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This paper investigates the problem of finite-time stabilization for a class of stochastic
nonholonomic systems in chained form. By using stochastic finite-time stability theorem and the
method of adding a power integrator, a recursive controller design procedure in the stochastic
setting is developed. Based on switching strategy to overcome the uncontrollability problem
associated with x(0) = 0, global stochastic finite-time regulation of the closed-loop system states is
achieved. The proposed scheme can be applied to the finite-time control of nonholonomic mobile
robot subject to stochastic disturbances. The simulation results demonstrate the validity of the
presented algorithm.

1. Introduction

The nonholonomic systems, which can model many classes of mechanical systems such
as mobile robots and wheeled vehicles, have attracted intensive attention over the past
decades. From Brockett’s necessary condition [1], it is well known that the nonholonomic
systems cannot be stabilized to the origin by any static continuous state feedback although
it is controllable. As a consequence, the classical smooth control theory cannot be applied
directly used to such systems. In order to overcome this obstruction, several approaches
have been proposed for the problem, such as discontinuous time-invariant stabilization
[2, 3], smooth time-varying stabilization [4-6], and hybrid stabilization [7]. Using these
valid approaches, many fruitful results have been developed [8-15]. Particularly, considering
the unavoidability of stochastic disturbance, the asymptotic stabilization for stochastic
nonholonomic systems was achieved in [16-18]. However, it should be mentioned that those
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aforementioned papers consider the feedback stabilizer that makes the trajectories of the
systems converge to the equilibrium as the time goes to infinity.

Compared to the asymptotic stabilization, the finite-time stabilization, which renders
the trajectories of the closed-loop systems convergent to the origin in a finite time,
has many advantages such as fast response, high tracking precision, and disturbance-
rejection properties. In many practical situations, the finite-time stabilization problem is
more meaningful than the classical asymptotical stability. For the deterministic case, a
sufficient and necessary condition for finite-time stability has been proposed in [19]. Its
improvements and extensions have been given in [20, 21], for continuous systems satisfying
uniqueness of solutions in forward time and for nonautonomous continuous systems,
respectively. Reference [22] defined finite-time input-to-state stability for continuous systems
with locally essentially bounded input. Accordingly, the problem of finite-time stabilization
for nonlinear systems has been studied and numerous theoretical control design methods
were presented and developed for various types of nonlinear systems over the last years
[23-27]. Especially with help of time-rescaling and Lyapunov based method [28] proposed
a novel switching finite time control strategy to nonholonomic chained systems in the
deterministic setting.

However, the finite-time stabilization for stochastic nonholonomic systems cannot be
solved by simply extending the methods for deterministic systems because of the presence of
stochastic disturbance. As pointed out by Yin et al. [29], the existence of a unique solution and
the nonsatisfaction of local Lipschitz condition are the preconditions of discussing the finite-
time stability for a stochastic nonlinear system. Therefore, the finite-time controller design
for stochastic nonholonomic systems in this paper should solve the following questions.
Under what conditions, the stochastic nonholonomic systems exist possibly finite-time
stabilizer? Under these conditions, how can one design a finite-time state-feedback stabilizing
controller? Inspired by the works [25, 28], we generalize adding a power integrator design
method to a stochastic system and based on stochastic finite-time stability theorem, by
skillfully constructing C?> Lyapunov functions, a state feedback controller is successfully
achieved to guarantee that the closed-loop system states are globally regulated to zero within
a given settling time almost surely.

The remainder of this paper is organized as follows. Section 2 presents some necessary
notations, definitions and preliminary results. Section 3 describes the systems to be studied
and formulates the control problem. Section 4 gives the main contributions of this paper
and presents the design scheme to the controller. Section5 gives a practical example,
the model of which falls into our class of uncertain nonlinear system (3.1) via some
technical transformations, to demonstrate the effectiveness of the theoretical results. Finally,
concluding remarks are proposed in Section 6.

2. Notations and Preliminary Results

The following notations, definitions, and lemmas are to be used throughout the paper. R*
denotes the set of all nonnegative real numbers and R" denotes the real n-dimensional space.
For a given vector or matrix X, X” denotes its transpose, Tr{X} denotes its trace when X
is square, and |X| is the Euclidean norm of a vector X. C' denotes the set of all functions
with continuous ith partial derivatives. K denotes the set of all functions: R* — R*, which
are continuous, strictly increasing, and vanishing at zero; K, denotes the set of all functions
which are of class K and unbounded.
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Consider the stochastic nonlinear system
dx = f(t,x)dt + g(t, x)dw, (2.1)

where x € R" is the system state with the initial condition x(0) = xp, w is an m-
dimensional independent standard Wiener process defined on a complete probability space
(2, F, {Ft}s0, P) with Q being a sample space, F being a o-field, {¥:},,, being a filtration,
and P being a probability measure. The functions: f : R* x R* — R"and g : R* x R" — R™™
are piecewise continuous and continuous with respect to the first and second arguments,
respectively, and satisfy f(t,0) = 0and g(t,0) =0.

The following Lemma is a corollary of Theorem 170 in [30], which provides a sufficient
condition to ensure the existence and uniqueness of solution for the system (2.1).

Lemma 2.1. Assume that f(t,x) and g(t,x) are continuous in x. Further, for any 0 < 6 < 1, each
N =1,2,...,and each 0 < T < oo, if the following conditions hold:

[fEo0]<c®+lx), |8t <ct)(1+]xP),

|f(tx) = f(t, )| Sed (DIxi—xal,  [g(t,x1) = gt x2)| < eF (B)lx1 = xal,

(2.2)

as0< 6 <|xj| <N, i=1,2, t € [0,T], where c(t) and c’TV(t) are nonnegative functions such that

fOT c(t)dt < oo and J'OT cN (#)dt < co. Then for any given xo € R", system (2.1) has a pathwise unique
strong solution.

Definition 2.2 (see [31]). For system (2.1), define 7(0,x0) = inf{T > 0 : x(t,xp) = 0, for all
t > T}, which is called the stochastic settling time function of system (2.1), where x, € R".

Definition 2.3 (see [31]). The equilibrium x = 0 of the system (2.1) is said to be a stochastic

finite-time stable equilibrium if

(i) it is stable in probability: for every pair of € € (0,1) and r > 0, there exists 6 > 0
such that P{|x(t,x¢)| <7, for all + >0} >1 - ¢, whenever |x| < 6.

(ii) its stochastic settling-time function 7(fy, xg) exists finitely with probability and
E[7(0,x0)] < 0.

Lemma 2.4 (see [32]). Consider the stochastic nonlinear system described in (2.1). Suppose there
exists a C? function V (x), class K, functions py and py, real numbers ¢ > 0 and 0 < a < 1, such that

m(lx]) < V(x) < pa(lx]),

ov 1 o’V
lZV(x) = af + E Tr{gT@g} S —CV“(X).

(2.3)
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Then it is globally finite-time stable in probability and the stochastic settling time function T(0, xo)
satisfies

V™(xo)

) (2.4)

E[7(0,x0)] <

Lemma 2.5 (see [25]). For any real numbers x;,i=1,...,nand 0 < b < 1, the following inequality
holds:

(beal o+ peal)” < o o (2.5)
when b =p/q <1, where p > 0and q > 0 are odd integers,
| -y <2 -y " 2.6)

Lemma 2.6 (see [25]). Let ¢, d be positive real numbers and ar(x,y) > 0 be a real-valued function.
Then,

o+ — c+d
cx ()X dm i (xy) |y| T 2.7)

c d
Bl |y| < c+d c+d

3. Problem Formulation

In this paper, we focus our attention on the following class of stochastic nonholonomic
systems:

de = do(t)uodt,
dx; = di(t)xiuodt + g] (x0, xp)dw, i=1,...,n-1, (3.1)

dx, = dn(Hyudt + g (x0, X[ ) dw,

where xg € Rand x = (xq,... ,xn)T € R" are system states, uyp € R and u; € R are control
inputs, respectively; x;; = (xl,...,xi)T, X = X; di, i = 1,...,n represent the possible
modeling error, refered to as disturbed virtual control coefficients; g; : R x R — R™,i =
1,...,n, are uncertain continuous functions satisfying g;(0,0) = 0; and w is an m-dimensional
independent standard Wiener process defined on a complete probability space (€2, F, P) with
Q being a sample space, F being a filtration, and P being a probability measure.

Remark 3.1. It should be mentioned that the system investigated in this paper, which
emphasizes the effect of stochastic disturbance on the x-subsystem, is a special one; however
it can be found in many real systems, such as the angular velocity of mobile robot subject to
stochastic disturbances (see Section 5).

The objective of this paper is to find a robust state feedback controller of the form

ug = up(xo), u1 = u1(xo, x), (3.2)
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such that the stochastic finite-time regulation of closed-loop system states is achieved, that is,
P{lim;r(|xo(t)| + [x(t)]) = 0} =1 and P{(xo(t),x(t)) = (0,0)} =1 foranyt > T, where T is a
given settling time.

To achieve the above control objective, we need the following assumptions.

Assumption 3.2. Fori=0,1,...,n, there are known positive constants ¢;; and c;» such that
Ci1 S di(t) S Ci2. (33)
Assumption 3.3. Fori=1,...,n, there are constants b and 7 € (-2/(4n + 1), 0) such that

| g (20, x1i7) — &i (%0, Xpi1) | < b<|x1 — 3y GO/ |x - J?i|(2mi+T)/2mi>, (3.4)

where m; =1+ (i—1)T.

For simplicity, in this paper we assume 7 = —p/q with p being any even integer and
q being any odd integer, under which and the definition of m; in Assumption 3.3, we know
that m; is an odd number.

Remark 3.4. Noting that g;(0,0) = 0 is assumed, Assumption 3.3 implies that

|gi(t/ x, u)| < b<|x1|(2m;+r)/2m1 Foeee |xi|(2m,~+7)/2mi>' (3.5)

In fact, Assumption 3.3 is a generalization of the homogeneous growth condition introduced
in [33] where x[;; = 0 and 7 > 0. The assumption is necessary, which plays an essential
role in ensuring the existence of finite-time stabilizer for stochastic nonholonomic system
(3.1). Furthermore, it is worthwhile to point out that there exist some nonlinearities such
as sinx that can be bounded by a function |x|” for any constant m € (0,1) and satisfies
Assumption 3.3.

4, Finite-Time Stabilization

In this section, we give a constructive procedure for the finite-time stabilizing control of
system (3.1) within any given settling time T For clarity, the case that x(0) # 0 is considered
first. Then, the case where the initial x(0) = 0is dealt later. The inherently triangular structure
of system (3.1) suggests that we should design the control inputs 1y and u; in two separate
stages.

4.1. Control for x,(0) #0

For xg-subsystem, we take the following control law:

Ug = —koxgo, O<ag= g <1, (41)

where ky is a positive design parameter, and p, g are positive odd numbers.
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Taking the Lyapunov function Vj = x3/2, a simple computation gives

—Cozkox(l)+a0 < VO < —C()lk()x(l;rao < O, (42)
which implies [x(t)| < |x0(0)].
Furthermore, we have
—cooko (2Vp) 1702 <V < —corko (2Vo) 12, (43)

Thus, xg tends to 0 within a settling time denoted by T. Moreover,

1-ap 1-ag
|20 (0)] <T, < |20 (0)] . (4.4)
cozko(1 - ap) corko(1 - &)

To secure finite-time convergence within T for any x¢(0)#0, we need to keep Ty <
1x0(0)|"% /co1ko(1 — ag) < T by taking ko > [xo(0)|*"™/cuT(1 — ag). If we take T, =
(co1To)/ (2cq2), then we obtain xy(t) € R does not change its sign when t < T,, x¢(0) #0 and

moreover

lx0(0)] > |xo(£)] > @ vt € [0, T.]. (4.5)

Therefore, 1y is bounded and does not change sign during [0, T..]. Furthermore, from
this and Assumption 3.2, the following result can be obtained.

Lemma 4.1. Fori=1,...,n, there are positive constants \; and p; such that
X < di(t)aug < i, An < du(t) < pn, (4.6)

where a; = —sgn(x(0)). Besides, for the simplicity of expression in later use, let o, = 1.

Since we have already proven that xy can be globally finite-time regulated to zero as
t — Ty. Next, we only need to stabilize the time-varying x-subsystem

dx; = di(t)xiuodt + gf (xo,xp)dw, i=1,...,n-1,
4.7)
dxy = dy(t)urdt + gy (x0, X[ ) dw,

within the given settling time T,. The control law u; can be recursively constructed by
applying the method of adding a power integrator.

Step 1. Let & = x{, where ¢ > 2 is a odd number and choose Vi = x‘ll"‘T/ (40 — 1) to be the
candidate Lyapunov function for this step. Then, along the trajectories of system (4.7), we
have

1
LV, < dluox‘ll"‘T‘l (22— x3) + dluox%“_“lxg + §(4o -T- 1)b2x‘11". (4.8)
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Obviously, the first virtual controller

1 1
x5 = —)L—lalx}” M+n—1+§(40'—7'—1)b2

(4.9)
2 B,
with design constant M > 0, results in
LV) < =(M +n-1)¢ + diugx” " (x2 - x35). (4.10)

Inductive Step (2 <k <n)

Suppose at step k — 1, there is a C?> Lyapunov function Vi_;, which is positive definite and
proper, satisfying

Vi1 < 2(§§4"*T>/ g gl "), (4.11)

and a set of virtual controllers x7, ..., x;_; defined by

x; = 0, , él = xf;ml - x;aiml,
x* — _alﬂlng 0, éz — xU my _ x*G mzl
2 ' 1 2 . 2 (4.12)
* ’ ; «0/m
xXp = o, Ge=ay ™ —x,
with constants f; > 0,..., fx-1 > 0, such that
LV < ~(M+n—-k+1) <§‘f bt g;_l) + diatgél T (e — x). (4.13)

We claim that (4.11) and (4.13) also hold at step k. To prove this claim, consider

Vie(xix1) = Viea (xpe11) + Wi (xix1), (4.14)
where
Xk " (40-1-my) /o
Wi (xpi) = f (s7/m = xom™) ds. (4.15)
X
Noting that
x*o/mk — _aa/mk O'/mkgk_l
k k-1 Pk-1 ’
(4.16)
& = ckxz/mk + ck,lxiﬁ"k’l oot clx‘l’/ml,
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where

o/my po/m o/ Miy1 o/ Mis s
Ci:{i‘k—lkﬁk—lk.”ai 1'61_ 1, l._’l(’“.,k_ll (4.17)
, 1=K.

Similar to the corresponding proof in [25], it is easy to verify that the Lyapunov

function Vi(x[x) thus defined has several useful properties collected in the following
propositions.

Proposition 4.2. Wy (xx)) is C*. Moreover

_ —C-40 - T — My x.(c—mi)/m,v % Xk <So-/mk _ x*a/mk>(30'—7'—mk)/0ds
0x; ! o i - k ¢

k

oW

_ §(40—T—mk)/o
6xk

k 7

Wy 4o —-T—-mr 30—T— Mk _wmym (o-m))/m;
— = CiC]' . :
0x;0x; o

o i ]

X
§ J— & <So/mk : x;;o'/mk>(20'—’r—mk)/0‘d

*

S,
Xk

(4.18)
Wi L40-T-mp 30-T—Mk 20-m)/m

Xk 2o-1t-my)/c
= = x; x (sl/’”k - x,tl/m"> ds
0x; o o o

—T— Xk 30-7—
a Ci240' T — Mg xgo—Zmi)/m,- % I <S()'/mk _ x;o/mk>( o-T mk)/ads,
o t x*

k

62I/vk _ 40 -7 - Mk (30-1-my) /0 _(0—my)/my
2 = Ck Sk Xk ’
0x; o

azI/vk _ aZWk =C_4G_T_mk (30‘—T—mk)/ox(0—m,~)/m,-
Ox0x;  OxiOxk o k i ’

wherei,j=1,...,k=1,i#]j.

Proposition 4.3. Vi (x[x)) is C?, positive definite and proper, satisfying

Vi < 2<§§40'—T)/O' et §(40'—T)/O'>.

¢ (4.19)

Using Proposition 4.2, it is deduced from (4.13) that

LVi < = (Man—k+1) (& + 48 + deauodlST™ 0 (o - xp)

* )/ & oW,

O—T—MmM (o)

+dikuog, 1+ Y By, GithoXis1
i=1 !
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1 k-l PW, 62W
E axa; |gl|| | axk iTZ
12| 02w, 1|02W,

z sl f|+z\ Wt

To estimate the second term in (4.20), by Lemma 2.5, we have

mi/o mi/o
|xck = x| = '(xg/mk> - <xzo/m">

Noting that my = mi_1 + 7, by applying (4.6) and Lemma 2.6, we have
1
dy_ 11/10(;(40 T 1)/0(xk _ xZ) < 8§i71 + lklgi/

where I is a positive constant.

< 2(0—mk)/0|§k|mk/0'_

(4.20)

(4.21)

(4.22)

Based on Proposition 4.2 and Lemma 2.6, the following propositions are given to
estimate the other terms on the right hand side of inequality (4.20), whose proofs are included

in the appendix.

Proposition 4.4. There exists a positive constant iy such that
Z d iUXir1 < — <‘§1 -t éi_1> + lkZEti'

Proposition 4.5. There exists a positive constant lis such that

k-1 aZWk

0x;0x;

; > 7|57 G (& at) ot

_1¢

Proposition 4.6. There exists a positive constant iy such that

1 aZWk

ox?

o[ < 2 (8o ghy) bt

Proposition 4.7. There exists a positive constant lys such that

1
Tl < €<§‘1‘+-~-+§i_1> + lséy

12| 02w,
D |

2 -1 axkaxi

(4.23)

(4.24)

(4.25)

(4.26)
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Proposition 4.8. There exists a positive constant s such that

1
2

P Wi
ox;

|81€|2 < %(éf oot §§_1> + Loy (4.27)

Substituting (4.22)—(4.27) into (4.20) yields

LV < —(M+n-k) <§‘11 +oeet §§_1> + g T O + Bl + o+ k). (4.28)

Clearly, the CY virtual controller

1
X = = — oMt =k 4 Ly -+ )

Ak (4.29)

= — g™,
with pi > 0 being constant, results in

LV < ~(M+n=k) (& +-o+8]) + danod T (e = x). (430)

This completes the proof of the inductive step.
The inductive argument shows that (4.30) holds for k = n. Hence, we conclude that at
the last step the actual controller

wy = x5, = —Paia’e, (4.31)

with f, > 0 being constant and a C? positive definite and proper Lyapunov function Vj,(x[x])
of the form (4.14) and (4.15), such that

LV, < -M(& +---+ &), (4.32)
We have thus far completed the controller design procedure for x((0) #0.

4.2. Control for x,(0) =0

In the last subsection, we gave the controller expressions (4.1) and (4.31) for ug and u; of
system (3.1) in the case of x((0) # 0. Now, we consider finite-time control laws for the case of
x0(0) = 0. In the absence of the disturbances, most of the commonly used control strategies
use constant control uy = ug; #0 in time interval [0, t,). In this paper, we also use this method
when x((0) = 0, with 1 chosen as follows:

Uy = uy, uy > 0. (4.33)
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Since x¢(0) = 0, from the xp-subsystem we know that
x(0) = uy(0) = uy #0. (4.34)

We have xy does not escape and x(t;) #0, for given any finite t; > 0.

During the time period [0, t;), using 1y defined in (4.33), new control law u; = u](xo, x)
can be obtained by the control procedure described above to the original x-subsystem in
(3.1). Then we can conclude that the x-state of (3.1) cannot blow up during the time period
[0, t5). Since xo(ts) #0 at t = t5, we can switch the control inputs 1y and u; to (4.1) and (4.31),
respectively.

The following theorem summarizes the main result of this paper.

Theorem 4.9. Under Assumptions 3.2 and 3.3, if the proposed control design procedure together
with the above switching control strategy is applied to system (3.1), then, for any initial conditions
in the state space (xo,x) € R"™1, the closed-loop system is globally finite-time regulated at origin in
probability.

Proof. According to the above analysis, it suffices to prove the statement in the case where
x0(0) #0.

Since we have already proven that x; can be globally finite-time regulated to zero in
Section 4.1, we just need to show that x(t) is globally stochastically convergence to zero in a
finite time. For the system (4.7)+(4.31), it is not hard to verify that all conditions in Lemma 2.1
are satisfied, which means that the closed-loop system admits a unique solution. In this case,
choose the Lyapunov function V = V,, from (4.32), its time derivative is given by

2V < -M (gf - gé,). (4.35)
Let a = 40/ (40 — 7), by Proposition 4.3 and Lemma 2.5, we have
Ve < 2(5;* bt g;t). (4.36)
Then, putting (4.36) back to (4.35) gives
LYV < —MV7/2. (4.37)

By Lemma 2.4, system (4.7) under control law (4.31) is finite-time stable in probability
with its settling time T satisfying

L <O @.38)
M(1-a)

Hence with the choice of M satisfying M > 2VI(0)/[T.(1 - a)], T, < T. is
guaranteed. Thus, the conclusion follows. O
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Remark 4.10. As seen from (4.31) and (4.1), the control law u; may exhibit extremely large
value when x((0) #0 is sufficiently small. This is unacceptable from a practical point of view.
It is therefore recommended to apply (4.33) in order to enlarge the initial value of xy before
we appeal to the finite-time converging controllers (4.1) and (4.31).

5. Application to Mobile Robot

In this section, we illustrate systematic controller design method proposed above by means
of the example of mobile robot.

Consider the tricycle-type mobile robot with parametric uncertainty [34], which is
described by

Xc = pjvcos0,
Ye = pjusing, (5.1)
0 = piw,
where p} and p} are unknown parameters taking values in a known interval [Pmin, Pmax] With
0 < Pmin < Pmax < o0, v and w are two control inputs to denote the linear velocity and angular

velocity, respectively.
When the angular velocity w is subject to some stochastic disturbances, that is,

w(xe,Ye,0) = wi(xe,ye,0) + wa(xe, ye, 0)B(t), (5.2)
where B(t) is the so-called white noise. Then system (5.1) is transformed into

dx. = pjvcos0dt,
dy. = pjusin0dt, (5.3)
do = pywdt + pyw,dB.

For system (5.3), by taking the following state and input transformation:
X0 = Xe, X1 =Ye, x> = tan 0, Uy = vcoso, 1 = wysec’0, (5.4)
we obtain
dxg = pjupdt,

dxy = pixaupdt, (5.5)

dx; = pyuidt + p; <1 + xi)deB.

Clearly, system (5.5) is a special case of system (3.1). As discussed in Remark 3.4, there
always exist some nonlinearities satisfy Assumption 3.3. For simplicity, it is assumed the w, =
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3.5

31
250!
2
151!
Nl

0.5

0t

-0.5

— X0
--- x1
)

Figure 1: Time history of system states.

(xpsinxy) /(1 + xg)z. And as in [8], Pmin = 1, Pmax = 2, which are known for us in contructing
control laws to make (5.5) finite-time stable, and parameters p] = p; = 1.5 are unknown.
When (x0(0), x1(0), x2(0)) = (1,1,1), by choosing 7 = -2/11 and o = 3, according to the
design procedure proposed in Section 4, the following controllers can be obtained for a given
settling time T = 6:

1
Uy = —Exé/3,
(5.6)

7/33
w = =[x - @M +2)" ]

M + 1y + 1 + by),

where Iy, I and o4 are known positive constants. Choosing design parameter as M = 1, the
simulation results in Figures 1 and 2 show that the effectiveness of the controller.

6. Conclusion

In this paper, the finite-time state feedback stabilization problem has been investigated for
a class of nonholonomic systems with stochastic disturbances. With the help of adding
a power integrator technique, a systematic control design procedure is developed in the
stochastic setting. To get around the stabilization burden associated with nonholonomic
systems, a switching control strategy is proposed. It is shown that the designed control laws
can guarantee that the closed-loop system states are globally finite-time regulated to zero in
probability. In addition, the proposed approach can be applied to mobile robot with stochastic
disturbances.
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Figure 2: Time history of control inputs.

There are some related problems to investigate, for example, how to design a finite-
time state-feedback stabilizing controller for stochastic nonholonomic systems when the xo-
subsystem contains stochastic disturbances. Furthermore, if only partial state vector being

measurable, how to design a finite-time output feedback stabilizing controller for stochastic
nonholonomic systems.

Appendix

Proof of Proposition 4.4. Recall that ¢ = xf/ o x;“’/ "™ and xF = —ai_1 i 1§m‘/ . By Lemma 2.5,
fori=2,...,k,

" |mi/c )
el < g+ 2™ [ < (il + 1™, (A1)

where h = max{1, ﬂa/ ™ o/

7.

With (4.17), (4.18), and (Al), we get

i= i=1 o

k-1 k-1 X,
40-T-m ) k . (Bo-t-my)/c
Z d UOXir] = Z I:_Ci—kxi(o m;)/m; < J‘ <So/mk _ xko/mk> ds]
1 x*

k

k-1
x dittoxis1 < ar |2k 7T O x| (A2)
i=1

k-1
< ak2|§k|(30—r)/0(|§i71| + |§i|)(0—mi)/0(|§i| n |§i+1|)mM/U,
i=1

where ay and ay are positive constants.
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Applying Lemma 2.6 (30 — 7 + 0 — m; + m;,; = 40) to (A2), we can find a positive

constant [y, such that

k-
Zlal i(Huoxig < 5 <§4 ot §1%71> + gl

Proof of Proposition 4.5. According to (4.17), (4.18), (A1), and Remark 3.4, we have

;3 [ lels
2 6x,6x 8j
1 K& 4G — T — e 36 — T — e o o
= E Z CiCj k kxi(o m,)/mlx;0 m;)/m;
i,j=1,i#] o o
X o
NG it
xp
k-1
20— —m; ; —m;)/m;
b 3 el g gt [ |
i, j=Li#]
k-1 i j
b 20-1)/0 (0-m)/mi_(o=m;)/m; s 2 (e 2
Sbk ZZ|§k|(a T)/Uxi xj ! ]X|xl|(m+T) mllxr|( m;+7)/2m

i,j=1,i#j1=1r=1

-~ k_ o-m o
<h ¥ ZZ@M”Wmm+meMWﬂgdme !
i,j=1,i#

jl=1r=1

x (1&o] + &) P2 5 (1| + [, ]) B2,

where by, Ek and Ek are positive constants.
Applying Lemma 2.6 to the above inequality, we have

%i,:lz_:#j ‘?;vf;];j |giT||g"T| : %<§?+'"+§£71> +lady,

where I3 is a positive constant.

(A3)

(Ad)

(A5)
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Proof of Proposition 4.6. From (4.17), (4.18), (Al), and Remark 3.4, with Lemma 2.6, it is
deduced that

15 0* Wi | T|2
z . ,
21':1 axi '
18| ,40-7-myp 30-7-m —myme [ . (20-1-my)/0
_ EZ Ciz ~ k- ~ kxi2(cr m;)/m; « I * <Sl/mk _xkl/mk> ds
i=1 x;
4do-T-m omyme (K . (Bo-T-my) /o 2
_Ci2 - kxl@ 2mi)/mi f * <SG/WU< _ xka/mk> k ds ng|
Xk
e 2 2 3 (0-2my)/ 2
—m; i — O—2Zm;)/ m;
< 35 (86l 0 m gy G0 lom2molm |
1:1
- K 2 2 3 (o-2m;)/ 2mi+1)/m
- —m; i — O—2zm;) / m; i i
< l<|§k|< 0T /0| - i | | B0 )x! j
i=1 j=
O 20-7)/ 2 / (GBo-1)/ —2my)/
< A3 37 (181 gl + ) 4 B (] + 1) 20/
i=1 j=1
@mir)/o _ 1 /o
x(Igal + 1D < (8w 8 +hadl,
(A6)
where dj, Jk, Jk and [i4 are positive constants. O

Proof of Proposition 4.7. From (4.17), (4.18), (A1), and Remark 3.4, with Lemma 2.6, it follows
that

2 aZWk | T Z 40 -1~ 20 — T — Mg (3ormk)/a (o-m;)/m; ' TH T|
axkax 1 2 k 1 gk gl
k-1 5
< e 3l 0T 0 T T
i=1
Sy 3 2 2 2 2
< Ek Z |§k|( a—T—mk)/0|xi|(o—mi)/mi|xl|( mi+7)/ mllxr|( mi+7) /2m, A7
i=1I=1r=1 ( )
k-1 k i 5
TSI A (R

x (&) + 1) B2 x (|8 | + [, ]) B2
1
< g <'§411 +oeee+ gi_1> + lk5§;§/

where ey, e, ex and [is are positive constants. O
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Proof of Proposition 4.8. By (4.17), (4.18), (Al), and Remark 3.4, with Lemma 2.6, we can
obtain

1{*Wi || 712 1| 40-T -k ,Go-r-mi)/o_(o-m)/me|| 1|2
el A2 _ 1) do-7-m N
2 ‘ axi 'gk | 2 k o k k gk '
k
< sz|§k|(30'—’r—mk)/0|xk|(0'—mk)/mk|xi|(2mk+7)/2mi
A (A8)
< kZ|§k|( o_T_mk)/a(lék_ﬂ + |§k|)(0_mk)/o x (léi—ll + |§l|)( Mmi+7)/ 0
i=1
< 1 4 Lo &
Sg\a ™ + 81 ) + lkeSys
where fi, fi, and Iy are positive constants. -
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