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Abstract. We discuss the existence of the blow-up solution for some
nonlinear parabolic system called attractive drift-diffusion equation in
two space dimensions. We show that if the initial data satisfies a thresh-
old condition, the corresponding solution blows up in a finite time. This
is a system case for the blow-up result of the chemotactic equation proved
by Nagai [28] and Nagai-Senba-Suzuki [30] and gravitational interaction
of particles by Biler-Nadzieja [7], [8].

1. INTRODUCTION

As a model of self interacting particles, the drift-diffusion equation with
attractive sign has been considered. In connection with the result of the
Keller-Segel equation appearing in the chemotactic theory, the following
equation is expected to show the instability of a solution, namely a finite
time blow-up of solution:

on — An + V(nVy) =0, t>0,z R
Op — Ap — V(pV) =0, t>0,z R,
—AYp=alp—n)+g, xR «o==I1,
n(0,z) =no(z),  p(0,z) = po(x),
where n(t, ) and p(t, z) denote the particle density of negative and positive

electric charge, g(z) is the background charge density and v denotes their
electric potential.

(1.1)

Accepted for publication: May 2002.
AMS Subject Classifications: 35K15, 35K55, 35Q60; 78A35.
427



428 MASAKI KUROKIBA AND TAKAYOSHI OGAWA

In our previous work [23], we have shown the local and global well-
posedness for the drift-diffusion equation in LP when o = 1 with given
functions f and g,

on — An+V(nVy) = f, t>0,zeR",
op — Ap — V(pV) = f, t>0,x R,
-AYp=p—n—g, z€R"

n(0,z) =no(z),  p(0,z) =po(x).

The above equation (a = 1) is the typical and simplest model for the semi-
conductor device simulation ([4] [11], [12], [14], [15], [20], [23], [24], [32]). On
the other hand, when a = —1 and n = 2, the equation is strongly relevant to
the model of self-interacting particles with different mass (see Biler-Nadzieja
[8], see also [3], [6]) and the model of the aggregation of mold. In view of the
recent mathematical results on the Keller-Segel system [22], it is suggested
that the solution that has a proper regularity (and integrability) may have
an instability of the solution, namely under a certain condition on the initial
data, the solution may blow up in a finite time. In the case of a single kind
of self-interacting particles, it is also shown that the solution blows up in a
finite time as one can find in [3], [6]. This property is naturally inherited
to the system (1.1). The argument in the Keller-Segel model (cf. (1.10)
below) systematically used that the solution is in L'(R?) ([25], [27], [28]),
moreover if the solution is non-negative, ||n(t)||; and ||p(¢)||1 are preserved in
time. To show the blow-up result for (1.1), we should consider the solution
belonging to L!(R?). However, it is not quite obvious to find the solution in
the space L!'(R?) since the equation involves the singular integral operator
and unfortunately, our previous result [23] (based on the method in [16] and
[19]) does not cover the existence result in L'(R™). To avoid this difficulty,
we introduce the weighted L? space which is defined as follows. For s > 0,

LY(R?) = {f € Lioe(R?); (2)°f(x) € L*(R?)},

where (-) = (1+]-|%)'/2. Noting that L?(R?) C L'(R?) if s > 1 (see Lemma
2.1 in Section 2), we first show the existence and uniqueness of the solution
of the two dimensional drift-diffusion type system in a subset of L!(R?).

(1.2)

Theorem 1.1. (Local well-posedness) For any s > 1, let
(no,po) € LA(R?) x L2(R?) and V(-A)"'g € L>(R?).

Then there exists T = T(||nol|z2, [[pollz2) > 0 and a unique solution (n,p)
of (1.1) with the initial data (no,po) such that n,p € C([0,T); L3(R?)) N
L2(0,T; HY(R?)) N C1((0,7); L?>(R?)) N C((0,T); H%*(R?)). Moreover the
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solution is continuously dependent on the initial data. Furthermore, if the
mazimum existence time of the solution is finite, i.e., T, < oo, then we have

IOl 22y, [P@)]L2(R2) — 00, ast — T, (1.3)
Theorem 1.1 is shown by considering the equation for v(¢,z) = n(t,x) +
p(t,x) and w(t,z) = n(t,z) — p(t,z) which is as follows;
O — Av + V(wV) =0, t>0,z € R?,
Ow — Aw + V(vVe) = 0, t>0,z € R?,
~AY=—aw+g, z€R?
v(0,2) = po(z) + no(z),  w(0,2) = no(x) — po(),

provided (n,p) is the solution to (1.1).

The solution obtained in Theorem 1.1 belongs to L!(R?) and hence it
follows that the solution maintains some conservation laws and meaningful
identities. First of all, if the initial data is non-negative, then the maximum
principle for the parabolic equation assures that a weak solution preserves
non-negative structure. This fact immediately gives the L!(R?) conservation
laws for the weak solution:

Proposition 1.2. (Positivity and L' preserving) Suppose that the initial
data of (1.1) satisfies n(0,x) > 0, p(0,z) > 0. Then for any solution in
C([0,7); C*(R?)) x C([0,T); C*(R?)), we have

n(t,x) >0, p(t,z)>0 (1.5)
and if moreover ng, po € L*(R?), we have
(@)l = linolls,  Ilp()]l = llpoll:-

Second, we can find the inequality related to the entropy and the energy
as follows:

Proposition 1.3. (A priori estimate) Let (n,p) be a smooth solution to (1.1)
in L?(R?) N Llog L(R?). Then
(1) If we set
V() E/ (1+ n(t)log (1 + n(t)) dz
R2

+ [ p)log (L4 ple) da+ SV (10
RQ

Then it holds that

v+ [ [ )19 os(1-+ ) = V(o)) P
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+ /R2P(T)|V(10g(1 +p(7))) + V(7)) |*de|dr < CV(0)e'.  (1.7)

(2) Similarly, we have
t
In(@&)l3 + lp(t) 13 + 2/0 {IVa()ll5 + [IVp(r) |3} dr (1.8)

! “/o /RJ”(T) + (7)) n(7) = p()Pddr < ((|noll3 + l[po 3™

According to those a priori estimates, we have a global existence result
(cf. [23]) for a positive solution to the system (1.2) with any data if o = 1.

Proposition 1.4. (Global existence) Assume that ny and pg are nonnegative
in L2(R?) with s > 1. If a = 1, then the corresponding solution (n,p)
obtained by Theorem 1.1, globally exists.

In view of the results for the Keller-Segel model and self-interacting parti-
cles [7], [8], it is possible to show that when o = —1, for some small constant
Co > 0 and the initial data satisfies

[noll1 + [lpolls < Co,

the corresponding solution exists globally in time. We will show this else-
where [29)].

On the other hand, when o = —1 and the data is large enough, then the
solution to (1.1) possibly blows up in a finite time. More specifically we have
the following blow-up criterion.

Theorem 1.5. (Finite time blow-up) For s > 1, let ng and po be in L2(R?)
with ng, po > 0 everywhere and satisfies

(Jiz(m0 = po)dz)®
Jg2(no + po)da
Then the solution to (1.1) with a = —1 and g = 0 blows up in a finite time.

> 8. (1.9)

Remark. Theorem 1.5 states that if the difference of the total density of
no and pg is large enough, then the finite time blow-up occurs. Here the
finite time blow-up stands for (1.3) in the local well posedness result. We
expect that if the data satisfies the counter assumption, then the solution
exists globally.

The drift-diffusion system equation has a strong analogy to the model of
chemotactic attraction. The dynamics of the density of mucus is governed
by the following system of parabolic equations called the Keller-Segel system
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(see Keller-Segel [22], Herrero-Velazquez [17],[18], Nagai [25], Nagai-Senba-
Yoshida [31], Nagai-Senba-Suzuki [30] and Senba-Suzuki [37]),

Ou — vAu + xV(uViy) =0, t>0,z€QcCR?
wory — vAY + v = au, t>0,x €9,

U(O,ZL‘) = UO(.%'), ¢(0>$) = ¢0(x),

g—z = % =0, x € 01,

(1.10)

where u, v, x, v, a are positive constants. When the parameter 4 = 0, the sys-
tem is elliptic-parabolic and very close looking to the drift-diffusion model.
It is known that the existence of the blow-up solution corresponding to the
concentration of mucus has been proved (Herrero-Veldzquez [17], [18], Nagai
[25]). However the appearance of positive constant 7y > 0 makes the L! local
well-posedness for (1.10) rather easier since it does not involve the singular
integral operator. On the other hand for the global existence, it is observed
that the solution blows up in a finite time in the case p > 0.

Theorem 1.5 shows that if the difference of the densities of initial data ng
and pg are sufficiently large compare to the total density, then the solution
cannot exists globally in time. Our result is an extension to the result on the
equation of self-interacting particles. Biler-Nadzieja [7], [8], Biler-Hilhorst-
Nadzieja [6] and Biler [3] showed that the solution of

ou — Au+ V(uVy) =0, t>0,z €,
—AYp=u, ze€Q, (1.11)
u(0,z) = up(x), t=0, % =0 on 01,

blows up in a finite time provided the initial data satisfies a sufficient con-
dition and 2 is either ball or radially symmetric. If we set either ng = 0 or
po = 0, then the condition (1.9) implies the L' of either of those initial data
should be larger than 87. This is also corresponding to the result for the
model of chemotaxis.

To show the blow up of the solution, it is sufficient to derive a contradiction
with all time existence since if the maximal existence time T, is finite, then
the solution must satisfy

[7(8)lloe — 00, [Ip(#)]lc0 — 00 (1.12)

as t — Ty,. To show this result, we follow the argument found in Nagai [28]
and Biler-Nadzieja [8] (see also Biler-Hilhorst-Nadzieja [6] and Biler [3]). We
consider the equivalent system; we let v(t) = n(t)+p(t) and w(t) = n(t)—p(t)
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then (v, w) solves

0w — Av + V(wVey) = 0, t>0,z €R?,
Orw — Aw + V(vVy) = 0, t>0,z€R?
—AYp=w, z€R?
v(0,x) = no(z) + po(z), v(0,2) = no(z) — po(z).

Then we show that the second order localized moment of v, namely
/ O (x)v(t, z)dr,
R2

where ®(z) ~ |z|? around |z| ~ 0 and |®(z)| < C satisfies some differential
inequality. This differential inequality shows that the moment reaches zero
in a finite time. This contradicts the fact that the solution preserves the
positivity and hence the moment itself, provided the initial data is nonneg-
ative.

(1.13)

2. PRELIMINARY LEMMAS

Before proving the existence theorem, we show the auxiliary inequalities
which will be used in the following sections.

Lemma 2.1. For s > 1 and f € L*(R?) N L2(R?), there exists a constant
C = C(s) > 0 such that

11l < ClEls Nl £l (2.1)

Proof. It suffices to show the lemma for f € C§°(R?). For R > 0, we have
by the Holder inequality that

[ r@lde= [ \p@ldet [ s 2.2)

Br(0) B (0)

<l wepa) e ([ ) ([ el spe)”

2T \1/2 51 g2

c
R

<7 2R| fll2 + (

By choosing R = (%)1/5, we conclude that

1-1 s s
Iflle < Cllflly =Ml fllz. O

The following Sobolev type inequality is a variant of the Brezis-Gallouet
inequality [9].
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Lemma 2.2. For f € HY(R?) N L' (R?), we have

_ IV £ll2 + £l y /2
IV(=8)"flloo < Cllfla{ log (e + 52 0 23)
Especially,
IV(=2)" Flloo < C {1+ £l Qog (19 F 1 + 1712} (24)

Remark. If we apply the original Brezis-Gallouet inequality to V(—A)"1f €
H'(R?), we have

V(=2 lloe < (14 [9(=2)"Fll2 + | 12 Qog(e + [ V) 2) .
However, simple use of the Sobolev inequality ||glla < C||Vgl|/1 does not
imply the inequality (2.3).

Proof of Lemma 2.2. Let ng(R") be the homogeneous Besov space
defined by the following norm;

o o - 1/o
(> 2™l flg) ", 10 <o,

||f||Bg,a(Rn) = j:—?so
sup 27°(| o * f1lp, 0 = 00,
jeEN

where {¢;} en is the Littlewood-Paley dyadic decomposition of unity such
that 3;(€) = G(277[¢]) with

£) = smooth, positive, & € Bg\ Bl/g,
o, ¢ € B§U DB,

and >,y $;(€) = 1 (€ # 0) (see for the details, Bergh-Lofstrom [1] and
Triebel [39]). Let ¢(z) be a smooth function such that

ey - 4L lEl= 12
M_{o €1>1

and set @(ﬁ) = 12(5/23'). Then by the L'-L° boundedness of the inverse
Fourier transform, we have

i3 H1 <C e a5

€2 Byom €]

<Cllfle [ lel 7t < C2 Mgl — 0
M

2—

Io-r % ¥ (=28) 7 Flloo < €6
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as M — oo. Hence, for sufficiently large M, we have
s % V(=A)" oo < 11155
and it suffices to estimate

Y ¢ x V(=)'

jz-M

By the inequality shown by Ogawa-Taniuchi [33], we have

9l 52 + llgll go 1/2
2.2 2,oo>} (2.6)

lgllzn | < Clglly, { 10g (e +
B B 9l 5,

for g € 3372 N ngo‘ For the lemma we apply the above inequality to
V(-A)~1f. We have HV(—A)_IJCHB%2 < C||f||2 and since n = 2 and

IV(-8)" gy < IV lg <l - @D

Note that the above inequality holds for the singular integral operator, since
we employ the homogeneous Besov norm. By (2.7) and Lemma 2.1 and

165 = fll1 < C(D)I f]1,

19(=2)" Floo < Ibmar * V(=2) " Flloo + 3 165 V(=2)" ]l
j=—M
IV Allz + IVA(=2)" fllgo 172
< O fl2{ log (e + e, =1}

195l + Hf”ggm)}m

1£1l2
VA2 £ [1f 1y /2
£l >} '

The inequality (2.4) can be obtained by a simple modification of (2.3). O

< O fll2{ 1og (e +

< O fll2{ 1og (e +

3. PROOF OF EXISTENCE

Proof of Theorem 1.1. Let s > 1. For the given initial data (ug,vy) €
L% x L%, we choose M? = 4([|(z)*uo|3 + [[{x)*vol13) V (Il/ 11721, 12) + G?) and
G = |[V(—=A)7'g|ls- The solution can be constructed in the complete metric
space

Xr = {(¢:¥) € {C([0.1): L2) N L2, T: B }; ol + Ielk < M2},
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where
v ;
lollx = ( sup (||d>(t)\|§+|||$|sd>(t)\|§)+/ (chﬁ(T)H%JrH!$|SV¢(T)||3)dT> :
t€(0,T) 0

For w € X, define a map ® : & — v, ¥ : & — w such that (v, w) solve the
following linearized system:
O — Av + V(wV) =0, t>0,z € R?,
Ohw — Aw + V(vVh) = 0, t>0,2€R?,
—AY=—o+g, z€cR? (3.1)

v(0,z) = vo(x) = po(z) + no(x),

w(0,z) = wo(z) = no(z) — po(x).

P

\

The following proposition shows that the map (®, ¥) is a contraction in Xrp.

Proposition 3.1. Under the same condition as Theorem 1.1, there exist a
small constant T > 0 and (u,v) € X such that

[@(@)lx + 1% (@)lx < M, (3.2)
[ (1) = @(w2)llx + [[¥(@1) = W(w2)]lx < %\Hﬂh — Wy x. (3-3)

Proof of Proposition 3.1. Let w € X1 and we construct a solution to the
following linearized parabolic system:

O — Av + V(wV (=A) " (—aib + g))
Ow — Aw + V(wV(=A) "t (—aw + g))
v(0,z) = vo(x), w(0,z) = wo(x).

=0, t>0,z € R?,
=0, t>0,z € R% (3.4)
The existence of a smooth solution of the above system is well known. Now

by multiplying the first equation of (1.4) by v and integrating by parts, we
have

%%\Iv(t)\§+|!VU(t)|!§—/IR2 w(t)Vu(t)-V(=A)"} (~ad(t)+g)dz = 0. (3.5)
Similarly,
%%Ilw(t)l\% + [V (t)]3 - /R v(t)V(t) - V(=A) " (—ab(t) + g)dz =

(3.6)
Adding (3.5) to (3.6) and integrating it over [0,7], we have

()13 + (@) + 2/0 {IVo()3 + [Vw(r) 3} dr (3.7)
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= Il + ol +2 [ [ V0 V(-a) @i(r) - g)dadr

By Lemma 2.1 and the Brezis-Gallouet type inequality (2.4) in Lemma 2.2,

‘ - V(vw) - V(=A) " (o + g)d:n) (3.8)
< (IVollalfwllz + [Vwll2llv]l2) (IV(=A) " Dllec + [V (=A) " gllo)

< C(IVollallwlls + IVeolls]e]2)
x (1+ @2/ 10g(e + [V alls + [{2) @) + G)

For some constant C' > 0, we note that /log(z + e) < C(1+z'/2), we have,
t
o113 + llw®)]3 + 2/0 (Vo013 + IVw(7)[3) dr < |Jvol3 + [lwoll3

+C(1+G) sup ([[o(r)]|2 + IIw(T)Hz)/ (IVo(T)ll2 + [[Vw(T)[]2) dr
7€[0,T] 0

+C sup (Jlo(7)ll2 + lw(T)]l2) (3.9)
T€[0,T)

< [ Avola + IVl il (IVa()15? + @) o13?) dr

<|Jvol|3 + [Jwoll3

T
+C(1+G) sup (||v(¢)||2+||w(7)\|2)/0 (IVo(r)ll2 + [IVw(r)ll2) dr

T€[0,T]

+CM sup ([[v(7)]l2 + [[w(7)]2)
T€[0,T]

<(/ " (vemid + vunid) ar) / " (v a)IB + ey al) dr)
<leoll3 + ol

+eC((1+G)* + (L+T?)M?) :}épﬂ(llvh)llé + lw(r)I3)

T
ST +T) [ (Ve + V()] dr

Without loosing generality, we may assume that 7" < 1. Then choose € > 0
small such that

eC((1+G)? +2M3) <
then we take T < 1 small such that
eI+ T3 <1 (3.11)

, (3.10)

DN =
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if necessary. Then we conclude that
2 2 g 2 2
sup{[lu(®)lf2 + [lw(®)l2} +/0 (VoI5 + [Vw()|3) dr

1
< 2([[vol3 + llwol3) < M. (3.12)

Next we derive the weighted estimates. Multiplying the first equation of (1.4)
by |z|?*v and integrating by parts, we have by setting ¢ = (—=A)™!(—aw+g),

1d, ; -
5 g 1zl + ] Vv(t)\ng?S/ [2]** 7% - Vo(t)u(t)dz (3.13)
R2
- 25w (t)Vu(t) - Vap(t)dx — 2s |25 2w(t)v(t)z - Vip(t)dz = 0.
R2 R2
Similarly,
1

d S S S—
3l 0O + e VoI +25 [ |20 Vou(de  (314)

- 2% (t)Vw(t) - Vi (t)da — 23/ |22~ 2w(t)v(t)z - Vb (t)dx = 0.
R? R?

Summing up (3.13) and (3.14)
1d
2dt
~ s / 222 . V(02(t) + 0 (t))da (3.15)

R2

{lz o3 + [l *w @13} + Vo) 13 + [z * V(@3

+ /]1{2 2|2V (vw) (t) - V(=A) Y —ab(t) 4 g)dz
s /R e 2u(tyw(t)e - V(- )" (~aw(t) + g)dx = T+ T+ IT1.
The first term on the right hand side of (3.15) is bounded as follows:
1=C [ P03 + u?)da

< Ol + lw®I3) + (lzlPo @13 + [[lz[*w®)]3)-
And also
T+ ITI| < ([[lzlv(@) |2l |lz*Vw(®)]l2 + [z w®)[|2]l|z]*Vo(t)l|2)
X (IV(=2) "0 ()]l oo + [IV(=2) " glloo)
+ [[lzl*o @) 2ll|2z]* w@) 2 (IV(=A) ") [0 + IV (=2) " gll)
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< (HI:vlsv(t)HQIIIxPVw(t)Hz + [llzlPw(®)|2ll[z]*Vo(t)ll2
+ HImlsv(t)llzllIm\s‘lw(t)llz)

x (1+ @) |2/ log(e + [Va@]2 + [ @®)]2) + G)

Thus, we have

H\xlsv(t)H%JrHlx!Sw(t>H§+2/o{\Hw!SW(T)H%Jr\HHJISVw(T)H%}dT (3.16)

< fllzl*voll3 + lllz|*wol3 + CTtSEEI)pT}(Mz + el o115 + Iz w(®)]13)
€|0,

+2 [ (el o) ol ol Vo) + el () el laf To(o)l
+ el o() ol w(r)]l2)

x (14 G + |l ]l2v/log(e + VO (D)2 + [{@) 6 (7)]2) ) dr.

We continue the estimates as in (3.9), then

|||93|5v(t)||§+|||1‘|Sw(t)||§+2/0{IIIJJISVU(T)IngrIH:BISVw(T)H%}dT (3.17)

< llel*voll3 + Il2*wol3 + CT(M? + [||z[v(&)]13 + [l|2[*w(t)]3)
+eC((1+G)? +2M°) e (MalPo ()13 + [l2*o(r)]3)
T€|0,

t
+ (T /0 (el Vu(r)ll2 + lllal* V(7)) dr.

Again by choosing £ > 0 and T as in (3.10) and (3.11) with CT(1+ M) < &,
we have

T
oI5 + llz w3 + 2/0 {llz[*Vo@®l3 + [l Vw(®)lI3}dt < M.

(3.18)
Combining (3.12) and (3.18), we obtain (3.2).

Next for w1 and Wy, we consider the solution of equations with @ = w;
in (1.4). Let (v;,w;) (i = 1,2) be the pair of the corresponding solution.
We define the differences V(t) = vy (t) — va(t), W(t) = wy(t) — we(t) and
W (t) = 1 (t) — w2 (t). Then by a similar argument as in (3.8),

%{HV(t)H% W@+ 2VV I3 + YW @) (3.19)
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</, VVIV)(t) - V(=A) " (—aiin (t) + g)da

+/ (wa(H)VV () + va() VW (1)) - V(=A) W (t)dz = I, (t) + Ix(t).
R2
The nonlinear term can be dominated in a similar way. Noting that v/logz <

(67! + &x) for any small £ > 0 and Lemma 2.2 (2.4), we have for the time
integral of the right hand side in (3.19):

[ s < [ | [ 90w 9-a) (o) - g)do]dr
0 0 R2
S/O IVEIVW )z + WD) 2IVV(T)]]2)

% (IV(=A) "Y1 () oo + G) dr

<C sup (HV(t)H2+HW(t)H2)/ (IVW(T)[l2 + [[VV(7)]]2)
t€[0,T] 0

x (1+ [ @ll2v/log (e + [V (T)l2 + [(@)an (7)) + G ) dr
<C sup (V)2 + W (D)]2)

te[0,T

x {(1 +EM46) [ ITWEla+ 19V ()l d

t
+ 5M/0 VW ()ll2 + IVV(D)ll2) (V@1 (T)ll2 + H(x>sw1(7)llz)d7}-
By Young’s inequality, it follows for small €1 > 0,

[ niar] < e s (V@I + W) (3.20)

p

€[0,7)
t

(45 M 4 Q)T / (VW @)2 + 1YV () 2) dr
0

+61_15(M+TM)/0 (VW (I3 + IVV(7)]3) dr

and from (2.3), for 2 > 0,

| [ 0] <€ [ (sl V@l + ool VW ) )
0 0

~ ITW ()l + ) W ()2
x |rw<r>||2\/log (c+ s at
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(by noting log(e 4+ z) < (671 + &x)?)

<FloM /0 IVl + VW (0)ll2) [W (7)o

+ 5CM/O UIVVT)llz + IVW(T)]2) (HVW(T)Hz + |!($>SW(T)|!2) dr

1/2

t
< g*chTWts[%pT} W (@)]l2 (/O (IVV@I3 + VW ()]3) dt)
e b

<& 'CeM*TY? sup |[W(t)3
t€[0,T]
2 [* 7 2 7 2
oM /0 (I9 ()13 + 1) W (r)]3) . (3.21)
Gathering (3.20) and (3.21) we have by integrating (3.19) over [0, 7] that

T
sup (I!V(t)||§+||W(t)H§)+2/ (IVV @5+ VW (@)]13) dt
te[0,T] 0

< Cer sup ([V@)IE+ W (©®)]3)

t€[0,T]

+ (1 +& "M+ @)y ' T+ EM(L+T)er ) /T (IVW ()15 + IVV(#)]3) dt
0

T
+EIOMATE sup WO +2CM? [ (WO + 1) W(0)]3) .
te[0,7 0

Then choosing €1, 2 and € small such that Cs1 < %, 25M€f1 < %, ECM? <
1

33, and taking 7" small enough such that

1 1
(146 M +G)e'T < 5 oM TY? < 35"
we conclude that

T
sup (IIV(t)II§+||W(t)H§)+/ (IVVOIE+ VW @)3) dt - (3.22)
te[0,T) 0

1 - o5 t -
< 15 ( s (VIR + 1@ W OI) + [ 19773
6 \icpo1 0
Similarly, to (3.5) and (3.22), we have
1d

5 77 Ul VO3 + 2" W O3} + YV O3 + ll2" VW @)13
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= 252/ |27 2(V?2 + W?)dx
R2

iy 2| (W () VV () + W) VW () - V(=A) " (—aby(t) + g)dz

+4s/ 22 2W()V (8)x - V(=A) " H(—a (t) + g)dx
R2
+ oz/RQ 2|2 (wo (£)VV () + v () VIV (1)) - V(=A) "W (t)dx:
+ 2sa /]R2 122572 (wa () V () + va ()W (£))x - V(—=A) " W (t)d.
By a similar argument, we have
%{Illl‘lsV(t)II% =W @13} + 20 |2PVV 3 + [l VW13 (3.23)
< 4s” (|l VO3 + e~ W @©)13) + 2(IHZUISV(t)||2H!:BISVW(t)!b
+ e PW @) ll2ll 2"V (#)|2 +48/ \fvlzs_QxV(t)W(t)div)
< (19(-2) 010 + 6) + 2( [ P lua) TV (D) + eal) VIV (1) d

+ 28/ 2|22 | zwo (1) V + xvg(t)W(t)]da:) HV(—A)AW(t)HOO

= Ji(t) + Jo(t) + J3(2).

Integrating over [0,7] we see from (3.23) and (3.22) that for small &1 > 0,
€g > 0and € > 0,

T
/ Ji(t)dt < Cey sup (|lz*V(&)]5 + |lz[* W (t)]3) (3.24)
0 t€(0,7]

T
rat [V + W I @

< Cey S (=P V @13 + 2" W B)113) + e TIW I,
€|0,

T T
/0 Jo(t)dt < /0 (VO 22T W 0 2 + e W@l 21TV ()]s

+8lll2 "V @) 2l W (@)]]2) (3.25)
x (Hﬁn(t)llz\/bg <e+ [V (£)ll2 + H<:c>sw1(t)H2> 4G

@1 () ]l2
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< Cey sup ([[[z*V(&)[3 + [[[«]*W (1)]I3)
te(0,7)

T
+ 06215_1M2T/0 (M"Y W B3 + lll2[*VV (£)]13) dt

T
+ CM€515/0 (=YW @13 + lll=*VV (1)]3) dt.

T
/ J3(t)dt < Cez sup ([[[z"V(B)[I3 + [[l=["W (1)]13) (3.26)
0 te[0,T]

T
b Cese'M / (NS W @I + 2V ()3) de

T

e swp (IW @B+ Nl W) + 2 [ I9W (o3
te[0,7) 0

Now choosing €1, €9, €3, € and T properly small, it follows from (3.23), (3.24)

and (3.26) that

T
sup (leSV(t)H%JrHISUISW(L‘)H%)+/O (N2 V O3 + lll2[* VW (£)]13) dt

tel0,T
1 ~ ~ t -

<3 (swp (IW @B+ Nl W@ ) + [ IV @) Bar). (3.27)
16 \ 4ef0,1 0

Thus, combining (3.22) and (3.27), we proved the second desired estimate
(3.3). 0

Proof of Theorem 1.1, concluded. By Proposition 3.1, it follows that
the solution map ® x ¥;w — (v, w) is a contraction mapping from Xr to
X7. Therefore, the Banach fixed point theorem yields that there exists a
unique solution of (v,w) = (®(w), ¥(w)). From the formulation (3.1), this
is a unique weak solution to (1.4). Standard parabolic regularity argument
gives that the solution becomes regular after ¢ > 0. The continuous depen-
dence on the initial data and blowing up of solution as t — T, if T}, < oo
naturally follows the properties of the map (®, ¥). This completes the proof
of Theorem 1.1. O

Here we give the proof of the a priori estimates.

Proof of Proposition 1.3. (1) Multiplying the equations in (1.13) by
log(1 +n(t)) and log(1 + p(t)) respectively, integrating by parts, we have

4 (14+n(t))log (1 +n(t))dx +/ L

t) + 1)2d
dt Jo R21+nlv(n()+ )|dx
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— V(t) - Vn(t)dx + / Vi - Viog(1l +n)dx =0, (3.28)
R2 R2
G L0 pos i p) o+ [ V(0 + )P

+ [ o) - Vpt)de - / Vab(t) - Viog(1 + p(t))dz = 0
]R2 ]RQ
and

( V(1) /vn V(t dm+/ Vp(t) - Vi (t)dr  (3.29)
*/Rz”( IVePds+ [ plol Vo Pds o

Gathering (3.28) and (3.29),

d
%{ /Rz(l +n(t))log (1 +n(t)) dr + /R2(1 + p(t)) log (1 + p(t)) dx

+2IvemlR) + /R (n(t) + DIV (og(1 +n(0))) - Vo () d
+/ (p(t) + 1)V (log(1 + p())) + V(1)) de

_2/ |Va(t |dm+/ Vi (t) - (V1og(1 + n(t)) — log(1 + p(t))) = 0.

Thus, we have shown that the smooth L! solution (n,p) satisfies
V(t) = / (14 n(t))log (1 +n(t))dx + / (14 p(t))log(1 + p(t))dx
R2 R2
o
+ 5va(t>u%,

/ DIV (log(1 + n(t))) — Vi(t)) Pda

/ )|V (log(1 + p(t))) + V(1)) |?dz < V(1) (3.30)

and hence

/ / 7)|V(log(1 + n(7))) — V(1)) dz (3.31)

/ )|V (log(1 + p(7))) + V(7)) 2dz |dr < CV(0)el.
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(2) The energy estimate follows from the standard argument by integra-
tion by parts. O

Proof of Proposition 1.4. By the weak maximum principle, the local
solution obtained in Theorem 1.1 is positive for all times, i.e., n(¢t,z) > 0
and p(t,z) > 0.

The case a = 1. By the a priori estimate, we have

t
In()1Z + ||p(1t)||3+2/0 {Ivn@®)3 + IVp®)[3}dr < (lInoll3 + [lpol3)e“” .

(3.32)
Also similar to the estimate (3.15), we have
1 d S S S S
5 g Ul o @13 + llzlw®I3} + 2" Ve@)3 + lll2]"Vw (b3
= 28/ |22z (v?(t) + wi(t))dx (3.33)
R2

—a/ |x]2sv(t)w2(t)dx—l—/ |z 2 v(t)w(t)gdx
R2 R2
< lzl*vll3 + llz[*wl3 + llglloolllz*vlla]ll[*w(t)]|2.

Combining (3.32) and (3.33), we have the a priori estimate and the solution
cannot blow up in a finite time. This concludes the theorem. ]

Remark. When o = —1, by the same argument found in the literature, it is
possible to show that the solution can be continued globally in time. In fact,
we expect the counter assumption of the blow-up holds, then the solution
can be continued globally. We refer to same analogous result for the slightly
different system in [26], [27] and [8].

4. ESTIMATE FOR THE LOCAL MOMENT

We define the localized weight function. Let ¢(r) be a smooth function
such that

r2, if0<r<1,
dr)=<2—(r—2)2, if1<r<2, (4.1)
2, if 2<r.

Setting ®(z) = ¢(|z|), we see that |[V®| < 2(®(z))"/2, A® < 4 and support
of V& and A® are in By. Here and hereafter, B, denotes the open disk
centered at the origin with radius > 0. The following lemma is used in [34]
and [28].
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Lemma 4.1. We have for (z,y) € By x By,
(Va(r) - V() - VG —y) = =, (42)
and for (z,y) € (B1 x By)¢,
(Ve(z) = VO(y)) - VG(z —y) <

3=

. (4.3)

Proof of Lemma 4.1. We follow the argument of [28]. It is easy to see

that (4.2) holds, since V®(z) = 2z on B; and
1 z—y
To obtain (4.3), it suffices to show that for (x,y) € (B1 x B1)¢,

(Ve(z) — V() - (y — z) < 2z —y|*. (4.4)

For (x,y) € By x (B2 \ B1), using (4.4) and

22y =) = (2 — [of2) — o — o2
{ 2y - (y —x) = (|y|2 _ ’x‘Z) — |z + y|2 (4.5)

and noting |y| — 1 < |y| — |z| < |y — x|, we have
{VO(x) = Vo)) - (y = @) = {20 =22 = lyl); 1} (v =)

]
2yl o) e 2l N ey
< 2 gy - {7@, 2}ry 2 < 2ly - af?.

For (z,y) € (R?\ Bs) x By, noting |z — y| > 1, we have
{(Vo(z) = Ve(y)} - (y —2) = 22 (y — z) < 2zfjz —y
2|z|
<
[z =yl
For (z,y) € (B2 \ By) X (B2 \ B1), by (4.1) and (4.5), we have

(V(e) - Vo) - (- a) = {2 oty - o))

< {M]y—xP _ (M —2>\x—y\2} = Z‘m—y‘Q.

For (z,y) € (B2 \ B1) x (R?\ By), since |y| > 2, we have
{Vo(x) - VOW)}) - (y — ) = 22 — |a])r -

< 2(ly| — |z)ly — 2| < 2ly — =]

ly—z* < 2ly— 2.

2z - (y —x) —

2] (y—x)
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For (z,y) € (R?\ Bs) x (R?\ Bs), since V®(x) = V&(y) = 0, we have (4.4).
Other cases are reduced to the cases above, since
{Ve(z) - Ve(y)}- (y —z) ={Ve(y) - VO(2)} - (z —y).
Hence, we have completed the proof of Lemma 2.1. [l
The following lemma is a key tool which is essentially due to Nagai [28]

(see also Nagai-Senba-Suzuki [30]).

Lemma 4.2. Let (v,w) be a smooth nonnegative L' solution to (1.13). Then
the inequality

d O(x)v(t, z)dr < 4/ v(t, z)dx — i(/RQ w(t,a:)d:n)2 (4.6)

% R2 R2 2T
1/2
(ol [ S@potta)do+ Cololh)( [ | B@)ott,a)do)
R2 R2
holds for some positive constants C1 and Cy depending only on ||vg]|1.

Proof of Lemma 4.2. Without loosing the generality, we may assume that
(v,w) is a smooth solution of (1.13) belonging to L!(R?). The general case
can be shown by the approximation argument and the well-posedness of the
solution in Theorem 1.1. Multiply the first equation of (1.13) by ®(z)v(x)
and integrate by parts, we have

L /

dt Jao - v(t,x)A@(:v)d:n—i—/ w(t,z)Vy(t,z) - V(z)dz.

2
. (4.7)
Since A®(z) < 4, the first term of the right hand side is bounded by
4 [2v(t, x)dz. Let G(x —y) be the fundamental solution of —A in R?. Then
1) can be expressed as

P(z) = - G(z —y)w(t,y)dy.

Then noting that the support of V@ is restricted in By \ By and n = 1 on
this support, the second term in (4.7),

/B w(t,z)Vi(t,z) - VO(x)dx
= / w(t, x)Vw< G(z — y)w(t, y)dy) -V®(z)dx (4.8)
By Bs

+ /32 w(t,a:)vx< . Gz — y)w(t,y)dy> VO(z)dr = I + 11.
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T o //B xB \a: - yP - Ve(z)w(t, 2)w(t, y)dedy
(since V®(z) =0 on B3\ By ) (4.9)

Rz //B B |9:—y|2 - Ve(2)w(t, z)w(t, y)dwdy
3X D3

(here the each integration region is corresponding to the order of integration
variable dzdy).

Observing the symmetry properties of the integral kernel and the inte-
grant, the first term I can be expressed as

-/ e (98() ~ V)t y)dady

2m // w(t, z)w(t,y)dzdy (4.10)
B1x B,
dr / / (Bo\Ba)? |x - y|2 - (Ve(z) = VO(y))w(t, z)w(t,y)dzdy.

Then it follows

o (f it i) /| Ly, Bt 2)dz)
< 5= ([ wttayie)’ + ([ wiear) ([ o))
tap( [ i) ([ e@het i)
<=5 ( [ wteaw) + ([ ot )l [, e@u(e.a)ld).

The second term in (4.8) is estimated using n(z) < 1, |V®| < 202, [z—y| >
1, then

IIS—// Vo w(t, x)||w(t, y)|dxdy
v o, e V@ )
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< %(/B <I>(x)1/2|w(t,x)|dfc>(/c|w(t,y)|dy> (4.12)

(by using Holder’s inequality)

s%(/&()\wtmdm / witldy) ([ o).

Hence, we obtain

I+H§_2i(/ )
* %(/ w(t, > |d$) (/ 2w (t, 2)|dx ) (4.13)
+%(/B [w(t, y)ldy) v (/B (2) wlt, x)]dx)l/Q_

Now we note that |w(t, z)| < |n(t,z)|+|p(t, z)| = v(t,x) by the the positivity
of n(z) and p(x). Therefore, we obtain the desired estimate;

% R;D(x)v(t,a:)dx < ZI/R2 v(t, z)dx — %(/R? w(t, x)dx)Q

—|—C’1</B v(t,x)dac)(/w @(m)v(t,x)dm) (4.14)
+CQ</B v(t,x)dx)gﬂ(/B @(m)v(t,x)dw)lﬂ.

5. PROOF OF BLOW-UP

In this section, we give a proof of the blow-up. We first show that some
restricted initial data develops finite time blow-up.

Proposition 5.1. Let the initial data vg = ng + po and wyg = ng — pg N
LY(R?) N L2(R?) and ng, po > 0 everywhere and satisfy

n= %((/R2’LU()CL’E>2 87T/R2 voda:) > 0. (5.1)

Define an auziliary function H(f) = —n + C1f + Cof /2, where C1,Cy > 0
are the constants in Lemma 4.2. Then if we assume that [5 ®(x)(no(x) +
1

po(x))dz is small enough so that

H(/]Rz @(x)vg(x)dx) <0, (5.2)

then the corresponding solution of (1.13) blows up in a finite time.
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Proof of Proposition 5.1. Assuming the corresponding solution(v, w) to
(1.13) exists globally, we derive a contradiction. By the local existence result,
we may assume that the solution is smooth and everywhere positive.

By the assumption on the initial data, we see that for n > 0,

H(/Rzé(x)vo(:n)d$> <0.
Let

T, = sup {t : forall s e (O,t),/
R2

We have Tp, > 0. If T, < oo, then we have

/R ®(2)o (T}, x)dr = /]R B(@)vo(x)de

by the definition of 7. From Lemma 4.2,
d
< H</ (I)(l‘)’u(Tb,IL‘)dl’>
R2

dt R2
- H(/Rz @(x)vg(x)da:> <0.

Hence, it follows that there exists T' > T}, such that for all s € [Ty, T"),

/]R2 O (x)v(s,x)dx S/ O (x)vo(x)dx. (5.3)

R2
This contradicts the definition of T, and hence T}, = oo. Since H(f) is strictly
increasing function of f and H(0) < 0, there exists a unique zero point, o > 0
and H(f) < 0 for 0 < f < a. Now by assumption again, we may assume
that

@(x)v(s,:):)dxg/ @(m)vg(:v)d:r}.

R2

@(m)v(t,x)dx‘

t=Ty

/R? O (x)vg(z)dr < %oz.

Then by (5.3), we have for all existence time ¢ € (0, 00),

d O(z)v(t,x)dr < H(/

% RQ RQ
Which conclude that

/ B(2)o(t, v)dz < H(a/2)t + / (oo (x)da
R2

R2
and the left hand side meets zero in a finite time which contradicts the left
hand side is nonnegative definite. Therefore, in view of Theorem 1.1, the
solution blows up in a finite time. ]

@(x)v(t,x)dw) < H(%) <0. (54

Now we are ready for proving Theorem 1.5.
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Proof of Theorem 1.5. It is clear that the following scaling leaves the
system invariant; for A > 0,

na(t,z) = N2\t ), pat,z) = A2p(A\2t, Ax). (5.5)
This scaling also preserves the L!'(R?) norm.

Let v(z) = v(0,2) = no(z) + p(xr) € L' and ¢ > 0 be arbitrary fixed
constant. Then one can choose R > 0 sufficiently large such that

/ v(x)dr < =
o[> R 4

Then we see that for large A > R and vy (z) = \2v(\x),

2
/R2 O(z)vy(z)dr < /B)\lR(O) || v,\(m)d:z—i—/ O (x)vy(x)dz

B)\,1R(0)c

=\? z2v(x)dx x)v(x)dx .
= [ e [ e@e@dr 69

< /\2/ |z|?v(z)dx + 2/ v(x)dx
Br(0) Br(0)°
< /\2R2/ v(x)dz + =
Br(0) 2
Thus, by choosing A > 0 sufficiently large, we have

/ O(x)vp(z)dr < e.
R2

We choose ¢ sufficiently small such that vy(z) satisfies the condition (5.2)
and for fixed A. Noting that the scaling conserves the L' norm, the condition
(5.1) still holds for the scaled solutions.

Then by Proposition 5.1, the solution does not exist for all time. This
completes the proof of theorem. O
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