
Suppose f is holomorphic in  and satisfies the estimate

(A.5) |f(z)|sc(1+|z])", z€Q.

If W and B are decreased slightly, it follows from Cauchy’s integral formula
that

(A.6) 702 [< k) (1 + | 2)" 7",
and in particular,
(A7) Izt (2) < (k).
Now if g(z)is holomorphic on | Im z |< W. then
o0
(A.8) [T1s(x+ ) dx <G, |y|<W,
—-0o0
implies

(A9) |g(s)|< Ge ™™, s€ER.
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Thus from (A.7) it follows that

(A.10) | SFEFO(s) < (k) e,
SO
(A.11) IFP(s)|< er(ck)e™, |s]= 1.

Thus f € F>* with ¢(r) given by (A.3).

3. Manifolds with bounded geometry

We say a Riemannian manifold M has C*-bounded geometry provided that
about each x € M there is a geodesic ball B,(x) of radius a (independent of x)
such that

(3.1) exp,: TM->M

is a diffeomorphism of B,(0) C T, M onto B,(x) with the following property:
the metric tensor g;; on B,(x), pulled back to B,(0) by (3.1), is bounded in the
C* topology for T, M, and the inverse matrix g” is bounded in sup norm. We
include the case k = oo and also k = w; C“(B,(0)) is the space of real analytic
functions on B, (0). Note that {u,} is bounded in C“( B (0)) if, for any compact
K C B,(0), there is a complex neighborhood K of K in CT (M), on which {u, )
extends as a uniformly bounded set of holomorphic functions.

Another common notion of “bounded geometry” involves bounds on (say
the first k) covarjant derivatives of the curvature tensor, plus a lower bound on
the injectivity radius. For kK = oo or w, this concept coincides with C*-bounded
geometry defined above, but not for finite k. For example, a lower bound on
i(x) and bounded curvature together form a condition which is stronger than
C%bounded geometry as defined above. Of course, if M has C*-bounded, or
even C2-bounded, geometry, then it has bounded curvature, so the results of §1
apply. But we will obtain further results on the operators f(Y-A ) in this case.

First we consider weak boundedness assumptions on the geometry of M. An
assumption even weaker than C%bounded geometry is the hypothesis that the
injectivity radius is bounded from below:

(3.2) i(x)=a>0,

with no further assumptions. In this case, as remarked in the introduction, we
have

(3.3) &(B,,(x)) = 1.
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The estimate (2.13) on k,(x, x,) for f € %74 holds with 4 = a/2, and we
have

(34) [ESIErE ENTOE
if
(3.5) p(x),x,)=a+r.

If we do not assume a lower bound on the Ricci curvature, methods of
estimating the gradient of k(x;, x,) do not apply. We note that the assump-
tion of C%bounded geometry implies a Holder bound on k(xy, x;) which
improves the pointwise bound (3.4) for f € 4.

Indeed, according to Corollary 1.2 if u is supported on B,(x,), then

1
(3:6)  IAS(J-A )Mullpg,, 0oy < o C(C2K + 20)) T2y (r)ull.
Thus if p(x,, x,) = r + 2a, then
(3.7) 1A% (V-8 ) Null 5, <

We now argue similarly to the proof of Theorem 2.1. Given u supported in
B(x,),if |y |< B = 4c”!, the power series

%(C(Zk + 202yl

0 2k

(3.8) o(y,x)= 3 Z——a(-8 )u
oo k)
converges to an element of L*([-B, B] X B,(x,)), and we have
82
(3.9) — +A)v=0,
ay?
(310) ”v”[—B,B]XB,,()q) = C]\I/(r)”u”l}-

Now in normal coordinates on B,(x,) we have

G.1) M) = Bt (gl |,

J.k J
and our hypothesis that M has C%bounded geometry precisely gives uniform
ellipticity of (3.11), and hence of (3.9), with C° bounds on the coefficients.
Thus the di Georgi-Nash-Moser theorems on such elliptic equations in diver-
gence form (see Gilbarg and Trudinger [20]) imply the pointwise estimate

(3.12) o(x,)|< Cy(r)llull
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for u supported in B,(x,). Now (3.12) is equivalent to the assertion that
f(/-B)8, is L on B,(x,) and

(3.13) 172 )85,y < c2¥(r).
Similarly, we obtain
(3.14) IAF(V-8)8, 1l 5 g,y < e2(2C1*y(r).
So we can set, for |y |< B,
(3.15) (7, x) = 2 (21), Af(J-a)8,,
to obtain
32
(3.16) ( E + A) =0,
(3.17) o, (-5, BixB,cx) < €39(7).
Again the di Georgi-Nash-Moser results yield a bound on v, (x,), i.e.,
(3.18) ke(xy, x5) < c(r).
But in fact the theory yields a Holder bound
(3.19) ”kf(xl")HC”‘(B,,/z(xz)) < CGy(r),

for a certain a >0 which depends only on the C°%bound and ellipticity
constant in (3.11). To summarize, we have proved the following.

Theorem 3.1. If M has C°-bounded geometry and f € G, then the kernel
k(x,, x,) satisfies the estimate (3.19) and also

(320) ”kf(',xz)”Ca(B”/z(Xl)) < C5¢(r)
The fact that (3.20) holds follows from the symmetry of k,(x,, x,).

In particular, recall from the appendix to §2 that if f(A) is the restriction to
A € R of a function f(z) holomorphic on a region

(321) @={z€C:|Imz|<sW+e U{zEC:|Imz|<B|Rezl},
then f € F7* with ¢(s) = Ce ™", provided
(3.22) |f(z)|<C(1+ lz])™,
This gives

Corollary 3.2. If M has C°-bounded geometry, and f(z) is holomorphic on
(3.21), satisfying (3.22), then

(3.23) Lk (x,, x5) | < Ce™™,
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provided
(3.24) p(xy, x,) =r + 2a.

We will not pursue the implication of C*-bounded geometry for finite
positive k, but will devote the rest of this section to obtaining refined global
results for manifolds with C* or C* bounded geometry.

We now consider the case when M has C*-bounded geometry. Examples
include all homogeneous spaces, i.e., manifolds with a transitive group of
isometries, as well as more general sorts of manifolds such as leaves of C*
foliations of compact manifolds. Since such M has bounded curvature, the
estimates of §1 apply to the estimate of the kernel k,(x,, x,) for p(x,, x,) = a.
We complement this with a precise analysis of the behavior of the kernel of
f(/—A for p(x;, x,) < a. Assume f(A) € S, oR), ie,

(3.25) |FOA) < G(1+ A",

We use here and below the notation for symbol classes and pseudodifferential
operators of Hormander; see [32, Chapter 1I]. From the representation

(3.26) f(\/I)u = %[Zf(s)cossﬂu ds,

use a partition of unity 1 = ¢ ,(s) + @,(s), ¢,(s) € C§°(-q, a), even, ¢,(s) = 1
for |s|<a/2, to get

f(\/—f)u = %j::tpl(s)f(s)coss‘/:xuds

(3.27) +%/:thz(s)f(s)cos sf(\/—f}uds
= Fiu + Fu.
Note that
k
(328) Fu=(1- A)"‘/_°o (1 - ;‘1:3) (@,(s)7(5)) cos sy-A u ds
=(1-A)*G,u,

with |G ull < Cillull. Thus the standard elliptic estimates and the Sobolev
embedding theorem give

(329) “FIZu“C’(Ba(x‘)) = C[”“”LZ-

Furthermore, if u is supported in B (x,),
(3.30) | Fyull cigpxyy < Culuell ger(p,ixpy)s

where the norm on the right is a Sobolev norm.
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Now consider
(3.31) Fu= —Lfaq)l(s)f(s)coss\/zzu ds,
27 J_,

with u supported in B,(x;). We will analyze (3.31) by replacing the operator
cos sy-A, for | s|< a, by its geometrical optics approximation. This approach
to the study of f(Y—A) on compact manifolds is emphasized in Chapter XII of
[32], and in [33], and also plays a role in the work of [8] on the wave equation
on a cone.

By shrinking a if necessary, we can assume the parametrix for cos sy-4 is of
the following form, in a normal coordinate system centered at x,:

2
(3.32) cossy-Au(x) = /aj(s,x,ﬁ)ei"’f(s”"é)ﬁ(£) dt.
j=1

Here g, solves the eikonal equation

(3.33) 2= (-1)\(x, dy;) = (~1)(dg;, dey),

(3.34) 9,(0,x,8) =x-¢

for |s|<a, x € B,(x1); a;(s,x,£) is determined by the usual transport
equations of geometrical optics (see for example, {32, Chapter VIII]), with
a0, x, ¢) = 1. Now if u is supported in Ba(ai]), then, for |5 |< a, cos sV-Auis
supported in B, (x,). If we set §(s) = @,(s)f(s), then g(A) € S, differs from
f(M) by an element of the Schwartz space S(R) of rapidly decreasing functions.
Thus we have

2 ., A
Fu= 3 f g(s)a,(s, x, £)e x5 Dq(¢) déds + Siu

j=1"-a

(3.35) 2 fg(Ds)(aj(s, X, §)e“‘°f‘:”"€)) Lzoﬁ(&) dé+ Su

= [b(x, £)ea(¢) + Syu,

where S;: &'(B,(x,)) » C®(B;,(x,)), and b(x, £) is given by the fundamental
asymptotic expansion lemma for pseudodifferential operators. Thus
2

(3.36) b(x,£) = 3 50, x,8),

j=

where

(3.37) b(s, x,§)= e"'"’i(s*"’g)g(Ds)(aj(s, X, §)e“‘°f(~‘""5))
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belongs to S, _, if p = 1 with

d
(3.39) b5 x.8) ~ (s, %, O o) + .
Hence using (3.33) and (3.34) we obtain

(3.39) b(x, &) ~ g(Mi(x, £)) +---.
The remainder terms in (3.38) and (3.39) sum to elements of ;- forp = §
and we have a complete asymptotic expansion for p > 3.

Denoting by OPS,"; the set of pseudodifferential operators with symbols in
the class S5, we have the following conclusion.

Theorem 3.3. Assume M has C*-bounded geometry. Let f(A) € S/4(R), p
= 1 be even. If u is supported in B,( p) in normal coordinates centered at p, then
we have

(3.40) f(y-2)u = B,(x, D)u; x € B,(0),
where B,(x, D) € OPS,"|_,, and in fact
(3.41) {B,(x, D): p € M} is bounded in OPS", _,,.

If p > 1, the symbol of B,(x, D) has a complete asymptotic expansion of the form
(3.39), valid uniformly forp € M.

We remark that it would be quite natural to use a Hadamard type parame-
trix written invariantly in terms of the Riemannian distance instead of the
Fourier integral representation (3.32), but we will not pursue this approach.

We can use Theorem 3.3 together with the estimates on the kernel k (x;, x;)
for p(x,, x,) = a which follow as a special case of the results of §1, to obtain
L”-norm estimates on f(y¥—A ) for the following class of function f.

Definition 3.1. We say f € S}, if f(z) is holomorphic on the strip

(3.42) Qy={z€C:|Imz|< W},
and satisfies the ST’ symbol estimates on 2,
(3.43) 1f2) < GA+]z)", z€Qy.

We have, according to (3.27),
(3.44) f(fa) =0, + @,

where the kernel of ®, is supported in the neighborhood {(x,, x,): p(x,, x,)
< 2a} of the diagonal in M X M and is given in local normal coordinates as a
bounded family of pseudodifferential operators. The kernel ®,(x,, x,) is
smooth on M X M and satisfies the estimate

(3.45) | @,(x), x,) < Ce™™, r=p(x, x,).
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From this we can deduce L” continuity results for f(y-A), as follows. First we
show ®: L#(M) - LP(M),1 <p < o0.Letu € LP(M). We can write

o0
(3.46) u= U,
j=0

where each u; is supported in a ball B,(p;) of radius a in M, and, because we
are assuming M has bounded geometry, we can suppose there is a constant K

such that, for any j, B, ( pj) intersects no more than K other balls B, (p,),
Py # p;- Thus we can arrange that

(3.47) C' XMl < Mull < CXMuyll 1o
J J

Now @,u = X, ®,u;, and operators b(x, D) with symbols in SRO are con-
tinuous on L?, 1 <p < o0, and bounded families of such operators have
uniformly bounded operator norm on L?, 1 < p < oo; see [32, Chapter XI].
Thus from (3.40) and (3.41) it follows that

(3.48) W@ ull o< Cillull o,
provided f € SRO(R). Furthermore, ®,u; is supported in B, ( p;). It follows that
(3.49) N®ull L, < G p)lullr, iff € SP(R).

As for the L7 continuity of ®,, we use the estimate (3.45) together with the
elementary fact that the L7 operator norm of ®, is bounded by

(3.50)  sup [ |®,(p,q)|dvol(q) + sup [ |®(p,q)|dvel p.
q "M q "M

See [32, Chapter XIII]. Now if M has C*-bounded geometry, or more
generally if M has Ricci curvature bounded below, we have

(3.51) vol{x € M: p(x, p) <r} <ceX

for some K independent of p. Consequently, if (3.45) holds with W > K, we
have a uniform bound on (3.50) and hence an L?-operator bound on @,,
1 < p < oo. Thus we have proved the following result.

Theorem 3.4. Assume M has C* bounded geometry. If

(3.52) fess, w>k,
where (3.51) holds for K, then
(3.53) Af-a): L2 (M) > LP(M), 1<p<co.

At this point we make the following remark. Sometimes one knows that the
spectrum of —A on M is contained in [ a,, ) for some «, > 0. In such a case,
the same considerations as above, or indeed elsewhere in this paper, apply to
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f(y-A — a,). In particular we have, in the context of Theorem 3.4,
(3.54) (V- =ag): LP(M) > LP(M), 1<p <o,

for f € 82. Some results a bit weaker than Theorem 3.4 were announced in
[33].

We pass now to a still more rigid class of manifolds, those with C“-bounded
geometry. This class still includes homogeneous spaces. In this case, if f € T4,
the construction (3.8) yields a harmonic function on (-B, B) X B,(x,), and
also (3.15) yields a harmonic function on (-B, B) X B,(x,), i.e., these func-
tions are annihilated by the operator 3?/dy? + A, and in normal coordinates
we have A of the form (3.11). This time the coeffcients of 92/9y? + A form a
bounded family of analytic functions on B,(0) with a uniform ellipticity
constant, so the analyticity estimates for solutions to (3%/3y%+ Aw =10
imply the estimates on the kernel k ((x, x,):

(3.55) sup | Dik(x1, x,)|< C(Cla])My(r),

XEB,(x;)
if p(x,, x,) = r + 2a, where one uses normal coordinates centered at x,; to
express DZ. In particular, if f(z) is holomorphic in the region

(356) @={zeC:|lmz|<W+e U{z€C:|Imz|<B|Rez|}
and satisfies

(3.57) [f(2)|=sc(1+|z|)", z€Q,

then, as discussed in the appendix to §2, the estimate (3.55) becomes

(3.58) sup | Dk, (x), x,) |< C(Cla Ner#.
XEB,(x;)

Since the function f,(A) = e~ belongs to FP* with @(r) = e 179774 we
also obtain from (3.55) estimates on the heat kernel proved by Géarding [19],
for the case where M is a Lie group with left invariant metric.

Finally, we note a dampening of the kernel k;(x,, x,) when M is a rank 1
symmetric space, i.e., when the isotropy group of M fixing a point x acts
transitively on the unit sphere in 7, M. We suppose M is of noncompact type
with negative curvature. In such a case, the estimate (3.51) can be refined to
the following sharper result on the volume of a spherical shell

(3.59) A(g)={xeM:a+r=<p(q,x)<3a-+r}.

Namely,
(3.60) vol 4,(q) ~ C(a)eX’,
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which implies
(3.61) vol{x € M: p(x,q) <r+ 2a} ~ CeX,
Now f(V-A) is invariant under rotations of M about g. This fact together
with (3.60) and the usual elliptic estimates yields

.
(3.62) |kp(x,q) |< Ce™™72  sup  [7|7@(s)] ds,

o<k<[z}+17r
if
(3.63) p{x,q9)=r+2a.

In particular, by (3.60) the function u (x) = k(x, q) is integrable on {x € M:
p(x, g) = 1} with L' norm independent of g, provided

(3.64) /Qo |f@R(s)|ds<Cr'eX/2, 0<k <[%] + 1.

It follows that, for a rank-one symmetric space M, if (3.66) holdS,
(3.65) f(y-2): LP(M) > L?(M), 1<p<co.

More generally, if the spectrum of —A is contained in [ «,, c0), and

(3.66) fesl, w> %K,

then

(3.67) (V- =ag): LP(M) - LP(M), 1<p<oo.

This result was proved by Stanton and Tomas [31] by a different method,
following the work of Clerc and Stein [12] on complex symmetric spaces. As
these authors point out, one can make use of the Kunze-Stein phenomenon
which implies that the operator @, of (3.44) is continuous on L?(M), 1 <p <
o0, provided that, for some b > 1,

(368) (Dz(xl") ELq(M)’ qe (lab)

which is slightly weaker than the requirement

(369) q)2(xla') ELI(M),

we sought above. Indeed, this allows us to replace W > 1K by
1

(3.70) W= —2-K

in (3.66).
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4. Volume, injectivity radius and injectivity angle

In this section we prove the geometric estimates used in the previous
sections.

We begin by discussing the volume. Let x € M", and A(r, 8), @%(r), V7 be
as defined after (1.7) and in (1.16), (1.17). Suppose Ric,, = (n — 1)H and
regard A(r, @) as a function on the tangent space T, M. If H > 0, we restrict
attention to B, ,7(0) C T, M. Let U C T. M denote the interior of the cut
locus in the tangent space. The proof of the standard volume comparison (see
[3, pp- 253-257]) shows that on U,

(4.1) A 6)

a(ry
where | indicates a decreasing function. If S(0) C T, M denotes the sphere of
radius r about the origin, (4.1) implies

[ a(r9)
(42) RCCLUNN
@"(r)
5,0

the possible existence of the cut points only helps matters. In general, if f(r),
g(r) are positive functions such that £ |, then it follows that

[ f(s)
forg(S)

To see this, set f/g = h. Then h | and

(4.4) forferg = forgherg>[f0rg]h(r)erg >[f0rg]ergh = forgerf-
Thus, equivalently,

r R r r r R r r ¥ R r R
= = =
(4.5) foffrg foffog+f0ffrg fofngJrfogfrf fogfof,
which gives (4.3). From (4.2) and (4.3) we obtain the following relative volume
estimates which were emphasized in [21], [23].
Proposition 4.1. Let M" be complete and Ric,, = (n — 1)H. Let p, x € M"
and p(p, x) = p. Then

(4.3) i

© an
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or equivalently, forr, <r, <n,,

. vip) —V.(p) _V.(p)
(i1) i~ VA
ry ry

Moreover,
v,H
(iii) V(p) i < V(0.
ptr;
If r, + r <p, then
vH (
) VP o < V).
’ V;)Ii’z - Vp—’z
Proof. (i) and (ii). Let
(4.10) f=f . a(r8), g= [ @"r).
s oNU 570
Then (i) and (ii) follow from (4.2), (4.3).
(i11) We have
y V)
(411) I/rz(p) = I/p+r2('x) < I/p+r2 V H .

(iv) Using (ii) we obtain

Vix)
(412) Vo (p) < Vpuo6) = Voo () < (VL = Voo H) =5

Relative volume estimates are implicit in the proof of the more familiar
volume comparison V,(p) < V¥, and have, in fact, been used previously
(compare e.g. [5]). However, recent applications in [22], [23] indicate that their
significance was not fully appreciated.

Note that it follows immediately from Proposition 4.1(iv) that if Ric,, = 0,
d > 2r, then

(d—2r)" -
Ty R =)
Thus we recover the result of Calabi and Yau [35] that V,( p) grows linearly as
d — oo. At the end of this section we will give a sharp generalization of (4.13)
to manifolds whose Ricci curvature decays no slower than ¢ /[p( p, x)*] outside
some B, (p).

Remark 4.1. Let S C M" be any set with the property that if g € S is not
on the cut locus of p, then the unique minimal geodesic from p to g is

(4.13)
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contained in S. Clearly, Proposition 4.1(i) and (ii) continue to hold with V,( p)
replaced by V(S N B, p)), as do the corresponding generalizations of (iii) and
@iv).

Remark 4.2. Let M” be a Ricci model in the sense of [9]. Thus M" is a
metric ball (possibly of infinite radius), with metric dr? + f2(r)g, where
f(r)~r—Kr?/6 + --- for some K. If at distance r from p, then we have
Ricym = —(n — 1)f"(r)/f(r), Remark 4.1 still applies with V,” replaced by
7.

Remarks 4.1 and 4.2 will be used without further comment below.

We now consider the refined injectivity angle &(H, ¢, r, x) introduced in §2
just before Proposition 2.3. We retain the assumptions of Proposition 4.1.

Proposition 4.2. (i) Given ¢, r,, r, we have

v.(p) -V
yH _ yH M E

ptr;

(4.14) o(H,e,r,x) = ] i

£

where the right-hand side is > 0, if €, r are sufficient small.
(ii) If moreover r, < p, then

1 V.(p)
(4.15) &(H,e,p— 1, x) = —— 2 —e}.
1 € VP[‘{"z B Vplirz
(iil) Thus if r(H, V') is defined by ¥ = V,f’,L vy, then
v
ol . (7) AHY ()5
22vH, — V.(p))

(4.16) prr

- V.(p)

vl —3W(p)

(iv) If moreover r, < p, then

v, V.{p
G(H, Vip) ,p—r2,x)> ) |
i, —vt,) WVl = Vo) = Vi (p)
Proof. (i) Since V,(x) < ¥V, and B,(p) C B, ,(x), we have
(4.17) V.(p) = V1<V, (x) = V(x)

Using (4.2) and integrating in polar coordinates, we easily get
Vorr(x) = V(%)
< (V” - V;H)[&(H, e,r,x)+e(l—a(H, e r,x))],

ptry

(4.18)

from which (i) follows.
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(ii) This follows as in (i), by noting that
(4.19) V(p) < Vi (x) = V- (x).

(iii) and (iv) follow immediately from (i) and (ii).

We now discuss the injectivity radius. Let M” be a complete Riemannian
manifold and p € M". Let y be a geodesic loop on p of shortest length
L[yl =2l Let K,, < K on B/(p). Then by a result of Klingenberg (see e.g.
[7]), the injectivity radius of the exponential map at p is bounded below by
min(/, 7/ VK ); if K < 0, we interpret 7/ VK as 0.

In [6] it was shown that there exists a constant ¢,(d,V, H) > 0 with the
following properties. Let M” be compact. Suppose the diameter d(M") and the
volume V(M") satisfy d(M") < d, V(M") = V, and that K,, = H. Then every
smooth closed geodesic on M" has length = ¢,(d,V, H). For compact mani-
folds Klingenberg showed in addition that the injectivity radius at all points is
bounded below by the minimum of 7/ VK (where K,, < K) and one half the
length of a smooth closed geodesic. Thus it follows that for all p € M",

(4.20) i(p) >min(%c,,(d, V,H),vr/\/f).

The method of [6] depends on Toponogov’s theorem. It leads to a sharp
constant in certain situations, and no part of the hypothesis can be removed
unless something further is added; see e.g. [7] for further results of various
authors in more special situations. However, in [24] Heintze and Karcher gave
a new derivation. Their method was to estimate the volume of a tube around a
smooth closed geodesic. This led to a better constant in most cases and did not
require the use of Toponogov’s Theorem. Whether the lower bound K,, = H
can be replaced by Ric,, = (n — 1)H in the above estimates, is still an open
question.

As mentioned in the introduction, in [10] a relative bound on the behavior of
the injectivity radius i(x) was derived, which did not require the global
hypothesis of compactness. In particular, the authors worked with geodesic
loops which were not necessarily smooth, but they assumed a lower bound on
i( p) for some p. The estimate which we now give replaces this assumption by a
lower bound on the volume V,( p) for some r, p. Thus we get a purely local
generalization of the results of [6], [24], in so far as they pertain to the
injectivity radius. However, the method by its very nature depends on knowing
a lower bound for the distance to the conjugate locus. Without this assump-
tion, no information on the length of a closed geodesic y is obtained, even if y
is smooth.

To emphasize the local nature of our result, we now let B.( p) be a metric
ball in a Riemannian manifold such that for r’ < r, B,.( p) is compact. Assume
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that on B(p), K,, < K and r <7/ VK, (r arbitrary if K < 0). We let ¥,°( p)

denote the volume of B,(0) C 7, M with respect to the pulled back metric.
Theorem 4.3. Let B, p) be as above. If v is a geodesic loop on p of length 21,

andry +2s <r,ry<r/4, then

r, 1

. 12 a )
(4.21) 2 1+ V2.,(p)/ Vi p)

If in addition H < K,; < K, then

(4.22) 1= L

21+ V7 (p)/Vip)

To prepare for the proof of Theorem 4.3, we begin with some elementary
observations.

(i) By the Gauss Lemma, every curve ¢ of length L[c] < r with ¢(0) = p has
a unique lift to a curve ¢ C B(0) C M, with ¢(0) = 0. In particular, a geodesic
segment y of length < r with y(0) = p has a unique radial lift. Thus points of
B,(0) can be identified uniquely with such y. With this identification, the
projection exp,: B,(0) — B,(p) is given by y — e(y), where e(y) denotes the
endpoint of y.

(i) Let c,, ¢, be piecewise smooth curves, and write ¢, 56 if ¢; and ¢, are
homotopic over curves of length < 4 keeping endpoints fixed. If L[c] =1<r,
clearly ¢ 7}7 with ¥ the unique radial geodesic such that e(¢) = e(¥). Hence

cvY.

(iii) Since exp, | B,(0) is nonsingular, if v,, v, are distinct radial geodesics with
L[y,] <r, then by a standard argument on lifting homotopies, v,, v, do not
satisfy v, ~%;. In particular, the geodesic segment y in (ii) is the unique
geodesic segment with ¢ ~v. We write [c] for vy, and [ p] for the constant loop
on p.

Let §,, 6, be closed curves on p, and let ¢ be an arc from p with L{§,] < 2/,
L[c] = sand 2(/ + s) <r. Let 6, U ¢ denote the arc from p which is equal to 6,
followed by c.

Lemmad4.d4. If2(I+s)<rand[8, U cl=[68,VU c], then[6,] = [6,].

Proof. 1If[8, U c]=1[0,U c], then8d, U c2[~+x02 U c. Thus

0, ~ UcU —c ~ §UcU —~¢c ~ 6,
2i+s) 2Al+s) 2(1+s)

By (iii) above [8,] = [8,].
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Let #(q, a) denote the number of distinct inverse images of ¢ € B,(p) in
B(0),a<r.

Lemma 4.5 ( Even covering lemma). If ry, + 2s <r/4 and q € B( p), then
#(q’ 3r0) = #(P’ rO)'

Proof. By (i) above, #(p, r,) = m, where v, ---v,, are the distinct geo-
desic loops on p of length < r,. Let o be a minimal geodesic from p to ¢. By
Lemma 4.4, [y, U 6], i = 1,---,m, represent distinct inverse images of g in
Br0+s( p )

Let 6 be a loop on p, and ¢ a geodesic arc from p with L(8) = 2/, L(¢) = s
and 2(/ + 5) < r. The correspondence o — [6 U o] defines a map 7. B(0) -
B,,, {(0) which clearly depends only on [§]. It is also obvious that exp, m4,(x)
= exp, x for x € B(0). Hence m,, is an isometry from B(0) to m4)( B,(0)) with
respect to the pulled back metric on B, (0). It follows immediately from
Lemma 4.4 that 4, has no fixed points unless [6] = p.

Setiy=yU---y and L(y) = 2L

Lemma 4.6. Let y be a geodesic loop on p with 2] - N <ir. Then [v],
[2v],- - -,[NY] are all distinct.

Proof. Since (i +j)y =iy U jy, H [(( + )yl =iy Vjy]l=[jy]l=ljy Y
pl, then{iy] = p by Lemma 4.1. Regard [ p], [Y).- - -.[(i — 1)y] as points in the
strictly convex ball B,,/(0). Then m,;: B,,,(0) — By, ,,(0) preserving distance.
Hence =, preserves the unique center of gravity of the set {[ p1,[v],---[(i —
1)y]}. By definition the center of gravity is the unique minimum of the
function y - 3, p%([ j}, ). It exists because 2i/ < 37/ VK implies that B, ,(0)
is convex. This contradicts the fact that #, has no fixed points.

Proof of Theorem 4.3. Consider a geodesic loop y with L(y) = 2/ <r,. Let
N =[r/2l). By Lemma 4.6, p has at least N inverse images in B,(0). By
Lemma 4.5, every point in By p) has at least N inverse images in B, _ (0).
Since exp, is nonsingular and orientation preserving, N - V(p) < V,f)’ (P)
Hence 1/[r,/2l] < V(B(p))/V(B, +(0), and (4.20) follows. Then (4.21)
follows from the standard volume comparison.

If we combine Theorem 4.3 with Proposition 4.1, we immediately obtain the
following lower bound for the injectivity radius.

Theorem 4.7. Let M" be complete with H < K,, < K. Let p = p(p, x), and
fixr, ry, s, withry + 2s <a/Vk,ry<u/4/k. Then

@

423 i(x) =20 L .
“2) AR N T | )
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(ii) Moreover, if r + s < p, then

iy 1
(4.24) i(x)=2 :
21+ (Vv (o)W - V) v

As an application of the relative volume estimates proved at the beginning of
this section, we now consider complete manifolds whose Ricci curvature at
infinity is “almost nonnegative” in the following sense. Fix p € M”" and set
r = p(p, x). We assume that for some r, > 0 and all » = r,,
L=y
r2

(4.25) Ric, (x) = (n — 1)

(For Theorem 4.8 and Theorem 4.9 (iii) it suffices to assume that (4.25) holds
only for radial directions from p; however for Theorem 4.9 (i) and (i) this does
not suffice.) By convention we take » = 0. Observe that the Jacobi equation

- —»")g

(426) g” = >

’
corresponding to sectional curvature (3 — »?)r? admits the pair of solutions

(4.27) go(r) =r=,

and the particular solution
1

(4.28) Jr= 5 (rT + R,

satisfying J, x(R) = 0, J; x(R) = —1. For the case § + »2, we replace » by iv in
(4.27), and obtain the solutions

(4.29) ricos(vlogr), risin(vlogr).
Corresponding to (4.28) we have

(4.30) ¢ r(r)= —Ifr% sin(vlog r/R).
Note that

(4.31) g’iv,R(Re"/y) = %u,R(R) =0.

This gives the following extension of Myer’s theorem.

Theorem 4.8. Let M" be a complete Riemannian manifold such that for some
P EM" ry>0,andv > 0 we have
(3 +2?)

(4.32) Ricy (x) > (n — 1)~

for all r = ry. Then M" is compact and the diameter d,, from p satisfies

(4.33) d,<e""r,.
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A weaker result of this type is derived in [1]. In [19] the compactness of M"
is derived from (4.32), but no explicit bound on the diameter is given.

Proof of Theorem 4.8. We use the field §,, -/, , and argue by index
comparison as in the standard proof of Myers theorem. If v|[0, e™r,] is
minimal, (4.31) and (4.32) lead to the conclusion that v | [ry, e™*r,] contains a
pair of conjugate points.

Remark 4.3. By considering a metric on R” which is of the form

(4.34) dr? + rg(8)

outside some compact set, where g(8) is the standard metric on $”~!, we see
that M" need not be compact if » = 0. However, further refinements are
possible. For example, a similar argument shows that if

1 142
(4.35) Ricy,(x)=(n—1) —% + 42—},
r rlogr
then M" is compact; see also [14] for a sharp result of this type.
We now consider the case (3 — »2)/r% Observe that for » > 0, the condi-
tions

(nt1) __n L2 Y

(436) v< 50— YR <i-», 0s(n-1)(z—»)+1
are equivalent to one another. Also recall that if M" is not compact, a normal
geodesic y: [0,00] - M" is called a ray if each segment of vy is minimal. Parts
(i) and (ii) of the following theorem give a lower bound on the rate of growth
of the volume of a ball, which generalizes the previously mentioned result of
Yau and Calabi for the cas¢ Ric,, = 0. A novel feature of the argument, as
distinct from the case Ric,, = (n — 1)H, will be the use of a family of model
spaces with metric

dr* + J2(r)g, 0<r<RgR.
Here the metric is expressed in polar coordinates, but the origin is at R. For

v < 1, the metric is singular at the boundary r = 0, while for » > } there is a

conjugate point at the boundary. For » = ; we have the usual flat metnc ona
ball of radius R.

Theorem 4.9. Let M" be a complete noncompact Riemannian manifold, and
let v: [0, 00) » M" be a ray from somep € M".

(@) Fix0<v< $(n+1)/(n—1). If v =%, assume that for some ry >0 and
all r > ry we have

(4.37) Ric,,(x) = (n — 1)“—7#.
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If 0 < v < 1, assume that for some r, such that ry < r| < 3r, and for all r > r,,
(1=7)
> -
(r—2(r, — 1))

If0<vy < j(n+1)/(n— 1), then there exists C, independent of M" such that
forr=>2r —r,

(4.38) Ricy,(x)=(n—1)

(439) CrII/(rl—ro)(Y(rl))r(n_l)(%—V)+1 = I/r+(r1—"o)(p)'

(i) Ifv = 3(n + 1) /(n — 1), and (4.37) holds, then for r > 2r, — r,

(440) cr,V(r,-ro)(Y(rl ))log r< Vr+(r,—ro)( P)
(iii) For all v = 0, if (4.37) holds (in radial directions), then
(4.41) V(p) < cprmDGINTL

Proof. (i) We first consider the case » = 1. Fix x with p( p, x) = r. Let o(2)
be a normal geodesic emanating from p, and set p(y(r), 6(¢)) = 5. We consider

t <r — ryand note that s > r — ¢ by the triangle inequality. Since » = 1,

(4.42) Ric, o(t) = (n — 1)@ >(n— 1)(%_—”22).
s (r—r1)

The argument can now be completed as in Proposition 4.1 (iv) except that we
use J;*;" ! in place of @”. This gives

21 =ro )
I/(’l_’o)(Y(rl)) / Jn,r (t)dt pn—hH2e
<

8!

~

Vipory(¥(r)) f’ Sy de rem v

2rn—r

(4.43)

and (4.39) follows easily.

Now consider the case 0 < p < 1. It will suffice to obtain the analog of
(4.42). Moreover, clearly we can restrict attention to those ¢ which are minimal
from y(r) to some o(¢) € B, _,(v(r})), and to 0 <7< 1. Let a = p(p, o(2)).
Then by the triangle inequality,

(4.44) rn+(r—r)=a,
(4.45) (r=r)+¥(n—r)=t=(—1)+1,
(4.46) at(t—t)=s.
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o(t)

7(0) (o) 10ry) ()

Fi1G. 4.1

Adding these and cancelling terms give

(4.47) r+2(rp—r)=t+s.

But r — t = 1, and so, by the triangle inequality,

(4.48) 5=,

Combining (4.47), (4.48) and the assumption 37, > 2r,, we obtain

(4.49) r—t=s—2r,—r)=s—ry>0.

Thus, since v < 4, we get
1,2 1,2

(4.50) Ricy,(x)=(n—1) . s<(n—-1)"—3.

(s —2(r, — r)) (r—1)

As above, this implies (4.39) for v < 3.

(ii) The argument is as in (i).

(iii) The estimate (4.41) follows from the proof of the Heintze-Karcher
comparison theorem [24] applied ;to 3B, \ C,, where r, >r, and C is the cut
locus of p.

Remark 4.4. By considering a metric on R” which is of the form

(4.51) dr? + r'=%g

outside some compact set, we see that the estimates of Theorem 4.9 are sharp.

Also as in Proposition 4.2 we see that the injectivity angle & decays at most like
~(n=1(3+»)
r 2,
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