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ABSTRACT This paper concerns the finite-time trajectory tracking control problem for an underactuated
marine surface vessel (MSV) suffering from the external disturbance and parameter uncertainties. First,
the virtual velocity command is proposed based on a novel piecewise function. It will be illustrated that the
position tracking error can be stabilized to small regions in finite time once the desired velocity commands are
tracked. Then, an adaptive tracking controller is developed such that sway and yaw velocities can converge
to the desired ones in finite time. Utilizing the proposed control strategy, global finite-time stability can
be ensured for the position and velocity tracking errors even in the presence of external disturbances and
parameter uncertainties. Finally, the effectiveness of the proposed controller is illustrated by numerical
simulation.

INDEX TERMS Underactuated surface vessel, finite-time control, sliding mode control, trajectory tracking

control.

I. INTRODUCTION

In recent years, trajectory tracking control for marine surface
vessels (MSVs) has emerged as one of the most attractive
fields due to its potential applications in various marine
missions, involving environment monitoring, polar science
research, rescue missions, etc. As one of the indispensable
parts during these marine activities, trajectory tracking con-
trol always plays an important role to accomplish compli-
cated tasks. However, designing controllers for MSVs still
poses many challenges stemming from its highly nonlinear
dynamics and underactuated characteristic. The underactu-
ated characteristic means that the dimension of the control
input of MSVs is always less than that of the configura-
tion vector, leading to the non-integrable acceleration con-
straints on the sway dynamics. Furthermore, the complex
ocean environment always produces unknown disturbance,
such as wind and ocean current, making it a difficult task
to track a desired trajectory. In spite of these difficulties,
diverse advanced methods have been presented to design con-
trollers for MS Vs, such as adaptive control [1]—[3], backstep-
ping control [4]-[6], sliding mode control [10], [11], fuzzy
control [12], [13] and Neural Networks control [11]-[12].
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Considering the complex external disturbances and param-
eter uncertainties, adaptive control strategies have been
widely adopted to developed controllers for MSVs by esti-
mating unknown parameters online [1]-[3]. Compared with
other nonlinear methods, sliding mode control strategy pos-
sesses better control performance in dealing with the external
disturbances and system uncertainties [7]-[9], which leads to
fruitful results for the trajectory tracking control of MSVs
[10], [11]. Though, the external disturbance and uncertain-
ties can be dealt with properly by the methods mentioned
above, the unmodeled system dynamics should be taken into
account. In view of this, Fuzzy control strategies [12] and
Networks control approaches [13] have been exploited to
approximate the uncertainties in system dynamics. A com-
mon problem in [1]-[13] is that the presented controllers can
only be applied to fully actuated MSVs, leading to much
limitation in practice.

To improve the applicability of the trajectory tracking
controllers, ever-increasing focus is lying on the nonlinear
control for underactuated MSVs. In [14], a liner sliding
mode control scheme was constructed to deal with the lateral
motion control of underactuated MSVs. In contrast to the
proposed technology in [14], nonlinear sliding mode surfaces
were designed to solve the tracking control problem for
MSVs, which can effectively improve the convergence speed
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[31]. However, the external disturbance has been ignored
in [14] and [31], causing substantial performance degrada-
tion in practice. In order to reduce the adverse effect of
the external disturbances and unmodeled system dynamics,
a novel trajectory tracking control algorithm was proposed
for underactuated autonomous underwater vehicles based on
integral sliding mode control and neural network approach
[16]. It must be noted that the transient and steady-state
response of MSVs system cannot be prespecified in [14]-[16],
though the external disturbance can be handled. Taking this
fact into account, the prescribed performance control strategy
and Barrier Lyapunov function have been investigated for
tracking control of MSVs [17]-[20]. It is obvious that the
proposed results can only be used to solve the tracking control
problem of a single MSV. For the formation tracking control
problem of multiple underactuated MSVs, researchers have
acquired extremely abundant achievements [21]-[25].

Though effective for trajectory tracking control of
underactuated MSVs, controllers proposed in [14]-[25] are
asymptotically stable, meaning that the tracking error will
be stabilized as time goes infinite. Compared with these
asymptotically stable control schemes, finite-time control
strategies for MSVs [26]-[29] possess faster convergence rate
and better robustness to the external disturbance. By utiliz-
ing finite-time extended state observers, a distributed for-
mation control strategy was established for multiple MSVs
in [26]. In [27], a robust finite-time output feedback con-
troller was proposed for MSVs based on a novel disturbance
observer. For the purpose of improving the reliability of the
MSVs system, a finite-time fault-tolerant control strategy
was designed with LOS range and angle constraints con-
sidered [28]. A novel fixed-time output feedback trajectory
tracking controller was proposed for MSVs subject to exter-
nal disturbances and uncertainties [29]. It must be pointed out
that these finite-time controllers proposed in [26]-[29] can
only be applied to fully actuated MSVs. Therefore, it is highly
desirable to design robust finite-time tracking controllers for
underactuated MSV systems.

Motivated by the above observations, the finite-time tra-
jectory tracking control problem for uncertain underactuated
MSVs will be investigated by utilizing sliding mode tech-
nology and adaptive laws. The originality and novelty of the
proposed control scheme are stated as follows:

1) Global finite-time stability can be ensured for the track-
ing errors of underactuated MSV systems even in the pres-
ence of external disturbances and parameter uncertainties.
Different from the existing finite-time controllers presented
in [26]-[29], the proposed controller in this paper can be
used for underactuated MSVs, which is of great practical
significance in engineering applications.

ii) Compared with the sliding mode methods given in
[14] and [15], the external disturbance and system parameter
uncertainties can be properly handled simultaneously, thus
improving the practicality of the controller greatly.

iii) A novel finite-time sliding mode surface is estab-
lished based on the hyperbolic tangent function. In contrast
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to the existing terminal sliding mode technology, the pro-
posed method can avoid the singularity problem. Mean-
while, a novel adaptive law is constructed to ensure global
finite-time stability for the sliding mode surface.

The remainder of this paper is given as follows. In
section II, preliminaries and problem formulation are pre-
sented. Section III is devoted to controller design and stability
analysis. In section IV, numerical simulations are conducted
to show the effectiveness of the proposed controller. Finally,
it comes to the conclusion of this paper in section V.

Il. PRELIMINARIES AND PROBLEM FORMULATION

A. PRELIMINARIES

Notation. In this paper, the notation |o| represent the abso-
lute value of a scalar o, sig® (o) is defined as sig® (o) =
lo|* sign (o).

Lemma 1 [30]: For the system x = f(x), f(0) =0, x € R",
V(x) converges to the equilibrium point in finite time if there
exists a continuous function V(x) : U — R satisfying Eq. (1),
where y1 > 0,9 > 0,0 < 3 < 1.

V) + V) +1»Vhx) <0 (1

Lemma 2 [30]: For any scalarz;, i = 1,2, ..., n,equation (2)
always holds when 0 < p < 1 exists.

I+p
2

D 't = (Z |z,-|2> )
i=1 i=1

Lemma 3 [5]: Forany z € R, p > 0 and k = 0.2785,
the relation Eq. (2) exists.

0 < |z] — ztanh(uz) < % 3)

B. DYNAMIC MODEL OF AN UNDERACTUATED

SURFACE VESSEL

The kinematic and dynamic model of an uncertain under-
actuated MSV with three degree of freedom is established
in this section. Assuming that the MSV moves in the hor-
izontal plane, its kinematic mathematical model can be
written as [15]:

X = ucos () — vsin (¥)

y = usin () + vcos (¥) “

J=r
where x and y denote the surge and sway displacement of the
center of mass, respectively, ¥ denote the yaw angle of the
MSYV defined in the earth-fixed frame, u, v and r stand for
the surge, sway and yaw angular velocity with respect to the
body-fixed frame, respectively.

The dynamic model of the MSV with external disturbances

can be given as [15]:

mllit —mapvr +diju =1, + Tud
moaV + myur + dpv = Ty 5
m33i 4+ (myp —my) uv +ds3r =t + Ty
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with d11, d», d3z, mi1, ma2, ms3 being the hydrodynamic
damping and ship inertia including added mass in surge, sway
and yaw, 1, and 7, being the surge force and the yaw moment,
Tud, Tvg and 1,4 being the unknown external disturbances.

To derive the finite-time trajectory tracking controller for
the MSYV, the following assumptions are introduced.

Assumption 1: The external disturbance always satisfies
ITual < D1, |tval + 1Tl < D2, |1l < D3 with Dy, Dy
and D3 being positive constants.

Assumption 2: The reference trajectories x4, y4 and their
derivatives are always bounded.

C. TRACKING ERROR DYNAMICS

Defining the tracking errors x,, ye, e, and e, as x, = x —
XdYe =Y — Yd, ey = U — ug and e, = v — vg, respectively,
where u; and v, are desired surge and sway velocity, respec-
tively, the error dynamics can be established as Eqs. (6)-(7)
by combining the kinematic model Eq. (4) and the dynamic

model Eq. (5).
Xe | |cosy —siny || u X4
G- R e

) 1 .
ey = — (Buty + Tyqg + moovr — diu) — g
mlll @)
ey = ——— (myur +dpnv — Tyg) — Vg
m)

D. PROBLEM FORMULATION

Finite-time trajectory tracking control problem for USVs
refers to design controllers such that the vehicle’s position
can converge to the desired ones in the presence of external
disturbance and parameter uncertainties, that is, tler} [xe| <

Ay, lin} [yel < Ay, where Ay and A, are small positive
t— -
constants, xo = x — Xg,Ye =Y — Vd.-

Ill. CONTROLLER DESIGN

In this section, a finite-time controller is developed to realize
the control objective. Initially, novel desired velocity com-
mands uy and vy will be proposed to ensure finite-time
stability for the tracking errors x, and y,. In the further design,
x. and y, will be stabilized to small regions A, and A, only
if the sway and yaw velocity can converge to the desired
trajectory. To this end, an adaptive finite-time controller is
proposed such that the sway and yaw velocity can converge
to the desired velocity commands. Thus, the controller design
procedure is twofold. In the first step, the desired velocity is
proposed by utilizing a novel piecewise function. In the sec-
ond step, a finite-time controller is developed based on the
sliding mode control method.

A. DESIRED VELOCITY DESIGN

Theorem 1. Considering the position tracking error dynamic
Eq. (6), if the velocity tracking errors e, and e, converge to
two small residual sets A, and A, in finite time, respectively,
the position tracking errors x, and y, will converge to small
regions A, and Ay in finite time when the desired surge and
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sway velocity are proposed as Eqgs. (8)-(10).

ug | | cosy siny | | xg — ki1 H (x,) @)
va | | —siny cosyr || Ya — kaH (ve)
7+ [z|* sign (2), 2] > A, T=1Xe, Ve
H(z) = 2A . 7 a1 ©)
7+ ?sm (ﬁz> + oAz, |zl <A
A= (%(1 — )T (10)
2
A, =min|a, —2 ““/Z—
Jki =1 !
2
Ay =min | &, —=—, % (11)
Vi -1 2

Here, «, k1, k> and o are positive constants satisfying 0 <

a <1,k >4—1‘,k2—4—11,0:~/A5+A%.

Proof: The Lyapunov function is selected as:

1 2
Vi= 7% (12)
According to Eq. (6), the following equation can be obtained:
u| | cosy sinyr X
|:v:| - |:—simp cosw] |:y:| (13)

According to the definition of the velocity tracking error e,
and e,, the following equation can be derived by combing Eq.
(8) and Eq. (13).

ey | | cosy sinyr Xe + k1H (x,)
ey | | —siny cosy || ye + koH (y.)

cosyr sinyr i|

—sinyy  cosyr
C = [x.+ kiH (x¢);ye + koH (ye)], Due to the fact that

Al < o, ||B|| = 1, it can be concluded from Eq. (14) that
[IC|l < o. Thus, the following relation can be deduced:

} (14)

For clarity, we define A = [e,;e,], B =

{xe+k1H(xe) <o as)

Ve +koH (ye) < 0

Differentiating V| with respect to time and substituting
Eq. (15) yield

Vi = Xpke
< —x. (kiH (x¢) — 0) (16)

Recalling the definition of H (x.) by Eq. (9), it leads to the
following result if |x,| > A exists.

Vi < —xe (ki |xe|® sign (x) + kixe — o)
= —ki bt — kx4 xe0
ol 1
< —ki (xe) — kyx? + ng +0?
ol 1
— () - <k1 - Z) 2+ (1)
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To deal with the term o2, Eq. (17) can be further written as
Egs. (18)-(19).

. 1 02 2 2 QZLI
Vi < - kl—Z—; xe_kl(xg)
e
1 o? PES
e
atl
=-—p1Vi—pV,’ (18)
. 1 02 2 (12i1
Vi< - (kl - Z)x"’ — (kl - P IO‘H) (xe>
2
o0 a+l atl
:—2<k1————>V]—2 z ki V,?
4 x2 !
atl
=-pVi—pV,* (19)
where py = 2(ki — 3 ;i), po= 2Tk, o3 =

2(k1 - 4]‘;>,,04 = 27 (kl - ﬁ) Then, in view of

Lemma 1, it can come to the conclusion that X, will converge
. . 2 . .. .
to the region |x,| < min <A, \/Lil ot/ Z—l> in finite time
k-1

if p1 > 0,020 >0, p3 >0, p4 >0.
Through a similar analysis, one can deduce that y, will

o a+l ﬁ :
s o4/ k2> mn
ko—

converge to the region |y,| < min (A,

=

finite time.

Thus, Theorem 1 has been proven.

Remark 1: Compared with the existing works [14] and
[15], where the desired velocities u; and v4 can only guaran-
tee asymptotic convergence for the position tracking error x,
and y,, finite-time stability can be obtained for x, and y, if the
desired velocities are designed as Egs (8)-(10). Consequently,
the proposed algorithm possesses faster convergence ability
than that in [14] and [15].

Remark 2: The nonlinear function H (z) defined in Eq. (9)
is applied to ensure finite-time stability for the position track-
ing errors. Though the singularity problem can be avoided, x,
and y, can only converge into two small regions rather than
the origin. The parameter A must be selected such that H (z)
be continuous and differentiable at the point z = A. Thus,
by assuming H (A*) = H (A~) and H (AT) = H (A7), A
can be calculated as A = (F(1 — a))ﬁ.

Remark 3. In order to facilitate the controllers design,
the derivative of H (z) is given as follows:

|Ol—1

Z+alz Z, 1zl > A,z =Xe, Ye

= z+ 2—Acos (lz>i+aA“_li, lzZl<A 0
b4 2A

B. FINITE-TIME CONTROLLER DESIGN

In this subsection, an adaptive tracking controller will be
developed to ensure finite-time stability for the velocity track-
ing errors. From theorem 1, it is concluded that x, and y,
are finite-time stable only if ¢, and e, converge to two small
regions under the desired velocity Eq. (8). Therefore, global
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finite-time stability will be derived for the position and veloc-
ity tracking errors under the proposed control scheme.

To pursue the control problem, two novel sliding mode
surfaces are proposed as:

t

ST =ey —i—kgf tanh (ke,) dt 21
0

Sy = é, + kqtanh (ke,) (22)

where k3 > le kg > }‘. Recalling the definition of uzand vy
in Eq. (8), itg, v4 and V4 can be calculated as:

g | [ —sinyy  cosyr Xq — k1H (x.)
bg | T —cosy  —sing | | $a — kaH (ve)
cosyr sinyr ¥g — kiH (x.)
* [—sinw cosw} [yd ~ ol (y»} @9
_ vy cosyrsinyr X4 — le (xe)
= —ua | T —singreosy | | Fa — ko (30)
Vg = —Fug + A (24)

where
A= —rig — (% — kH (xe)) reosys
— (Ja — koH (o)) rsinyr — (xa — ki H (x.)) sinys
+ (va — kaH (ve)) cosyr (25)

Thus, the derivative of S1 and S» can be calculated as:

S1 = éu + kstanh (key)

1 .
— (8uTu + Tug +mpvr —dyju) — ity
miy
+ kstanh (ke,) (26)

$2 = &+ ke (1 - (tanh (ce,))?) &,

1 . . .
= ——— (myur + myur + dpv — tya)
ma)

i+ kg (1 — (tanh (Kev))2> 2,
miy

1 . .. .
= ——— (myur + dpv — tyq) — <—u — ud> r
ma2 mo)

— A+ ki (1 — tanh? (Kev)) e, 27)

It is worth pointing out that the sliding mode surface
Egs. (21) and (22) can ensure finite-time stability for tracking
errors e, and e,. Specifically, these two tracking errors will
converge to two small regions around the origin only if the
sliding mode manifolds Eqgs. (21) and (22) can be reached
within finite time. Upon utilizing the proposed sliding mode
surfaces, the following adaptive controllers can be designed:

T, = —movr +diju + myyitg — kssign (S1)
—ksmtanh (ke,) — A tanh (131) sign (S1) — k751
(28)
T, = (mpp — my1) uv — Ao tanh <ﬁ2> sign (S2)

o — S
— A3 tanh (D3) sign ((mZZMd mu) 2)

m33
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m33 . .
— ————————— (myur +dypv+myp (A—
(moaug — miiu)

kak (1 — tanh? (Kev)) év)> + dyzr —

— S
kesign ((’”22“‘1 sl 2) — kgS) (29)
ms3
2 A ~
Dy = ﬁcoshz (Dl) 1) (30)
A )\,5 2 A
Dy = 37 cosh (Dz) 1S5 31)
2 A ~ — S
by = 0 cosh? (D3) ’(mzzud m1u) Sz (32)
A3 ms33
where ks.ke,\i, i = 1,2, ..., 6 are positive constants, ﬁ,-, i=

1,2, 3 is the estimation of D;, i =1, 2, 3.
Remark 4: In control laws Egs. (28) and (29), the hyper-
bolic tangent function is used to develop finite-time con-

trol laws. In this way, terms X;tanh (f)l> sign (S1) and

A3 tanh <ﬁ3 possess upper bounds, which depend on the
design parameters A; and A,. As a result, the output of the
control laws will not approach to infinity despite the use of
adaptive laws.

Theorem 2: Considering the MSV tracking error dynamic
system represented by Eq. (7) satisfying Assumption 1 and
Assumption 2, the following conclusions can be derived
under the proposed control laws Egs. (28)-(31).

i) The sliding mode surface S;,i = 1,2 will converge
to the origin within finite time. Furthermore, the estimation
errors Di = D; — X\;tanh (b,) ,i=1,2,3 will be uniformly
ultimately bounded.

i) Tracking errors e, and e, will converge to regions A,
and A, in finite time.

Ay < V2 (k3 + ka) (33)
Ay < V2 (ks + k) (34)
Proof: The overall Lyapunov function can be selected as
1 1 1 . 1 . 1 .
Vo= -84 -8+ —D>+ —D?+ —D? 35
R YW I TV I YWt (35)

Differentiating V> with respect to time and substituting Egs.
(7), (21), (22) and (27) yield
. . . Al ~ 1 X
Vo = m15181 + m2$28, — —1D1—AD
M cosh? (Dl)
A2~ 1 h A3~ 1 S
— D D2~ m D3 ——— D3
A5 " cosh? (D2> A6 " cosh? (D3)
= 81 (tu + Tud + mapvr —diju — myyig
+ ksmyy tanh (key)) — S (myyir + dypv — T
— (moug — mpu) i + my (A — kax (1—

A = 1 2
tanhz (/(ev)> ev)> — )\'—j‘Dl TDI
cosh (D1>
Ao ~ 1 X A3 ~ 1 X
~-2b, — D> — —303 ~ 3
A5 " cosh? (Dz) A6 " cosh? (D3)

VOLUME 7, 2019

< 81 (zu +mopvr —dyju — myyitg
+ kzmy tanh (ke,)) — S (myur + dyv
+myp (A — kqx (1 — tanh?® (Kev)> év>
(moaug — myiu)

- (i — (ma2 —mi)uv — d33r))
m33

|(moaug — myiu) S7|
+1S11Dy + 1821 D2 + D;

m33
Al o= 1 3 Ao~ 1 3
— DD = Dy —— D
4 cosh? <D1> 5 cosh? <D2>
A3 ~ 1 X

B A6 b3 cosh? (D3> D3 o

Based on the proposed control law Egs. (28) and (29), Eq.
(36) is further rearranged as

1 X

. _ A -
Vo < —ksSysign(S1) + |81 Dy — Lh, D,

M cosh? (151)
<(m22ud — myu) Sz)
ign

ke (maauq — myiu) i

ms3 ms33
A~ 1 X A3 ~ 1 X
Z2hy————Dy— ZDs———D
A5 cosh? (D2) A6 cosh? (Dg)

)1 tanh (i)l) IS)| — A tanh (i)z) 1S, |

o mooug — mpiu) S
—A3tanh<D3) (mug 11u) $2 152 D
ms3
myug — mpiu) S
Jr|( 22Uy 114) 2|D3
ms33
(mapug — miu) 2
= —ks|S1| — ke
ms33
Al = 1 X A~ 1 X
Dl D1 — =Dy ——— D
A cosh? (Dl) A5 cosh? <D2)
A3 ~

—A—D3—Ab3 + 1811 Dy + 121 D2
6  cosh? <D3)

myug — miju) S
+'( 0ig —miu) Sy 37)
ms3
Upon applying Egs. (30)-(32), Eq. (37) is rewritten as
. (mpug — myju) $s
Vo < —ks|S1] — ke
m33
~ ~ ~ | (mpug — myju) So
=Dy |S1| = D2 |82 — D3
ms3
~ ~ (mpug —myiu) Sy | ~
+ 1811 D1 + [S2]1 D2 +
ms3
(moaug — myiu) S2
= —ks5 |51 — k¢
m33
<0 (38)

Thus, ~the sliding mode surface S;, i = 1, 2 and the estimation
error D; are uniformly ultimately bounded.
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In what follows, the finite time convergence of the track-
ing error and the sliding mode surface will be illustrated.
By selecting positive constants D;,i = 1,2, 3 satisfying

D; > D; and D; > A;tanh (D,), the Lyapunov function is
chosen as:

1, 1 /- A\ 2
2 Ag

1, 1 /- A~ \\2
+ 583+ — (D2 — sz anh (D))
2 As

1 _ N 2
y— (133 — Astanh (03)) (39)
A6
Differentiating V3 by using Egs. (7), (21), (22) and (27) yields

V3 = m 18181 + m20S$2S5s
2)\1 - 1 X
— (D] —)thanh( 1)) —F—D;
)‘4 cosh? (D1>
21 (= A 1 A
- <D2 — Ay tanh (Dz)) — D,
cosh? <D2>
_ ~ 1 A
25 (g syt (B4))
A6 cosh? (D3>
= 81 (ty + Tug +moavr — diju — myyity
+ kamyy tanh (key)) — So (mpur + dov — T
— (maaug — myu) i + ma (A — kak (1—

tanh? (Kev)) év))
2%1 — A 1 3
<D] A1 tanh (D])) —F—D;
)‘4 cosh? <D1>

2)»2 ~ 1 X
<D2 Ay tanh (Dz)) ——D
)‘5 cosh? <D2>
2)»3 A 1 X
(D3 A3 tanh <D3)) —F—D3
AG cosh? (D3>
< St (vy +mpvr —dyju — myyig
+ kamy tanh (key,)) — Sy (myir + dopv
+m (A — Kk (1 — tanh? (Kev)) év)
(mooug — myu)
— —————— (7y — (m22 — my1) uv — ds3r)
m33

|(mooug — myiu) S7|
+ 1811 D1 + 1821 D2 + o~ Ds

_ZT);I <D1 — A tanh( )) mbl

2A2 1 A
- 22 (b, s ann (B2)) —— b
As cosh? (D2>

203 /= o 1 A
s (1)3 — A3 tanh (1)3)) — Dy (40)
6 cosh? <D3)
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Inserting Eqs. (28) and (29) into (40) leading to the following
result:

V3 < —ksSisign (S1) + IS1] Dy + |S2] D2
ke (moug —miiu) So . ((mzzud —myiu) Sz)
- sign

m33 m33

201 /= 1 X
2y (b)) by
As cosh? (Dl)
2 1 X
_2 <D2 — M tanh (Dz)) —D
As cosh? (Dz)
1 X
—AD3
cosh? (D3)

— 5, tanh (f)l) IS1| — A tanh (f)z) 1S, |

213
- <D3 — A3 tanh <D3>)
Ag

(mzzud —mu) Sz

—A3 tanh
ms33

— S
n I(M22ud "mu) 2|D
m33

—mu) S
< —ks|S1] — ke

' (maouq

ms33
20 /= 1 X
2By anh (1) Ly
Ay cosh? (Dl)
2)\2 1 X
(52— r2ann (b)) — b
)‘5 cosh? (Dz)

203 /= A 1 2
23 (B grant () L
A6 cosh? (D3)

(mpug — myju) So
ms33

+ 1811 Dy + 1821 Dy +

D3 (41)

According to the proposed adaptive laws Eqs (30)-(32),
Eq. (41) can be further written as:

—muu)Sz

s
)

-2 (l_)z — Aptanh ( ) |S7]

—2(D3 —)»3tanh( )) '(ngud —mui) S

. (mpouq
V3 < —ks |S1] — ke

—2([)1 — Al tanh(

Jr|Sl|<Dl_Mtanh< ))
ISzl(Dz—Mta“h(b )>

‘ (mzzud —myiu) 2

— 3 tanh (m)) (42)
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FIGURE 1. The actual and desired paths of the MSV.

Due to the fact that D; > D; and D; > X, tanh (b,-), Eq. (42)
finally becomes:

(mpuq — myju) Sy

Vgs—k5|sl|—k6’

m33
_ (Dl — A, tanh (bl)) ;]
- (Dz — Ay tanh (Dz)) 1S,

_ N — S
- (D2 = ratann (y)) [ 22t =m0
ms33
1 1
1 .\2 _ 1 \2
= —2ks [ =S?) — 2k (magttg = myiu) S g2
2 ms3 2
(L ey
— VA |81 <)L—4 (D] — A1 tanh (Dl)) >
1 /- . 2\ 2
/25 15] (- (02 — Jatanh (Dz)) )
As

(mpuq — myju) So
-6
ms33

(L (33— sstann (33))°)

1
< —psVy 43)

where

(mpug — myju)
ms3

Vs 1821, v/ke )

In view of Lemma 1, it comes to the conclusion that the
sliding mode surface S;,i = 1, 2 converges to the origin in
finite time.

Now, point (i) has been proven.

When the motion of the tracking error system Eq. (7)
reaches the sliding mode surface §; = 0,i = 1,2 and
remains on it, Egs. (44) and (45) can be obtained for ¢, and

V1S,

(mpug — myju) So

05 = min <2k5, 2ke

m33
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ey, respectively.

éy, = —katanh (key) (44)
e, = —kytanh (ke,) 45)
For the surge tracking error e,, it can be concluded from §; =
0 that the relation S; = 0 always exists. Accordingly, Eq. (44)

is tenable. For the sway tracking error e,, Eq. (45) is obviously
valid from the equation Sy = 0.
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To illustrate the finite-time stability of the tracking errors,
the Lyapunov function is chosen as:

1, 1,
V4 = Eeu + Eev (46)
By exploiting Eqs. (44), (45) and Lemma 3, the derivative of
Eq. (46) is derived as;
Vi = eyéy + evey
= —k3eytanh (ke,) — kqeytanh (ke,)

—k3 ley| — kg ley| + k3 + k4

1

1
1 2 1 2
—V2ks (§e§) — V2ky <§e§> + k3 + ky

1
= —,06V42 + k3 + kg (47)

where pg = min gﬁ k3, V2 k4). Then, it can be followed
from Lemma 1 and Lemma 2 that e, and e, will converge to
the region A, and A, in finite time.

Now, point (ii) has been proven.

Now, Theorem 2 has been proven.
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IV. SIMULATION RESULTS
In this section, the effectiveness of the proposed control
scheme will be illustrated by numerical simulations. The
model parameters of an underactuated surface vessel is given
as [15]: m;; = 1.9 &£ 0.019kg,my»; = 2.4 £ 0.117kg,
m33 = 0.043kg £ 0.0068, d;; = 2.436 £ 0.0023, dyp =
12.9 £ 0.297, d33 = 0.0564 £ 0.00085. The initial con-
ditions of the MSV are set as: x (0) = 0.1,y(0) = 04,
90 = Z,u(0) = 0,v(0) = 0,r(0) = 0. The refer-
ence trajectory is chosen as: x4 (f) = 0.5¢ + Im, y; () =
0.25¢ + 0.5m. To testify the robustness of the proposed con-
troller, the following disturbance is considered in the simu-
lation: 7,4 = 0.1 x (1 + 0.2sin (0.01t+ %)) Td = 0.1 x
(14 0.3cos (0.01t)) , t,¢g = 0.1 x (1 4 0.2cos (0.015t)) .
The design parameters are selected as: k; = 2,k = 2,
ks = 02,ks = 2,ks = 0.05,k¢ = 0.05,k; = 3,kg = 3,
A1 = 0.01, 2, = 0.01, 23 = 0.01, x4 = 0.0005, A5 =
1, A¢ = 0.01.Simulation results are depicted in Figs. 1-8. In
Fig.1, the actual path of the MSV is presented along with the
desired one. Obviously, the desired path can be tracked by
the MSV with high control precision. The position tracking
error curves are given in Fig. 2, implying that the desired
position trajectory can be tracked within 6s even in the pres-
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FIGURE 9. Curves of position tracking errors under the controller Eq. (19)
in [14].
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FIGURE 10. Curves of the velocity tracking errors under the controller
Eq. (19) in [14].

ence of external disturbance and parameter uncertainties. The
practical and desired velocity of the MSV are described in
Fig. 3. It can be founded that the proposed velocity command
described as Eq. (8) can be tracked within 6s, which indi-
cates the validity of Theorem 2. Curves of velocity tracking
errors are given in Fig. 4. Steady-state errors of position and
velocity can be observed from enlarged pictures in Fig. 2 and
Fig. 4, respectively. Curves of the control torque are given
in Fig. 5. According to the designed control law Egs. (28)
and (29), it is obviously that the sign function will introduce
chattering problem in the MSV system. To solve this problem,
the boundary layer function is introduced in the numerical
simulations. The estimation information is depicted in Fig. 6,
which shows that estimation values are all bounded. To illus-
trate that D,- is bounded, Fig. 7 shows the estimation error
curves. Fig. 8 depicts the curve of the yaw angular velocity
r. It can be observed that the yaw angular velocity is always
bounded under the proposed control law.

To better show the effectiveness of the proposed control
scheme, the comparative study with sliding mode controllers
proposed in [14] and [15] is made. Taking the same external
disturbance into account, simulation results of [14] and [15]
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are given in Figs. 9-12. Comparing the simulation results
under different controllers, it can be concluded that the pro-
posed controller in this paper possesses faster convergence
rate and higher control precision.

V. CONCLUSIONS

The robust finite-time trajectory tracking control problem
has been solved for underactuated MSVs in this paper by
employing finite-time sliding mode control technology. The
controller design can be divided into two stages: the desired
velocity design and the finite-time controller design. A novel
sliding mode surface has been proposed such that the position
tracking errors can be stabilized within finite time. Numerical
simulations have shown the effectiveness of the proposed
method.
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