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1. Classical invariant theory is concerned with the action of linear groups
on spaces of algebraic forms and the algebraic invariants under such
actions; in this paper we are concerned with one of the simplest of such
spaces, the space of binary forms of given degree, and one of the simplest
invariants, the discriminant of the form. We prove in particular that if
D, is a given integer then there are only finitely many GL,(Z)-orbits of
binary forms f of given degree n with discriminant D(f) = D,

Before we state our main theorems, we establish our notation and
recall some standard definitions. First, suppose that f(x,y) = 32 a2t
is a binary form of degree n; if f(z,y) factors as IJ},(e;x—B,y), the

discriminant of f is
D(f) = E (o‘iﬁj - o‘jBi)Z' (1)

Then D(f) € Z[ay, ay, ...,a,)], and D(f) is homogeneous of degree 2(n —1)
in the sense that D(Af) = A2»-1D(f).

If P=(z,9)b (ax+by,cx+dy) is a linear transformation, fp(z,y)
denotes the transformed form f(ax + by, cx +dy); so

D(fp) = (det P)Mn-VD(f).

If G is a group of such transformations, and P € @, we say fis G-equivalent
to fp and write f ~ fp; the G-orbit of f is the set of g with g ~ f.
G ¢

THEOREM 2. Let K be a number field with ring of integers og. Suppose
that we are given a natural number n > 2 and a non-zero Dy € 0x. Then
there are only finitely many GLy(0)-orbits of binary forms f € oglx,y] with
deg(f) = n and D(f) = D.

This theorem was proved by Hermite ([3]) when K = Q in the cases
n = 2 and 3; for general n, Hermite proved a theorem with deceptively
similar enunciation, but with a different, less natural, ‘determinant’ in
place of our discriminant; his determinant is skilfully devised so that his
theorem is provable by reduction theory. It turns out that Hermite’s
reduction theory is just what is needed to deduce Theorem 2 from
Theorem 1 below—we come back to this in §5. An easy corollary of

Proc. London Math. Soc. (3) 24 (1972) 385-394
5388.3.24 N



386 B. J. BIRCH AND J. R. MERRIMAN

Theorem 2 is that up to the obvious translations by rational integers,
there are only finitely many algebraic integers with given discriminant—
compare with Nagell’s paper [10], where this is proved for integers of
degree < 4.

Suppose now that § is a finite set of primes of the number field K; og
will always denote the ring of S-integers of K: « is an S-integer if « = 8/y
with B € ox and y a product of powers of primes from S. The multiplicative
group o¥ of units of oy consists accordingly of products of units of oy and
of primes from S.

If f,9 € K[z,y] we say that f,g are (K, S)-equivalent and write fK~Sg

if there are A € 0§ and P € GLy(og) so that Af = gp.

THEOREM 1. Given K,S as above and a natural number n > 3, there are
only finitely many (K, S)-orbits of forms f € og[x,y] with deg(f) = n and
D(f) € of.

Theorem 1 may be regarded as the zero-dimensional analogue of
Safarevié’s conjecture ( [12]) that there are only finitely many equivalence
classes of curves over K with given genus g > 2 and conductor contained
in §; it implies Safarevié’s conjecture for hyperelliptic curves, see [9].
We understand from Par§in (conversation and [11]) that Safarevié too
has proved his conjecture for hyperelliptic curves, and his proof may well
contain something resembling Theorem l1—but of course we have not
seen it.

We first prove Theorem 1 for ‘split forms’, in §2. Then, in §3, we
deduce that given K, S,n there is a finite extension M of K and a set of
primes 7' of M such that all forms f € ox[z, y] of degree n with D(f) € 0¥
become split forms of M, so that there are only finitely many (M, T')-orbits
of forms satisfying the hypotheses of Theorem 1. In §4 we complete the
proof of Theorem 1 by showing that each (M, T')-orbit is a union of at
most finitely many (X, S)-orbits.

In §5, we use Hermite’s method to deduce Theorem 2 from Theorem 1
in the classical case K = Q; and in §6 we indicate the modifications we
need to make to Hermite’s theory when K is a number field. We might
well have restricted ourselves to the case K = Q, which contains most of
the interest; but such laziness could be very annoying to someone who
really needed the general result.

NoraTioN. As usual, Q, Z, and N denote the rationals, the rational
_integers, and the natural numbers; R is the real and C the complex field.
If f is a form, we always use the notations f for a transform of f and D(f)
for the discriminant of f defined above. Throughout the paper, K is a
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fixed algebraic number field with integers og, S is a finite set of primes
of K, and pg is the ring of S-integers of K; (K, S)-equivalence has been
defined above. Later, we construct a field M = K with integers O,,; the
set of primes of M above S is 7', and O is the ring of T-integers of M.

2. We say that f(z,y) is a split form over og if
n
fle,y) = I (o ) (2)
’=
with o, B; € 0. In this section, we prove
ProPOSITION 1. There are only finitely many (K, S)-orbits of split forms
S over o with deg(f) = 3 and D(f) € of.

We need two lemmas.

LevmMa 1. Every cubic split form f(x,y) over vgx with D(f) € o} is
(K, 8)-equivalent to xy(x +vy).

Proof. Take P so that the corresponding dual projective transformation
takes the points (1,0), (0,1), (1,1) of the projective line to (oy, —py),
(o2, —Ba), (a3, —B3). Explicitly,

P: (z,y) - (az+by, cz +dy)
with @ = Axy, b = —AB;, ¢ = pay, d = —uf,, and
A= By —Boats, B = Py —af
Write g(x,y) = zy(x +y), then gp(z,y) = (det P)f(x,y) and
(det P)2 = D(f) € o},

sof~g.
RS

Lemma 2. The projective line x+y = z has only finitely many points
(x,y,2) with coordinates x,y,z € 0.

The most convenient reference for this lemma, essentially due to
Mabhler, is Lang ([7]). Lang deduces it from Siegel’s theorem about the
finiteness of the number of integral points on a curve; though this theorem
is ineffective, it is possible to deduce an effective version of the lemma
from Baker’s theorem, cf. Coates ([2]).

Proof of Proposition 1. Let f(2,y) = II (o;z —B;y) be a split form over
ox with D(f) € o¥. After Lemma 1, we may suppose n > 4;say f = gh with

g(z,y) = ff[(ajx—ﬁ,y), Ma,) = T (o= B,
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Since all the «;, B; € 0x, D(g) € 0%, so by Lemma 1 there is a transformation
P € GLy(0g) and A € 0 so that gp(z,y) = Azy(z +y). But now

o) = zy(z +1) H (y2—8),

n
D(fp) = 4<-H<,-< (v:d; —v;9:)° I;[ 75202 (y;+9;)? € 0§.

It follows that y;,8;,y;+8; € o} when 4 < j < n, so by Lemma 1 there
are only finitely many possibilities for y,/8;, and the proposition follows.

3. Lemma 3. Suppose that f(x,y) € og[x,y] and D(f) € 0f. Let L be the
splitting field of f(x,1) and let Dy x be the relative discriminant. Then
'DL/K € Dg.

Proof. Let 6 =6,,...,8, be the roots of f(z,1) = Trax"* = 0; it will
be enough to show that Dg /% € 0f, for L is the composite of the K(6,).
Since ¥ a;0m% = 0, ayf is a root of T (@,a,51 )2~ = 0; 50 a,f is an algebraic
integer. But now

n—2
(@e0? +a,0)" 1+ 3 (ay0 +a,)" 2 a,,_;(a,6% +a,0)7 = 0,
i=0
80 ay0% +a,0 is an algebraic integer. We successively deduce that

zr:ai07+1—-i =, 8ay,

i=0
is integral for r = 0, ...,n — 2. Hence 1,7y,7;, ..., 1,_, form the basis for a
submodule of the integers of K(f). The discriminant of this basis is
precisely D(f) € of; so the discriminant of K(6) over K is in of.

Lemma 4. For given m, there are only finitely many extensions L of K
with [L : K] =m and Dy ;x € of.

Proof. If T is the set of rational primes that either divide Dg/q or lie
below primes of S, then [L : Q] < m[K : Q] and Dyq € Z7; so it is enough
to check the lemma for K = Q. If p € T and e, is the ramification index
of p in L then the power v,(D;/q) of p in D4, is bounded by v,,(e,) +ep—1
(q.v., [13]); e, is bounded by [L:Q], so Dy, is bounded. As is well
known ([4]), there are only finitely many number fields with given
discriminant, so the lemma follows.

ProrosITION 2. There is a fielld M with integers Oy, such that all forms
f(z,y) € oglz,y] with deg(f) =n and D(f) € o} become split forms over
Dy
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Proof. In the first place, by Lemmas 3 and 4 there are only finitely
many possibilities for the splitting field of f(x,1); take L to be the
compositum of these possibilities; then f(x,y) factors as

n
fx,y) =a, l;I (x—ejy)
with 6,,...,0, € L. Take M as the absolute class field of L and write Oy,
for the ring of integers of M ; then every ideal of L becomes principal in M,
so we may write 0; = B;/«a; where B;,«; are coprime integers in Oy It
follows by Gauss’ lemma that

n
f(@,9) = A (a2 = Byy)
with A € O,,; which is what we want.

4. In this section, we complete the proof of Theorem 1. From
Propositions 1 and 2, we know that given K, S,n there is a finite extension
M of K and a finite set 7' of primes of M such that there are only finitely
many (M, T)-orbits of forms f € pg[x,y] with deg(f) = » and D(f) € of.
We need to climb down, by showing that if % is one of these (M, T')-orbits
then X is the union of finitely many (K, S)-orbits. Denote by O,, the
" integers of M and by O, the T-integers of M.

Suppose that f € ; as in Proposition 2, M is a splitting field for f, so
every o € Gal(M/K) gives a permutation of the roots of f. Suppose that
g € X; then there exist P € GL,(D,,) and A € O% so that fp =Ag. In
particular, P induces a mapping P*: § > (d6 —b)/(a —cf) of the roots of
f onto the roots of g; we say that f~g if we can find P so that
o~ 1P*g(f,) = P*(6,) for all roots §, of f(#, 1) = 0, and for all o € Gal(M/K).
Clearly ~ is an equivalence relation, and since Gal(#/K) is finite, X is a
finite union of (= )-orbits.

It remains to show that each (=x)-orbit is a finite union of (K, S)-orbits;
this will follow from Lemma 6.

Lemma 5. Suppose that f = g; then we can number the roots 6, ...,0, of f
and @y, ..., ¢, of g sothat o; = X3 0,07 (i = 1,...,n) with by, ...,b,_, € K.

Proof. Suppose that f factors as f,...f, where fi,...,f. are irreducible
polynomials of K[z], coprime since D(f)# 0. Suppose that f; has
degree k, and let its roots be 6,,...,0,. Since g = f, say fp = A\g with
o~ 1P*0f = P*f for every root 6 of f, it follows that ¢ factors as g,...g, with
the same splitting fields, and if ¢, = P*, is the root of g, corresponding to
the root 6, of f, then ¢, € K(f,). It follows that ¢, = A,(f,) with
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hy(x) € K[x], deg(h,) < deg(g,) = %, and by conjugacy
901::}&1(01‘) (i = 1,...,](:).

We choose hyx) ({ =2,...,r) similarly, and finish off by using the
Chinese remainder theorem to choose h(z) = X7’ € K[z] so that
h(z) = ky(z) modulo fi(z) (I =1,...,7).

Levmma 6. Suppose that T consists precisely of the primes of M above S.
Then each (=)-orbit Q is a finite union of (K, S)-orbits.

Proof. Suppose that f,g € Q; then the roots of f,g match up as
described in Lemma 5, and we may suppose that

d6,—b = (a—co,.)(”zlb,.eg) (=1,..,n). (3)
=0
Regard (3) as » equations in the four unknowns a,b,c,d: by hypothesis,
these equations are soluble with a,b,¢,d € Oy, ad—bc € OF. The auto-
morphisms ¢ € Gal(M/K) simply permute the equations; so there is a
non-trivial solution of (3) with a,,b,,¢,,d, € pg. For n > 3, the trans-
formation P* mapping 6,,...,0, to ¢;,...,e, is unique; so a,,by,¢,,d,
are proportional to a,b,¢,d. Let ¥V = {a,, ..., a,} be a set of representatives
for the ideal classes of oy, including (1) as the representative of the
principal class; then we may suppose (a,,b,,¢,,d;) = a; € V. Write P, for
the map (z,9) b (@ x+b,y,c,x+d,y), then since a,b,c,d € Oy and
ad—bc € O% it follows that a—2detP, € p§. If we make successive
transformations P, ..., P, so that the product q, ... a; of the corresponding
ideals is principal, then we may remove the common factor 8 from the
elements of the matrix @ = P,... P, and so obtain a matrix $-1Q € GL,(0%)
with det(8-'Q) € o§. It follows that the (x)-orbit Q may be split as the
union of at most A sub-orbits ,,...,Q, so that, if f,g are in the same
sub-orbit Q,, there is a matrix @ € GLy(0gz) with det@ € o§ and an
element A € K so that f, = Ag. It follows that f,g are (K, S)-equivalent.
This completes the proof of Lemma 6 and hence of Theorem 1.

5. The classical reduction theory devised by Hermite ([3]) applies only

to the action of GL,(Z) on rational forms; it is not particularly difficult

to produce the analogous theory for GLy(0%), but it is a bit complicated,

so in this section we use the classical theory to prove Theorem 2 in the

case K = @, and postpone the modifications necessary for general K to §6.
If f(x,y) € Z[x,y], we may factorize

F@y) =TI (yz—58,9) (4)

j=1
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with y;,8; € C, in several ways of course. With such a factorization, we
associate the definite quadratic form

o(X,Y) =2y, X -8, Y2 = AX®-2BXY +CY?,
say, where

4= Zl')’jlz: 2B = 2()7181+7;fsj)s C= E|8j|2!
with determinant

Alp) = 4(AC—-B?) = 2%1! 8,75 — 8y, ™.
1#)
Define
A(f) = min A(p),

where the minimum is taken over all factorizations (4). It is easy enough
to show that if D(f) # 0 this minimum is positive and attained. Denote

the quadratic form associated with f with A(p) = A(f) by ¢,; say that f is
reduced (with respect to GLy(Z)) if ¢, is reduced, that is,

|B|< A<,

¢ < 3A(f).

If P is a real transformation P: (z,y) - (ax+by,cx +dy), then the
form ¢ is associated with the factorization

IT (y;(az + by) — 8;(cx + dy))
of fp; it follows that if A € R* and P € GL,(R), then
A(Afp) = X¥*(det P)2A(f).

which implies

Lemma 7. If f(x,y) = Spa;a" 9y € Zlz,y] is square free then it is
SLy(Z)-equivalent to a reduced form.
If f (z,y) is reduced, then | a,| ts bounded in terms of A(f) forr =1,...,n

The first part of the lemma is immediate. To check the second part of
the lemma, at any rate for » > 2, we note that if f is reduced then

(217 )2 < Zlv; B2 < A(f).

On the other hand, a, is a sum of (?:) terms of degree r in the §’s and
(n—r) in the y’s; so
la,[? < (X7 B)*"(Z18; %)
and, finally, since a,,a, € Z and a,, @, are not both zero,
either [[Ty;[=lagl 21 or [[Iy;[1Z8;/y;]=1a,>1
whence (X|y; )"~ (Z[;[*) > 1 and 3|8, P < Aln-D/n=2)(f),
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CororLaRY (Hermite). Given A,, there are only finitely many SLy(Z)-
orbits of binary forms of degree n with 0 < A(f) < A,.

Proof of Theorem 2 for K = Q. Let D, be an integer and S be the set of
primes dividing D,. By Theorem 1, there are only finitely many (Q, S)-
orbits of forms f of degree » with D(f) = D,. Suppose now that f, g are in
the same (Q,S)-orbit with D(f) = D(g) = D,; then fp =g for some
P e GL,(R), and since D(f) = D(g), det P = + 1. Hence A(f) = A(g); so
by Lemma 7 there are only finitely many possibilities for g up to SL,(Z)-
equivalence. '

CoroLLARY OF THEOREM 2. Up to translations of the type o — a+m
with m € Z, there are only finitely many algebraic integers o € Q whose
discriminant has a given value D(o) = D, € Z.

Proof of Corollary. The discriminant of « is the discriminant of the
monic polynomial f(z, 1) of which « is the root. If D(«) is bounded, then
the degree of « is bounded (by the argument of Lemma 4, since the least
discriminant of a number field of degree » tends to infinity with »). There
are only finitely many SL,(Z)-orbits of forms of given degree and
discriminant D,. Let f be a fixed form in one of these orbits; the leading
coefficient of f(az+by,cx+dy) is f(a,c) and, if deg(f) > 3, f(a,c) =1
has only finitely many solutions in integers (see [14], [2]). So the number
of monic forms in the orbit of f is finite up to the obvious translations
(,9) = (x+my,y). The corollary is still true for quadratic integers;
for, indeed, if deg(x) =2 and D(x) = D then o =m+%(D +[D]), with
m € Z.

6. Finally, we need to describe a reduction theory for binary forms over
Dg, when K is a finite number field. Though such a theory has been
worked out (e.g. by Ramanathan), it does not seem to be available in the
literature. Suppose that [K : Q] = m, and that there are r independent
embeddings of K into R and s pairs of complex embeddings of K into C,
so that r +2s = m. Denote by aV, ..., «!” the images of an element o € K
under the r real embeddings K — R, and denote by '™+, ..., «a!™+9) the
images of o under s complex embeddings K — C, one embedding from
each conjugate pair. Throughout this section, f is square free.

Let f(x,y) € oglz,y], and let fW, .. f(r+8 be the corresponding
images of f in R[z,y] and C[z,y]. Take factorizations

f9(e,y) = 1040 80y),
7

where the y{¥ and 8;¥, when 1 <j <% and 1 <k <r+s, are complex
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numbers, not necessarily conjugates. Define associated forms
PH(X, Y) = SIyPX 8P,
]

so that ¢ is a real definite quadratic form for £ =1, ...,7 and a definite
Hermitian form for k = r+1,...,7+s; write

p"(X,Y)=AWXX -BWXY -BWXY +0WYY
so that

AW = E,y(k) S0 U = Ey;.k)sgk), o) — Zg(k)g(k)

A(p®) = 4(AC) — Bl By = 2z|y(k)8(k)_,y(k)8(k) 2.
i#]
Denote the space of (r+ s)-tuples ¢ of forms

( (1) . 99(1‘) (r+1)’.__,qp(r+s))

with oW, ... o real positive quadratic and fr+l), . . o!r+s) positive
Hermitian forms by 5#. A transformation P: (z,y) +> (az+by,cx +dy)
of GL,(K) acts naturally on 5 by

P+: o) (z,y) - o) (athg 4 by, kg + dhy).

Humbert ([5], [6]) shows that there is a finite set W of matrices of
GLy(K) and a constant I' (depending only on K) so that every
(r+s)-tuple i = (Y0, ..., ir+8)) € 3 is equivalent by W.GLy(0x) to an
(r + s)-tuple (', ... ('“)) with

| B /AW < T (k=1,..,7+s). (5)

(This is essentially due to Blumenthal ([1]), who asserts that every ¢ is
equivalent by GL,(0g) to a ¢ satisfying (5). Unfortunately, as Maass
pointed out in [8], this is true only when ox has class number 1;
Blumenthal’s argument was rescued by putting in the finite set W. We
are grateful to Raghavan, Ramanathan, and Rangachari for giving us
these references.) Call an element ¢ € # reduced if it satisfies (5); so
every element of 5# is equivalent by W.SLy(0x) to a reduced form, but
this reduction is by no means unique.

Now let f(z,y) € ogl[z,y]. For each k, take the factorization of f ¥)(z, y)
for which |A(p®)| is minimal; we thus get a definite element ¢, of 5#
associated with f. Define

A(f) = max]| Afpf).
Say that f is reduced if ¢, satisfies (5).

LeMMA 8. Given a positive real number A, there are only finitely many
GLy(0g)-orbits of forms fe oglx,y] with 0 < A(f) < A, and deg(f) = ».
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Proof. Since W is finite and every f is W.GLy(0g) equivalent to a
reduced form, it is enough to show that there are only finitely many
reduced forms with A(f) < A,. But, by (5), if f is reduced,

SlyPEE < ZIyPPZIPRE <y (k=1,...,r+8);
now

af01 < () (Sl -2 (IR €= 0,

hence
|| < Afr (2t < m),

so there are only finitely many possibilities for q, for 2t < n; since a,,a,
are not both zero, we obtain a lower bound for ¥ |y 23|82, so an
upper bound for a{¥ valid for all ¢,k. So there are only finitely many
reduced f with A(f) < A,.

The general case of Theorem 2 follows from Theorem 1 and Lemma 8 as
the particular case K = Q followed from Theorem 1 and Lemma 7.
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