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Abstract

Let f, (z)= z-e" W with p(z) being real coefficient polynomial and it's leading coefficient be

positive, zeR*, when p(z) and u satisfy two certain conditions, buried point set of f, (z)
contains unbounded positive real interval.

Keywords

Transcendental Entire Functions, Julia Set, Buried Points Set, Real Interval

1. Introduction and Main Result
Let f (z) be an entire function on the complex plane C . Define the iterated sequence {f”} of f as
f0=z, f"™(z)=fof"(z) (n=012,)
C can be divided into two sets:
F(f)={z|{f”} is normal atz}, J(f)=C\F(f)

F(f) iscalled Fatou set, which is open and contains at most countably many components. J( f) is called
Julia set, and it’s closed and perfect. The fundamental theory of complex dynamical system can refer to [1]-[4].

For an entire function f , let Sz{f is entire function|sing ( f ) is a finite set}, with sing () be the

set of singular value. If f is not a smooth covering map over any neighborhood of « , then « is a singular
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value. If feS,wecall f isfinite type entire function. The basic properties of the type entire function can
refer to [5].

I.N. Baker has first structured the transcendental entire function whose Julia setis C (See [6]):

Theorem A:

For a certain real value u, f =ze™™ has the whole complex plane for its Julia set.

Notice the set {uzeR":J ( f, (Uz)) =C,f, = ze”"} . Baker’s result show that the set is nonempty; Jang, C.M.
proved that this set contains infinitely many elements in [7]; Qiao, J. proved that the set is unbounded in [8].
What’s more, Qiao has researched the buried sets in [9], which contains unbounded positive real interval:

Theorem B:

If ue[0,+) for f, =ze** and J(f”(z))i(c,then R* belongs to the set of buried points.
Here we study the function f!,(z)=z-e”(z)“‘ with p(z) is real coefficient polynomial and it's leading

coefficient is positive, expend the function in Theorem B:
Theorem 1 Let f, (z)= z-ePWH p(z) is real coefficient polynomial and it’s leading coefficient is posi-

tive, the zeros of zp'(z)+1=0 are {ak|k:1,~~~,d} which are real, unbounded positive real interval

L=(c,+0)NR" with c= max{ak} J(f,(2))#C and p satisfy:

1<k<d
(1) p(z)+u>0 (z eR* U{O}) :
@ x,p'(x,)e(-0,-2)U(0,+x) with x, isreal zeros of p(z)+u=0.
Then L belongs to the set of buried points set.

Remark: Qiao has given the example that satisfy the condition of Theorem B in [9], then the example show
that the function satisfy conditions in Theorem 1 is nonempty.

2. Proof of Theorem 1

Lemmal Let f (z) be an entire funcion of finite type. Then each Fatou component is eventually periodic, and
F(f) has only finitely many periodic compinents. They are attractive domains, superattractive domains,
parabolic domains or Siegel discs.

Lemma 2 Let f(z) be a transcendental entire function, D be a component of F(f). If D is an
attractive, a superattractive or a parabolic periodic domain, then the cycle of D contains at least one singularity
of f';if Disa Siegel disc, then the forward orbits of the singularities of f™ are denseon aD.

Lemma 3 Let f(z) be transcendental entire function of finite type. Then f"(z)-» oo (n— o) for
zeF(f).

Progf Z)f Theorem 1: The singularities of f,* are0and f, (a,)eR(1<k<d),then

{f””(ak)}::leR(lsksd) if J( (z ))i(C so from Lemma 2 F(f ) have no Siegel disc and from

u
Lemma 1,the periodic component of F(fﬂ) only be attractive, superattractive or parabolic. f, (O):O and
from p(z)+u> O(z € R*) we can have f,(0)=¢e” P04 51 then 0 iis a repelling fixed point, from Lemma 1
and2, F ( fﬂ) has at most d cycles of periodic components {D"} (1< k<d,p, eN):
vi<k<d, f,(Df)=D}, (j=012-,p -2), f#(ngfl)_ D¢
such that f,(a,)e Ule and there exist {x, e R(1<k<d)} such that
« £ (a)>x (N> )

Here we first proof L =(c,o0)\R" belong to J(f ) If there exist te(c,o0)NR* and teF(f ) then
t is contained in a component of F(f ) and from above we have that there exist me N, ae {ak|k 1, d},

a cycle of component {Dj}jp:1 with pe{p|k=1--,d} and % e{x|k=1--,d} such that f]'(t) and

f,(a) areinthe same domain D, from  we have that f*™ (t) — X, (n — ). However,
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p(Z)+ﬂ>0(ZER+) means f, (z)>z when zeR*, f;(z)>0 when ze(c,0)\R", then

M

{ fr (z)}w L€ L is montone increasing sequence, by the relation
n=

£ (2) = 1) (2)exp(p( £ (2))+ #)

we have f(z)— +oo$z eLNF(f,)in— oo) which give a contradiction to Lemma 3.
Then we will proof that L:(c,oo)ﬂ]R+ belongs to the set of buried points. If there exist a point
3, €(c,2)NR" and a, is on the boundary of a component of F ( fﬂ) , from the discussion above, we know

there exist some N eN, a cycle of component {Dj}?zle{D}‘}?: (1<k<d) with pe{p|k=1,d}

such that when n> N,
f;(ao)e' oD, (n=1,2,3,)

and there exist X, € {x, e R(1<k <d)} andsome ae{a|k=1--,d}, aec{D;}" suchthat
fP (@)%, (n—>w).
Let a, = f,(a,) (1=1,23,),it'seasytohave that a, e R* and a,,>a, (N=12,), a, > o (n—>x).

Without the loss of generality, we can let n>N ,a,,; €D (j=0,12,,p-1).

Here we prove a,.; (n=1,2,3,---) are all in the same connected component of oD, .If not, there exist
P! (k <s) and two different component of oD, called « and a, such that

Sp+j

8, €, 8y, €,

Sp+]

We can make curve @, suchthat ¢, and «, belong to different components of C\w, then o, and «,
belong to different components of J ( f, ) that gives a contradiction to [akp+j VA J cJ ( f#) .

Let 6, = dD; be an bounded continuum containing & we will prove that
[anpﬂ,a(ml)p”}cén. If not, &, and [a
terior point, therefore F(fﬂ) have to have a bounded domain, notice that {an}::1' let !man =A, due to
a,,=ae"™" then A=Ae’™ notice that a,AeR" and p(z)+x>0 when zeR" therefore

mej and
can form a bounded domain and J ( fﬂ) have no in-

n+l)p+j?

np+j a(n+1)p+j

A=0,0, from a, eR" we have A=-+wo. That means D; is a unbounded component, however any
component of F(f”) have to turn into cycle {D]}::l) from Lemma 1, therefore the components of F(f#)

are all unbounded, it’s contradiction. What’s more, we can have that
Q[anp+j,a(n+l)p+j:|C6Dj (j:l,2’3’...’p_1)

[aN‘Hj,OO]CaDj (j:172,3’...,p_l)

that means | ay , | is the common boundary of D,,D;,---,D,; with N, =Np+ p-1. The common boun-
dary is at most of two domains, therefore p <2 . Here we divide two cases to discuss:

p-1
Casel: p=1. f (a)e(JD; is f,(a)eD,.Considering
j=o0

£ (@)= 17 ()" H
and * we have

X, = lim f"*(a) =0 or x, are the zeros of p(z)+u=2kni (k=0,+1,%2,--)

Notice ae R, then x, € R, we only need to consider O and the real zeros of p(z)+,u =0, from Lemma 2

D
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X, IS an attractive, superattractive, or rational indifferent fixed point, but from conditions (1) and (2) in
Theorem 1, 0 and X, are repelling fixed point, it’s a contradiction.

Case 2: p =2 .Without the loss of generality, we take D, be the component above [aN0,+oo) and D, be

the component under [aNO ,+oo) ,for re [aNO : +oo) with r is large enough, take a sequence

{z,}., €D,N{z|]Imz>0} suchthat z, —r(n— ).

Let z, =re™ with r >0,0, e [Ogj , then

f,(z,)=r,e"he

We can suppose that p(z)=c,z" +---+¢;z+c,, then we have

Im p(r,e™ ) =c,rd sin(6,d)+-+cr,sin(6,) > (¢, ++-+¢.1, )sing, = p(r, )sin6,

Notice that p(z)+u>0 (z eR"U{0}) and we can easily deduce that Im p(rne”’n ) > p(r,)sing, >0 and

f,(z,) belong to the above half plane when n and r is large enough, but it contradicts that f,(z,)e D;.
The proof is complete.
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