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Abstract—This brief proposes a bearing-only collision-free
formation coordination strategy for networked heterogeneous
robots, where each robot only measures the relative bearings of its
neighbors to achieve cooperation. Different from many existing
studies that can only guarantee global asymptotic stability (i.e.,
the formation can only be formed over an infinite settling period),
a gradient-descent control protocol is designed to make the robots
achieve a target formation within a given finite time. The stability
of the multi-robot system is guaranteed via Lyapunov theory, and
the convergence time can be defined by users. Moreover, we also
present sufficient conditions for collision avoidance. Finally, a
simulation case study is provided to verify the effectiveness of
the proposed approach.

Index Terms—Autonomous systems, bearing-only measure-
ments, collision avoidance, multi-agent formation, mobile robots.

I. INTRODUCTION

Inspired from natural swarms like fish schools and bird
flocks, coordination algorithms of multi-robot teams have been
explored in recent years, e.g., artificial pheromone system
for swarm robotics [[1]], cooperative exploration in unknown
environments [2]], rendezvous of nonholonomic mobile robots
[3]], bio-inspired swarm shepherding strategies [4]], motion
tracking of mobile manipulators [5], [6]], etc. Formation control
is an emerging technique designed by the researchers, where
the robots are coordinated to form a desired pattern around the
target [7]]. There are many potential real-world applications of
formation control techniques, such as object transportation [8]]
and autonomous vehicle platooning [9].

With recent advancements in consensus theory and graph
theory, distributed formation control of networked unmanned
systems has become an emerging research topic in the area
of robotics and control systems. Rao et al. [10] proposed
a phase-based formation protocol for self-propelled vehicles.
A two-layer formation-containment control framework was
established in [[11]] for swarm systems. Liu et al. [[12] studied
collision-avoidance formation law for elliptical agents with
dynamic mapping. However, in the aforementioned literature,
numerous control protocols based on the condition that the
distances or position among the agents are measurable, which
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requires high quality sensory system that is not always easy
to be satisfied in GPS-denied environments. To deal with such
limitations, the studies on bearing-only formation strategy have
attracted much attention recently, where each robot can only
detect the relative bearing information of its neighbors [13]].
Compared to the position measurement, bearing-only method
can minimize the requirements on the sensing ability.

In real-world applications, the relative bearing can be
detected by vision-based localization systems and wireless
sensor arrays. Hence, a bearing-only control protocol provides
potential solutions to accomplish multi-robot cooperation tasks
via on-board sensors. Zhao and Zelazo [|14]] proposed the
bearing Laplacian matrix to verify the uniqueness of the
target formation in higher dimension. Furthermore, Zhao et
al. [15]] extended the bearing-only protocols to deal with
double-integrator and unicycle systems by gradient-descent
approaches. However, in these two studies, only global asymp-
totic stability can be guaranteed, meaning that the desired
formation can only be achieved over an infinite settling period.
It is noticeable that convergence time is also a significant
performance indicator in formation tasks. Hence, the finite-
time control protocols have also been widely discussed in the
literature. A finite-time consensus protocol was proposed for
finite field networks in [[16]. Zhang et al. [[17] discussed finite-
time formation control for multiple dynamic targets. A fixed-
time observer-based control law for second-order systems was
proposed in [18]]. Several finite-time bearing-only formation
designs were also analyzed in [[19]], [20]. However, the finite
time is related to initial states and the control input may not
be smooth because such controllers contain fractional power
feedback and signum functions.

In this brief, we propose a finite-time bearing-only forma-
tion tracking protocol for heterogeneous multi-robot systems.
Different from conventional position-based distributed control
law, the coordination of each robot only depends on the
relative bearings of its neighbors, which largely reduces the
requirements on the sensing abilities. Furthermore, since the
software and hardware of real robots may not be identical,
robots with heterogeneous dynamics are also considered in
the protocol design, which are more applicable in complicated
formation tasks. The stability of the multi-robot system is
guaranteed by Lyapunov theory and the convergence time
to accomplish the target formation can be selected by users.
Finally, we present sufficient condition to avoid the potential
collisions among the robots.
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II. PRELIMINARIES AND PROBLEM STATEMENT
A. Preliminaries

Consider n mobile robots (with n; leaders and n ¢ followers)
in R? (n > 2, d > 2 and n; +ny = n). Let p; be the position
of ith robot. G = (V, £) is the interaction topology among the
robots, where V = {v1,...,v,} represents the vertex set and
E CV x V denotes the edge set. The edge (i,7) € £ means
that robot ¢ can detect the relative bearing of robot j, and thus
robot j is a neighbor of i. The set of neighbors of robot i is
denoted as N; = {j € V : (¢,j) € £}. It is obviously that
(i,4) € £ & (4,4) € & if the interaction graph is undirected.
(G, p) denotes the formation of G with its vertex ¢ mapped to p;
forallieV.Let V,={1,...,m} and Vy = {n; +1,...,n}
denote the set of leaders and followers, respectively.

Suppose there are m undirected edges in G and each
undirected edge can be given an arbitrary orientation. Then,
we define the incidence matrix H € R™*" for the oriented
graph, where [H]; = 1 (or —1) if the node ¢ is the head (or
tail) node of the kth oriented edge, and [H]x; = 0 otherwise.
For an undirected topology, it shows that rank(H) = n — 1
and H1,, =0 [21].

Define the edge vector and bearing vector for edge (i,7),
respectively, as

e
ij
where || - || is the spectral norm of a matrix or the Euclidean

norm of a vector. The unit vector g;; is the relative bearing of
p; with respect to p;. Note that e;; +ej; = g;; + gj; = 0. For
bearing vector g;;, define

Pgij £ Id - gijg;[j" S RdXd (2)

where P, is an orthogonal projection matrix and I, € R%*¢
is the identity matrix. Note that Py, > 0, P, g;; = 0 and
Pg%,j = Py,. As aresult, Py,.x = 0,Vx € R & z is
parallel to g;;. P, is important in bearing-based control and
estimation problem [14]. Direct evaluation gives

9ij = Fou €ij- 3)
T flegl ™
Since Py, g;; = 0, we have ejjgij = ggg'ij =0.

Suppose the egde (i,j) corresponds to the kth directed
edge in oriented graph where k € {1,--- ,m}. The edge and
bearing vectors of the kth directed edge are defined as
ek

A
= Qi = ——. 4

A
€k = €ij = Pj — Di;,

Similarly, we have €] gx = g/ gx = 0. According to definition
of H, we also have e = Hp, where e = col(ey, - ,en,),
p=col(p1, - ,pn), and H = HQ I,.

Let p* = col(p}, - -+ ,p}) denote configuration of the target
formation (G, p*). We introduce the bearing Laplacian matrix
B € R¥%d" to describe the properties of p*. The block of B
is shown as [[14]

Odxd, i# 7, (1,5) ¢ €,
[B]zg = _ngj’ i #]7 (Za]) € gv (5)

Zke/\ﬁ- P!Jfkv i=j,ieV.

2

We can imply that Bp = Blg, = 0 and B > 0. In leader-
follower case, the partition B can be written as

By By ]
B= 6
{Bsz By ©

where B € R¥*dn and Byp € R *dn7 To guarantee
the uniqueness of the target formation, we have the following
lemma.

Lemma 1: [14] The target formation p* can be uniquely
determined by the positions of the stationary leaders {p; }icy,
and the bearing vectors {g;; } (i j)ee if and only if By is non-
singular.

B. Problem statement

We consider multiple leaders and followers in the multi-
robot teams with single-integrator dynamics. Suppose the
leaders are stationary, that is to say, p; = 0 for ¢« € V. For
heterogeneous follower robots, the dynamics can be written as

Pi(t) = Siu(t),

where u; € RY represents the control input of the ith follower,
the diagonal matrix S; = diag(si1, Si2, - ,8iq) € R>? is
the matrix parameter of agent ¢ to describe heterogeneous
followers and all the diagonal entries of S; are positive
(8im >0, V1 <m < d).

The main objective of this brief is shown as follows.

Problem 1: Given a finite time 7. Design the control input
for each heterogeneous follower agent ¢ € V; by only utilizing
the bearing vectors {g;;(t)};en; such that p converges to p*
ast—Tandp=p*ast>T.

Assumption I : The target formation is unique, i.e., By > 0.

Remark 1: In order to transfer the Problem 1 into a
stabilization problem of bearing vectors {g;;} i j)ee in finite
time, we should link the target formation with the bearing
vectors {g;;} i j)ee. Hence, by Lemma we have the above
Assumption 1, which is commonly used in bearing-only con-
trol problems (e.g., [[13]-[15]).

i€ Vy. (7)

IIT. MAIN RESULTS

In this section, we consider bearing-only formation tracking
problem based on gradient-descent method to deal with Prob-
lem 1. Firstly, we introduce a time-varying function p(¢) > 0.
Let u(t) =1 for t > T. When ¢ € [0,T), u(t) is expressed

as ;
T 13
pu(t) = (T — t) (8)

where h is a parameter selected by user.
Motivated by [[13]], [15[], the control protocol of each fol-
lower can be designed as

wit) = (a+ 0200 S (g0 — gy (1), i€V, ©)
H JEN;

where U; = diag(si_ll, si_21, e ,si_dl), a and b are two positive

control gains, and we adopt the right derivative of w(t) at
t = T. p(t) in the protocol is significant in finite-time analysis.
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V ¢ € RY, we have p°(0) = 1 and lim; ,7- p°(t) = 0 ,and
u€(t) is monotonically decreasing on [0, 7).

Let g = col(g1, -+ ,9m) and g* = col(g],---,g,,), in
order to analyze the finite-time convergence of the system by
gradient-descent method, we introduce the following lemmas.

Lemma 2: ( [[15]) Assume that there is no collision among
robots. We have

2max |lex[lp" H ' (9 —g") > p" Bp (10)

Lemma 3: ( [13]]) Suppose z : R — R>¢ is a continuously
differentiable function, if
€ [0,00)

s(t) < —nz — €L, (11)
"

where 7 and £ are positive. Then, we conclude that z(¢t) = 0
if t > T and

2(t) < e Mut2(0), te0,T). (12)
Lemma 4: if a and b are two unit vectors. Let ov; > ag > 0,

then

ora — asb|| > azlla —b].

Proof: Let ¢ denote the angle between the unit vector a
and b, we have

loia — azb||* — (az|la — b]])?
=02 — a2 — 20109 €OS @ + 2003 cos @
= (a1 — a2) (a1 + ag — 203 cos @)

> 2aip(ag — a)(1 — cos ) > 0.

This completes the proof. ]
Let u = col(un, 41, - ,Un), € = col(ef, -+ ,ek), §; =
pi — pf, and 0 = col(dy1,---,d,). The distributed finite-
time bearing-only controller design is shown in the following
Theorem .
Theorem 1: Under Assumption 1, if

1 : 3k *
100001 < = (i I =51 7).

where v € (0, min; jey [[p; — pjl|) is a constant, a collision-
free path can be generated for each robot and problem 1 can
be solved by the control protocol (). Furthermore, let p* =
p*—1,Q@pand p = > | pi/n denote the centroid of the
target formation, if

13)

hAmin(Brr) > 21 H|([6(0)[ + [157[1), (14)
the control input u is uniformly bounded and C!' smooth for
t €10, 00).

Proof: By implementing control protocol (), the compact
form of (7)) can be expressed as

0 0 =

= (a+b%) { 0 Iun, ]HT(g—g*) (15)

3

We choose the Lyapunov function as V' =
derivative of V' along the system is

V=46"p

L6112, The

p [0 0
—(a+b)6[
7010 I,

~(a+ bﬁ)éfmg )

|7~ 5

—(a+ b%)(p —p)H" (9 —g%)
~(a+ b%)[ewg —g") = () (g - ¢")]

(lexll(1 = g gi) + lexll (1 = (g5) " gx))

k=1

o+t
(a+b7)

<0.
(16)
Hence, we can imply that for any ¢ > 0, ||6(¢)|| < ||6(0)]|
From (T3), since
—pj) + (7
—pill = llps

2 Hp;k _p]” - Z ”pm pm
> |lpi =il —fllp 2l
> |lp; — pjll — vné(0),

we have ||p; — p;|| >~ ,Vt>0and Vi,j € V.
According to Lemma [2] and the fact Bp* = 0 and § =
[0,67], it follows from (T6) that

Sl
—pjl

lpi — pjill = |(pi — p7) — (p;
> |lp; =il — Hpi

a7)

V< —(a+ bﬁ)pﬁT(g -9

I 1
a+b-)—
~ u>2maxk||ek||

| /\

TBp

5B

(a+b )

—_— 18
p 2maxller] (18)

at+b—)———
@4 b STl

M) )‘mm(Bff)
u’ 2maxy|e||

6] B3y

IN

—(a+0 8]

Note that
maxy e || < [lell = | Hpll = [|H(p — p* + ")
< [ Ho|l + [[Hp*|
— |13+ | |
< [LHIICIS1 -+ Nl2* 1)
< LIS O+ 11271
Combine (T8) and (19), we obtain that
V< aAmin(Byy)
= HIUBO) + 11571
a

——av —btv.
I

19)

B min (B ) I
|H ||(|| ( )H+||15*||)u

S

(20)
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From Lemma [3} we have

—at, —b
llé(t)ll{fe p= o), teo,T)

21
=0, t €T, 00). @b

That is to say p — p* in finite time 7. Then, we will prove
that u remains uniformly bounded and C'* smooth.

By (13), we have
,[L 717 *
[Jull < (a+b;)\|UHT||||(9*9 [k (22)

where U = diag(U;). By Lemma [4} ([3) and (T7), we have

—e'|? = Z lgilledll = i lles111* = ’YZ lgs — o717
> mv\lg A
(23)
then it follows
. 1 . 1 -
lg =g 1* < —lle—e*|I* < —HIPl6O]*. @4
mry v
Combined (24) with (22)), we have
1 T -
. </ —I|H|p be=®|6(0), tel0,T
lg — o* \ e 1 15(0)l 0,7)
=0 te [T, o0),
(25)
and
5-1) —a
||H||* G=we | 5(0)]l,
£ -
7 te[0,T)
= 07 S [T7OO)7
_ (26)
from (T4), we have b — + > 0, so we can obtain
lim H*(g 9"l =0. 27)
t—T~
By @21), 22), 23). (26). and (27), it can be concluded that
lim |ul| =0. (28)
t—T~

That is to say w is uniformly bounded and continuous on

[0, 00).

Next, we focus on the derivative of u. Since

du bh 27T * /1’ T -

0 :ﬁ/”UH (9—97)+ (a+b;)UH g
bh _ T _
T UH (g —g") + (a+ b%)UHTPHp (29)
bh _ Do _

[t UHT +(a+ bH)QUHTPHHT](g — g

where P = dlag( Teip)- Itis easily to see that 4% is continuous
on [0,7) and (T, ) Furthermore || P|| is bounded so there
exist A > 0 such that |U||||H " ||*| H||||P|| < A. Hence, from

(29), we have

bh %
| S| <ot oA g - gn+Aw+b>ug—gn

\UﬂﬁmﬁMg—fn
(30)

=[Aa? + 2abAp* + (Ab? + ﬁ|

4

From (T4), we have b — (2/h) > 0, similar to the analysis of

(29), and (30), we can imply that

hrn || || =0. (31)
That is to say du/dt is umformly bounded and continuous
on [0,00). So it can be concluded that the control input « is
uniformly bounded and C!' smooth for ¢ € [0, 00). [ |

Remark 2: We utilize the forward difference method to deal
with with our controller. Since there is only one loop
in the forward difference algorithm and the iterations of this
algorithm is proportional to the finite-time 7' that is selected
by the user, the computational complexity of this algorithm is
O(T). Hence, the proposed algorithm can be realized in real-
time because it can ensure that the execution time increases
linearly with the finite-time 7.

Remark 3: The collision avoidance is considered in our
protocol. We can observe that condition (I3) is the suffi-
cient condition to avoid collision from (I7). If we select
the initial positions of the follower robots properly to make
the initial error satisfy (3], the collision will not appear in
the process of tracking. When the formation size in a real-
world implementation becomes very large, some of the robots
may have occlusion problems when using vision systems
to determine their relative orientation. However, since the
proposed controller is distributed, the interaction topology of
the robot network can be changed to ensure that each robot
is able to detect at least one neighbor and thus the formation
can still be achieved.

Remark 4: ﬂ plays a key role in finite-time formation task.
From and , we explore the connection between ||u||
and ||9]| and it can be seen that the control input u is bounded
and C' smooth if condition (T4) is satisfied. Condition (T4)
also reveals the lower boundary of bh, i.e., the increase
of £ is slower than the decrease of ||§] with large b and
h. Furthermore, different from [18[|-[20], the user-specified
finite-time do not rely on the initial position because there
is no signum functions or fractional power feedback in the
controller.

IV. SIMULATION RESULTS

In this section, a simulation case study performed in Matlab
is presented to validate the feasibility of the control protocol
(). Four omnidirectional mobile robots (i.e., two fixed leaders
and two followers) with single-integrator dynamics are used
in the task. For two heterogeneous followers, we set the
parameters as S; = I; and Sy = 2I;. All the robots
are expected to form a square shape target formation using
bearing-only measurements. For the parameters, we set a = 2,
b=25 h=6,and T = 50. In Fig. [1| the initial positions
of the leaders (shown as green star and blue star) are (1,0)
and (5,0), respectively. For the followers (marked by pink
and yellow nodes), we choose their positions as (—1.5, —2)
and (7.5, —1.5), which satisfy the conditions in Theorem
The formations of the robots at ¢ = 0 s, ¢ = 10 s, and
t = 50 s are linked by blue dash lines, purple dash lines, and
red solid lines, respectively. The pink and the yellow dotted
lines are the trajectories of the followers from ¢ = 0 s to
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Fig. 1. Positions of the robots at different time instants.
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Fig. 2. Control inputs of the followers. (a) Along the X-axis. (b) Along the
Y-axis.

o 10 20 30 40 50 &0
Tirmg

Fig. 3. Time variation of the formation tracking error ||p — p*||.

t = 50 s. Control inputs of the followers along the X and Y
axes are illustrated in Fig. 2(a)] and Fig. 2(b)] respectively. It
can be seen that the designed inputs are uniformly bounded
and C!' smooth as proved in Theorem 1. Fig. [3| shows that the
formation tracking error ||p — p*|| reaches zero at ¢ = 50 s.
From the observed results, all the robots can form the target
square formation within the given finite time 7" using bearing-
only measurements.

V. CONCLUSION

This brief considered the bearing-only formation track-
ing problem in networked heterogeneous robots. A gradient-
descent control law was firstly proposed to track the target
formation within a given finite time. Instead of using the
relative distance or position information as analyzed in the
previous studies, each robot only has to detect the relative
bearings of its neighbors. Heterogeneous dynamics of the
robots were also considered in the protocol design, which
were more applicable in real-world formation tasks involving
different robotic platforms. Furthermore, the sufficient condi-
tions for collision avoidance using the proposed method were
also presented. Finally, the simulation case study showed the
feasibility of the proposed control law. In future work, related
to the protocol design, a robust method, such as [22]], will be
exploited to deal with external disturbances.
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