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FINITE-TIME BLOW-UP IN A DEGENERATE
CHEMOTAXIS SYSTEM WITH FLUX LIMITATION

NICOLA BELLOMO AND MICHAEL WINKLER

ABSTRACT. This paper is concerned with radially symmetric solutions of the
parabolic-elliptic version of the Keller-Segel system with flux limitation, as
given by

v \v4
. v = Zaren) >V (G

0=Av—pu—+u,

under the initial condition u|t—=p = up > 0 and no-flux boundary conditions
in a ball @ C R”, where x > 0 and p = ﬁ fﬂ ug. A previous result of
the authors [Comm. Partial Differential Equations 42 (2017), 436-473] has
asserted global existence of bounded classical solutions for arbitrary positive
radial initial data ug € C3(Q) when either n > 2 and x < 1, or n = 1 and

Joytio < —m—
@ Vx2-1)4

This present paper shows that these conditions are essentially optimal:
Indeed, it is shown that if the taxis coefficient satisfies x > 1, then for any

choice of
m > _X12_1 ifn=1,
m > 0 is arbitrary if n > 2,

there exist positive initial data ug € C3(Q) satisfying Jquo = m which
are such that for some 7' > 0, (x) possesses a uniquely determined clas-
sical solution (u,v) in © X (0,7) blowing up at time T in the sense that
limsup; s~ |lu(-, )| Loo (@) = o0.

This result is derived by means of a comparison argument applied to the
doubly degenerate scalar parabolic equation satisfied by the mass accumulation
function associated with (x).

1. INTRODUCTION

Flux-limited Keller-Segel systems. This paper presents a continuation of the
analytical study [8] of a flux-limited chemotaxis model recently derived as a de-
velopment of the classical pattern formation model proposed by Keller and Segel
(B0]) to model collective behavior of populations mediated by a chemoattractant.
In a general form, this model describes the spatio-temporal evolution of the cell
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density u = u(z,t) and the chemoattractant concentration v = v(x,t) by means of
the parabolic system

uVu uVou
u =V - | Dy(u,v) ——— — S(u,v) —— | + Hi(u,v)
(11) ¢ ( ( ) ’LL2+|VU|2 ( ) 1+|V’U2> 1( )

vy = Dy Av + Ha(u,v),

where D,, and D, denote the respective diffusivity terms, S represents the chemo-
tactic sensitivity, and H; and Hy account for mechanisms of proliferation, degra-
dation, and possibly also interaction. In comparison to the original Keller-Segel
system, besides including cell diffusivity inhibited at small densities and hence sup-
porting finite propagation speeds, the main innovative aspect in (IIl) apparently
consists in the choice of limited-diffusive and cross-diffusive fluxes in the first equa-
tion by a dynamics which is sensitive to gradients.

The heuristic interpretation of the flux-limited nonlinearity in the diffusion terms
is induced by the ability that living entities, in general self-propelled particles,
show to perceive not only local density, but also gradients. This particular feature
characterizes cells ([41]), but also human crowds ([4],[5]). This special sensitivity
can be introduced in the modeling at the microscopic scale, namely at the scale of
cells, thus leading to the description of multicellular systems by equations obtained
by suitable generalizations of the approach of the mathematical kinetic theory.

The state of the system is, in this approach, defined by a probability one par-
ticle distribution function over the microscopic state, which includes position and
velocity, of the interacting entities, while cell-cell interactions are modeled by the-
oretical tools of stochastic game theory. Interactions are nonlinearly additive, gen-
erally nonlocal, and can include the aforementioned sensitivity ability. Once the
kinetic-type model has been derived, the study developed in [6] has shown that the
particular mathematical structure in (II)) can be derived by asymptotic limits and
time-space scaling. The development of these asymptotic limits is inspired by the
classical Hilbert method known in the kinetic theory of classical particles ([I8]).

The interest in the qualitative analysis of solutions to phenomenologically derived
models for taxis processes ([25]) has generated a variety of interesting analytical
results reviewed in [26] and more recently in [7]. Within this general framework the
role of nonlinear diffusion and, specifically, of flux-limited diffusion, has posed some
challenging problems at various levels. Experimental activity toward a thorough
understanding of this specific type of mechanism is deeply analyzed in [41], while so
far the mathematical literature apparently has concentrated on studying such flux-
limited diffusion processes either without any interaction with further processes, or
with comparatively mild couplings such as to zero-order source terms e.g. of Fisher-
KPP type; corresponding results on existence and on propagation properties can
be found in [1], [2], [3], [14], [15], and [I6], for instance (cf. also the survey [13]).

Blow-up in semilinear and quasilinear chemotaxis systems. The goal of
the present work is to clarify to what extent the introduction of such flux limita-
tions may suppress phenomena of blow-up, as known to constitute one of the most
striking characteristic features of the classical Keller-Segel system

{ up = Au — V- (uVv),

(1.2)
v = Av — v+ u,
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and also of several among its derivatives. Indeed, the Neumann initial-boundary
value problem for ([2]) is known to possess solutions blowing up in finite time with
respect to the spatial L°° norm of u when either the spatial dimension n satisfies
n > 3 ([45]), or when n = 2 and the initially present—and thereafter conserved—
total mass [ u(-,0) of cells is suitably large ([24], [34]). On the other hand, in
the case n = 2 appropriately small values of [ u(-,0) warrant global existence of
bounded solutions [36], whereas if n > 3, then global bounded solutions exist under
alternative smallness conditions involving the norms of (u(-,0),v(-,0))in L2 x W1
([I7], [42]). In the associated spatially one-dimensional problem, global bounded
solutions exist for all reasonably regular initial data, thus reflecting absence of any
blow-up phenomenon in this case ([38]).

The knowledge on corresponding features of quasilinear relatives of (L2) seems
most developed for models involving density-dependent variants in the diffusivity
and the chemotactic sensitivity. For instance, if D, and S are smooth positive
functions on [0, c0), then the Neumann problem for

vy = Av — v+ u,

(1.3) { ur = V- (Do (1) V) — V - (S(w) Vo),

possesses some unbounded solutions whenever 15951(2) > Cus+e for all u > 1 and
some C' > 0 and € > 0 ([44]). Beyond this, refined studies have given additional
conditions on D,, and S under which this singularity formation must occur within
finite time, and have moreover identified some particular cases of essentially alge-
braic behavior of both D, and S in which these explosions must occur in infinite
time only ([20], [21], [22]; see also [19] for a related example on finite-time blow-up).

The optimality of the above growth condition is indicated by a result in [40] and [28]

asserting global existence of bounded solutions in the case when DSSEZ) < Cun—= for
u > 1 with some C > 0 and € > 0, provided that D,, decays at most algebraically
as u — oo (cf. e.g. [32], [27], [46], and [39] for some among the numerous precedents
in this direction).

Besides this, a considerable literature has identified several additional mecha-
nisms as capable of suppressing explosions in Keller-Segel-type systems. These
may consist of certain saturation effects in the signal production process at large
densities ([33], [II]) or in further dissipation due to superlinear death effects in
frameworks of logistic-type cell proliferation ([37], [43]), for instance. A recent
deep result has revealed that even the mere inclusion of transport effects by appro-
priately constructed incompressible vector fields can prevent blow-up in otherwise
essentially unchanged Keller-Segel systems in spatially two- and three-dimensional
settings ([31]).

As compared to this, the literature on variants of ([2)) involving modifications
of the dependence of fluxes on gradients seems quite thin. Moreover, the few re-
sults available in this direction mainly seem to concentrate on modifications in the
cross-diffusive term, essentially guided by the underlying idea to rule out blow-up
by suitable regularization of the taxis term in ([L2l), as apparently justified in ap-
propriate biological contexts (see the discussion in [25] as well as the analytical
findings reported there). In particular, we are not aware of any result detecting an
explosion in any such context; this may reflect the evident challenges connected to
rigorously proving the occurrence of blow-up in such complex chemotaxis systems.
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Main results: Detecting blow-up under optimal conditions. The present
work will reveal that actually also the introduction of flux limitations need not
necessarily suppress phenomena of chemotactic collapse in the sense of blow-up. In
order to make this manifest in a particular setting, let us concentrate on the case
when in (II)) we have D, = 1 and S = const. as well as H; = 0, and in order
to simplify our analysis let us moreover pass to a parabolic-elliptic simplification
thereof, thus focusing on a frequently considered limit case of fast signal diffusion
([29]). Here we note that e.g. in the previously discussed situations of (L2) and
([@3), up to few exceptions ([I0]) such parabolic-elliptic variants are known to es-
sentially share the same properties as the respective fully parabolic model with
regard to the occurrence of blow-up ([35], [9], [12], [23]).

We shall thus subsequently be concerned with the initial-boundary value problem

— . uVu _ . uVuv
w =V (m) XV (\/W> zef, t>0,

0=Av—p+u, re, t>0,
=0, z eI, t>0,

(1.4)

uVu _ uVv .
(\/u2+\Vu|2 X\/mw\z) v
u(an)ZUO(x)’ z € Q,
in a ball Q@ = Bg(0) C R", n > 1, where x > 0 and the initial data are such that
(1.5)

ug € C3(Q) is radially symmetric and positive in Q with %Q =0 on 09,

and where
1

(1.6) o= —/ ug(z)dz
1l Jo

denotes the spatial average of the latter.
In fact, it has been shown in [8] that this problem is well-posed, locally in time,
in the following sense.

Theorem A. Letn > 1,x >0, and Q := Bg(0) C R™ with some R > 0, and sup-
pose that ug complies with (LD). Then there exist Tqar € (0,00] and a uniquely de-
termined pair (u,v) of positive radially symmetric functions u € C?1(Q x [0, Trraz))
and v € C*°(Q x [0, Thnaz)) which solve (L) classically in Qx (0, Tynaz), and which
are such that

(1.7) if Tinaz < 00,  then  limsup [[u(-,t)||L~(q) = co.
t/ Tmax

Now in order to formulate our results and put them in perspective adequately,
let us moreover recall the following statement on global existence and boundedness
in certain subcritical cases which has been achieved in [§].

Theorem B. Let 2 := Br(0) C R™ with some R > 0, and assume that ug satisfies
@A), and that either

(1.8) n>2 and x <1,

or

(1.9) n=1 x>0, and / ug < Me,
Q
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where in the case n = 1 we have set

1 .
110) ma_{ et ifx > 1,

+00 if x < 1.

Then the problem (L4) possesses a unique global classical solution (u,v) €
C?1(Q x [0,00)) x C%%(Q x [0,00)) which is radially symmetric and such that for
some C' > 0 we have

(1.11) lu(-,)|lLe) £ C  and  |Jv(-t)||pe@) < C for allt > 0.

It is the purpose of the present work to complement the above result on global
existence by showing that in both cases n > 2 and n = 1, the conditions (L&) and
([L9) are by no means artificial and of purely technical nature, but that in fact they
are essentially optimal in the sense that if appropriate reverse inequalities hold,
then finite-time blow-up may occur. To be more precise, the main results of this
paper can be formulated as follows.

Theorem 1.1. Let n > 1 and Q := Br(0) C R™ with some R > 0, and suppose
that

(1.12) x> 1,
and that

m > Me ifn=1,
(1.13) } . f

m > 0 s arbitrary ifn > 2,

where m. is as in (LI0). Then there exists a nondecreasing function M, €
C°([0, R]) fulfilling SUP,¢(0,R) % < 00 and M,,(R) < m, which is such that
whenever uy satisfies (LD) as well as

(1.14) /B " ug(x)dax > My, (r) for all r € [0, R],

the solution (u,v) of (L4) blows up in finite time in the sense that in Theorem A
we have Tpee < 00 and
(1.15) lim sup [|u(-, t)|| o (@) = oo
t " Tmae
Indeed the set of all initial data leading to explosions in (4] is considerably
large in that it firstly contains an open subset with respect to the norm in L>°(Q),

and that it secondly possesses some density property within the set of all initial
data admissible in the sense of (LH]).

Proposition 1.2. Letn > 1, R > 0,  := Br(0) C R", and x > 1.

(i) Let m > 0 satisfy (LI3)). Then there exists a radially symmetric positive
U € C(Q) which is such that Bg—;" =0 on 0N and [, um = m, and for which it
is possible to choose € > 0 with the property that whenever ug satisfies (LHl) as well
as ||[ug — Um || = () < €, the corresponding solution of (L) blows up in finite time.

(il) Given any ug fulfilling [LA), one can find functions ugk, k € N, which satisfy
@CR) and uor — uo in LP(QY) as k — oo for all p € (0,1), and which are such that
for all k € N the solution of ([I4) emanating from ugr blows up in finite time.
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In comparison to the classical Keller-Segel system (L.2]), these results in partic-
ular mean that when n > 2, the possible occurrence of blow-up does not go along
with a critical mass phenomenon, but that there rather exists a critical sensitivity
parameter, namely x = 1, which distinguishes between existence and nonexistence
of blow-up solutions. On the other hand, if n = 1, then for any x > 1, beyond this
there exists a critical mass phenomenon, in quite the same flavor as present in (I.2))
when n = 2.

Plan of the paper. Due to the apparent lack of an adequate global dissipative
structure, a blow-up analysis for (I4]) cannot be built on the investigation of any
energy functional, as possible in both the original Keller-Segel system (L2)) and
its quasilinear variant (L3) ([45], [34], [20]). Apart from this, any reasoning in
this direction needs to adequately cope with the circumstance that as compared
to (L2), in (L4) the cross-diffusive flux is considerably inhibited wherever |Vu|
is large, which seems to prevent access to blow-up arguments based on tracking
the evolution of weighted L' norms of u such as e.g. the moment-like functionals
considered in [35].

That blow-up may occur despite this strong limitation of cross-diffusive flux
will rather be shown by a comparison argument. Indeed, it can readily be veri-
fied (Lemma 1)) that given a radial solution « of (L4) in Bgr x (0,T), the mass
accumulation function w = w(s, t), as defined in a standard manner by introducing

1
n

w(s,t) = /08 " Yu(r,t)dr, (s,t) € [0,R"] x [0,T),

satisfies a scalar parabolic equation which is doubly degenerate, both in space as
well as with respect to the variable w,, but after all allows for an appropriate
comparison principle for certain generalized sub- and supersolutions (Lemma [5.1]).

Accordingly, at the core of our analysis will be the construction of suitable subso-
lutions to the respective problem; in fact, we shall find such subsolutions w which
undergo a finite-time gradient blow-up at the origin in the sense that for some
T > 0 we have sup¢ (g, gn) w(:’,t) — o0 as t N T, implying blow-up of u before
or at time T whenever w(-,0) lies above w(-,0). These subsolutions will have a
composite structure to be described in Lemma [B:2] matching a nonlinear and es-
sentially parabola-like behavior in a small ball around the origin to an affine linear
behavior in a corresponding outer annulus, the latter increasing so as to coincide
with the whole domain Bg at the blow-up time of w. The technical challenge, to
be addressed in Section B, will then consist of carefully adjusting the parameters
in the definition of w in such a manner that the resulting function in fact has the
desired blow-up property, where the cases n > 2 and n = 1 will require partially
different arguments (Lemma [3.11] and Lemma [3.12]). The statement from Theorem
[T will thereafter result in Section [l

2. A PARABOLIC PROBLEM SATISFIED BY THE MASS ACCUMULATION FUNCTION

Throughout the rest of the paper, we fix R > 0 and consider (I4)) in the spatial
domain Q := Bgr(0) C R", n > 1. Then following a standard procedure ([29]),
given a radially symmetric solution (u,v) = (u(r,t),v(r,t)) of (L4) in 2 x [0,T) for
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some T > 0, we consider the associated mass accumulation function w given by
1
o

(2.1) w(s,t) = / " Lu(r, t)dr for s € [0,R"] and t € [0,T).
0

In order to describe a basic property of w naturally inherited from (u,v) through
(T4, let us furthermore introduce the parabolic operator P formally given by

527 " WsWes (’w - %S) - Ws

—nx - =
\/11)2 n2s* g, \/1—1-37212(111— %s)

We note here that for T' > 0, the above expression Pw is indeed well-defined for all
t € (0,T) and a.e. s € (0, R") if, for instance, w € C'*((0, R™) x (0,T)) is such that
ws > 0 throughout (0, R"™) x (0,T) and w(-,t) € W2°((0, R")) for all t € (0,T).

Now the function w in (21]), which clearly complies with these requirements due
to smoothness and positivity of u, in fact solves an appropriate initial-boundary
value problem associated with P:

(2.2) (Pw)(s,t):=

Lemma 2.1. Let n > 1 and x > 0, and suppose that (u,v) is a positive radi-
ally symmetric classical solution of (L) in Q x (0,T') for some T > 0 and some
nonnegative radially symmetric ug € C°(Q). Then the function w defined in (Z1))
satisfies

(Pw)(s,t) =0, s€(0,R"), t€(0,T),
(2.3) w(0,t) =0, w(R"t)=72  te(0,T),
w(s,0) = [ " lug(r)dr, s € [0, R,

where m := [, uo(x)dx and where wy, denotes the (n — 1)-dimensional measure of
the unit sphere in R™.

Proof. Omitting the arguments r, ¢ and s := r™ in expressions like u(r, t) and w(s, t),
upon an integration in the radial version of the first equation in (I4]) we obtain

1
n

5%
wy = / Yy (r, t)dr
0

_/OS

(2.4) = (s7

3k

{(Tnl iy ) _ (TH uvy ) } i
Vu2 +uz/r X V14+02/r
)n—l Uy w- (r"to,)

'\/uz—l—u% R V14?2

for s € (0, R™) and t € (0,T). Here in order to replace v,, we integrate the second
equation in (), that is, the identity (r"~lv,), = pr™~! — r"~lu, to see that

-
=y, = B / " tu(p, t)dp = % -5 —w.
0

Furthermore (2.I]) can be used to derive

1
U = NWs and up = n’st W,
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to infer from (2.4) that

2
1_1 nws - n2s1 T w weg nws - (s —w)
U}t = S no. ~ _X. 5
2,192 4.2—=,,2 1 1
\/n w5 +nsTmws, \/1 + (%SI — s?flw)
_2
5 S2T R WWwas (w— Es) - w,
g n- - _|_nX 5
2 2,2—2, 9 1 1
N T v vy

for s € (0, R™) and ¢ € (0,T). This proves the parabolic equation in (2.3]), whereas
the statements therein concerning boundary and initial conditions can easily be
checked using (Z1)) and the mass conservation property [, u(z,t)dz = [, ug(z)dz =
m for ¢ € (0,T). O

3. CONSTRUCTION OF SUBSOLUTIONS FOR (2.3])

The goal of this section is to construct subsolutions w for the parabolic operator
introduced in (Z2)) which after some finite time 7" exhibit a phenomenon of gradient
blow-up in the strong sense that

t
sup % — 400 ast NT.
s€(0,R") S

Since by means of a suitable comparison principle (cf. Lemma Bl in the appendix)
we will be able to assert that w > w in [0, R"] x [0,T), this will entail a similar
conclusion for w and hence prove that w cannot exist as a bounded solution in
Q x [0,7).

Our comparison functions will be chosen from a family of explicitly given func-
tions w, the general form of which will be described in Section [3.I} These functions
will exhibit a two-component coarse structure, as reflected in substantially differ-
ent definitions in a temporally shrinking inner region near the spatial origin, and a
corresponding outer part. According to a further fine structure in the inner subdo-
main, our verification of the desired subsolution properties will be split into three
parts, to be detailed in Section 3.2 Section [3.3] and Section [3.4] respectively.

3.1. Constructing a family of candidates. Our construction will involve several
parameters. The first of these is a number A € (0, 1) which eventually, as we shall
see later, can be chosen arbitrarily when n > 2 (see Lemma [3.12]), but needs to be
fixed appropriately close to 1 in the case n = 1, depending on the size of the mass
m = [, uo (Lemma B.IT). Leaving this final choice open at this point, given any
A € (0,1) we abbreviate

1-))?

(31) ay = T and b)\ :

C3a-—1
T2A

and introduce

- AE? if £ €[0,1],
(3:2) wl8) = { 1- 52 if &> 1.
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It can then easily be verified that ¢ belongs to C1([0,00)) N W2>((0,0)) N
C2([0,50) \ {1}) with

N 23 if £ €[0,1),
(3.3) ¢'(§) = { = if &> 1,
and

" B 2 it £ €[0,1),
(3.4) ¢ () —{ — if &> 1,

whence in particular ¢'(£) > 0 for all £ > 0.
Let us furthermore introduce a collection of time-dependent parameter functions
which play a crucial role throughout the rest of the paper.

Lemma 3.1. Letn>1, m >0, A€ (0,1), K >1,T >0, and B € C1([0,T)) be
such that B(t) € (0,1) and K+/B(t) < R™ for allt € [0,T), and that moreover

K2
(3.5) B(t) < AN

where ay and by are as in BI)). Then
m K% —2byK+/B(t) + b3 B(t)

forallt €10,T),

(3.6) Alt) = - NG te[0,7),

as well as

(3.7) D(t) = % : ;(*t), te0,7),

and

(38)  E(t):= W—TZ ~ R"D(t) = w_”;‘l S (PN bA)(;fé\/) B(t) — b\B(t))

fort € [0,T), with
(3.9)  N(t):= K%+ ayR™ — 2(ax + b)) (2K +/B(t) — by B(t)), te0,7),

are all well-defined, and we have

() (o).

(3.10) A'(t) = o NT(D)
and

a)\(a)\ + b)\) . (ﬁ — b)\> B (t)
(3.11) D'(t)= —-

for allt € (0,T).
Proof. Firstly, thanks to ([B.3]) we have

2(&)\ + b)\)

e B(t) <1 for all t € [0,7),
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which in particular guarantees that the denominators in B.6), (3.7), and (B.8)) are
all positive and hence all these functions are well-defined throughout [0, R™] x [0, T').
Moreover, differentiating in (3.6) we can compute

L NP(A()

_ { _ hWKB(1) +b§B,(t)}

V/B(t)
X {K2 +axR™ — (ax +by)(2K\/B(t) — bAB(t))}

—{K2 + 205K \/B(t) + biB(t)}

x{ _ (ax + b)) KB'(1)
B(t)

:B’(t)~{%—b)\}

x{ — by - {K2 +axR" — d(ax + b)) (2K /B(t) — b,\B(t))}

+ (ax + bk)b,\B’(t)}

+(ax +by) - {K2 —20,K\/B(t) + biB(t)}}

= B'(t)- { g(t) — bA} . {aAK2 — aAbAR”} for all t € (0,7),

which establishes (BI0). Similarly, differentiation in (371) readily yields BII). O

With these definitions, we can now specify the basic structure of our comparison
functions w to be used in the sequel. Here a second parameter K enters, to be chosen
suitably large finally, as well as a parameter function B depending on time. In
combination, these two ingredients determine a line s = K+/B(¢) in the (s, ¢)-plane
which will separate an inner from an outer region and thereby imply a composite
structure of w as follows.

Lemma 3.2. Letn > 1, m >0, A € (0,1), and K > 1, and suppose that T > 0
and that B € C([0,T)) is such that [B.5) holds as well as B(t) € (0,1) and
K+\/B(t) < R™ for allt € [0,T). Let
(5.t it e[0,T) and s € [0, Kr/B@)],
613 wen e [ TR0 EE0T) wds e 0K VB
Wout (8, 1) ift€10,T) and s € (K+/B(t), R"],

where
(3.13)
win(sat) = A(t)(p(f), § = E(Svt) = B(t)v te [O’T)7 s € [07K\/ B(t)],
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with ¢ as in B2) and A as in B0), and where
(3.14) Wout(8,t) := D(t)s + E(t) fort€[0,T) and s € (K+/B(t), R"],
with D and E taken from B.) and B.3).

Then w is well-defined and continuously differentiable in [0, R™] x [O T) and in
addition satisfies w(-,t) € W2>((0, R")) N C%([0, R"] \ {B(t), K+/B(t)}) for all
t€10,T) as well as
(3.15) w(0,t) =0 and w(R"t)= Ui forallt € (0,T).

n
Proof. We first note that for each ¢ € [0,7"), both intervals [0, K1/B(t)] and
(K+/B(t),R"] in (8I2) are not empty due to our assumptions that B(t) > 0
and K+/B(t) < R", and that furthermore both statements in ([BI5) are direct
consequences of (B.8) and the fact that ¢(0) = 0 according to ([B.2).

To establish the claimed regularity properties of w, in view of the above obser-
vation that ¢ € C*([0,00)) NW2°°((0,00)) NC?([0,00) \ {1}) we only need to make

sure that w, w,, and w, are continuous along the line where s = K+/B(t), which
amounts to showmg that

(3.16) A(t) ~<p( g(t)) =D(t)-K/B{)+E(t) forallte[0,T)

and

(3.17) gg w’( ;t)) =D(t) forallte0,T)

as well as

(3.18) A1) o( g(t)) - KA(;)(?” & g(t)) — D'(t)- K\/B{t) + E'(¢)

for all t € [0,T).
To derive ([B.I6]), we use (B2) to see that

At) - @(%) + (R" - KVB®) - D(t)

L — ay) — b)\
o m (K —bry/B(t))? B
TS (o S BEK/B 0B i b
+ (R" = KV/B(1)) -

Wn K2 + axR™ — (ax + b)) (2K +/B(t) — byB(t))

" 5%%%%§@«K—mv§®V+muw—K¢am
Wn, K2 +a\R" — (a,\+b,\)(2K\/B(t)—b>\B(t))

m K2 — (a)\ + b)\)(QK\/B(t) - b)\B(t)) + a)R"™
Wn K2+ ayR"— (a)\ + b)\)(2K\/B(t) — byB(t))

= forallte0,7),
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which due to ([B.8) means that indeed
K
A@wd———)—Dw-K¢mw—E@

B{)
= 0)- () + (7 - KVB)D) - I

=0 for all t € [0, 7).
Next, from [B.7) and ([B.0) it immediately follows that
D(t) 1

A - K %¢*—+ﬁ3
—Zb)\K\/ —|—b2B

B B(t)(—K = bA)Q
VB
K ) for all t € [0,T),

Il
&
=
‘G\
—
o}
=

which establishes (B17).
Finally, in verifying (B.I8) we make use of (BI0) and BI7) as well as (B30,

G, B3), BI0), and @II) to see that

!/ K KA(t)B/ (t) / K / /!
A0 o 5) - Bmg-w( =)~ D' KVB@) + E'()

- (7 -KVBO) DO gawp®) BODE
A(t) B{D)’ A®)

+(R” - K@) 0

= A’(t) .

_m ( g(t) - b’\) - (axK? — axb\R") - B'(t)
s V(1)
m K2—2b/\K\/m+b§\B(t) _1
L N }
(- wm) 25
_KBl(t) . ﬁ . a)
B(t) Wn N(lf)
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. m (%—bx)~(a)\K2_a/\b)\Rn)'B,(t)
e N2(t)
{ m K2 —20,K\/B(t) + B B() }—1
X — -
Wn N(t)

{2 )

KB'(t) m ay

B(t) wn N(1)

o wB) {(K—bxm)-(m_mn)
e DU wme)

x [N(t) - (R" - K\/%) -a,\}
—“KN(#) + (ax + by) (R" - K\/%) : (K - bM/%)}

_m mB'(1) | {(Kz aND

wn (K ~ by /B(t)) VBA)N2(t)
X [K? — (ax + 2b3) K /B(t) + (ax + bA)bAB(t)}

~K (K = b/BW) - [K+axR" = (ax + b2) (2K /B(1) = baB(1))]

+(ax +by) (R" - K\/%) : (K ~ by B(t))2}

for all t € (0,T).
Since it can be checked in a straightforward manner that herein we have

(K2 - bAR") : [Kz — (ax + 260K /B(t) + (ax + bA)b,\B(t)}
—K(K - b\/%) : [KQ FaxR" — (ay + b)) (2K /B(D) — bAB(t))}
+(ax +by) (R" - K\/%) : (K — by B(t))2 =0,

this shows (8] and thereby completes the proof.
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3.2. Subsolution properties: Outer region. Let us first make sure that if the
function B entering the above definition of w is suitably small and satisfies an ap-
propriate differential inequality, then w becomes a subsolution in the corresponding
outer region addressed in (B.12).

Lemma 3.3. Letn > 1,x > 0,m > 0,A € (0,1), K > 1, and By € (0,1) be such
that K+/Bg < R™ and

K2
3.19 By<—
(3:.19) 0= 16(ay + by )?

with ay and by given by BI). Then if for some T > 0, B € C1([0,T)) is positive
and nonincreasing and such that

B/(t) > - e 2 ! Bliﬁ(t)a te (OvT)7
(320) 2(a>\+b>\)wnR"\/1+K;—2Zw_§

B(O) S B07
the function wey: defined in (B14) satisfies
(3.21) (Pwout)(s,t) <0 forallt € (0,T) and s € (K+/B(t), R")

with P given by (22)).
Proof. Again using that E(t) = 2= — R"D(t) for all t € (0,T) by (B.8), we have

(3.22) Wout(5,1) = D(t)s + E(t) = wﬂ —D({t)- (R" - s)
for all t € (0,7) and s € (K+/B(t), R™). Hence, recalling (BI1]) we obtain
(wout)t(svt) = _D/(t) : (Rn - 8)
ax(ax+bx) | A= — ba
(3.23) = o Nz{(t) B®) } B'(t)- (R" — s)

for all t € (0,7) and s € (K+/B(t),R"), where N(¢) is as in (39) for such ¢. In
order to compensate the positive contribution of this term (weyt)t t0 Pwoys by a
suitably negative impact of the rightmost term

(3.24)

A
I(S, t) = —-nx- (wOU’t ns) (wout)s

Y1+ 58 — o2
in [22)), we use (3:22)) and [B.1) to rewrite

, te(0,T), se (K+/B(t),R"),

Wout (S, 1) — %s = (w:;{" - D(t)) “(R™ —3)
= o (BT D() (B )

m a)R" n_ g
R (1 T K2+ axR" — (ax + by) (2K /B(E) — bAB(t))) (R =s)
m K2—2(a,\+b>\)K\/B(t)+(a,\+b>\)b,\B(t)

(3.25) o R K2 +axR" — (ay + b)\)(2K\/W —b\B(t))

(R" —s)
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fort € (0,T) and s € (K+/B(t),R™). As

1
(3.26) K? —2(ay +b))K+\/B(t) > 5[(2 for all t € (0,T)
by (BI9), this in particular implies that
1 m m
0< ou ;t ——s< -R" = —
Wout (s, 1) ns wpR™ Wn,

and hence

m2
2
n

for all t € (0,T) and s € (K+/B(¢), R").

45

Since moreover 1 < Bw~1(t) for all t € (0,T) due to the fact that By < 1, we can
thus estimate the denominator in ([8:24) in the considered outer region according

to

IA

2
\/1 —sn2 (wout(s,t) — Es)
n

(3.27)

o0 ()

2
2 m

2
Wn

1+ Ka— B 3(t)

for all t € (0,T) and s € (K+/B(t), R").
Using (327) and (320 and that

’ﬂ

(Wour)s (s, 1) = D(t) = —

for t € (0,T) and s € (K+/B(t), R™), we thereby find that
(wour(s.t) - %s) (Wout)s(s,1)

91+ KR2em Bln—%()
nx

1+ K2 m

n

m_ K? — (ax + b)) (2K +/B(t) — byB(t))

Xwan K2 +a\R" — (a>\ + b)\)(2K\/B(t) — b)\B(t))

“on K2+ axR" — (ar + b0) (2K /B(D) — bB(1))
m Q) n
=0 W0 (R"—s)-a1

{2~ (ax + ba)2KV/B(H) - baB() } - BY % (1)

for allt € (0,T) and s € (K+/B(t), R™), with N as defined in (8.9]) and
nmy

waRM -1+ K2 m2

n

C1 =

w_n'KQ-i-(l)\R"— (l)\-f—b)\ 2K\/ — (ax + by b)\B( ))
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Since evidently (woyt)ss = 0, combining this with ([326]) and [B.23]) shows that

m a " (ax + b)) K ,
(Pwout) (s, t)Sw— NQ—?t)'(R —S)'{{—%+(a,\+b,\)b,\}'3(ﬂ

—c - {K2 —2(ax + bx)K+/B(t) + (ax +b/\)b/\B(t)} : B%_ﬁ(t)}

(3.28)

< w_nz Nz?t) (R" —s)- { - % Bl - %KzB%_%(t)}

for all t € (0,7) and s € (K+/B(t), R"), because (ay + by)byB'(t) < 0 for all
€ (0,7). In view of the definition of ¢;, (B20) warrants that herein

_(ax+ 0K

) - KB
B(t) B (t) — ?K B (t)
. ((l)\ —l—b)\)K Y, B aKkK . -
- B(t) { B(®) 2(ax +bx) B (t)}

<0 for all t € (0,T) and s € (K+/B(t), R"),
so that B21) results from ([B28]). O

3.3. Subsolution properties: Inner region. We proceed to study under which
assumptions on the parameters the function w defines a subsolution in the corre-
sponding inner domain. To prepare our analysis, let us first compute the action of
the operator P on w in the respective region as follows.

Lemma 3.4. Letn>1,x >0, m>0, A€ (0,1),K > 1, and T > 0, and suppose

that B € C1([0,T)) is positive and satisfies [BH) as well as K+/B(t) < R"™ for all

t €10,T). Then the function w;, defined in BI3)) has the property that

A(t)¢'(€)
B(t)

for allt € (0,T) and s € (0, K+/B(t)) \ {B(t)}, where & = £(s,t) = By P is as

in (Z2), and

(3:29) (Pwi)(sit) = A'(Dp(€) + A €B/ () + D5, 1) + Ra(s,t) |

(3.30) Ji(5,8) = —n? - 59" (€)

VB 0626 + A2 (0e o)
and
(3.31) Jo(s,t) == —ny - A(t)p(§) — EB(t)E

5 2
YL+ BER0ER - (40t - £B0e)
fort € (0,T) and s € (0, K\/B ))\{B( )}

Proof. Since & = —SBBQ—/((:)) = 80 g &= —) we can compute

B( B(t
AEB'(t)
Bt

(3.32) (win)e = A'(t)p(8) — (&)

v
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as well as
(U}in)s = % . ()0/(5) and (win)ss = ;2((2)) . L)0”(5)
for all t € (0,T) and s € (0, K\/B(®)) \ {B(t)}.
Therefore,
n2. 527% (win)s(win)ss
Vw2 + 022 ()2,
_ .2 (B>~ % - 5/ (€) - Zthe"(€)
(390©) + et - (200)
_ nPAWP(E) 79" (€)
PO B wen© + Bt e tem(
(3.33) - A(gg)( ) gis.)
and
Win — %5 (Win)s
e
\/1 + 572 (wm — %s)
(A)e(e) - & - BE) - $'(©)
\/ L+ (B2 - (AWe() - & - BOE)
(3.34) _ AWPE) Ja(s,t)

for any such ¢ and s.

Finally, by definition (Z2]) of P, B32)-B34) prove [B29)). O

In further examining ([3:29), it will be convenient to know that the factor A
appearing in ([B13)) is nonincreasing with time, meaning that the first summand on
the right-hand side in (3:29]) will be nonpositive. It is the objective of the following
lemma to assert that this can indeed be achieved by choosing the function B to be
nonincreasing and appropriately small throughout [0, T).

Lemma 3.5. Letn >1,m > 0,\ € (0,1), and K > 1 be such that K > \/byR",
and suppose that By € (0,1) satisfies

K2
3.35 By < —— .
(3.33) 0= 4an + by)?

Then if T > 0 and B € C*([0,T)) is a positive and nonincreasing function fulfilling
B(0) < By, for the function A in [B8) we have

(3.36) Aty <0 forallte (0,T).
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In particular,

m 1
3.37 A) > Ap = — + ————
(3.7) (02 dri= 5

for allt € (0,T).

Proof. We recall that by (3.10), with N given by ([B.9) we have
(3.38)

Wn, / K n /
“LNADA() = ( =" b,\) : (a)\K2 — axbyR ) B'(t) forallte (0,7).

K2
b7

Here since our assumption (3358]) implies that By <
obtain that

by monotonicity of B we

K_ K
B s B
B(t) VB

whereas the inequality K > /by R™ ensures that

—by>0 forallte(0,7),

a)\KQ —axbpR" > 0.

Again using that B’ < 0, from (B:38)) we thus conclude that ([36]) holds, whereupon
B310) follows upon taking ¢ /T in (B6]). O

3.4. Subsolution properties: Very inner region. Now in the part very near
the origin where s < B(t) and hence § = B < L the expression J> in (329),
originating from the chemotactic term in (I4]), need not be positive due to [B:2)) and
the linear growth of the minuend £ B(t)¢ in the numerator in (3.31)). Fortunately,
it turns out that the respective unfavorable effect of this to Pw;, in (329) can be
overbalanced by a suitable contribution of J;, which in fact is negative in this region
due to the convexity of ¢ on (0,1). Under an additional smallness assumption on
B, we can indeed achieve the following.

Lemma 3.6. Letn >1,x > 0,m > 0,\ € (0,1),K > 1, and By € (0,1) be such
that Kv/By < R™ and

K2
3.39 By < ——MmM—
as well as

n n
3.40 By <(—) .
(3.40) 0 < (m)

Suppose that T > 0 and that B € C([0,T)) is a positive and nonincreasing function
satisfying

(3.41) {B'(t) —nB=(t),  te(0,T),

Then the function w;y, defined in BI3) has the property that

(3.42) (Pwin)(s,t) <0 for allt € (0,T) and s € (0, B(t)).
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Proof. Writing § = g5 for t € (0,T) and s € (0, B(t)), in (B:29) we can estimate
the taxis term from above according to

Ja(s,t) = —nx- -
YL+ BER0eR = (e ~ £BO)
< ny. %Jf/(;)ﬁ
(3.43) = xuB(t)¢ for all t € (0,T) and s € (0, B(t)).

We next recall that since £ € (0, 1) whenever s € (0, B(t)), and hence ¢'(§) = 2\
and ¢ (£) = 2\, we have

Bi200%) gy 22O
BR72¢a 7202 (€) £372"(8)
N 4)\252
= P s
= Ba(t)-&n
< B (1)
< 1 for all t € (0,7) and s € (0, B(t)),

because B < By < 1 throughout (0,T). Now since /¢"2(§) = ¢”(§) thanks to the
convexity of ¢ on (0, 1), in (B30) we therefore find that

—Ji(s,t) = ’52“ " (€)
\/Bif2 +n23572(t)€%*24p”2(§)
> n2 . 5277— ”(f)
VA +n2)BE 2020 (g
= —\/17:%—2 .Blfi(t)glfi for all t € (0,T) and s € (0, B(t)).
n
s v1+n?2 < 2n and hence \/17i7 > 4, due to ([343) we thereby obtain from
(B29), applying Lemma 35 on the basis of (3:39), that
B(t) ) no . B
Aypg (Prmleh < B0 - S BT ET + xpB(1)E
4 S R ECES CACER RS C)

for all t € (0,T) and s € (0, B(t)). Here, using that ¢ < 1 implies that &% > 1,
and that the restriction (340) on By ensures that

B 4
XK gt) _ XK ‘Bw(t) <1,
SB i)
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we see that

~B/(t) ~ 5B R (¢ F +xuB(t) < —B'(t) - SB' T () + BH(Y)

2 1
- _B'(t) - %Bl’%(t) for all t € (0,T) and s € (0, B(t)).

As a consequence of ([B:40)), the claim therefore results from (B.44]). O

3.5. Subsolution properties: Intermediate region. The crucial part of our
analysis will be concerned with the remaining intermediate region, that is, the
outer part of the inner domain where B(t) < s < K+/B(t). Here the term J; in
B29), reflecting the diffusion mechanism in (I4]) and thus inhibiting the tendency
toward blow-up, can be estimated from above as follows.

Lemma 3.7. Letn >1,m > 0,K > 1, and T > 0, and suppose that B € C*([0,T)
is positive and such that BH) holds as well as K+/B(t) < R" for all t € [0,T).
Then writing £ = B“Et) , for the function Jy introduced in [B30) we have

(3.45)  Ji(s,t) <nBw(t)¢ for allt € (0,T) and s € (B(t), Kr/B

Proof. Since £ > 1 and hence ¢”(€) < 0 by [B4), we have |g0”(f)\ = —go’(f), o
that we may use the trivial estimate

Br (1) (€) + n®BR 2 (1)E2 7 0" (€) > n? B 2 (1)E3 7 0" (€)
to infer that

Nst) = &2 " (9
B e e o Ao
C e 52-%@"( )
T mBEnerien(
= nBlfﬁ(t) =%
holds for any such ¢ and s, as claimed. O

Our goal will accordingly consist of controlling the term J; in (3:29]) from above
by a suitably negative quantity. As a first step toward this, we shall make sure that
in the root appearing in the denominator of ([3.31]), the second summand essentially
dominates the first upon appropriate choices of the parameters.

Lemma 3.8. Letn > 1,m > 0,\ € (0,1), K > 1 with K > \/b\R", and By € (0,1)
be such that Kv/By < R™ and
KZ
By < ———.
0= 4(@)\ +b)\)2

Suppose that for some T > 0, B € C*([0,T)) is positive and nonincreasing and
such that B(0) < By. Then writing £ = % for s >0 and t > 0, we have

(3.46)

1 w2 a)R™ 5 3.3
3.47 < (1 -K* By ™
(3.47) A2()BR2(t)En—2p2(€) — A2m? ( e ) o

for allt € (0,T) and s € (B(t), Ky/B(t)).




FINITE-TIME BLOW-UP IN CHEMOTAXIS WITH FLUX LIMITATION 51

Proof. Since K > +/byR™ and (8.40) holds, we know from Lemma 3.5 that A(t) >
Ar forallt € (0,T) with Ay given by [B.37). Moreover, the fact that ¢ is increasing
on [1,00) allows us to estimate p(§) > 1 for all ¢ € (0,T") and s > B(t), because for
any such ¢ and s we have £ > 1. Hence,

1 1 2

B2 R (e E
. wwBE e g - e D
for all t € (0,T) and s € (B(t), Ky/B(t)).
As 2 — % > K

0, we may use the restriction £ < NZD) implied by the inequality
s < K+/B(t) to estimate
€ % <K>wBw(t) forallte (0,T)and s € (B(t), Ky/B(t)).

Therefore, [B.47) is a consequence of (B:4])). O

In order to prepare an estimate for the numerator in (B31]) from below, let us
state and prove the following elementary calculus lemma.

Lemma 3.9. For A € (0,1), let ax and by be as defined in B.I), and let

£(€—by)
&—ay—by

Then if the numbers K > 1 and B € (0,1) satisfy

(3.49) PYa(§) = Jor €= 1.

K2
(3.50) < Har+50)7
we have
(3.51) oa(€) < max{% , %} forall € [1, %}

Proof. Differentiation in ([8.49) yields

(26 = ba)(§ —ax — bx) — (€2 = b))

¢A(§) = (g —ay — b)\)g
2 —2(ax +br)E+ (ax +br)ba
= (€ —ar —by)? for all £ > 1,
from which we obtain that
(3.52) PA(€) <0 if and only if £ € (€_,&4),

where £ and £_ are given by

€4 = ax + by £ /(ax +bx)2 — (ax +br)by.
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Here by B1)), we recall that ay + by = % in computing

A+1 A+1\2 A4+1 3A—1
& = Qi\/(z)_2'2,\

B )\+1i\/(/\+1)-[/\()\+1)—(3/\—1)]
N 2 4\
_ oAl [0 na-N?
N 2 4\

1 A+1
- 5.{wrlj:a—A)- 5= }

Hence,

260 —1) = A=-1£(1-))- %

>
+

1
= (-1,
(1=2X) 3
implying that - < 1 < £;. Therefore, (3.52) entails that

(3.53) ¥ (€) < max {w(m , w(ﬁ)} for all £ € [1, %}

VB
where
3A=1  1=A
m)= R A
EENES
Since ([B.50) ensures that ay + by < % and thus
(L) - Fosh
MN—7=) = 77—
\/E % — a) — b)\
K2
< B
K2
B
= _K_
2v'B
2K
= 75
the inequality (B53) thus yields B21]). O

On the basis of the above lemma, we can indeed achieve that in the numerator
in (B31) the positive summand prevails.

Lemma 3.10. Letn>1,m >0, € (0,1),K > 1,6 € (0,1), and By € (0,1) such
that Ky/Bg < R™ and

K2
3.54 By < ——M—
(3.54) S TINEENE
as well as
% By
) . =9 <
(3.55) o max{ - ,2K\/B0} <5
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with p and Ar as in (LO) and B3T), respectively. Furthermore, let T > 0 and
B € CY([0,T)) be positive and such that

(3.56) B(t) < By for allt € (0,T).

S

By, we have

Then writing £ =
(3.57)

A(t)ga(g)—%B(t)g > (1-8)A(t)p(&)  forallt € (0,T) and s € (B(t), K\/B(
Proof. With 1 taken from Lemma [3.9] we first observe that

00 = Laies = 00 {1455 0

pB(t)
A(t)

forallt € (0,T) and s € (B(t), K1/ B(t)). Here thanks to (8:54) and ([B.56]) we may
apply Lemma B9 which combined with (837) shows that

(3.58) = AW {1- 0 (©)]

pB(t) pB(t) 1 2K
nA(D) “ha(§) < Y -max{x,m}

B
nLAt ~max{70 , 2K\/B0}
for all t € (0,T) and s € (B(t), K1/ B(t)).

In light of (855, the conclusion ([B57) is therefore a consequence of (B58). O

With the above preparations at hand, we can proceed to show that under the
assumptions of Theorem [[1] if B is a suitably small nonincreasing function satis-
fying an appropriate differential inequality, then Wiy indeed becomes a subsolution
of (Z3) in the intermediate region where B(t) < s < K+/B

We shall first demonstrate this in the spatlally one- dlmensmnal case, in which
the role of the number m, in (L.I0) will become clear through the following lemma.

1

X2_
A€ (0,1), K>1, k1 >0, and Bg; € (0,1) such that Kv/Byp1 < R, and such
that whenever T > 0 and B € C1([0,T)) is a positive and nonincreasing function

fulfilling BX) as well as

B'(t) > —r1+/B(t), te(0,7T),
B(0) < By,

Then there exist

Lemma 3.11. Let n = 1,x > 1, and m > m, =

(3.59)

then for w;y, as in BI3) we have

(3.60) (Pwin)(s,t) <0 for allt € (0,T) and s € (B(t), K/ B
Proof. As m > m,, we have \/% > 1, whence it is possible to fix A € (0,1)

sufficiently close to 1 such that
mx

e

> 1.
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This in turn allows us to choose some § € (0,1) such that

(3.61) ey i LZOMX

5

is positive. We thereafter pick K > 1 such that with ay and by as in ([BI) we have

(3.62) K > /bR
and
a)\R
(3.63) L
Finally, we take By; € (0, 1) conveniently small fulfilling K+/By; < R and
KZ
3.64 By < ——mM—
(3:64) O = U(ay + by)?
as well as
B
(3.65) A% -max{%, 2K 301} <6
with Ar as in (337), and let
c
(3.66) Ky = ?2

Then given any 7' > 0 and a positive nonincreasing B € C'*([0,T)) satisfying (3.59),
from Lemma [33 in conjunction with ([B.62) we know that A’ < 0 on (0,7T), so that

(3:29) yields
B(t)
3.67 —_—
UV (PG
for all t € (0,T) and s € (B(t), K+/B(t)), with £ = B and J1 and Jp as given by
330) and B3T)).

Here, Lemma [3.7] says that
(3.68) Ji(s,t) <1 for all t € (0,7) and s € (B(t), K/ B(t)),

and in order to compensate this positive contribution in (B.67]) appropriately, we
first invoke Lemma B0, which ensures that thanks to (3.64) and (B:65) we have
(3.69)

A(t) — pB(t)E > (1 = §)A(t)(&) for all t € (0,T) and s € (B(t), K1/ B(t)).
In particular, this implies that the expression on the left-hand side herein is non-

negative, so that we can estimate
(3.70)

(A(t)gp(ﬁ) - uB(t)§)2 < A2(D)*(€)  forallt € (0,T) and s € (B(t), K\/B(1)).

Since ([B.62) and [B:64) allow for an application of Lemma B8 we moreover know
that

(Pwin)(s,t) < —EB'(t) + Ji(s,t) + Jo(s,t)

1 1 a R
22 = Nmd (1+ %)
< PO allte (0,7) and s € (B(t), K/B@®)

A2m?2
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because of (B.63]). Combining this with ([B.70]) shows that in the denominator in the
definition [B31) of J we have

IN

VAo a2)2(6) + 22020

= e 1 AD(©)

for all t € (0,T) and s € (B(t), Ky/B(t)). So that by means of (B.69) we can
estimate

1+ (A0e(e) - o)

A(t)p(§) — uB(t)§

~Ia(s,t) = X 2
1+ (AWe(©) - nB(1)E)
_ (1-0)A(t)p(é)
B+ 1 A()e(€)
= UMYXt e (0,7) and s € (B(), K/B(D)).
K +m?

Together with (B:66) and (B:6])), in view of the definition ([B61]) of ¢5 this implies
that

(1 —d)my
)
Ve

for all t € (0,T) and s € (B(t), Kv/B(t)).

(Pwin)(s,t) < —EB'(t)+1— = —EB/(t) — e

Once more using that in the considered region we have £ < %, due to our choice
of k1 we infer that
_¢B — ¢l _pmn_2
BN +ter = ¢ {-BW-F}
C2 B(t)
< - Bt - 22
< ¢ {-Bm-2
= ¢{-BW®-mVBO}
< 0 for all t € (0,7T) and s € (B(t), K+/B(t))
because of ([359]), whereby the proof is completed. |

In the case n > 2, we follow the same basic strategy as above, but numerous
adaptations are necessary due to the fact that in this case the more involved, and
more degenerate, structure of J; and Jo in (3:229) allows for choosing actually any
positive value of the mass m whenever y > 1.

Lemma 3.12. Letn > 2,x > 1, and m > 0, and let A € (0,1) be arbitrary. Then
there exist K > 1, ky, > 0, and By, € (0,1) such that K+/By, < R", and such that
if T >0 and B € C([0,T)) is positive and nonincreasing such that

{ B'(t) > —k,B" 2 (t),  te(0,T),

(371 B(0) < Boy,
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then the function w;, defined in BI4) satisfies
(3.72) (Pwin)(s,t) <0 for allt € (0,T) and s € (B(t), K\/B(t)).
Proof. We let ay and by as in (B)), take any K > 1 fulfilling

(3.73) K > V/hhR",

and use that y > 1 to pick § € (0, 1) suitably small such that
(1—9d)x }

3.74 c3:=n-q—F—=o—1p, >0.

) o= {5

It is the possible to fix By, € (0,1) such that K+/Bp, < R™ and

K2
3.75 By, <
(3.75) " = 4(ay +by)?

such that with A7 as in (837) we have

H BOn
. . = <
(3.76) oy maX{ 2K BOn} <,
and such that
Wn, a)R" 9 2 3-32

where we note that in achieving the latter we make use of our assumption that
n > 2. We finally let

(3.78) Ko = c3 KT,

and suppose that 7' > 0 and that B € C1([0,T)) is positive and nonincreasing and
such that (7)) holds.

Then B3] and [B.75]) warrant that Lemmal[BHlapplies so as to yield that A’ <0
on (0,T), and that hence by (329,

(379) % . (Pwm)(s,t) < —fB/(t) + Jl(S,t) + JQ(S,t)
for all t € (0,7) and s € (B(t), K+/B(t)), where again £ = B> and where J;

and Jy are as defined in (330) and [B31)), respectively. Now thanks to (B75) and
B2@), Lemma B0 shows that
(3.80)

A(t)gp(f)—%B(t)g > (1-8)A(t)p(&) for all t € (0,T) and s € (B(t), K\/B(t)),

whereas [B.73)) allows for invoking Lemma [3.8] to infer from B77) that

1 w? .(1 a)R™

2 _3
2 2 < '}'(2_533 "
AA)BRT(1ER 22 T A2 ) "

(3.81) ] for all t € (0,T) and s € (B(t), Kv/B(t)).

IN
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By means of [B.80), (B.81]), and the fact that § < 1, we can thus estimate J,
according to

—Ja(s,t) = nx:

Y1 B 0eE 2 (o) — £BGE)

. (1-8)A(1)p(©)

ny >
\/1+B“2 g2 ( (t)g)

(1= 9)A1)p(©)

\/1+B“2 En2A2(t

(1- ) A(t)p(€

V6 +1) - BE2(0eR-242(1)2(¢)

- 6 1 1
e

for all t € (0,T) and s € (B(t), Ky/B(t)). Since on the other hand

Y%

Y

)*(£)
)

vV

nx-

Ji(s,t) <nB"w ()¢ "w  forallt € (0,T) and s € (B(t), Kv/B(t))

due to Lemma B0, we therefore conclude from (B.79) that

(3.82)
ﬂ. wir ) (s _eR! nB—+ 1-1 (1 —5)nX. -1 -1
Ay (g (Prin(s:t) < —EB'(8) + nBmw ()8 e BT

= —¢B'(t) —esB' R ()¢
for all t € (0,T) and s € (B(t), Ky/B(t)). We finally observe that & < —%&
whenever s < K/B(t), and that hence by [B.78]),

1

()~ B TRWETH = 6 { B0 - B e |
e-{-B(0) - B @) KB
§- { - B'(t) - nnBlfi(t)}

IN

forall t € (0,T) and s € (B(t), K+/B(t)), so that (371]) and (3.82]) guarantee that
indeed the claimed inequality (B-72) holds. O

4. BLOow-UP. PROOF OF THEOREM [L.1]

Now our main result on blow-up of solutions to the original problem can be
derived by a combination of Lemma B3] with Lemma as well Lemma B.1T] and
Lemma[3.T2lin the cases n = 1 and n > 2, respectively, along with a straightforward
comparison argument.
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Proof of Theorem [L1l Thanks to our assumptions (ILI2)) and (I.I3]), depending on
whether n = 1 or n > 2 we may invoke either Lemma B.11] or Lemma [3.12] to obtain
A€ (0,1),K > 0,k, > 0, and By, € (0,1) with the respective properties listed
there. We then fix By € (0, By, such that (319), 339), and (B340) hold, and
thereafter we take some k € (0, k,,] satisfying

(4.1) K< nimx K S—
2(a>\+b>\)wnR" 1—|—K5_2ZL2
as well as
n
4.2 k< —
(42) <

In view of Lemma [B.3] Lemma B.6] Lemma B.11l and Lemma [B.12 these choices
ensure that if we let B denote the solution of
B'(t) = —kB'" = (t te(0,T
w ()= —xB#(),  te(0.D)
B(0) = By,

extended up to its extinction time T € (0, 00), that is, if we define

o %n_i 2n
(4.4) B(t) == {BO Qnt} . telo,T),
with
2
(4.5) T.=" B,
K

then the functions we,: and w;, given by BI4) and BI3) are well-defined and
satisfy

(4.6) (Pwout)(s,t) <0 for all t € (0,T) and s € (K+/B(t), R")
as well as
(4.7)  (Pwin)(s,t) <0 for all t € (0,T) and s € (0, B(t)) ), K\/B

Here in employing Lemma we make use of (L], whereas in applylng Lemma
3.6 we note that —xB1~2a () > —%Bl_%(t) for all t € (0,7) due to (£2) and the
fact that B(t) < By < 1for allt € (0,T). According to ([@6) and (1), Lemma [32]
asserts that

w(s,t) = { Win($,1) if t € [0,T) and s € [0, K+/B(t)],
7 Wout(8,1) if t € [0,T) and s € (K+/B(t), R"],
defines a function w € C([0, R"] x [0, T)) which satisfies
w(-,t) € C*([0, R\ {B(t), K\/B(t)}) foralltel0,T)

as well as
(Pw)(s,t) <0  forallte[0,T) and s € (0,R™)\ {B(t), K+/B(t)}.
Therefore, if ug satisfies (ILH]) and is such that

/ uo(x)dx > My, (r) := ww(r™,0) for all r € [0, R],
B..(0)

then the solution w of ([23)) defined through (2] satisfies
(4.8) w(s,0) > w(s,0) for all s € (0, R™),
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and furthermore it is clear that
(4.9)
w(0,t) =w(0,t) =0 and w(R",t) = w(R",t) = —  forall t € (0,T),

Wn

where T := min{Tynaz, T} In order to assert applicability of the comparison prin-
ciple from Lemma [5.1] below, we abbreviate o := 2 — = > 0 and let

t S7Y1Y2 (yO )yl
¢(57 ,y07y17y2) = n2 [ i — ny -
Y n Y2 \/1 s (yO n )

for (s,t,90,%1,%2) € G := (0, R") x (0,00) x R x (0,00) x R, so that ¢ € C(G)
with

a, 3
2 S Y1

0¢ (5.t )
S, 1, Y05 Y1, Y2 = n
Dy YOI VY + n?sy3

(4.10) > 0 forall (s,t,90,91,92) €G
and
A 523 Yo — Es

%(s t )=n" —=——+n
8y1 Y )yo,ylva \/m X ,\/1 + S*O‘(yo — %5)2
for all (s,t,y0,y1,y2) € G, as well as

X - Y1
VI+s oy — Es)2

0¢
a 87t7y07y yY2) ="
31/0( b y2)

for all (Sv ta Yo, Y1, y2) €G.
Therefore, we can estimate

3
0 @ TL2SO‘ 2 o s« _ &S 2
’—¢(Sat7y07ylay2)} S ns2 - —y23 +nX55 . _(yO n ﬂ) .
n Vi s Vit G~ E)
(411) S TLR{_? + nXR%_? for all (sﬂtvyanlay2) € G
and
o¢
(4.12) ‘6—%(5at7y0ay17y2)’ < nx|y1| for all (s,t,y0,y1,y2) € G.

Since the inequalities (10, (1)), and (12) warrant the validity of the hypothe-
ses (51D, (&3), and (B.2) of Lemma [51] as a consequence of the latter we obtain
that

w(s,t) > w(s,t) for all s € [0, R"] and t € [0, T).

As w(0,t) = w(0,t)
that for each t € (0

=0 for all ¢ € (0, T), by the mean value theorem this implies
T) we can find some 0(t) € (0, R™) with the property that

w(BO).1) _ w(BH).) _ADe() | AW, :
ws(0(t),t) = B > B0~ Bo B for all t € (0,7).
Recalling that wu(r,t) = wy(r#,t) for all r € (0,R) and ¢ € (0, Tjnas), we thereby
infer that
A(t)

sup u(r,t) > ws(0(t),t) =X == for all t € (0, 7).
re(0,R) B(t)
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In view of the fact that B(t) — 0 as t /T, and that hence A(t) — ™ ast /T
according to (0], this entails that we necessarily must have Tp,q, < T < 00, S0
that (II5) becomes a consequence of the extensibility criterion (LT). O

Proof of Proposition [L2. As a preparation for both parts of the proof, let us fix
a nonincreasing ¢ € C*°([0,00)) such that ¢ = 0 in [1,00), ¢ > 0 in [0, %], and
fol 0" "1((0)do = 1, and note that then ¢ > ¢4 := (($) throughout [0, 3].

(i) In order to construct u,, for m > 0 fulfilling (LI3)), given any such m we
pick numbers mg and m; such that 0 < my < m; < m and such that if n = 1
we moreover have mg > m,, and thereafter we choose 7y € (0, R) small enough
satisfying

camy My, (1)
(4.13) —— >14 sup o
2" nwy, g reo,r) |Br(0)]
where we rely on Theorem [[LT] in observing that the expression on the right-hand
side herein indeed is finite. Then with 0 := "5t and 6 := "L,
nTq

un(r)i=3+0-¢(=),  refoR),

0

evidently defines a positive radial function u,, € COO(Q) satisfying % =0 on 01,
and moreover our selection of ¢ warrants that

/ U = 0]Q] —|—wn9rg/w o ¢(0)do = 5|9 +my = m,
Q 0

because % > 1. Apart from that, since § > 0 we similarly see that

r

][ Upy > . /TO o ¢(0)do for all r € (0, R),
B,(0) 0

wWp ™"

so that in the case r < %‘) we can use our definition of ¢4 to estimate

T

mq oo Cc4my
][ Uy, > —H'C4/ o" 1d0—:—n’
B‘,v(o) WwnT 0 nwnro

whereas if 5 <17 < 1o, then

1 1

m 2 cqm 2 cam cym

][ Uy > ! / 0"_1C(U)da > 4 i / " ldg = 2L 5 T
B(0) 0

-_ n .
wpt™ Jo WnT 2w r™ T 2w, 1]

In view of ([@I3]), we thus conclude that

My, (1)
4.14 ][ Uy > 1+ —2= for all r € (0,79),
(4.14) B, (0) |B,-(0)] (0.r0)

while evidently

(4.15) / U, = 0| B (0)] +mq > my for all 7 € [rg, R].
B (0)

We now let & := min{1, ml‘s_)lmo} and suppose that ug satisfies (IL3]) and is such that

o — Um || L~ (@) < e. Then from [AIZ) we infer that since e <1,

My, (7‘) My, (7")
uoz][ Uy, — € > 1+ L e> o for all r € (0,r9),
]éT(O) B.(0) | B(0)] |B-(0)]
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and ({13 guarantees that
/ ug > / U, — €|Br(0)] > mq — | > mg > My, (r) for all r € [rg, R],
B (0) B (0)

since € < % and since M, is nondecreasing with M,, (R) < mg by Theorem

1
Therefore, [, (0) U0 = M, (r) for all r € [0, R], so that Theorem [[I] asserts that

indeed for any such wug the corresponding solution of (I4]) must blow up.

(ii) To verify the claimed density property, we fix an arbitrary m > 0 fulfilling
([TI13), and choose any (rk)ken C (0, R) such that 7, — 0 as k — co. Then taking
¢ as above, for each k € N the function ug defined by

r
wn(r) = wo(r) + 0 ¢(2), rel, R,
with 6 := ﬁ, evidently satisfies (LH]), and for all p € (0,1) we have

1
|lwox — u0||’£p(9) = wnﬂzr,?/ J"flcp(a)da —0 as k — oo,
0

because 0}r)» — 0 as k — oo for any such p. In view of Theorem [[T] for completing
the proof it is thus sufficient to make sure that if we fix ky € N large enough fulfilling

cqam M, (1)

4.16 ———— > sup for all & > ko,

( ) Q”HWnTZ re(0,R) |B7"(0)|

then

(4.17) / ok > My (1) for all r € [0, R] and any k > ko.
B:(0)

In fact, for any such k we may use that ug > 0 and proceed in a way quite similar
to that in part (i) to estimate

r

][ Uok > mn /Tk o 1¢(0)do for all r € (0, R),
B,.(0) WnT™ Jo
whence by (@I8),

s M
Uop > cm f o o = camn > m(r) for all r € (0, Tk
n n
B,.(0) W™ Jo nwpry | Br(0)] 2

][ Uok > m /2 0"_1C(0)d0 > cq4m > c4m _ > Mm("')
B, (0) wnt™ Jo 2nnwpr™ T 2nnwpry | Br(0)]

for all r € (%, rk>. As moreover

/ Uk > m > M, (r) for all r € [rk, R]
B-(0)

due to the monotonicity of M,, and the fact that fot o™ 1¢(0)do = 1, we thus infer
that (@I7) indeed holds. O
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5. APPENDIX: A COMPARISON LEMMA

An ingredient essential to our argument is the following variant of the parabolic
comparison principle. Since we could not find an appropriate reference precisely
covering the present situation, especially involving the present particular type of
degenerate diffusion and nonsmooth comparison functions, we include a proof for
completeness.

Lemma 5.1. Let L > 0,7 > 0,G := (0,L)x (0, T) xR x (0,00) xR, and ¢ € C}(G)
be such that

9¢
(51) a—yz(sat7y0aylay2) Z 0 fO’f’ all (Sat7y0ay17y2) € G7

that for all Ty € (0,T) and A > 0 there exists C(Tp, A) > 0 fulfilling

3]
(52) a_;:)(sat7y07y1;y2) S C(TO7A) fOT all (SvtvyanhyQ) € G7
with t € (0,Tp) and y1 € (0,A), and such that for any ty € (0,T) we have
(53) 90 (ity-y1) € LEE(0.L) X R x (0,00) x R).

oy

Suppose that w and W are two functions which belong to C*([0, L] x [0,T)) and
satisfy

(5.4) w,(s,t) >0 and w(s,t) >0 for all s € (0,L) and t € (0,T)
as well as
(5:5) w(-t) € WE((0,L)) and w(-t) € W22((0,L))  for allt € (0,T).

If moreover

(5.6) w, < (s, t,w,wg,w,s) and Wy > G(s, b, w,w,, w,S)

for allt € (0,T) and a.e. s € (0,L), further

(5.7) w(s,0) <w(s,0) for all s € (0, L),

as well as

(5.8) w(0,t) <w(0,t) and w(L,t) <w(L,t) forall te(0,T),
then

(5.9) w(s,t) <w(s,t) forall se[0,L] and te€]0,T).

Proof. We fix an arbitrary Ty € (0,T) and then obtain from (54) and the assumed
regularity properties of w and w that there exists A = A(Tp) > 0 such that
(5.10)

0<wy(s,t) <A and 0<w(s,t) <A for all s € (0,L) and ¢ € (0,Tp).

For € > 0, we then let ¢5 := C'(Tp, A) with C(Tp, A) > 0 as in (5.2)), define
(5.11) 2(s,t) := w(s,t) —w(s,t) —ee*>* for s €[0,L] and t € [0, Tp),
and claim that

(5.12) z(s,t) <0 for all s € [0, L] and t € [0, Tp).
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To verify this, supposing for contradiction that (5.12) is false, from (1) and
(E8) we would infer the existence of so € (0, L) and ¢y € (0,Tp) such that

Y ’t = at - 07
( ) (S»t)G[r(?%]XX[O,tO]Z(S ) Z(SO 0)

in particular implying that

(5.14) z¢(s0,t0) > 0

and

(5.15) zs(s0,t0) = 0.

Moreover, using (.15 we obtain that z(-,tg) € Wlicoo ((0, L)), so that we can find

anull set N C (0, L) such that zs(s,to) exists for all s € (0, L) \ N and

(5.16) zs(s,t0) = / zss(0, to)do for all s € [0, L]

S0

according to (B.I0]), where for later use we note that enlarging N if necessary we
can furthermore achieve that both inequalities in (&6l are valid at (s,ty) for all
s€(0,L)\ N. As z(-, tp) attains its maximum at so by ([@I3]), the identity (G.I6)
necessarily requires that there exists (s;)jen C (so,L) \ N such that s; “\ so as
j — oo and

(5.17) Zss(85,t0) <0 for all j € N,

for otherwise (5I6]) would imply that z4(s,to) > 0 for all s € (sp, s+) with some
S« € (80, L), which would clearly contradict (5.13]).
Now differentiating (B.I1l), in view of (5.8 and our choice of N we see that

2 = w, — Wy — 2c5eeesto

< P(s to, w, wg, we,) — @(8,tg, W, Ws, Wss) — 2csee?sto for all s € N,

so that from (B5.I7)) we infer that
wlsito) < (s to wlssto),w, (s t0), Was(s5,10))

- qb(sj,to, wW(s;, to), ws(sj,to),mss(sj,to))
(5.18) —  2csee?sto for all j € N.
Here by the mean value theorem we have
05510, 10055, o) 1, (55, 10), Tas (55, 10) )
=6 (551 to, W55, 10), Ws 55 to), Wes (55, o) )
(5.19) =& ( (sj,t0) — (8a7t0)> + A ( s(85:%0) — ms(SjJO))
with
1= [ 92 (o105, 10) + 0wl ) ~ s ) (50
Fo(w, (55, to) — Ts(55,t0)), Wes (55, to))da
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and

1

9

yi= [ D0 (a2 t0,70(sy.t0) + o {au(s o) — (5. 10)). 5. )
0 Oy

o (w, (35 t0) = W (5. 10)), D (35 t0) ) dor

for j € N. Since s; — s¢ as j — oo, by continuity of w(-,t9) and @W(-,ty) in
(0, L), by continuity and positivity of w,(-,%o) and Ws(-,tp) in (0, L), and by local
boundedness of W (-, to) in (0, L) \ N asserted by (B.H), we can find § > 0 such that

11 _ 11
8]6[67[’_6}7 M(S_ﬁto)e |:_57g:|5 T.U(Sj,t())e [_5,5}’
(-mepﬂ —(¢)epﬂ ad_(lﬂe{ll}
We(Sj5,00 757 Ws(Sj,10 ,6’ 11 Wss(Sj,10 575
for all j € N.
As a consequence of this and (B.3), there exists cg > 0 fulfilling
(5.20) Inj| < ce for all j € N.
Moreover, combining (510) with (&2]), by definition of c5 we obtain that
(5.21) €] < s for all j € N.

Collecting (B.19), (520), and (B21)) in (BI8)) we can further estimate

zie(sjt0) < cs - |w(sj to) — W(sj,to)| + c6 - [w,(s5,t0) — Ws(s;, to)| — 2571

for all j € N.
Thanks to the fact that both w and w belong to C'((0,L) x (0,Tp)), we may
take j — oo here to see that

Zt(So,to) S Cs * |Q(So,t0) — E(So,to)‘ +cg - |ws(50,t0) — US(SO,tQN — 20566205t0.

Now observing that w(sg, tg) — W(so,tp) = 2% by ([B.13), and that w,(se,to) —
Ws(s0,t0) = 0 by (B.I5), as a consequence of (5.14]) we infer that

0 < z:(80,to) < csee?@sto — 2czee?esto < (),

This absurd conclusion shows that actually (BI2]) indeed holds, so that on letting
e \(0 and then Ty /T we end up with (E9). O
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