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We study the dominant forbidden transitions in the antineutrino spectra of the fission actinides from 4 MeV
onward using the nuclear shell model. Through explicit calculation of the shape factor, we show the expected
changes in cumulative electron and antineutrino spectra. Relative to the allowed approximation this results
in a minor decrease of electron spectra above 4 MeV, whereas an increase of several percent is observed in
antineutrino spectra. We show that forbidden transitions dominate the spectral flux for most of the experimentally
accessible range. Based on the shell model calculations we attempt a parametrization of forbidden transitions
and propose a spectral correction for all first-forbidden transitions. We enforce correspondence with the Institut
Laue-Langevin data set using a summation+conversion approach. When compared against modern reactor
neutrino experiments, the resultant spectral change is observed to be of comparable magnitude and shape as
the reported spectral shoulder.
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For the past years, neutrino physics has seen a flurry of
interest in the so-called reactor anomaly [1–3], a 6% deficit in
the experimentally observed antineutrino count rate relative
to theoretical predictions. Together with more long-standing
anomalies (reported by LSND [4,5] and GALLEX [6] col-
laborations), much theoretical interest has gone toward the
possibility of one or more eV-scale sterile neutrinos [7,8].
Motivated by these findings, several dedicated experiments
worldwide are directly looking for an oscillation pattern at
very short baselines, meaning results are independent of the-
oretical calculations. The explored parameter space is, how-
ever, inspired by theoretical estimates. Many experiments are
in the process of data taking and have published preliminary
results [9–14]. So far, all of these exclude the best theoretical
fit value [8] with �2σ , so a better understanding and control
of the theoretical estimate remains an important goal.

With the availability of precision antineutrino spectra, all
modern long baseline reactor neutrino experiments have ad-
ditionally observed a spectral disagreement with respect to
theoretical predictions between 4 and 6 MeV [15–17]. Up
to now, this so-called shoulder has remained unexplained,
and several possibilities have been proposed for its solution
[18–22]. The role of (first-)forbidden transitions in both the
anomaly and shoulder has so far received limited study, either
in parametrized [23] or microscopic treatments [24]. Based
on the behavior of pseudoscalar (�Jπ = 0−) transitions the
forbidden influence has been estimated as negligible [20],
despite their flux dominance in the region of interest [25].
Here we investigate the influence of first-forbidden β decays
by calculating the shape factor of the dominant transitions in
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the region of interest using the nuclear shell model, and show
its far-reaching consequences.

We use the formalism of Behrens and Bühring [26] to
describe the spectral shape, taking into account finite-size and
Coulomb corrections at all levels. We write the β spectrum as

dN

dW
= pW (W − W0)2F (Z,W )C(Z,W )K (Z,W ), (1)

where W = E/mec2 + 1 is the total β energy, p =
√

W 2 − 1
the momentum, W0 the spectral endpoint, and Z the proton
number of the daughter. Additionally, F (Z,W ) is the Fermi
function, C(Z,W ) the shape factor, and K (Z,W ) additional
higher-order effects [27]. In previous analyses [3,28] forbid-
den transitions were approximated as allowed, either using
C = 1 or including a linear weak magnetism correction so that
dC/dW = 0.67% MeV−1. In the so-called Huber-Mueller
(H-M) case, all forbidden transitions were assumed to have
a unique shape [2]. We compare our findings against the
allowed approximation, and comment on the H-M approxi-
mation.

We write the generalized unique forbidden shape factor of
order L as [29]

CU =
L

∑

k=1

λk

p2(k−1)q2(L−k)

(2k − 1)![2(L − k) + 1]!
, (2)

and for illustrative purposes we write the first-forbidden pseu-
doscalar and pseudovector shape factors using their dominant
parts as

C0− = 1 +
2R

3W
b + O(αZR,W0R2), (3)

C1− = 1 + aW + μ1γ
b

W
+ cW 2, (4)
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TABLE I. Dominant forbidden transitions above 4 MeV. Here
Qβ is the ground-state to ground-state Q value, Eex the excitation
energy of the daughter level, BR the branching ratio of the transition
normalized to one decay, and FY the cumulative fission yield of 235U
from the ENDF database [48].

Nuclide Qβ Eex BR Jπ
i → Jπ

f FY �J

(MeV) (MeV) (%) (%)

89Br 8.3 0 16 3/2− → 3/2+ 1.1 0
90Rb 6.6 0 33 0− → 0+ 4.5 0
91Kr 6.8 0.11 18 5/2+ → 5/2− 3.5 0
92Rb 8.1 0 95.2 0− → 0+ 4.8 0
93Rb 7.5 0 35 5/2− → 5/2+ 3.5 0
94Y 4.9 0.92 39.6 2− → 2+ 6.5 0
95Sr 6.1 0 56 1/2+ → 1/2− 5.3 0
96Y 7.1 0 95.5 0− → 0+ 6.0 0
97Y 6.8 0 40 1/2− → 1/2+ 4.9 0
98Y 9.0 0 18 0− → 0+ 1.9 0
133Sn 8.0 0 85 7/2− → 7/2+ 0.1 0
135Te 5.9 0 62 (7/2−) → 7/2+ 3.3 0
136mI 7.5 1.89 71 (6−) → 6+ 1.3 0
136mI 7.5 2.26 13.4 (6−) → 6+ 1.3 0
137I 6.0 0 45.2 7/2+ → 7/2− 3.1 0
142Cs 7.3 0 56 0− → 0+ 2.7 0
86Br 7.3 0 15 (1−) → 0+ 1.6 1
86Br 7.3 1.6 13 (1−) → 2+ 1.6 1
87Se 7.5 0 32 3/2+ → 5/2− 0.8 1
89Br 8.3 0.03 16 3/2− → 5/2+ 1.1 1
91Kr 6.8 0 9 5/2+ → 3/2− 3.4 1
134mSb 8.5 1.69 42 (7−) → 6+ 0.8 1
134mSb 8.5 2.40 54 (7−) → (6+) 0.8 1
138I 8.0 0 26 (1−) → 0+ 1.5 1
140Cs 6.2 0 36 1− → 0+ 5.7 1
88Rb 5.3 0 76.5 2− → 0+ 3.6 2
94Y 4.9 0 41 2− → 0+ 6.5 2
95Rb 9.2 0 0.1 5/2− → 1/2+ 0.8 2
139Xe 5.1 0 15 3/2− → 7/2+ 5.0 2

where R is the nuclear radius, α is the fine-structure constant,
γ =

√

1 − (αZ )2, q = W0 − W is the (anti)neutrino momen-
tum, and λk is a Coulomb correction function. Here a, b, and
c are (complex) combinations of nuclear matrix elements,
corresponding to powers of W +1,−1, and +2. Note that
we have not used the simplified expressions of Eqs. (3) and
(4), but rather used the complete formulation as can be found,
e.g., in Ref. [30]. As such, we additionally take into account
finite-size effects and Coulomb corrections to the nuclear
matrix elements. As cancellations can occur in the main
matrix elements, the latter can eventually dominate the shape
factor. The importance of these corrections cannot be under-
stated, in particular for the high masses of the actinide fission
fragments [31].

Based on the compilation in Ref. [25] we have selected 29
forbidden transitions, listed in Table I. All transitions have a β

spectrum endpoint above 4 MeV, meaning that all contribute
to the observed spectral shoulder. Using the experimental
results obtained at the Institut Laue-Langevin (ILL) [32–36],
the selected transitions correspond to at least 50% of the
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FIG. 1. Calculated shape factors C vs electron kinetic energy,
categorized according to the spin-parity change of the transition.
For allowed transitions C ≈ 1. Each shape factor was normalized
to its value at E = 0. Results correspond to gA = 0.9 and ǫMEC =
1.4, where applicable [31,42]. Two cases stand out: 94Y (2− → 2+)
and 86Br (1− → 2+). Both contain strong admixtures of �J = 2
operators, since both 2+ final states identify as vibrational excitations
of the 0+ ground state.

cumulative electron flux in the region of interest (2–8 MeV),
and exceed 65% at 6 MeV for all fission actinides [31].
The shell model calculations were performed using the shell
model code NUSHELLX@MSU [37]. For nuclei with A < 100
the effective interaction glepn [38] was adopted in a full
model space consisting of the proton orbitals 0 f5/2-1p-0g9/2

and the neutron orbitals 1d-2s. The 86Br and 89Br cases were
calculated using the interaction jj45pna [39,40], in the full
model space spanned by the proton orbitals 0 f5/2-1p-0g9/2

and the neutron orbitals 0g7/2-2s-1d-0h11/2. For the nuclei
with A = 133–142 the Hamiltonian jj56pnb [41] was used
in the full model space spanned by the proton orbitals
0g7/2-1d-2s-0h11/2 and neutron orbitals 0h9/2-1 f -2p-0i13/2 for
A < 139, while for the heavier nuclei the proton orbital 0h11/2

and the neutron orbital 0i13/2 were kept empty due to the
enormous dimensions of a full model space calculation. Un-
certainties due to gA quenching and meson exchange currents
(MECs) in pseudoscalar transitions in the fission fragment
region have been reported [31,42–46], and will be briefly
commented upon further in this work.

We have separately used the ENSDF [47] and ENDF
[48] decay libraries. While the former suffers from multiple
cases of the pandemonium effect [49], the latter has been
corrected to obtain improved agreement with experimental
reactor data [50,51]. Unless mentioned explicitly, the results
below are obtained using the ENDF/B-VIII.0 decay library
with spin-parity information from ENSDF. Transitions with
unknown spin change are assumed allowed and unknown
branching ratios are distributed equally from the remaining
intensity [31].

Figure 1 shows the calculated shape factors categorized
according to the change in spin-parity. Clearly almost all
shape factors deviate significantly from unity. The spin change
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FIG. 2. Top panel: Change in the predicted electron spectra of
the considered transitions compared to the allowed approximation
with an optional weak magnetism correction. Bottom panel: Change
in the predicted antineutrino spectrum compared to the allowed
approximation. Shaded areas correspond to the results multiplied by
the total spectral contribution compared to experimental flux results.
The energy axis refers to the kinetic energy of the electron (top) and
antineutrino (bottom).

is a good predictor of the calculated shape factor, with the ex-
ception of pseudoscalar, �Jπ = 0−, transitions. From Eq. (3)
its behavior should be trivial with |bR| ∼ 10−2, yet large
variations appear. Many of these transitions connect initial and
final states with spins larger than zero, meaning additional
�J = 1, 2 operators contribute non-negligibly. As such, in
many cases the energy dependence is dominated by higher-
order operators. Even though results appear to scatter around
unity, the limited number of contributing branches forbids
simple statistical averaging arguments.

Using the fission yields of the ENDF database [48], Fig. 2
shows the change of both electron and antineutrino spectra
compared to the allowed approximation with an optional weak
magnetism correction. Compared to the weak magnetism cor-
rection typically used [2,3], electron spectra see a modest 2%
decrease in the 4 to 8 MeV region. Cumulative antineutrino
spectra, on the other hand, see a change of up to 5% in
the same region. The parabolic behavior below 4 MeV is
almost entirely attributable to first-forbidden unique decays
(see Fig. 1).

While a significant fraction of the spectral change oc-
curs because of pseudovector (�Jπ = 1−) transitions, inspec-
tion of Fig. 1 should make it clear that even pseudoscalar
transitions carry significant deviations from unity. Previous
arguments for its neglect [20] have used 92Rb and 96Y as
examples for their predictions, even though many important
pseudoscalar transitions are not pure 0− → 0+ decays (see
Fig. 1).

The results presented in Fig. 2 depend on the value used
for the weak magnetism correction in the allowed approxima-
tion. In the formalism by Holstein [52] its electron spectral

dependence is written as
(

dN

dW

)wm

∝
4b

3Mc

(

W −
W0

2
−

1

2W

)

, (5)

where b and c are the weak magnetism and Gamow-Teller
form factors, respectively, and M is the nuclear mass, omitting
phase-space factors and additional correction factors [27].
Above a few MeV then, its energy dependence is approx-
imately linear leading to the behavior observed in Fig. 2.
Evaluation of this ratio of form factors can happen through
a combination of the conserved vector current hypothesis
(rendering b) and the f t value (rendering c), or having to rely
on many-particle quantum calculations such as the nuclear
shell model. The former is only possible for decays occurring
within isospin multiplets and is limited to nuclei where N ∼
Z [53]. Previous analyses have taken this approach [3] and
used results extracted from mass A � 28 systems with the
assumption that they are equally valid at high masses, leading
to dC/dW = 0.67% MeV−1 quoted above [2,3]. When one
cannot rely on symmetries, one must attempt to calculate these
by introducing the impulse approximation. Here, the nuclear
current is treated as a sum of noninteracting nucleon currents
and the form factor ratio reduces to

b

Ac
=

1

gA

(

gM + gV

ML

MGT

)

(6)

where gM = 4.706 and ML,MGT are the orbital and Gamow-
Teller matrix elements [52]. An extensive study [54] per-
formed in the fission fragment region found large variations
in ML/MGT compared to simple approximations, but con-
cluded that the latter is sufficiently precise for the considered
allowed transitions. An additional uncertainty lies in the eval-
uation of gA, as nuclear models typically require (heavily)
quenched values compared to the free-nucleon value [45].
Also in several shape factors reported here a dependence on
gA is present. While our nuclear shell model results converge
around geff

A ≃ 0.9 [31,42–44], all shape factors have been
calculated within both a fully correlated and uncorrelated
window for gA ∈ [0.7, 1.27], taking the extremal values per
bin as a 1σ uncertainty [31]. Weak magnetism effects in
allowed transitions are, however, calculated according to the
benchmark analyses [2,3], which allows us to clearly sepa-
rate the effect of forbidden transitions and directly compare
against previously published results.

While several compilations have been produced in the past
[25,55], forbidden decays have typically been pushed to the
background as they only make up about 30% of the total num-
ber of transitions contributing to the total flux. Many of the
large-endpoint transitions are, however, of forbidden nature
due to the parity change of proton and neutron orbitals in the
neutron-rich fission fragments. States of equal parity typically
reside at excitation energies of several MeV with fragmented
branching ratios, thereby pushing them out of the region of in-
terest. To clarify these concerns, Fig. 3 shows the constituents
of the summed full 235U spectrum. It is immediately clear that
allowed transitions, contrary to simple estimates, contribute
less than 50% in the entire experimentally interesting region.
In the observed shoulder, in particular, forbidden transitions
constitute more than 60% of the total electron flux. The
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FIG. 3. Constituents of the summed 235U electron spectrum us-
ing the ENDF database [48]. Here FF stands for first-forbidden
and Other for non-unique transitions with �J � 2. Behavior past
10 MeV is dominated by a low number of branches. Using de-
cay information from ENSDF (not shown here) these features are
strongly amplified, with the contribution of allowed decays reaching
a minimum below 20% around 5 MeV [31].

majority of these are pseudoscalar transitions, which in a
pure 0− ↔ 0+ transition show minimal deviation from an
allowed equivalent. As shown above, however, this situation
is not typical and subject to large higher-order contributions.
Contributions from �J = 1, 2 first-forbidden decays remain
relatively constant throughout the entire spectrum up to
7 MeV, making up around 20%. Given their strongly deviating
shape factor as shown in Fig. 1, their influence cannot be
neglected.

In light of these results and the relatively uniform behav-
ior of the shape factors as calculated by the nuclear shell
model, we attempt a simple parametrization. While the shape
factor of pure pseudoscalar transitions [Eq. (3)] is simple
enough, the influence of higher-order operators prevents a
physically insightful function description. As such, we simply
fit the obtained shape factors with a general description as
in Eq. (4) and analogously for pseudovector transitions. The
shape factor of unique forbidden decays [Eq. (2)] describes
observed spectra within a few percent, which is sufficient for
our purpose.

The parametrization then functions as follows [31]. Each
of the non-unique shape factors calculated by the nuclear
shell model is fit using functions described above. For each
spin change (�J = 0, 1), one obtains distributions of fit pa-
rameters. Their spread is dominated by differences between
transitions rather than individual uncertainties arising from gA

and ǫMEC ambiguity. Due to limited statistics, we use Gaussian
kernel smoothing [56] where we manually set the bandwidth
to h = 2. Our choice results in fit parameter distributions with
conservative uncertainties where all shape factors of Fig. 1
are contained within a < 2σ window. Full spectra are then
calculated in a Monte Carlo fashion, where for each non-
unique first-forbidden transition, fit parameters are obtained
from the correlated parameter ensemble, with the exception of
the transitions numerically calculated in this work. Repeating
this procedure many times results in a translation of the
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FIG. 4. Spectral change for electron and antineutrino cumula-
tive spectra in the pure summation approach using the forbidden
parametrization. The energy axis shows the kinetic energy of the
electron and antineutrino. Top panel: Comparison against the allowed
transition with a weak magnetism term. Bottom panel: Comparison
against treating all forbidden decays as unique. Uncertainties result
from a Monte Carlo calculation of 100 samples, together with a
theory uncertainty of 1% from the uncertainty in the axial vector
coupling constant gA and pseudoscalar mesonic enhancement [31].

parametrization uncertainty into a spectral uncertainty. The
additional spectrum shape corrections in Eq. (1) are calculated
using Ref. [57].

Figure 4 shows the spectral change and associated un-
certainty for 235U in the summation approach using 100
samples. We have made the comparison against the allowed
approximation and against the Huber-Mueller method where
all forbidden decays are treated as unique. We discuss both in
turn.

As shown in Fig. 2, spectral changes to the electron cu-
mulative spectrum are limited relative to the allowed approx-
imation. The change in the antineutrino cumulative spectrum,
on the other hand, shows significant deviations in the entire
region of interest. Differences reach 5% in the 5–6 MeV
region, showing an increase of the predicted neutrino flux
relative to the allowed approximation. The uncertainty shown
is an uncorrelated combination of a theory uncertainty of 1%
due to the quenching of gA and mesonic corrections [31,42]
and the Monte Carlo uncertainty. Compared to treating all
forbidden decays as unique, on the other hand, significant
deviations in both electron and antineutrino cumulative spec-
tra are observed. Considering the large differences in shape
(shown in Fig. 1) this is hardly surprising. This will be
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FIG. 5. Top panel: Normalized spectral ratios for three modern
experiments relative to the Huber-Mueller predictions [2], and the
normalized forbidden spectrum correction described in this work
using ENDF and ENSDF decay libraries. The prompt energy of
the positron emerging from the inverse β decay is related to the
antineutrino energy via Eprompt ≈ Eν − 0.782 MeV. Bottom panel:
Difference between Daya Bay spectral data and different theoretical
models. Error bars are calculated using experimental, H-M, and
forbidden uncertainties and are assumed uncorrelated. Here Uncor-
rected is relative to the H-M estimate shown in the top panel, and
ENDF and ENSDF are the new results.

the subject of further research with relation to the reactor
normalization anomaly.

The starting point of the usual anomaly and spectral shoul-
der analysis is congruity with the ILL data. To guarantee
this agreement, we employ a mixed summation+conversion
method as in Ref. [2]. Differences in calculated electron
spectra from the summation component using our different
approximations are then compensated by the conversion part
of the procedure. Aside from 235U and 238U, however, summa-
tion predictions overestimate the experimental ILL data. For
the 239,241Pu isotopes, then, the reference electron spectra are
set to the summation calculation in the allowed approxima-
tion. As the implementation of forbidden transitions lowers
the expected electron flux (see Fig. 2), this introduced deficit
can be recovered analogously with the conversion procedure
[31]. The agreement with calculated and reference electron
spectra is better than 1% up to 7 MeV, after which the
uncertainty in the calculated antineutrino spectra is linearly

increased with the observed discrepancy in electron spectra.
By enforcing equivalence between electron spectra in our dif-
ferent approaches, the resultant antineutrino spectral changes
can be directly compared to the experimentally observed
shoulder.

Figure 5 shows the spectral ratios of Daya Bay [15], RENO
[17], and Double Chooz [16] data relative to the Huber-
Mueller prediction with the uncertainty of the latter. Addi-
tionally, we show the correction from forbidden transitions
as described above using a normalized spectrum between 2
and 8 MeV using the Daya Bay reactor composition [58],
as is done for the experimental results. Further, we show the
discrepancy of the Daya Bay spectral data with respect to our
new calculations. The partial mitigation of the spectral shoul-
der and increased uncertainties arising from the treatment of
first-forbidden transitions hint at a reduction in the statistical
significance. The original spectral shoulder appears now to
be compatible with theoretical estimates seeing how nearly
all points agree within 1σ . Strong bin-to-bin correlations are
present, however, to be discussed in a follow-up work [31].

In summary, we have for the first time performed micro-
scopic calculations of the dominant forbidden transitions in
the electron and antineutrino reactor spectra above 4 MeV.
Through the use of a complete theoretical formalism,
Coulomb corrections were taken into account at the appro-
priate level and shape factors strongly deviating from the
usual allowed approximation were found. Using fission yield
information, large changes were observed in the antineutrino
spectrum. It was shown that despite being limited in number,
forbidden transitions are the dominant component of the
electron flux between 2 and 7 MeV. Based on the uniform
behavior in the calculated shape factors, a parametrization of
non-unique first-forbidden transitions was attempted. Using
Monte Carlo methods, a spectral correction was obtained for
all first-forbidden and higher uniquely forbidden transitions
with an associated uncertainty. When compared to spectral
discrepancies reported by all modern reactor neutrino ex-
periments, the correction was shown to be of similar shape
and magnitude. Taking these results at face value, a large
portion of the reactor shoulder appears to be mitigated. Due to
increased theoretical uncertainties arising from an improved
treatment of first-forbidden transitions, the remaining spectral
differences are of decreased statistical significance. Therefore,
forbidden decays are not only non-negligible, but also an es-
sential ingredient in the understanding of reactor antineutrino
spectra and they merit additional research.
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