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Finite Sample Properties of System Identification Methods sample theory is, therefore, needed in order to capture these dependen-
) ) cies. Although our results are valid for a finite number of data points,
M. C. Campi and Erik Weyer they are still mainly of conceptual interest since they are rather conser-
vative.

Abstract—n this note, we study the quality of system identification The note is organized as follows. In Section I-A, we present an

models obtained using the standard quadratic prediction error criterion example which iIIusFrate the difference between asymptotic aﬂd
for a general linear model class. The main feature of our results is that finite sample properties and shows that asymptotic theory can give
they hold true for a finite data sampleand they are not asymptotic. The mjsleading results even for an arbitrary large number of data points.
main theorems bound the difference between the expected value of the |, gection |-B, our results are put into perspective relative to previous
identification criterion evaluated at the estimated parameters and at the lts in the i The d . hani d th

optimal parameters. The bound depends naturally on the model and '€SU ts in the Iterature.. € . ata ge.neratlng mgc anlslm and the
system order, the pole locations, and the noise variance, and it shows that model class under consideration are introduced in Section Il. The
although these variables often do not enter in asymptotic convergence identification criterion is discussed in Section Ill and the main results

results, they do play an important role when the data sample is finite. are presented in Section IV.

Index Terms—Finite sample, nonasymptotic theory, prediction error
methods, system identification. A. A Motivating Example

Consider the system

I. INTRODUCTION y(t) = ay(t — 1)+ bu(t — 1) + e(t)

In this note, we study the finite sample properties of system iden- , )
tification methods based on a quadratic criterion applied to a genefdin la| < 1,6 =0, u(t) = 1forall#, ande(t) a zero mean Gaussian
linear model class. The asymptotic properties of these methods h¥{fite noise process with variande- a”. It follows that the variance
been extensively studied over the last three decades (see, e.g., [8]f¢(?) is 1. As a model, we use
[14]) and are now well understood. i(t, ) = Bu(t — 1).

Frequently asked questions in system identification are: 1) what can ’
we say about the model quality with these many data points?; 2) canWee expected value of the identification criterion is
sensibly apply the asymptotic theory?; and 3) what does the applica- __ . )
bility of the asymptotic theory depend on? All these questions involve Vin(0) = El(y(t) — 4(t, )]
mathematical issues of difficult treatment, and questions of this kind =E(ay(t — 1) + e(t) — bu(t — 1))’ ] = 14 6°
have remained unsolved so far. _ . . ) .

The main result of this note (Theorem 4.2) quantitatively asses&¥dl: consequentlyiy = 0. This is not a surprising result since in
the discrepancy between minimizing a theoretical identification co&i {rue system we have= 0, so there is no dependenceyt) on
and minimizing its empirical counterpart when only a finite number df(f — 1)- The least-squares estimate is given by
data points is available. The estimate is given by < N -1 /N

u’(t — 1)) <

J\r
Z Zu(f — 1)1/(7?)) = A%ZUU)
=1

t=1 t=1

~ . . HA ;g =
On = arg ronelél Vi (8) N
whereVy () = (1/N) Zi\f—l ¢2(t, 8), ande(t, §) is the prediction and, hence, the difference between the empirical and theoretical iden-

e = A - = N 2
error at timef of the model parameterized By and. is the number {ification costisVx (6x) — Vv (fx) = ((1/N) 35,2 w(t))*. After
of data points. The best estimate is given by a bit of calculations, we find that

fn = argmin V x(6) E[Va (éw) — V)
€O 1 N—1
- _ N\2 t\2 2
whereVn(6) = (1/N)Y.IL, Ee(t, #) and E is the expectation T NZA a2 <(1 —a” )+ ;(1 —a)(l-a )> :

operator. Theorem 4.2 gives a probabilistic bound on the difference

Vn(6n) — V() forafinite V. In this note, we focus on the iden- Now, if we let N — oo, E[Va(fx) — Va(An)| — 0, regardless of

tification criterion and not on the estimated parameter. In certain sitihe value ofz, namely,sup‘akl lim oy — o E|VN(9AN) —Vnln)| =

ations, such as when the model is going to be used for prediction, the

main concern is in fact the differendex(¢x) — Vn(fx) and not  This result is consistent with the asymptotic theory according

6 — 6. Of course, in other cases the estimated parameter can be {f1which, given a system (i.e., a value of the paramederwhen

portant as well (gae [}9] for_a dlscussion on this). N — oo, V,\,(éN) — V'~ (0x) tends to zero. On the other hand, it
The difference’ v (¢ ) —V ~ (¢ ) depends on a number of factors,should be clear that the above result is totally different from saying

including the variance of the noise, the model order, and the singulgfat lim n . o SUp|, <1 E|VN(9AN) — Va(@n)| = 0 (i.e., lim and

ities of the model and data generation mechanism. All these depefip do not commute). In fact, by sendingo 1, we obtain

dencies have meaningful interpretgtions. Aremarkable fact is that .th.ey N1

often do not show up in asymptotic convergence results, and a finite Ng(ll_ e <(1 — a4 ; (1—a')2(1 - a2)> 1
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The example illustrates that the quality of a model identified on thetandard quadratic cost and, therefore, our results address the model
basis of dfinite data set cannot be assessed by means of the asympality assessment problem in a standard identification setting.
totic theory, unless further information is provided. The reason for The results of this note are heavily based on exponential inequalities
this is that, for any large data sample, there are systems for which stochastic processes. Identification and estimation methods have
such a theory does not apply. Furthermore, the example shows thattiben analyzed in [2], [12], and [13] using similar techniques. However,
model quality will depend on variables—such as the location of thbose papers focused on the asymptotic properties when identification
true system pole (the parameter in the example)—that do not shovand estimation were carried out over an increasing model or function
up in the asymptotic theory. The goal of this note is to shed light arlass, and the finite sample properties were not considered.
these dependencies. It should also be mentioned that finite-sample properties have been

Admittedly, in the previous example the asymptotic variance of ttstudied in the set membership and worst case identification setting, see,
estimate is alerting us to the problem. The asymptotic varian(c«&i‘:mfL e.g., [17], [5], [6], and [3]. As a matter of fact, in this setting, identifi-
fn)is (1/N)((1 = a*)/(1 = a)*) which for fixed N tends toocc as  cation algorithms are conceived so as to return all models that comply
a — 1. However, it is not difficult to find another example where alsavith the collected data, so that finite-sample results are automatically
the asymptotic variance give misleading results for any finite numbieicluded in the identification result. As these are deterministic frame-

of data points. An example is the system works, the results are deterministic and quite different from ours. How-
ever, the results do involve entities such as gain, stability margins, size
y(t) = brua(t — 1) + bzua (t — 1) + e(t) of disturbances, and unmodeled dynamics, which are related to and

play a similar role as the pole and zero locations and model and system

orders used in this note. Milanese and Taragna [11] consider similar
d problems as the above listed references and derive finite sample result

“In a stochastic setting starting from frequency domain measurement
corrupted by i.i.d. Gaussian noise.

wheree(t) is i.i.d. and zero mean with variance 1. ket(t) andu ()
be generated by, (t) = ajui(t — 1) + e, (¢) anduz(t) = asus(t —
1) + e2(¢) wheree; (¢) andez (¢) are independent of each other, i.i.
and zero mean with variancés— a2 and1 — a2, respectively. As a
model we use(t) = Giu(t — 1) + Baua(t — 1).

The asymptotic theory [8] tells us that
Il. THE IDENTIFICATION SETTING

6 b
N <[ Al} — [ ! }) A. The Data Generation Mechanism
& b2 We assume that the observed data are generated by a linear system
is asymptotically Gaussian with zero mean and covariance matrix
I,x>. On the other hand, for a finit&V the variance is given by y(t) = Gou(t) + Hoe(t) 1)
NE[(YN  o(t)o(t)T)™'] whereo(t) = [ui(t — 1) ua(t — 1)]7.
(= ot)o(t) )™ ] ®) L1 € ) uz( )] wheree(t) is a sequence of independent Gaussian random variables

The norm of this matrix tends to infinity when both anda, tendto ™. h d varianee. Th ) d
one. The reason being that andu. tend to constant values when with zero mean an varange-. ihe system Is assumea t(_) operate
open-loop. Correspondingly,(t) is seen as a deterministic signal.

anda- tend to one, so that the system looses excitation. This entd[ls

that the asymptotic result can be completely misleading for an fixéﬁe also assume that(t) is bounded according tau(t)| < U. Go
N ymp P y ¢ y andH, are transfer functions in the backward shift operatot, i.e.,

¢ 'y(t) = y(t — 1); however, for the sake of readability, we omit
B. Putting Our Results Into Perspective Within the Existing Literatuf@roughout to explicitly indicate the dependenceqor. Go and Hy

o . o o can be written a&/o = By /Ao andHy = Co/ Do where
Finite sample properties of quadratic identification methods have

been studied in [20] and [18]. Results similar to our Theorem 4.1 Ao =14ao1qg "4+ aongqg " )
were obtained under much more restrictive conditions using the . .
Vapnik—Chervonenkis dimension. It was essentially assumed that the Bo =boiq "+ +bongq "° ©))

observed data wers:-dependent or3-mixing, and the model class
was restricted to autoregression with exogeneous variables (ARX) and
finite-impulse response (FIR) models. However, the assumptions of Do=1+dog *+---+ dongg "° (5)
those papers do not fit the standard identification context, as signals
generated by dynamical systems are fiahixing in general. These andn, is an upper bound on the degrees. Moreover, we assume that the
efforts witness the difficulty of extending to a dynamical context theeros ofA,, Co, and D, are inside a circle of radiug, < 1, i.e., we
results developed by the statistical learning literature (see, e.g., [1&sume stability of the system and also tHathas a stable inverse.
[16], or [4]).
Other related results can be found in [7] (see also [9] and [17B. Model Class
There, the problem of optimizing the choice of the model order in The model class considered is
the context of FIR system identification is studied as the problem of
balancing the approximation and the estimation errors. Nonasymptotic y(t) = G()u(t) + H(0)w(t) (6)
bounds on the accuracy of the least—squares estimate are presented in
the note and they are used in order to quantify the estimation erromherew(t) is a sequence of independent Gaussian random variables
the aforementioned balancing problem. However, only FIR models awith zero meanG(9) = B(8)/A(8) andH(8) = C(8)/D(8). The
m-dependent regressors are considered, and the input signal andotider of A(¢), B(6), C(#), andD(#) are upper bounded by, but
noise is assumed to be i.i.d. These stringent conditions are necessaottierwise similar to (2)—(5). It should be noted that we do not assume
order to obtain the many interesting results in that paper, but are otleat the model class contains the true systéeontains the unknown
restrictive if we specialize to the problem considered in this note. coefficients of these polynomials, and we assumeéihaiongs to a set
The results of the present note are much more general. We consi@esuch thatd(8), C'(#), andD(#) have all their zeros inside a circle
a general linear model structure (6) for identification of a general lineaf radiusy; < 1, andB(¢) has all zeros inside acircle of radius and
data generation mechanism [see (1)]. The identification criterion is ttiee leading coefficient; is bounded according 16| < B;.

Co=1+corq” +Feongg 0 4)
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For future use, we define expressions are very interesting as they reveal the dependence of the
identification result on a number of variables which often disappear in

e— o~ g p
1 = max{rjo, 11} the asymptotic analysis. The bound for (12) is given in Theorem 4.2

p := max{magnitude of the zeroes dfo, i } below. The proof of the bound is immediate from the more general
B := max{bo1, B1} result presented first as Theorem 4.1.

- i , Theorem 4.1: Assume the data has been generated by the process
n := max{no, ny}.

(1) as described in Section II-A, and let the model class be given by
The model quality depends gn 5, 7, andB, and in this note, we make (6) as described in Section II-B. Let the prediction error be computed
these dependencies explicit. according to (9). Given any two real numbegs> 0 andv, > 0, let
€e=¢€ + e andé = 61 + 62 with

I1l. THE IDENTIFICATION CRITERION ~
gt A+ (1-n)

€ g = )it (13)

From a system identification perspective, the most important feature a=

of the aforementioned model is its associated predictor, which is given Al 1 o(1
by e = 23"t2, B <1 + ﬁ) (dn—1n+2(1—7n) (14)
n

(1—gp)aast
at, ) = (1—H ' (0)y(t)+ HH(O)G(B)u(t).  (7)

G—(.NES/-’&(TZ(AL(TZ-‘,—FS))
(51 = 4 > (15)
(1 — e—(Nto/'102(’102+60)))

As we only have data available for> 1, it is common to use the

computational scheme
) ) 67(1\’1/3/2[,’0'(2[1'0'4»1/0))
AO)C(0)4(t, 0) = (A(0)C(6)—A(0)D(9))y(t)+DB(0)D(F)u(t) by =2 . (16)
(8) (1 _ 67(1\71/3/2[10(2[]04‘"1/0)))

with (¢, ) = 0, y(t) = 0, andu(t) = 0 for ¢ < 0. On the other Then, the following bound holds:
hand, if we assume that the system is initially at rest (as we certainly
do in order to avoid cumbersome computations due to initial condition Pr (S

issues), there is no difference betweggn, ¢) in (7) and (8).
The corresponding prediction error is given by

. i i Proof: See Appendix A. O
€(t. 0) =y(t) —g(t. 6) = H™(0)y(t) — H™($)G(O)u(?). (9)  Theorem 4.1 provides aniformbound for the differenc’y (6) —
Ideally, one would like to choosgsuch that V n(#) between the empirical and the theoretical identification cost.

N This bound is the key to establish the following main result
— 15 2 Theorem 4.2: With ¢ and$ as in Theorem 4.1, we ha¥éy (6 ) —
V(o) = N ZEE (t. 9) 10w, (fn) < 2€ with probability at least — 6.
S . =t . ) Proof: By applying Theorem 4.1 twice, it follows with proba-
is minimized, whereV is the number of data points. Since the datgjlity at leastl — § thatVa (dx) < Va(fn) + € < Va(Bn) + € <

generation mechanism is unknown, one cannot compute the expeqredig ) + 2. O
value, and, in place of (10), its sample version Theorem 4.2 is believed to be the first result addressing the problem
1 X of quantifying the identification performance obtained by minimization
Vn(8) = v Z E(t, ) (11) ofthe criterion (11) for a general linear model class (6). It is important
g to stress that the result holds true for dimjte data sample of siz&’,

is used. Clearly, the minimization 6fy (#) can only be expected to that is, it is not asymptotic iV and, hence, as can be seen from (15)
be equivalent to minimization &f x () whenN — oo (and, this is and (16),c and$ depend onV. Also notice that the assumption that
indeed the case under mild assumptions, see, e.g., [8]). One quesii@ﬁ is Gaussian is not crucial. It is only used to establish (24) in the
that arises naturally is to quantify the deterioration in the model qualfjPPendix and other cases can be considered as well.

due to the finiteness of the data sample. In a formal way, answering thig©r @ fixede, the number of data points required in order to guar-

question requires quantitative bounds for antee the bound in Theorem 4.1 increases onlpgd /§) asé — 0.
. o On the other hand for a fixedl the number of data points required in-
Vaon) —Vaon) (12)  creases roughly als/e> ase — 0. This is often popularly phrased as

“confidence is cheap, but accuracy is expensive.”

wherefy = argmingeo Vy(f) andfy = argmingeo Vn(8). We see that even though the dependence’on, 1, it, andB often

Equation (12) quantifies the discrepancy between the ideal ldentific(?- ) ol Its. th | fund tal role in th
tion result [measured by ~ (6 )] and the achieved resuif v (). lIsappears in asympltotic resufts, they piay a fundamental role in the
finite sample properties.

The expected valué . (#) depends on the input signal, as does the The bound tells us that, with a certain confidetice 6, minimizing

optimal valued v and the estimatéx . As we are considering the dif- o L .
8 empirical cost (11) corresponds to minimizing the theoretical cost

ference between two expected values of the squared prediction erfﬁ to within an ; The presen f nfidente. i
(12), issues such as identifiability and persistence of excitation do no 0 an accuracye. The presence of a confidente- ¢ is a

Sﬁ:ural ingredient stemming from the stochastic nature of the problem.

enter the picture, and we do not have to impose any conditions in {y en the data sample is finite, there is always a nonzero (even though
regard. Needless to say, such issues are of major importance when the P ! Y ( 9

focus shifts to properties of the estimated parameters possibly small) probability that the noise plays against the identifica-
' tion objective, resulting in a deterioration of the accuracy. Suppose we

want to decreasé. This corresponds to increasg andvy. In turn,

this entails that increases, and not surprisingéytends to infinity in
Deriving exact expressions for the probability distribution of (12)he limit asé — 0. This is in agreement with the fact that no level of

is truly overwhelming. Instead, bounds for (12) are derived. The finatcuracy can be guaranteed with probability 1 for a finite data sample.

IV. A BOUND ON THE MODEL QUALITY
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This is in contrast with the asymptotic theory, where the assumptionLemma A.1:

N — oo leads to a result valid with probability 1. 1 X L X
Whens? — 0, the stochastic nature of the problem disappears result sup |— Z E(t, 0) — = Z Eé(t, 8)

can be guaranteed with probability 1 for anyfor arbitrary smalleo vee |t =1 N=

andy, in (13) and (14)§: andé. given by (15) and (16) tend to zero o N

aSJ2—>§).) (14) g y (15) and (16) <y sksl%Z(e(t—k)e(t—l)
Suppose now we fix a certain confidence leyeThen, we can find k=0 1=0 o=l

€0 = eo(N, 0%, 6) andyy = vo(N, o2, ) such that the desired con-

fidence level is achieved. Substituting suatandvs in (13) and (14), —Ee(t—kje(t =)

we see that the accuracy dependswon, i, B, andNV, besides) and - N

o”. These dependencies are now analyzed. - + Z Z SLTI 3 Ze(t - Ku(t=1)
€ — 20, both when the system and/or the model complexity (as mea- e =1 N &

sured byn) tend to infinity and whem — 1. This behavior can easily with
be understood. Increasinigor sending; to 1 leads to a prediction error oy o
process (8_3) with a _Iong correlatio_n tail (the prediction error t_rar)sfer rp =2t B <1 + ﬁ) k- (k+ il + "lr‘— 2) A
functions increase in size and their poles get close to the unit circle). (ny +7—1)!

When this happens, the averaging effect on the noise is decreased and _ gritno (k41 (k+ni+no—1)

a large number of data points is necessary to guarantee a certain acc+ (i + 10 —1)! n". (18)
racy. ) ) ’

Whenyp or B — oo, € in (14) tends to infinity too, so that— oc. Proof: By introducing
This is also expected since a large valuezoand/or B inflates the R(#) := H’l(e)(Go —GH) =7r1.00 "t roeq P4 (19)
contribution to the error due to the input signalFinally, e, andwq ' ’
tend to zero asV — oo, and hence — 0 whenN — oo, as it is SO):=H "()Ho=14 5100 " +520¢ "+~ (20)

expected because of averaging effects. the prediction error can be written &g, §) = R(#)u(t) + S(6)e(t).

The difference between the empirical and theoretical value of the iden-

tification criterion is given by
V. CONCLUSION AND DISCUSSION

N oo oo

1 .
In this note, we have studied the issue of model quality for systemy Z Z Z st,081,0(e(t —k)e(t —1) — Be(t — k)e(t 1))
identification methods based on the standard quadratic prediction error'=" ¥=° =° N
criterion for a general linear model class. The main feature of our re- 2 o )
sults is that they hold true for a finite data sample and they are not + N Z Z Zbk‘mwe(t = kyu(t = 1).
asymptotic in nature. Theorem 4.2 bounds the difference between the
expected value of the identification criterion evaluated at the estimate@f 5+ = SPsee [k,0] @andry := supyee |7k, 0| The Lemma fol-
parameter value and at the optimal value. The bound depends naturi@iyS PY interchanging the summations. The bounds;oands; are
on the model and system order, the pole locations and the noise vayen by Lemma C.2. 1
ance, and it shows that although these variables often do not enter jRémma A.2:
asymptotic convergence results, they do play an important role when >~ =
the data sample is finite which of course is always the situation in prac- Pr {Z Z Sk St
tice. k=0 (=0
The results in this note can certainly not be considered as final. For
example, we have made no attempts of optimizing the bounds. The
main goal is that of stimulating research activity in the field of model
quality assessment. It is our belief that certain recent advances in theP {
r

t=1 k=0 (=1

N

%Z(e(t— F)e(t = 1)

t=1

—FEe(t—k)e(t=1))

> Fl} <4 (21)

N

%Ze(t— Rt —1)

t=1

o0 oo
E E SETy

k=0 (=1

statistical literature (some of which have been used in the appendices)
give us today the opportunity to attack this important problem, and our
results should be considered as a first step in this direction. whereey, €2, 6 andé, are given by (13)—(16).
While we credit our results for being a significant step in the direc- ~ Proof: First, we prove (21). Suppose that
tion of clarifying the model quality dependencies, we also recognize% N

> EQ} S (52 (22)

that they are not tight enough to compute the needed amount of datd — Z(e(t —k)e(t—1)— Ee(t—k)e(t —1))| <e(k, 1) (23)
points in real situations. More effort has to be devoted in the direction | *
of working out applicable bounds. wheree(k, 1) = (k +1 4 1)eo. Then (we use the boundsof andsy

in Lemma A.1)

oo o0
APPENDIX A ZZ*“’

PROOF OF THEMAIN THEOREM k=0 1=0

t=1

1«
— > (e(t=k)e(t =1)— Ee(t—k)e(t = 1))

t=1

Theorem 4.1 follows by combining Lemmas A.1 and A.2. In Lemma < Z Z 22m1+2n0 (k+ 1) (ktni+ ’no -1
A.1, the difference between the expected and empirical values of the k=0 1=0 (n1 4 no = )t
identification criterion is expressed in terms of the noise sequeitge s (I+1)--(I4+n1+n—1)
and the input sequencg(t). The probability that these expressions (ni +mno — 1)!
exceed a certain value is then bounded in Lemma A.2 using exponential aan 4dnn+ (1 —17)
inequalities. <276 (A—pr

e

n'(k+1+1)eo

-y
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where we have use ;> ((k+1)---(k+n —1)/(n — L))5*
1/(1 =) and 372 (k(k + 1)+ (k + n = 1)/(n = Hy*
ny/(1 —n) T,

Next, we compute the probability that (23) holds true simultaneou

forall &, I > 0. For afixed pair of: and! this probability is bounded by

1333

APPENDIX C
BOUNDS ON COEFFICIENTS

We first present a general result bounding the magnitude of the co-

sly ™. . . ;
e¥f|C|ents of certain polynomials. Then, we use this result to bound the

Corollary B.2. Hence, using (25) and (26) we find that this probabilifffagnitude of the coefficients dt(#) and.5(6).

is at leastl — &' where
s T \2 2 2 2 ¢
s — 226—0\'(21«%) 2 /402202 4(2k+1)c))
k=0

oo oS}

‘ 4 —(N 2e2 /402 (402 +(k+141)eg))
+ Z Z de (N(k+1+1) 0/4 (40+(
k=01=0,l#k
= (N 2.2 2 2
< 22467(1\ (k+1+1)“cg/40°(4o°+(k+I+1)c0))
k=0 (=0
_ Z (771 + 1)46—(/\Y(777,+1)253/40'2(4{7'2-‘,-(777-&-1)(0))
m=0
g Z("b + 1)467(lV(7n+1)Eg/4O'2(4O'2+EO)) — (51
m=0

where we have usell>>_ (m + ¢i)a™ " = (a2 /(1 — a)*)(1 +
(c1 —1)(1 — a)). Equation (22) follows along similar lines. |

APPENDIX B
EXPONENTIAL INEQUALITIES

Lemma C.1:Let M(¢™') = 1 4+ mig ' + ---mn, ¢ ™™ and
P(g™") =1+ pig”" + -+ pn,q "® be polynomials with all zeros
inside a circle of radiug < 1. Furthermore, letV(¢™!) = wiqg™' +

--wy,q v be a polynomial with all zeros inside a circle of radius
p and leading coefficient bounded by: | < B. Then, the coefficients
of the polynomials

M) =1+mq™ + g+ (28)

M Mg )P(¢ ) =14Dq +Pag T4 (29)

M Mg P YW ) =wig g T (30)

are bounded by

_ E+1)--(k4+nm—1) 4

[7e| < ( (nm(— 1 0" (31)
— n (k+1)]’+nm_1)

|pk| S 2 (nm(_ 1)' Ik (32)

Ty —1 A <
e <2 B (144 keoe(bdnm—2) w1 (33)
7 (nm — 1)!

Proof: First, we bound the coefficients ofd~'(¢™").

Theorem B.1 (Bernstein’s Inequality, [1, Th. 1.2Jket 1/M(4~") = [Ima/a - Zig”)). 1/(1 = z¢7") =
Xoo X be independent zero-mean random variables ar1d+2‘jq—1_|_3]2q—2 +¢J3q—3+. .- with |z,| < 5 and, hence, the coeffi-
let Sy = 3, , X Assume there existse> 0 such that cientin front of; ¥ is less tham” in absolute value. With two roots

andz, we havel /(1 — 21 ) (1 —22¢7 1) = 14+M1q  +Tag 2 -

E|X|" < PTPplEX? < oo, t=1,...,Nip=3.4.....  where[m| < (k+ 1)p*. Continuing recursively in the number of

(24) roots, we end up with (31). The other bounds follow similarly. I

ThenPr{|Sx| > €} < 2exp(—(*/4 Ztil EX? + 2ce)).

Lemma C.2: Let R(#) andS(#) be the polynomials given by (19)
and (20), respectively. Then, for dlle © the coefficients of the poly-

Corollary B.2: Lete(t),t € Z be zero mean i.i.d. Gaussian vari-nomials are bounded by

ables with variance?, and letu(t), + € Z be deterministic variables
satisfying|u(t)| < U. Then

by {

1, Eez(t— k) -2

t=1

=

> e(k, k)}

< 2C—(l\’e2(k,L~)/402(2a2+e(k,k))) (25)
1 N
Pr{V > et —k)e(t—1)| > e(k, l)}
‘ t=1
< 48—(1\%2(1{',l)//152(4o'2+e(k',l))) k1 (26)
1 |% .
Pr{ﬁ ;e(t— Eyu(t —0)| > v(k, 1)}
< 2(37(]\’1/2(k,l)/zUa(zUerrv(k,l)))_ @7)

Proof: Equations (25) and (27) follow directly from Theorem B.1

with X; = ez(t—k)—az,c =2¢%andX; = e(t—k)u(t—1),c=Ug,
respectively. For (26), we can group the time indekes2, ..., N}
into two sets4, andA» such that(t — k)e(t—1) andt € A, arei.i.d.
random variables anelt — k)e(¢t — [) andt € A, are i.i.d. random
variables. Equation (26) then follows wiffy, = e(t — k)e(t — 1) and
c=o2. 1

ke (k4 A —2) o

J<omtp (14 L 34
Iril < < + 7 (n1+n—1)! (34)
niding (B+ 1) (k4+ni4+mno—1) 4
o< 2:11+110 ( .
|5L| - (77/1 —|— nog — 1)’ " (35)
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The aim of the present note is to design and analyze a truly hybrid
Abstract—A hybrid variable structure control strategy for a class of ~VSC strategy for a class of second-order systems which relies on a pe-
second order systems is presented in this note. It relies on a system state de<Culiar system state decomposition into countable regions by means of a
composition into regions, and on a suitable event-driven switching among grid of conventional sliding manifolds, and commutation manifolds not
the corresponding control laws. By enforcing conventional and unconven- including the origin. Each region is a “block” in the sense used in [16],

tional sliding-mode behaviors, as well as avoiding the generation of limit . . . . e
cycles, the proposed strategy proves to globally asymptotically stabilize the and a block invariant control law is associated with it. On the whole, the

A Globally Stabilizing Hybrid Variable
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origin of the system state space. control laws corresponding to the blocks included between two com-
Index Terms—Continuous-time systems, hybrid systems, variable struc- mutation manifolds (note that also infinity and the origin of the state
ture systems. ’ ' space can be interpreted in this way) concur to the attainment of either

the sliding mode objective to reach a particular sliding manifold, or to

the aim of crossing the commutation manifold closer to the origin. The
I. INTRODUCTION overall hybrid VSC strategy proves to globally asymptotically stabi-
I{ﬁ%the origin of the system state space, even if unconventional sliding

subject of hybrid systems [L]-[6]. Even if the term “hybrid” allows Var_modes can be generated on the commutation manifolds. Indeed, these

ious interpretations, the definition which is becoming the convention@ghaviors, in contrast to what happens in EIassmal hybrld”systems ex-
one is that a hybrid system is a system the evolution of which is charg'éb't'ng chatt'er'lng _SOIUt'OnS’_ the so-called “Zeno systems” [17], turns
terized by the interlacing of continuous-time and discrete-valued sigHt 10 e of finite time duration. , , ,
nals. Since plenty of computer supervised continuous-time controlled! '€ motivation for using VSC to design a hybrid strategy mainly re-
lies on the appreciable features of the VSC methodology, such as sim-
plicity and robustness versus matched uncertainties and disturbancies,
Manuscript received March 10, 2000; revised December 11, 2000 awthich are naturally inherited by the proposed control approach. Note
October 17, 2001. Recommended by Associate Editor P. Voulgaris. that, the combination of VSC with hybrid control has already been in-
The authors are with the Dipartimento di Informatica e Sistemistica, Univer- tioated in [18 d 1191, Yet. th trol strateqi di h
sita degli Studi di Pavia, 27100 Pavia, Italy (e-mail: ferrara@conpro.unipv.l\f,eS igated in [18] an . [19]. Yet, e.Con rotstra eg!es proposedin SUC_
magnani@conpro.unipv.it; scatto@conpro.unipv.it). papers are characterized by a continuous adaptation of the control gain,

Publisher Item Identifier 10.1109/TAC.2002.800749. and switching is driven by a logic relying on the decomposition of the

During recent years, an extensive literature has been devoted to

0018-9286/02$17.00 © 2002 IEEE



