Illinois Journal of Mathematics
Volume 47, Number 1/2, Spring/Summer 2003, Pages 461-475
S 0019-2082

FINITE TRANSITIVE PERMUTATION GROUPS AND
BIPARTITE VERTEX-TRANSITIVE GRAPHS

CHERYL E. PRAEGER

Celebrating the 100th anniversary of the birth of Reinhold Baer

ABSTRACT. We prove a structure theorem for a class of finite transitive
permutation groups that arises in the study of finite bipartite vertex-
transitive graphs. The class consists of all finite transitive permutation
groups such that each non-trivial normal subgroup has at most two
orbits, and at least one such subgroup is intransitive. The theorem is
analogous to the O’Nan—Scott Theorem for finite primitive permutation
groups, and this in turn is a refinement of the Baer Structure Theorem
for finite primitive groups. An application is given for arc-transitive
graphs.

1. Introduction

By a permutation group on a set {2 we mean a subgroup of the symmetric
group Sym(€2) of all permutations of 2. A transitive permutation group G on
a set Q is primitive if, for a € €, the stabiliser G, is a maximal subgroup of G.
The term primitive can also be used for abstract groups, namely an abstract
group is said to be primitive if it is isomorphic to a primitive permutation
group on some set, or equivalently, G is primitive if it has a maximal subgroup
H such that the core Coreq(H) of H in G is trivial, where Coreq(H) :=
Nyec H?. In 1957 Reinhold Baer [1] identified three types of (abstract) finite
primitive groups according to the structure of the socle, where the socle soc(G)
of a finite group G is the product of its minimal normal subgroups. This result
of Baer has been called, for example by Forster in [5], the Baer Structure
Theorem for primitive groups. It shows that, for a finite primitive group G,
exactly one of the following holds.

(I) soc(@G) is an abelian minimal normal subgroup of G;
(IT) soc(@G) is a non-abelian minimal normal subgroup of G;
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(III) soc(G) is a direct product of two (isomorphic) non-abelian minimal
normal subgroups of G.

Twenty years after Baer’s paper [1] appeared, his result was refined inde-
pendently by L. L. Scott and M. E. O’Nan into what is now called the O’Nan—
Scott Theorem; see [13]. The framework it provides has proved to be the most
useful modern method for identifying the possible structures of finite primitive
permutation groups and is now used routinely for their analysis. For many
families of point-transitive combinatorial objects, it is possible to describe the
objects in terms of the sub—family of point—primitive objects, and in these
cases the O’Nan—Scott Theorem has proved a powerful analytical tool. An
especially successful example of this is the study of finite distance—transitive
graphs, where this approach has led to an almost complete classification of
the finite primitive distance—transitive graphs; see [6], [14].

However in some applications, for example to 2-arc-transitive graphs, it
is not possible to relate a typical object in the family with a point-primitive
object and so the theory of primitive groups cannot be used. Fortunately some
of these families can be studied using quasiprimitive permutation groups. A
permutation group G < Sym(€Q) is quasiprimitive if each non-trivial normal
subgroup N is transitive, or equivalently if G = NG, for each such N (where
a € Q). If G is primitive then G, is maximal in G and G, contains no non-
trivial normal subgroup N since Coreg(Gqo) = 1, and therefore G = NG,, for
each such N. Thus each primitive group is quasiprimitive, but the converse
is not true since each transitive permutation representation of a non-abelian
simple group is quasiprimitive. Finite quasiprimitive permutation groups have
been described by a theorem similar to the O’Nan—Scott Theorem in [11], and
played a central role in elucidating the structure of finite non-bipartite 2-arc-
transitive graphs. They are well-suited for studying families of combinatorial
objects that are closed under a quotient operation; see [12]. Further discussion
of the family of 2-arc transitive graphs will be given in Section 4.

In studies of vertex— and edge-transitive graphs, the bipartite graphs have
always been far more difficult to handle than the non-bipartite ones. A graph
I is bipartite if its vertex set € can be partitioned into two parts, say A, A/,
in such a way that every edge of T" joins a vertex of A to a vertex of A’. If G is
a vertex-transitive group of automorphisms of a connected bipartite graph I"
then G preserves the bipartition {A, A’} and the set of elements of G that fix
A and A’ setwise forms a normal subgroup G+ of G of index 2; moreover, if I’
is connected then the bipartition {A, A’} is uniquely determined by I'. This
means in particular that, provided I' has more than two vertices, then G is not
quasiprimitive on vertices. In Section 4 we discuss results from [8] that show
in particular that each finite bipartite 2-arc transitive graph I' is a normal
cover of a bipartite graph admitting a group that is both 2-arc transitive and
bi-quasiprimitive on vertices.
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By a bi-quasiprimitive permutation group G on {2 we mean a subgroup
G < Sym(2) that is not quasiprimitive and has the property that each non-
trivial normal subgroup has at most two orbits. The main result of this
paper, Theorem 1.1, is a structure theorem for finite bi-quasiprimitive groups
similar to the Baer Structure Theorem for primitive groups. A study of bi-
quasiprimitive 2-arc transitive automorphism groups was begun in [10]. We
believe that the analysis in this paper of the finite bi-quasiprimitive groups,
as permutation groups, will lead to a better understanding of bipartite 2-arc
transitive graphs and also of other families of bipartite graphs. In particular
we believe that it will shed light on the Weiss Conjecture for locally-primitive
graphs (see Section 4).

For a finite bi-quasiprimitive permutation group G on 2, there is at least
one non-trivial intransitive normal subgroup N (since G is not quasiprimitive)
and N must therefore have two orbits, say A, A’. Each element of G either
fixes these two orbits or interchanges them. Thus the elements of G that fix
A, A’ setwise form a subgroup G of index 2, and G induces a transitive
permutation group H on A. By the embedding theorem for permutation
groups, G is conjugate in Sym(€2) to a subgroup of the wreath product HSs =
(H x H)-S3. The set 2 may be identified with A x {1, 2} such that, for (y1,y2)
in the base group H x H, and (12) € So,

(5’ 7;)(?/14/2) — (5“,2’) and (5, i)(12) _ (5,2.(12))

for all (6,7) € Q. With this identification of  the parts of the bipartition are
{(6,1) |6 € A} for i =1,2. Theorem 1.1 identifies various distinct possibilities
for soc(G).

The statement uses the following notation. Let M be a group. For each
¢ € Aut(M), Diag,, (M x M) denotes the full diagonal subgroup {(z,z%) |z €
M} of M x M (and we write the identity automorphism as 1). There is a
natural embedding of M into Sym(M) with elements of M acting by right
multiplication. This subgroup, which we identify with M, is regular in the
sense that only the identity element fixes a point. The normaliser of this
subgroup M in Sym(M) is called the holomorph Hol(M) of M and is the
semidirect product M - Aut(M) with elements of Aut(M) acting naturally.
The centraliser C (M) of M in Sym(M) consists of the elements of M acting
by left multiplication. It is a subgroup isomorphic to M, C(M)NM = Z(M),
and Aut(M) N (C(M)M) = Inn(M) consists of the inner automorphisms
by 1T+ y~lzy induced by the elements y € M.

THEOREM 1.1. Let G be a bi-quasiprimitive permutation group on a finite
set Q, let Gt be a subgroup of G of index 2 with two orbits A, A’ in Q, and
let H be the permutation group induced by G on A. Then, replacing G by a
conjugate in Sym(QY) if necessary, G < H1Ss, G\ G contains an element
g = (x,1)(12), for some x € H, and one of the following holds.
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s quasiprimitive and one of:
i) G = (G",9) and G = Diag,(H x H), where ¢ € Aut(H),
©? = 1. Moreover g centralises G if and only if |Q| = 4 and
G:Z4 O’I‘ZQXZQ.
(i) soc(G) = soc(H) x soc(H).
(iii) soc(H) = C(M) x M < H < Hol(M), where M,C(M) are
isomorphic mon-abelian, regular minimal normal subgroups of
H, and soc(G) = (C(M) x C(M)) x Diag,(M x M) where
¢ € Aut(M) and ? is the restriction of 1, to M.
(b) H is not quasiprimitive, but has a unique transitive minimal normal

subgroup M, M is non-abelian and soc(G) = M x M.

(c) H is not quasiprimitive, G+ = Diag,(H x H), where ¢ € Aut(H),

p? = 1y; there exists an intransitive minimal normal subgroup R of

H such that R? # R, M := R x R¥ is a transitive normal subgroup

of H, and N := Diag,(M x M) is a minimal normal subgroup of G;

and one of:

(i) soc(G) = N.

(i) soc(G) = N x N, where N, N are isomorphic non-abelian mini-
mal normal subgroups of G, and N = Diagga(M x M); M, M are
isomorphic reqular normal subgroups of H, soc(H) = M x M <
H < Hol(M), and M = R x R¥ for an intransitive minimal
normal subgroup R = R.

(a) H
(

Moreover there are examples in each of the cases.

REMARKS 1.1.

(1) The subgroup GV is the unique subgroup of G of index 2 except for
the case where |Q| =4 and G = Z5 X Z5 in part (a)(i).

(2) In part (a)(iii) the group H is a primitive subgroup of Hol(M), while
in part (c)(ii), the subgroup H of Hol(M) has four minimal normal
subgroups.

(3) Groups H occurring in part (b) are called innately transitive permu-
tation groups, and have been studied in [2].

We give in Section 2 examples of finite bi-quasiprimitive groups for each
of the parts of Theorem 1.1, and in Section 3 we prove that each finite bi-
quasiprimitive group satisfies the conditions of exactly one of the parts, thus
completing the proof of Theorem 1.1. In Section 4 we explain how each finite
arc-transitive bipartite graph is a multi-cover of a graph admitting a group
of automorphisms that is both transitive on arcs and bi-quasiprimitive on
vertices. Here, by an arc we mean an ordered pair of vertices that are joined
by an edge. One family of arc-transitive, vertex bi-quasiprimitive graphs is
the family comprising the complete bipartite graphs K, , for which each part
of the bipartition has size n and each vertex of one part is joined to each
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vertex of the other part. The full automorphism group S, ¢Sy of K, is
bi-quasiprimitive of type (a)(ii), and for certain values of n there are arc-
transitive, bi-quasiprimitive subgroups of S, 1S3 of types (a)(iii) or (b). For
graphs other than K, ,, all arc-transitive, vertex bi-quasiprimitive groups
must be of the other types.

THEOREM 1.2. Let ' be a finite connected bipartite graph and suppose
that G < Aut(T) is arc-transitive and vertex bi-quasiprimitive. Then either
I' = K, , for some n, or G satisfies part (a)(i) or (c) of Theorem 1.1.

Proof. Suppose that I' # K,, , and let @ € A. Then the set of vertices
adjacent to a is a proper subset of A’ and it follows that G, is not transitive
on A’. Thus G is of type (a)(i) or (c) of Theorem 1.1. O

The paper [10] contains an investigation along the lines of Theorem 1.2 in
the special case where G is in addition 2-arc transitive, and in particular the
first result Theorem 2.1 of [10] follows immediately from Theorem 1.2. We dis-
cuss the results of [10] in more detail in Section 4. In [7] a larger class of graphs,
the locally-quasiprimitive graphs, were investigated also from this point of
view. In that paper the need for a better understanding of bi-quasiprimitive
groups was highlighted, and Theorem 1.1 essentially solves Problem 6.2 of
that paper. The extra structural details for bi-quasiprimitive groups given
in Theorem 1.1 should increase our understanding of bi-quasiprimitive 2-arc
transitive graphs and other bipartite edge-transitive graphs.

2. Examples of bi-quasiprimitive groups

In this section we give several constructions of finite bi-quasiprimitive per-
mutation groups to demonstrate that each of the cases in Theorem 1.1 can
arise. We label the examples according to the case in the main theorem. We
shall construct bi-quasiprimitive subgroups G of H ! S5, where H is a transi-
tive permutation group on A and H1Sy = (H x H) - S acts as in Section 1
on Q = A x {1,2}. For each group G, the subgroup G* := GN B will project
onto each of the direct factors H of B. Note that in order to show that G is
bi-quasiprimitive it is sufficient to prove that every minimal normal subgroup
of G has at most two orbits in 2.

ExXAMPLE (a)(i). Let H be a quasiprimitive permutation group on a set
A, and let ¢ € Aut(H) such that ¢ # 1 and ¢? is an inner automorphism ¢,
of H, for some = € H. Then the subgroup G = (Diag,,(H x H), (z,1)(12)) of
H S5 is bi-quasiprimitive as in part (i).

Proof. Let Gt = Diag,(H x H). Then GT is normal in G of index 2,
and each minimal normal subgroup of G contained in G is of the form N =
Diag,(M x M) for some normal subgroup M of H. Since H is quasiprimitive,
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M is transitive on A and so N has two orbits in 2. If N were a minimal normal
subgroup of G and N £ G*, then N NG* = 1 by minimality, and so N = Z,
and G = GT x N. Now N is generated by (y,y%)g = (yx,y?)(12) for some
y € H. A straightforward computation shows that such an element centralises
G if and only if ¢ = 1, which is not the case. Thus every minimal normal
subgroup of G has two orbits. O

If in Example (a)(i) we were to take ¢ = 1 then x € Z(H) and (x,1)(12)
would centralise GT. The only possibility for H that leads to a bi-quasipri-
mitive group G in this case is H = Sy on A = {1,2}, giving G = Z, if  # 1
or G =27y x Zy if 2 =1 (see Lemma 3.1).

ExAMPLE (a)(ii). Let H be a quasiprimitive permutation group on a set
A, and take G = H ! S5. Then it is easy to check that G is bi-quasiprimitive
as in part (a)(ii).

EXAMPLE (a)(iii). Let H = Hol(M) = M - Aut(M) acting on A = M,
where M = T* for some non-abelian simple group 7" and k& > 1. Let ¢ €
Aut(M) and set z := ¢? € Aut(M) < H and C(M) := Cxg(M). Let Gt =
(C(M)xC(M))Diag,,(H x H) (where we take conjugation by ¢ € Aut(M) <
H as the corresponding inner automorphism of H), g = (z,1)(12), and G =
(G, g). Then G is bi-quasiprimitive as in part (a)(iii).

Proof. The element g normalises Diag,, (H x H) and hence normalises G*.
Also g = (z,z) = (z,2%) € Diag(H x H), so |G : G*| = 2. All the condi-
tions of part (a)(iii) hold for G. We just have to show it is bi-quasiprimitive.
If N were a minimal normal subgroup of G not contained in GT, then as in
the proof of Example (a)(i), G = Gt x N & G x Z5, but no element of G\ G
centralises GT. Thus if N is a minimal normal subgroup of G then N < G,
and hence N < G'N (soc(H) x soc(H)) = (C(M) x C(M)) x Diag,(M x M).
It follows that N is C(M) x C(M) or Diag, (M x M), each of which has two
orbits in 2. O

It is rather more difficult to provide examples for part (b). We give one
small example to show that this case does arise.

EXAMPLE (b). Let H =5 x A where S = S5 and A = (a) = Z,, acting by
right multiplication on the set A of 20 right cosets of K := ((123), (12), (45)a)
(where here the permutations refer to elements of S). Let M = Aj, let
b € S\ M be an element of order 2, and let g be the element (12) in the
top group Se of H 1 S5. Then the subgroup G = (M x M, (a,b),g) is bi-
quasiprimitive as in part (b).

Proof. Since M N K = ((123)), M is transitive on A. Thus H has a
unique transitive minimal normal subgroup M that is non-abelian, and also
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an intransitive normal subgroup A, so H is not quasiprimitive. Now G1 :=
GN(H x H) = (M x M, (a,b), (b,a)). The projection of G* onto each direct
factor H is (M,a,b) = H, and G/(M x M) = Dg. It is easy to check that
M x M has trivial centraliser in G. Now M x M is a minimal normal subgroup
of G and has two orbits in Q. Since M x M has trivial centraliser it follows
that soc(G) = M x M, so G is bi-quasiprimitive as in (b). O

It is clear how to generalise this example to any instance of an almost simple
permutation group S with transitive socle of index 2 such that a point sta-
biliser Sj fixes 2 points, or equivalently |Ng(Ss) : S5| = 2. For the remaining
cases of Theorem 1.1 we give again a reasonably general construction.

EXAMPLE (¢)(i) AND (ii). For i =1,2, let K; be a quasiprimitive permu-
tation group on A; such that Z(K;) = 1 and let R; be a minimal normal sub-
group. Suppose that there exists an isomorphism ¢ : K7 — K such that R{ =
Ry. Note that the actions on the A; need not be permutationally isomorphic;
we only assume that the groups K; are isomorphic as abstract groups. Let
H = K, x Ky acting naturally on A = A; x Ay by (6y,8)(@10%2) = (07%,052)
for §; € Ajya; € K;. Let ¢ € Aut(H) be the map ¢ : (a,b%) — (b,a%)
for a,b € K;. Then the subgroup G = (Diag,(H x H),(12)) of H 1 Ss is
bi-quasiprimitive.

Proof. Since ¢? = 1, it is easily checked that the element g := (12) of the
top group of H1S5 normalises, but does not centralise, GT := Diagw(H x H).
In fact, GT has trivial centraliser in G. Thus each minimal normal subgroup
N of G is contained in G* and hence N = Diag, (M x M) for some normal
subgroup M of H. Now Diag,(M x M) = Diag,(M¥ x M%), and since
N9 = N we require M¥ = M. Also, if My is a normal subgroup of H such that
Mg = My then Diag,, (Mo x Mp) is normal in G. Thus the minimal normal
subgroups of G are those subgroups Diag,(M x M) where M is normal in H,
M® = M, and M is minimal with respect to these properties. Let M be such
a subgroup, and let R be a minimal normal subgroup of H contained in M. If
R # R? then R¥Y < M and R x R” is a normal subgroup of H invariant under
@, 30 M = R x R¥. In the case where R < K; for some i, we have R? # R,
so M = R x R¥ and M is transitive on A, and hence Diag,, (M x M) has two
orbits in ). For example, the subgroup R = R; gives rise to a minimal normal
subgroup of this type. Suppose then that R is not contained in K7 or K. By
the minimality of R, RNK; = RNKy = 1. However, in order for a subgroup of
this type to be normal in H = K7 x K5 it must be contained in Z(K;)x Z(K3),
and this is impossible since Z(K;) = 1. Thus G is bi-quasiprimitive and is
of type (¢). If K; has a unique minimal normal subgroup then (c¢)(i) holds,
while if this is not the case then K; has two isomorphic non-abelian regular
minimal normal subgroups and (c)(ii) holds. O
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3. Proof of Theorem 1.1

Suppose that G,G1, H are as in Theorem 1.1, and that G < H 1Sy =
(H x H) - Sy acting naturally on © = A x {1,2}. We shall write the base
group B = H x H as B = H; x Hy when we wish to distinguish the two direct
factors. Note that Gt = BN G and by the definition of H, GT projects onto,
say Hy. As G interchanges H; and H, while normalising G, it follows that
GT projects also onto Ho, that is to say, GT is a subdirect subgroup of B.
Let g € G\G*. Then g = (z,)(12) for some x,y € H, and since GT projects
onto H, multiplying ¢ by an element of G if necessary, we may assume that
y=1,s0¢g=(x,1)(12). First we consider the exceptional case in which some
element of G\ GT centralises G*. Note that, since G # 1, the cardinality
of Q is at least 4.

LEMMA 3.1.  Some element of G\ G™" centralises GT if and only if || = 4
and G = Zy or Zy X Zs. In particular Theorem 1.1 (a)(i) holds in this case.

Proof. It |Q] = 4 and G = Z4 or Zy X Zy, then g centralises GT. Also
H = S, is quasiprimitive and Theorem 1.1 (a)(i) holds. Suppose conversely
that g = (z,9)(12) € G\ G and g centralises G*. Then for each (a,b) € G+
we have

(a,6) = (a, )7 = (a, )= — (9, 47),
Thus @ = bY,b = a®, and since G is a subdirect subgroup of B it follows
that G* = Diag, (H x H) and zy,yx € Z(H). Now ¢* = (zy,yz) € Gt N
(Z(H) x Z(H)). Suppose first that ¢> = 1. Then N = (g) & Z, is a
normal subgroup of G and hence has at most two orbits in 2. It follows that
Q] =4 and G = N x Gt = Z, x Zy. Suppose now that g> # 1. Then
Gt N(Z(H) x Z(H)) is a nontrivial normal subgroup of G and hence has two
orbits in Q. In particular Z(H) is transitive on A, and as transitive abelian
permutation groups are regular it follows that Z(H) is regular on A and we
may identify A with Z(H) in such a way that, for § =1 € A, H = Z(H)H;
with Hs acting by conjugation. Since Hj centralises Z(H) we have that
Hs =1and H = Z(H). It follows that G is abelian and hence regular on €.
Let p be a prime divisor of |G| and M a subgroup of GT of order p. Since
G is abelian M is normal in G and hence has two orbits in Q. It follows that
G = M. If p were odd then we would have G = Z,,, and G would have
a normal subgroup of order 2 having p > 2 orbits, which is a contradiction.
Hence p = 2, || = 4, and since g> # 1 we have G = Z;. In both of these cases
with |} =4, H = S, is quasiprimitive and Theorem 1.1 (a)(i) holds. O

From now on we shall assume that no element of G \ G centralises GT,
and in particular, g = (z,1)(12) does not centralise G*. Our next step is to
study the minimal normal subgroups of G. Let 7; denote the projection map
7; : B — H; and note that H; = m;(GT) for i =1, 2.



PERMUTATION GROUPS AND BIPARTITE GRAPHS 469

LEMMA 3.2. Let N be a minimal normal subgroup of G, and let N; =
NNH; fori=1,2.

(a) Then N C G, and either N is a minimal normal subgroup of G, or
N = M x M9 where both M and M9 are minimal normal subgroups
of GT. In particular soc(G) C soc(H) x soc(H). Moreover, for any
minimal normal subgroup M of GT that is not normal in G, M x MY
is a minimal normal subgroup of G.

(b) If Ny # 1, then Ny is a transitive minimal normal subgroup of Hy
and N = N1 X No. Moreover, for any minimal normal subgroup M
of Hy that is contained in G, M is transitive on A and M x MY is
a minimal normal subgroup of G.

Proof. Suppose that N £ G*. Then N NG = 1 by the minimality of
N, and hence N centralises G, contrary to our assumption. Thus N < G+.
Suppose that IV is not a minimal normal subgroup of Gt and let M be a
minimal normal subgroup of GT contained in N. Then M9 # M since oth-
erwise M would be normalised by (GT,g) = G contradicting the minimality
of N. Also MY is a minimal normal subgroup of G* since g normalises G,
and hence M N M9 = 1 and M x MY is normal in GT. Now M9 C N since
N is normal in G, and so M x M9 < N. Also (M9)9 = M since g°> € G,
and hence M x MY is normalised by (G, g) = G. Now the minimality of N
implies that N = M x M9. It follows that soc(G) C soc(H) x soc(H).

If M is a minimal normal subgroup of G* that is not normal in G, then
the argument of the previous paragraph shows that M x MY is a normal
subgroup of G. If M is a direct product of isomorphic non-abelian simple
groups then G7 is transitive on the simple direct factors of both M and MY
and hence G is transitive on the simple direct factors of M x MY implying
its minimality. If M is elementary abelian then M x M9 is also elementary
abelian, is irreducible as a G-module, and so is minimal normal in G. Thus
part (a) is proved.

Now suppose that Ny = NN H; # 1. Then N; is a normal subgroup
of G properly contained in N. Let M be a minimal normal subgroup of
G™T contained in N;. By the first paragraph of the proof, N = M x M9Y.
Now M9 < Ny and it follows that M = N; and M9 = N,. Since G is
bi-quasiprimitive, it follows that the IV; are transitive on A.

Finally suppose that M is a minimal normal subgroup of H; that is con-
tained in G*. Then M9 < Ho NG and M x M9 is a normal subgroup of G
contained in G*. The fact that it is a minimal normal subgroup of G fol-
lows as in the second paragraph of the proof. Since G is bi-quasiprimitive, it
follows that M is transitive on A. O

As preparation for treating the cases where Gt N H; # 1, we make the
following observations. Note that, for a transitive permutation group N on
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A, |Csym(a)(N)| is equal to the number of fixed points of Nj, where § € A;
and Cgym(a)(N) is semiregular, that is, the only element fixing a point is the
identity.

LEMMA 3.3. Suppose that a permutation group H on A has transitive
normal subgroups M and N such that M NN = 1. Then both are regular,
Z(N)=Z(M) =1, and we may identify A with N so that H < Hol(N) and
M = Cgymny(N) = N. Further if N is a minimal normal subgroup then H
is primitive and soc(H) = N x M.

Proof. Since N, M are normal and N N M = 1, we have that
M C Cgyma)(N) and since M is transitive, [M| > [A|. It follows that
M = Cgym(a)(N) and both M and N are regular. Thus we may iden-
tify A with N so that H < Hol(N). Also Cgymn)(N) = N and since
N N Csymny(N) = Z(N) it follows that Z(N) = Z(M) = 1. Finally if
N is a minimal normal subgroup then, since M = Csym(a)(V), we have that
soc(H) = N x M. In particular H has two minimal normal subgroups N and
M, and each is transitive, so H is quasiprimitive. By [11], H is primitive. [

LEMMA 3.4.  Suppose that M is a normal subgroup of H such that G* has
a subgroup Diag, (M x M), for some ¢ € Aut(M), that is left invariant by
g = (x,1)(12). Then the automorphism of M induced by conjugation by x is
2
o2,

Proof. Each element of Diag,,(M x M) is of the form (y, y¥) where y € M,
and we have (y,y%)? = (y®,y*). Hence y* = (y?)? for all y € M, that is the
automorphism of M induced by conjugation by z is equal to 2. O

Now we deal with the case where GT N Hy # 1.

LEMMA 3.5.  Suppose that GT N Hy # 1. Then one of Theorem 1.1 (a)(ii),
(a)(iil), (b) holds, and in case (a)(iil), H is primitive.

Proof. Let M7 be a minimal normal subgroup of H; contained in Ny :=
Gt N H; and let My = MY, No = Gt N Ha, so My < No. By Lemma 3.2 (b),
M is transitive on A and M; X My is a minimal normal subgroup of G. If N;
contained a second minimal normal subgroup L; of H; distinct from M; then
L; would also be transitive and Ly x L] would be a second minimal normal
subgroup of G. In this case, by Lemma 3.3, H is primitive and soc(H) =
M; x Ly. Also by Lemma 3.2 (a), soc(G) = (M; x M) x (L x LY) =
soc(H) x soc(H), and Theorem 1.1 (a)(ii) holds.

Thus we may assume that soc(G) N Ny = M;. If soc(Hy) = M then
again Theorem 1.1 (a)(ii) holds, so we may assume that soc(H;) = M; x L;,
where L; # 1 and g interchanges L; and L,. Recall that Mj is transitive.
If My were abelian then it would be regular and self-centralising in Sym(A).
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However since Ly < Cgym(a)(M1), it follows that M, is non-abelian. Suppose
that G has a minimal normal subgroup K # M; x Ms. By Lemma 3.2,
K x My x My < soc(H;p) x soc(Hs) and hence K < L; X Ls. Since G
is bi-quasiprimitive, K has two orbits in © and so L is transitive on A.
By Lemma 3.3, H; is primitive, M;, L, are isomorphic non-abelian minimal
normal subgroups and are regular on A, M; = Cgsym(a)(L1), and we may
identify A with L; so that H; < Hol(L;). Hence n(K) = L; for each i,
and so, identifying L1 = Ly = L, K = Diag,(L x L) for some ¢ € Aut(L).
By Lemma 3.4, ©? is the restriction of ¢, to L. Clearly K x (M; x M) =
G Nsoc(B), and hence soc(G) = K x (My x Ms), and Theorem 1.1 (a)(iii)
holds.

We may now assume that soc(G) = M7 x Ms. If L, is intransitive, then
Theorem 1.1 (b) holds. So suppose finally that L; is transitive. Arguing as in
the previous paragraph, Hi is primitive, M7, L1 are isomorphic non-abelian
minimal normal subgroups and are regular on A, M; = Cgy(a)(L1), and
we may identify A with Ly so that Hy < Hol(L;) = L; - Aut(Ly). Since
soc(G) = My x My = soc(B) NG, we have G/ soc(G) = G soc(B)/ soc(B),
which is isomorphic to a subgroup of Out(L;)%. On the other hand, since
mi(GT) = H;, it follows that G*/soc(G) has a chief factor isomorphic to
Li. Since L; = T* for some non-abelian simple group 7" and k > 1, we
have Out(L;) = Out(7T) Sk, and no subgroup of Out(L;)? has a chief factor
isomorphic to T%. Thus this final case does not arise. O

LEMMA 3.6. IfGTNH; =1, then one of Theorem 1.1 (a)(i), (c)(i), (c)(ii)
holds.

Proof. Identifying H; = Hy = H, we have GT = Diag,,(H x H) for some
¢ € Aut(H), and by Lemma 3.4, ¢*> = 1,. If H is quasiprimitive then
Theorem 1.1 (a)(i) holds. So suppose that H is not quasiprimitive, and let R
be an intransitive minimal normal subgroup of H. Then S = {(y,y%?) |y € R}
is the corresponding minimal normal subgroup of GT. Since R is intransitive
on A, S has more than two orbits in 2, and hence S is not normal in G. By
Lemma 3.2, S9NS =1 and N := 5 x 59 is a minimal normal subgroup of G.
For (y,y%) € S, (y,y%)? = (y%,y*) = (y¥, (y¥)?) and hence SY is the minimal
normal subgroup of Gt corresponding to R¥, whence R? # R. Moreover, N
consists of all elements (z,2%)(y,y%)? = (zy?, (zy®)?), for y,z € R. Thus
N is the normal subgroup of GT corresponding to M := R x R?, that is,
N = Diag,(M x M). Since N has two orbits in it follows that M is
transitive on A. If soc(G) = N then Theorem 1.1 (¢)(i) holds.

Suppose then that soc(G) # N and let N be a minimal normal subgroup
of G, N # N. By Lemma 3.2, N < Gt and N has two orbits in Q. Thus
M := 7 (N) and M are two transitive normal subgroups of H; = H and
MNM = 1. By Lemma 3.3, M and M are isomorphic, non-abelian, and
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regular on A, soc(H) = M x M < H < Hol(M), and since H is not primitive,
M is not a minimal normal subgroup of H. By Lemma 3.2, soc(G) = N x N,
and also N = L x L9 where L is a minimal normal subgroup of G*. By the
definition of M, N = Diag,(M x M) = M and so N is non-abelian. As in
the previous paragraph, since N = L x L9, we see that M = R x R¥ for an
intransitive minimal normal subgroup R of H, and since M = M we have
R2= R and N 2 N. Thus Theorem 1.1 (c)(ii) holds. O

The proof of Theorem 1.1 follows from Lemmas 3.1, 3.5, 3.6 and the ex-
amples given in Section 2.

4. Quotients and covers of graphs

A graph I' = (Q, E)) consists of a vertex set 2 and a subset E of unordered
pairs from 2 that we call edges. As in Section 1, an arc is an ordered pair
(o, B) such that {«, 5} € E. More generally for s > 1, we define an s-arc in T’
as a vertex sequence (ag, a1, ...,as) such that each (o, a;y1) is an arc and
;-1 # ;1. We say that T is (G, s)-arc transitive if G acts as a group of
automorphisms of I' and is transitive on s-arcs. If G is both vertex-transitive
and s-arc transitive on a graph I', then G is also t-arc transitive for all ¢t < s.

In [8], [9], quotient graphs of vertex-transitive graphs were studied in an
attempt to find sufficient conditions under which a quotient inherits various
properties such as s-arc transitivity. Quotient graphs are defined for each
partition P of the vertex set of a graph I': the quotient graph I'p = (P, Ep)
where {4, B} € Ep if and only if there exist at least one o € A and at least one
B € B such that {«, 5} is an edge of I". Clearly if I" is connected then also I'p
is connected. If G < Aut(T'), then G induces a subgroup G* of I'p provided P
is G-invariant, that is, for all A € P and g € G, the image A9 = {af]a € A}
is also in P. In this case, the action of G¥ on I'p inherits from G any of
the properties: vertex-transitivity, edge-transitivity, arc-transitivity. Thus if
I" is connected and G-arc-transitive, then by choosing a maximal G-invariant
vertex-partition P, we obtain a quotient I'p on which G¥ is vertex-primitive
as well as arc-transitive. Moreover I'p is a k-multicover of ' for some k, that
is, if (A, B) is an arc of I'p then each vertex of A is adjacent to exactly k
vertices of B. The theory of finite primitive permutation groups can often be
used effectively to study connected G-arc-transitive graphs I' through their
primitive quotients G¥ .

However the property of s-arc transitivity, for s > 2, is not in general
inherited by a quotient I'p modulo a G-invariant partition P, and in fact
such quotients are often far from s-arc transitive. On the other hand, in [8,
Section 1] it was found that s-arc transitivity is inherited by normal quotients
and that each finite (G, s)-arc transitive graph I', where s > 2, is a cover (that
is a l-multicover) of a (G, s)-arc transitive quotient I'p such that G is also
quasiprimitive or bi-quasiprimitive on the vertices of I'p. Thus quasiprimitive
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and bi-quasiprimitive s-arc transitive graphs play a central role in elucidating
the structure of finite s-arc transitive graphs. By a normal quotient of a G-arc
transitive graph I' we mean a quotient I'p such that P is the set of orbits on
vertices of a normal subgroup of G. It was this discovery that inspired the
development of the theory of finite quasiprimitive groups, and in particular
the quasiprimitive O’Nan-Scott Theorem in [11].

It was shown in [11] that only a few of the possible types of quasiprimitive
groups can act 2-arc transitively, and by Theorem 1.2, if T" is not a complete
bipartite graph, then a biquasiprimitive 2-arc transitive subgroup of automor-
phisms must be of type (a)(i) or (c¢) of Theorem 1.1. In [10, Theorem 2.3] it
was shown that, for a bi-quasiprimitive group G of type (a)(i) acting 2-arc
transitively, the quasiprimitive action of G* on each part of the bipartition
can only be of one of the types possible for a quasiprimitive 2-arc transitive
action. The possibility of bi-quasiprimitive groups G of type (c¢) acting 2-arc
transitively is rather problematic. Some information about this case is pro-
vided in [9, Theorem 2.1B] and [10, Section 2]. One motivation for proving
Theorem 1.1 was to gain a better understanding of this case, and indeed we
are able to do so in Proposition 4.1.

A likely further application of this theory will be towards a proof of a conjec-
ture made by Richard Weiss [15] in 1978 about finite locally primitive graphs
and a similar conjecture (see [7]) for finite locally-quasiprimitive graphs. A
graph T' is said to be G-locally-primitive, or G-locally-quasiprimitive, if G <
Aut(T") and, for each vertex «, the stabiliser G, induces a primitive or quasi-
primitive action respectively on I'(«). Each vertex-transitive 2-arc transitive
graph is locally-primitive, and each vertex-transitive locally-primitive graph
is locally-quasiprimitive. The conjectures are that there exist functions f, f’
such that, for a finite vertex-transitive locally-primitive or locally-quasiprimi-
tive graph of valency v, the number of automorphisms fixing a given vertex is
at most f(v) or f’(v) respectively. In [4] it was shown that the conjecture for
locally-primitive graphs is true for non-bipartite graphs if and only if it holds
for such graphs with an almost simple automorphism group. We believe that
Theorem 1.1 and Proposition 4.1 will help in attacking these conjectures for
bipartite graphs. The statement of Proposition 4.1 uses the notation of The-
orem 1.1. The assertion in part (b) that I' is not (G, 2)-arc transitive relies
on the classification of finite almost simple 2-transitive groups and hence on
the finite simple group classification.

PROPOSITION 4.1.  LetT' = (Q, E) be a finite connected bipartite graph and
suppose that G < Aut(T') is locally-quasiprimitive and vertex bi-quasiprimitive
and that Theorem 1.1 (c) holds. Let a € Q and let I'(a) denote the set of
vertices adjacent to o.

(a) If G is of type (c)(i), then R, R? are semi-reqular on A and soc(G),
is isomorphic to a (possibly trivial) diagonal subgroup of M = Rx R¥.
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(b) If G is of type (c)(ii), then T is not (G,2)-arc transitive. Here H <
Hol(M) = M - Aut(M) and up to isomorphism we may identify Q
with M x {1,2} such that, for (y,i) € Q, m € M, and o € Aut(M),

m _ f (ym, 1)  dfi=1 o | W7,1) dfi=1

4" = { wm#,2) i—2 ™ BDT= 0y i
Moreover, for a = (1,2), soc(G)a = X x Y where X := Diag,, (R x
R) = R is transitive on I'(av), Y := Diag,(R¥ x R¥) = R fizes T'(a)
pointwise, and for v = (y,1) € I'(), X, = Diag,(Cr(y) x Cr(y)).

Proof. Suppose that G is of type (c)(i), so soc(G) = Diag,(M x M) and
M = Rx R?. If M is regular on A then the assertions of (a) hold, so we may
assume that M is not regular. Then G has no non-trivial semiregular normal
subgroups, and the assertions in (a) follow from [10, Theorem 2.1B].

Suppose that G is of type (c)(ii). Then soc(G) = N x N, where N,
N are isomorphic non-abelian minimal normal subgroups of G, and each is
semiregular on the vertex set  with orbits A, A’. Moreover, using the no-
tation of Theorem 1.1, G* = Diag,(H x H), N = Diag (M x M) = M,
H < Hol(M) =M - Aut(M), and we may identify the vertex set 2 of I' with
M x {1,2} with the action specified in (b). For a = (1,2),8 = (1,1) € Q, we
have soc(G)a = soc(G)s = Diag,,(Inn(M) x Inn(M)) = M. Thus soc(G)a
acts on M x {1} essentially with the natural action of Inn(M). Also soc(G), is
a direct product of two isomorphic minimal normal subgroups of G, namely
X := Diag,(Rx R) = Rand Y := Diag,(R¥ x R¥) = R. Since I is connected
it follows that soc(G), acts non-trivially on the set I'(a) of vertices adjacent
to a, and since the group GL induced on I'(«) is quasiprimitive, it follows
that each of its minimal normal subgroups in (soc(G)s)'(®) is transitive. Let
v = (y,1) € T(a) € M x {1} with y = y1y2 € R x R¥. Suppose that X
acts nontrivially on I'(«). Then X does not fix v, so y; # 1 and for some
a € R we have yf # y; and v := (y{y2,1) € I'(«r). However no element of
Y can map v to 7' and hence Y cannot act transitively on I'(«). Thus Y
must fix T'(a) pointwise, and this implies that T'(a) € R x {1}. Moreover
X, = Diag,,(C x C) where C = Cr(y1). Suppose now that Y is non-trivial
on I'(a). Then an analogous argument shows that I'(a) C R? x {1}, X fixes
['(a) pointwise, and Y., = Diag,,(C x C) where C' = Cge(y2). Now the map
@ : (y,1) — (y?,1), for (y,i) € Q, is a bijection, fixes a, normalises G, con-
jugates g = (x,1)(12) to g¥ = (2¥,1)(12), and we have gg¥ = (z,2%) € GT.
Thus ¢ € Ngym(0)(G) and ¢ induces an isomorphism from I' to a graph for
which X is non-trivial on the vertices adjacent to a.

Finally suppose that T is (G, 2)-arc transitive. Then GE(”‘) is 2-transitive
and has socle isomorphic to R. It follows from a result of Burnside (see [16,
Theorem 11.7]) that R is simple. However we have just shown that a point
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stabiliser in this action of R is isomorphic to Cr(y1) for some y; # 1, and there
is no finite almost simple 2-transitive group with this property; see [3]. O
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