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IDENTIFICATION IN FINITE TIME WITH CONVERGENT
FRANK-WOLFE VARIANTS*
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Abstract. In this paper, we focus on the problem of minimizing a nonconvex function over the
unit simplex. We analyze two well-known and widely used variants of the Frank—Wolfe algorithm
and first prove global convergence of the iterates to stationary points, both when using exact and
Armijo line search. Then we show that the algorithms identify the support in a finite number of
iterations (the identification result does not hold for the classic Frank—Wolfe algorithm). This, to
the best of our knowledge, is the first time a manifold identification property has been shown for
such a class of methods.
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1. Introduction. The minimization of a (possibly nonconvex) function over the
probability simplex is a problem arising in many different contexts such as, e.g.,
machine learning, statistics, and economics (see, e.g., [7, 11] for an overview of real-
world applications). When dealing with this kind of problem, Frank—Wolfe variants
(see, e.g., [16] and references therein) guarantee good scalability thanks to the way
they handle the feasible set, and also give a sparse representation of the iterates, thus
offering a good alternative to projected gradient algorithms. Despite this, some may
argue that projected gradient methods still represent the best choice in the considered
framework, since they can identify the sparsity pattern, i.e., the final set of nonzero
variables, in a finite number of iterations (under some specific assumptions). This
feature is particularly useful if the solution of the problem is sparse and we just want to
find its support, since it means we do not need to run the algorithm until convergence.
It is also important when trying to speed up a given algorithm. Indeed, after we
identify the set of nonzero variables, we could simply apply some more sophisticated
Newton-like method over the lower-dimensional space those variables describe. Such
a feature may also help to develop suitable support identification/active-set strategies
like the ones described in, e.g., [2, 4, 9, 10, 12, 14].

There exists a considerable number of papers analyzing support/active-set iden-
tification properties of optimization methods. Bertsekas first showed in [1] that the
projected gradient method identifies the sparsity pattern in a finite number of iter-
ations when using nonnegativity constraints. In [6] the authors showed that some
simple algorithms (including projected gradient) would, in a finite number of itera-
tions, identify the face of a polyhedral feasible region on which the solutions to an
optimization problem occur. These results were generalized in [24] to the case of

*Received by the editors August 13, 2018; accepted for publication (in revised form) June 4, 2019;

published electronically September 5, 2019.
https://doi.org/10.1137/18M1206953
TISOR, VCOR & ds:UniVie, University of Vienna, Oskar-Morgenstern-Platz 1, 1090 Wien, Austria
(immanuel.bomze@univie.ac.at).
fDipartimento di Matematica “Tullio Levi-Civita”, Universitd di Padova, via Trieste 63, 35121
Padova, Italy (rinaldi@math.unipd.it).
$Mapillary Research, Gartengasse 19/2, 8010 Graz, Austria (samuel@mapillary.com).

2211

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/18M1206953
mailto:immanuel.bomze@univie.ac.at
mailto:rinaldi@math.unipd.it
mailto:samuel@mapillary.com

Downloaded 02/24/21 to 147.162.22.66. Redistribution subject to STAM license or copyright; see https://epubs.siam.org/page/terms

2212 I. BOMZE, F. RINALDI, AND S. ROTA BULO

nonpolyhedral convex sets. Analysis for nonconvex constraints is reported in [5, 15].
The support identification property has also been established for other algorithms
like certain coordinate descent and stochastic gradient methods [18, 25], proximal
gradient methods (see, e.g., [19, 21]), and sequential minimal optimization methods
for support vector machine (SVM) training [22]. In [7], the problem of minimizing a
convex function over the probability simplex is considered, and coreset-based results
are reported for fully corrective versions of some Frank—Wolfe variants. Recall that a
coreset is a face of the simplex with the property that the minimum of the function
on the face is a good approximate solution of the full problem. It is further important
to remark that fully corrective algorithms heavily rely on the fact that a minimum
of the function over a given face can be calculated at each iteration. Hence, those
algorithms cannot be considered when dealing with nonconvex problems.

In the present paper, we consider two well-known variants of the Frank—Wolfe al-
gorithm, namely away-step Frank—Wolfe [23] and pairwise Frank—Wolfe [16, 20], and
prove global convergence of their iterates to stationary points when using exact or
Armijo line search (in the sense of characterizing all accumulation points of iterates
by stationarity), and moreover global convergence for the full iteration sequence for
the away-step variant. These results then enable us to prove support identification in
a finite number of iterations for those algorithms. More specifically, when considering
a convergent sequence (z¥) generated by one of those Frank-Wolfe variants, we have
that it converges to a stationary point Z. Furthermore, we can be sure the iterates z*
will match the sparsity pattern of Z when k is sufficiently large (if strict complemen-
tarity holds at Z). This, to the best of our knowledge, is the first time that a support
identification result is proved for Frank—Wolfe-like algorithms.

This result is quite surprising if we take into account the fact that the classic
Frank—Wolfe algorithm does not guarantee support identification in finite time. We
will give some examples later on (see section 4) where all iterates generated by the
algorithm have full support (i.e., the number of nonzero coordinates is equal to the
number of variables in the problem), and the limit point of the iterate sequence does
not.

The paper is organized as follows. After a preliminary analysis of the problem in
section 2, we describe in depth the algorithmic framework in section 3. In section 4 we
establish global convergence and the support identification property of the methods.
Finally, in section 5, we draw some conclusions.

2. Preliminary analysis of the problem. Denoting by e = (1,..., 1)—r the
n-dimensional vector with all entries equal to one, the problem we consider here is
the following:

(2.1) min  f(z),
where f: R" = Rand A={z €R": e'x =1, x>0} is the probability simplex. A
class of C2-objective functions f including all quadratic functions will be considered

in this paper. For any fixed z € A and any feasible direction d (we will construct d
such that [0,1] C Ifeas(z,d) := {a € R: 2 + ad € A} always holds), define

pa(a) = f(x+ad), o€ leas(z,d),

with derivatives ¢%(a) = d"Vf(z + ad) and $3%(a) = d' V2 f(z + ad)d.

We now give a key assumption on the curvature of ¢% that will be needed to
prove convergence of the iterates (see subsection 4.2). As we will see later on, this
will guarantee that iteration is homotopical for the algorithms we analyze in the paper.
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Assumption 2.1. Any ¢7 is either concave or strictly convex over Ifeas(x, d). Fur-
thermore, curvature should be bounded away from zero in the strictly convex case
along descent directions: to be more precise, for all x € A and all d with nonconcave
%5 we ask existence of 74 > 0 such that

(2.2) na < @g(a) for all a € Leas(x, d) if $5(0) < 0.

All quadratic functions f(z) = ' Qx + ¢'x, where @ is a possibly indefinite
symmetric matrix, satisfy (2.2) with ny = d'Qd for all + € A. But many more
functions f may meet the requirements of Assumption 2.1, for example® the function
f(x) = c"x+ /2T Qx for indefinite but strictly (co)positive @ (similar functions are
used in volatility modeling). Then

(@ + ad) " Q(z + ad)*¢f(a) = (7 Qx)(dT Qd) — (d" Qx)?

does not depend on a but can change sign with varying d.

For proving global convergence of the methods and support identification results
(see section 4), we need an essential global estimate implied by continuity of V2 f over
A (a set of diameter v/2) made explicit in the following observation.

Observation 2.1. For all directions d with ||d|| < v/2 and all a € Ifeas(z,d) we
have bounded curvatures $%(«), or, slightly more generally, ||[V2 f()]||spec < K for all
x € A with the spectral norm || - Hspec, implying

(2.3) |G%() | = |d"V2f(z+ad)d| < 2K forall z € Aif ||d]| < V2.

We further notice that minimizing a function h(z) over a polytope P can be
written as problem (2.1). Let V = [v1, ..., vn] € R™™ be the matrix whose
columns are the vertices of P. Since any point y € P can be expressed as a convex
combination of the columns of V, the problem min{h(y) : y € P} can be rewritten
as the problem min{f(z) = h(Vx) : z € A}. We note that

1. Z is a stationary point for f over A (cf. (3.1) below) if and only if § = VZ is
a stationary point for h over P, i.e., it satisfies the KKT conditions;

2. d is a descent direction for f at x € A if Vd is one for h at y = Va € P; and

3. condition (2.2) carries over from h to f too, as V2f(x) = VI V2h(Va)V.

3. Frank—Wolfe variants for minimization over the simplex. In this sec-
tion, we describe two well-known Frank—Wolfe variants that can be used to minimize
a function over the probability simplex. In order to do that, we report below the
generic scheme related to those iterative algorithms (see Algorithm 3.1). Beforehand
we recall that o* € A is a stationary point for the problem (2.1) if and only if

(3.1) V,f(z*) > Vf(z*)Tz* for all r with equality if 2% > 0.

By construction, either the algorithm stops after finitely many iterations at a
stationary point, or else the generated sequence takes infinitely many values in A as

Fa*) < f(ah).
3.1. Frank—Wolfe-type directions. At every iteration k of Algorithm 3.1, we

compute, at step 4, a feasible descent search direction d* that is used to generate the
new iterate z**t1. We describe here the different types of directions that can be used

We are grateful to Werner Schachinger who pointed to this in a personal communication.
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Algorithm 3.1 Line-search algorithmic scheme.

1 Choose a point z° € A

2 For k=0,1,...

3 If 2% is a stationary point (3.1), then STOP

4 Compute a feasible descent direction d* at z*

5 Compute a step size oy, € (0,1] via line search for improving the objective
6 Set a1l = 2% + apdF

7 End for

in Algorithm 3.1. We indicate the set of all indices related to the coordinates of vector
xby I ={1,...,n}, and by Sy = {i € I : #¥ > 0} we denote the support of z*.
The Frank-Wolfe and the away-step directions (see, e.g., [13, 16]) computed in

x* are, respectively,

k

(3.2) Tw =6 —xt, ic Argr}lin{vif(xk)} ,
1€

(3.3) ‘Zk =zF—¢;, j€ Argl;lax{vjf(:rk)} .
JESK

We further indicate by xf the jth coordinate of z*, where 7 is defined as in (3.3).
Taking into account (3.2) and (3.3), we consider the following two search directions.

(AFW) The away-step Frank—Wolfe direction:

A3y if Vf(@h) Tdgyy < Vf(a*)Tdy
AFW — % ®
L d otherwise.
1— 7

J

(PFW) The pairwise Frank—Wolfe direction:
fl’k Ik ZL’k
dprw = ‘T?(dFW +dy ) = m?(ei —€),

where 7 and j are defined as in (3.2) and (3.3), respectively.

It is easy to verify that all above directions are strict descent directions, i.e., they
satisfy ¢%(0) = Vf(z)"d < 0.

3.2. Computation of the step size. In the framework of Algorithm 3.1, given
x € A and a descent direction d at x, we aim at the largest (global) minimizer % > 0
of % (a) over (0,1], i.e.,

(3.4) o := max Argmin @3 () .
Oce(o,l]

Obviously, any global interior minimizer of ¢ in (0, 1) satisfies the first-order condition
0= ¢alag) = ¢3(0) + ag i (a)

for some @ € [0, 1] depending on d and z. Hence, if ¢%(&) > 0 we have

(3.5) ol =
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3.2.1. Exact and Armijo’s line search. Exact line search chooses, at a given
iteration k, the largest minimizer of gaﬁl,: (a) over (0,1], that is

(3.6) Q1= aﬁ: defined as in (3.4) for x = 2" and d = d".

Unless the function @5: has some special structure (e.g., convexity/concavity),
determining the step size in (3.6) might in general be an expensive task. More practical
strategies perform an inexact line search to identify the step size giving sufficient
reductions in the objective function at a minimal cost. A classic example is represented
by the Armijo method (see, e.g., [3] and references therein). This method iteratively
shrinks the step size in order to guarantee a sufficient reduction of the objective
function. It represents a good way to replace exact line search in cases when it gets too
costly. In practice, we fix parameters § € (0,1) and v € (0, 1), and start with maximal
feasible step size equal to one. We then try steps a = 6™ with m € Ng = {0,1,2,...}
until the sufficient decrease inequality

(3.7) Fa* + ad¥) < f(z*) + 7oV f(z*) T d"
is satisfied, i.e., we choose
m(z®, d*) := min {m € Ny : (3.7) is satisfied for a = 6™} < oo
and set
(3.8) ap = 06mE ) agwell as 2P = 2F 4+ agdt

Observe that under Assumption 2.1 on the curvature of ¢%, all step-size variants we
discuss here have in common that a full feasible step is always taken except in the
case of strictly convex ¢%, where ¢5(a) > 0 for all a € [0,1]. So ag < 1 is possible
only if <p§f (0) > 0 for any strict descent direction d* at x*.

3.2.2. Theoretical properties of line searches. Now we prove that function
f reduces when moving from z* to 2!, and that the sequence of the directional
derivatives along the search direction converges to zero when using the Armijo rule.
We will further see that a similar result also holds for the exact line search.

PROPOSITION 3.1. Let (z¥) be the sequence generated by Algorithm 3.1 using the
Armijo line search defined in (3.8) with any strict descent direction d* satisfying
|ld*|| < V2. Then we have that

(a) if %+ £ 2, then f(h 1) < f(F);

(b) if 2L £ 2% for all k € N, then limy_,o, Vf(z¥)TdF = 0.

Proof. We first notice that in a finite number of steps the Armijo line search
finds a step satisfying condition (3.7). Then, due to the fact that d* is such that
Vf(xF)Td* <0, we get that

Fa™h) < fa*).

Using again (3.7), we have
(3.9) F(@®) = f(@*T) > yar |V F(a) Td"].
Since f(x*) is monotonically decreasing and bounded in k, we can write

(3.10) lim ai|Vf(z*)"d*| = o0.
k—o0
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Let us consider, by contradiction, that (b) does not hold. In this case, due to the fact
that {V f(2*)"d"*} is bounded, there exists an infinite subsequence k; such that

(3.11) lim Vf(z")Td = —¢ <0

Jj—oo
with £ > 0. Considering the limit in (3.10), we need to have
(3.12) lim oy, = 0.

J—0o0

Using compactness of the feasible set A, we know that it is possible to get a subse-
quence (for ease of notation we again call it k;) such that

(3.13) lim 2% =% and lim d% =d.

kj—)O() kj—>oo

Using continuity of the gradient, we thus can write

(3.14) lim Vf(*)Tdb = V@) Td=—¢ <0.
Jj—o00
Taking into account (3.12), we in particular have for k; sufficiently large that
ag; < 1.
Therefore
(3.15) f(w’“j n “(’;fdkf) — Flat) > 1O T
Using the mean value theorem we can replace the left-hand side and write
Qp, ) ) A ) .
(316) TVf(yk] )Tdk] > ’YTVf(Z'k] )Tdk]

with y* = zki 4 9;%.% d* and Or, € (0,1). Now, dividing by % > 0 and taking
into account that y*/ — ' due to (3.12), we have
V@) Td>AVE)d,
which finally gives us
£<7¢,

thus contradicting v < 1 and proving that (b) holds. d

Proposition 3.1 still holds when considering a step size ay € (0, 1] satisfying the
following inequality:

f(zF + apd®) < f(a* + ard®),

where «y is the step size obtained using the Armijo rule. Indeed, if the above inequal-

ity is satisfied, then (3.9) holds as well as the rest of the proof (see also Remark 5
in [10]). Hence, we can easily get the following result.

COROLLARY 3.2. Let (z*) be the sequence of points in the feasible set A generated
by Algorithm 3.1 using the exact line search defined in (3.6) with any feasible descent
direction d*. Then we have that

(a) if h+1 £ 2, then F(b1) < f(F);

(b) if 2**Y £ 2k for all k € N, then limy_,oo Vf(2F)TdF = 0.

Summarizing Proposition 3.1 and Corollary 3.2, we get under the step-size choice
of (3.6) or (3.8) that

(3.17) or(0) =Vf")Td* -0 as k— oco.
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4. Convergence results. To clarify, let us stress that we use common termi-
nology: “global convergence” means that we establish the stationarity property for
all accumulation points of the sequence of iterates (x*), regardless of whether or not
there may be more than one accumulation point. By contrast, “iterates convergence”
means convergence of the full sequence (z¥). Under mild assumptions which are
generically true,? we can show that there is only one accumulation point (which then
enjoys stationarity by the global convergence results) if the sequence is generated by
the (AFW) rule.

4.1. Global convergence analysis. In this section, for every considered choice
of the direction d¥, we establish global convergence to stationary points of the algo-
rithmic scheme described above. Since the arguments for the different step-size choices
vary slightly, we choose to split the treatment. However, in a effort to be concise, the
two search-direction choices are treated simultaneously.

THEOREM 4.1. Let (%) be a sequence generated by Algorithm 3.1, where
e the search direction d* is computed according to the (AFW) or (PFW) rules,
o the step size oy, is computed using the Ammjo line search described in (3.8).
Then, either an integer k > 0 exists such that x* is a stationary point for prob-
lem (2.1), or else the sequence (x*) is infinite and every limit point x* of the sequence
is a stationary point (see (3.1)) for problem (2.1).

Proof. We first consider the case when the algorithm stops after a finite number
of iterations k. This can only happen if the condition at step 3 of Algorithm 3.1 is
satisfied, i.e., if no direction dspw can be chosen, which is the case if and only if z*
is a stationary point.

Now we consider the case when the sequence (z*) is infinite. Arguing by con-
tradiction, assume that there is an i such that V,f(z*) < Vf(z*)Tz*. We again
distinguish cases.

Case 1 (not needed for (PFW)). There is a subsequence k; along which z ki o
and d* = = dpyy Y= el — gk for all 7, where e' denotes the zth column of the n x n
identity matrlx (and i; € {1,...,n} is suitably chosen). Then

Sbkj (0) _ Vf(xkj)‘l' xk]’ _ Vijf( kj) _ Vf( kj)—rxkj
< Vif(ah) = V@) ek — Vif(a*) = V(") Ta* <0

as j — oo, contradicting (3.17).

Case 2(a). There is a subsequence k; along which 2% — z* and such that there
is an n > 0 with

(4.1) x’,fj >n forall j,

where in the (AFW) case we have

zri k i
(4.2) dkj — Tj T Tj (xkj _ erj)
k; TA k; ’
1—xy 1—xz,

whereas in the (PFW) case we have

(4.3) db = ks (dy +d57) = ol (€ — ')

2Namely, that there are only finitely many stationary points of the problem (2.1).
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with e’ the Frank-Wolfe vertex and e"# the away-step vertex. Then in the (AFW)
case, as

holds for all j, we arrive at

1-n . 1-— ) s
Tn Dk, (0) — Tnvf(xk])TdA J

< Vi) TdL" < Vi) Tdgy, < Vif(2%) = Vf(ahs) Tak
— Vif(z*) = Vf@*) Tz <0 asj— oo,

again contradicting (3.17). Similarly, in the (PFW) case the contradiction is obtained
via

1 P _ 1 kiNT ki z*i
590@(0) = nvf(m ) (de+dA )
kj - p i
< VI (dpy +di ) < V) Ty
< Vif(ak) = Vf@k)Tak = Vif(a*) = V@) Tz* <0

as j — oo. Hence the only remaining possibility is now the following.

Case 2(b). If neither Case 1 nor Case 2(a) apply, any convergent subsequence
oF — 2* with limit * satisfies
(4.4) m’,fjﬂ — 0asj — oo,
where eventually (4.2) or (4.3) holds. Irrespective of the chosen direction, at least one
such sequence (s;) exists by the assumption that z* is a limit point of (z*). Consider

this subsequence and their immediate successors k; = s; + 1. By (4.2) or (4.3), we
know that

281 — 9] < agy max || 2 a5 | s (@ + @) Y < VBT s 0
— Ty 1—a
as j — oo, since [|d%7 || = [lz% — €’ || < diamA = /2 and likewise [|d%, + d%” || =

le™s — e || < diamA = /2. Therefore, also 2% +! — 2* as j — oo, and we may also
consider (4.4) with (4.2) or (4.3) for the successor sequence k; = s; + 1. By suitably
thinning (s;) if necessary, we may and do assume that eventually r; = r for all j.
Then z,’ = eventually holds because otherwise o, < 1 and Proposition A.2
applies, contradicting (4.4). Applying our conclusion (4.4) with (4.2) or (4.3) now to
kj = s; + 1, we also see that an away-step %! —e” (or a PFW step involving e’ as
an away-step vertex) with h # r is selected for k = s; + 1 (if j is large enough) with

the property (again, after suitable thinning) that xij 50 as J — oo, but we still

have, by construction of the away (or PFW) step, 2572 = 0 for all large enough j. So
again we have %72 — z* as j — oo, and hence an index ¢ ¢ {r, h} would be chosen
for the away step at k = s; 4+ 2, and, repeating the argument less than n times, no
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choice for d4 would be left, which is absurd in view of the fact that the sequence is
infinite, whence neither Case 1 nor Case 2(a) applies. So the theorem is proved. 0O

We close this section by proving global convergence of the Algorithm 3.1 when
using the exact line search for calculating the step size.

THEOREM 4.2. Let (x¥) be a sequence generated by Algorithm 3.1, where
e the search direction d* is computed according to the (AFW) or (PFW) rules,
o the step size oy is computed using the line search described in (3.6).
Then, either an integer k > 0 exists such that x* is a stationary point for prob-
lem (2.1), or else the sequence (x*) is infinite and every limit point x* of the sequence
is a stationary point (3.1) for problem (2.1).

Proof. The proof is very similar to the one given for the Armijo line search. The
only difference is in Case 2(b), where we yield a contradiction by applying Proposi-
tion A.1. d

4.2. Tterates convergence and support identification in finite time. We
start with a general observation, applicable in particular to the (AFW) and (PFW) di-
rections. All we need is that the conclusions of Theorems 4.1 and 4.2 hold, namely that
all accumulation points are stationary; with this property, any strict local minimizer
which is isolated among all stationary points can be shown to attract all sequences
generated by Algorithm 3.1 which start close enough to it. Conversely, if the limit
point attracts all iterates starting close enough to it, then necessarily this must be an
isolated stationary point and a strict local minimizer of f over A.

Note that the equivalence below holds irrespective of whether or not there are
nonstrict local solutions to (2.1).

THEOREM 4.3. Let Assumption 2.1 hold. Consider Algorithm 3.1 with any de-
scent direction and any step size such that all accumulation points of generated se-
quences (x*) are stationary. Then the following two statements on a stationary point
p € A are equivalent:

(a) there is a p-neighborhood U C A with no stationary point in U \ {p}, and

f(@) > f(p) for allx € U\ {p};
(b) there is a p-neighborhood V- C A such that every sequence (z*) starting at
20 € V' converges to p.

Proof. (a) = (b) Let € > 0 be so small that B := {x € A: [z —p|| <e} C U
and define
o:=min{f(z): x €A, ||z —p||=¢} - f(p) >0.
Then V:={z € A: f(x) < f(p) +0, [[x —pl <e} C U is relatively open in A and
contains p, and therefore a neighborhood of p in A. We claim that any sequence
starting in V' will remain there forever. Indeed, suppose z**1 ¢ V but 2% € V for
some k; then by convexity or concavity of f along conv(x*, z*+1) we have

(4.5) FOLP (1= N)a2b) < f(aF) < f(p)+ 0o forall A€ [0,1],

so 2¥*1 ¢ V would imply ||z**! — p|| > € and hence ||[Az*+! + (1 — \)z¥ — p|| = ¢ for
some A € (0, 1], contradicting the definition of o. By compactness, all accumulation
points of (z¥) must lie in B and thus in U. Since all of them are stationary by
assumption, there can only be one, namely p, which means that (b) holds.

(b) = (a) Choose U := V. By monotonicity and continuity, we have f(p) =
infy, f(2*) < f(2°) for all 2° € U \ {p}, a set which does not contain any stationary
points, as all sequences starting there have to converge to p by assumption. 0
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We thus have shown that in our model that every strict local solution is isolated
(among all alternative stationary points & € A), which generally is not the case.
Inspection of the proof of Theorem 4.3 reveals that the only essential property is that
the iteration is homotopical, i.e., the inequality on the left-hand side in (4.5) holds.
We can conclude that for all these homotopical iteration procedures, convergence to a
saddle point is highly unlikely, which is in line with recent findings in this research area
for other first-order methods; see, e.g., [17] and references therein. Note that most of
these papers deal with smooth transition maps (which facilitate characterization of
saddle points via the Jacobian matrix) while our transition maps lack even continuity.

Next we need an auxiliary observation which only applies to dapw -

LEMMA 4.4. Let Assumption 2.1 hold. Let v = limg_,o f(2¥) = infren f(2¥)
and assume v = f(e') for some i € I. Consider a certain iteration counter k
with 81 # xF. Then the following implications hold for both step-size choices (3.6)
and (3.8):

(a) if d* = df;w =e' — 2%, then Algorithm 3.1 stops at k + 1;

(b) if zF >0 and

then ¥t = 0.

Proof. (a) By construction and assumption, we have

0< f@*t) =y < fle') =7 =0,

k+2 k+1

and hence x
Corollary 3.2(a).

(b) Suppose that aj < 1; then ¢, has to be strictly convex, and by smoothness,
f has to be strictly convex over the whole interval conv(z**!, e?). But as assumed
above, we have f(e!) = v < f(2*+!) < f(2*) in contradiction to the fact that
2% € conv(z¥*1,e?). So necessarily ay = 1 and therefore 25 = 0. ]

= z"t! which is a stationary point, using Proposition 3.1(a) or

We proceed to establish a convergence result for the full sequence of iterates under
mild assumptions for the away-step Frank—Wolfe variant.

THEOREM 4.5. Let Assumption 2.1 hold. Consider a sequence (x*) generated by
Algorithm 3.1 with step-size choice (3.6) or (3.8), and darpw as descent direction.
Suppose that (z¥) has finitely many accumulation points. Then it must converge:
there is a p € A such that z¥ — p as k — 0.

Proof. The statement obviously needs a proof only if the sequence (2*) is infinite.
So suppose there are finitely many (pairs of) accumulation points, but at least two.
Choose pairwise disjoint neighborhoods around all of them and wait until all z* lie in
exactly one of these neighborhoods if k > kq. Then, arguing by contradiction, if z*
would not converge, there is a subsequence k; with ky > ko such that % — p and
the immediate successors ¥t — ¢ # p as j — oo, which implies @ := inf; ag, > 0.
Now, by thinning (k;) if necessary, we may and do assume that ax, — s > 0 as
j — 00, and that there is an i € I with d* = e* — 2% for all j, or else
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with fo > 0 for all j. Moreover, in this case we even get fo > ¢ for all j and a
suitable constant ¢ > 0 because

k?j )
0 < |lg—p| =lim ||z**! — 2| < V2as lim M V2 Pi
J 71

—xfj_ L—p

%

Next suppose that eventually the step size is smaller than one, and we are in the
strictly convex case. Then, employing (3.17) and

(4.6) @) = f(@%) = orlon) — 0x(0) = o [%(0) + % @k(dk)} ;
we obtain
(47) Sékj (@kj) — 0.

Furthermore by continuity we have, for any a € Itas(p, €' — p),
@i, (@) = (€' —p) V2 F((1 — a)p + ae’) (e’ — p)
in the FW case, and, for any a € Ifeas(p, u(p — €?)),

Br; (@) = 2 (p— €) TV F((1 + ap)p — ape’) (p — ')

lf"'pi in the away step case. On the other hand, we can employ (4.7) in

all cases. Now by (2.2) in Assumption 2.1 for z = (1 — a)p + ae?, a € [0,1], and by
choosing d = e —p in the FW case or d = p(p—e') in the away step case, we conclude
that f must be linear along conv(p,e’) with slope lim; ¢, (0) = 0, so constant, and
f(e) = f(p) = infy f(x*) results.

Now in the case of the FW direction, Lemma 4.4(a) would then yield the absurd
conclusion that Algorithm 3.1 stops even at iteration ky + 1.

In the case of the away direction, we conclude by Lemma 4.4(b) that xf" o
0. But since xf“l > 0, we must have an FW step d¥ = e’ — 2* for some k €
{kj+1,...,kjs1 —1}. Now we again invoke Lemma 4.4(a) to arrive at the contra-
diction that Algorithm 3.1 stops at iteration k + 1, using f(e?) = f(p) = inf}, f(z).

So we are left with the case that the step size eventually equals one. But then
the argument is even simpler: in the FW case, we stop at €', and in the away case we
directly get xfj L and, as argued just before, stop again at e’ at some iteration

counter k € {k; +1,...,k;j41 — 1} as well. O

with © =

As a corollary to Theorems 4.1, 4.2, and 4.5, we thus obtain a generic convergence
result for the iterates generated by Algorithm 3.1 for the away-step variant.

COROLLARY 4.6. Suppose that (2.1) admits only finitely many stationary points.
Then any sequence (z*) generated by Algorithm 3.1 with step-size choice (3.6) or (3.8),
and dapw as descent direction, must converge: there is a p € A such that * — p as
k — oo.

Now we introduce three sets that will be useful when carrying out the analysis
related to support identification in finite time. More specifically, we call

Si(x):={ieI|Vif(z) >z Vf(z)},
S_(z):={i € I|Vif(x) <a'Vf(x)},
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and

So(z) = {i € I | Vif(x) =2 Vf(z)}.

We hence report the announced results on support identification in finite time;
note that strict complementarity (again generically true) of the stationary point Z
exactly means S = Sy(Z) in the below theorem. Recall that S_(z) = 0 by (3.1).

THEOREM 4.7. Consider a convergent sequence of iterates (xk), with supports
Sy, = S(x*), generated by Algorithm 3.1 to the following specifications:
e the search direction d* is computed according to the (AFW) or (PFW) rules;
o the step size ay, is computed using the line search described in (3.6) or (3.8).
Define & := limg_,o0 ¥ as well as S := {i € I : z; > 0}, so that by stationarity (3.1)
of T we have S C Sy(z). Then there is a finite k such that

S C Sy CSo(x) forallk>k.

Proof. We can assume that 2* = e, with i € I, cannot happen infinitely often.
Indeed, otherwise by Lemma 4.4 the algorithm would stop after a finite number of
iterations. So, we assume that z* # e’ for k sufficiently large. Now, by continuity of
the gradient, we can find an iterate such that both the following inclusions hold:

S.(z) C Sy (zF) and SCSy.
From stationarity of Z we can further write S C So(z) = I \ S, (7). Hence, we have
S_(a*) C I\ S1(2*) C I\ S4(2) = So(@),
implying
(4.8) S_(z*) C So(z).
We claim now that once
(4.9) Sk € So(2)

holds for some k, then (4.9) is guaranteed for all the following iterations. Indeed,
either Sy11 = Sp U {i} and i € S_(z*) C Sp(Z) or else the support is a subset of the
current support, i.e., Sp41 C Si. By contradiction to (4.9), let us assume that, when
k is sufficiently large, the set Sy \ So(Z) is never empty. Again, by continuity of the
gradient, we can choose a sufficiently large kg to ensure existence of a positive value
o > 0 such that

IV f(zF)T(e! — 2Fi)| < o forall i € So(Z) whenever k > kg,
and
Vi) T (em —a*) > o forallr € S\ So(z) = S, NS4+ (z) whenever k > kg .

Hence, for both direction variants (AFW) and (PFW), we have that ¢”(*) is chosen
in the algorithm as an away-step vertex for some r(k) € S \ So(Z) if k > ko. Further,
due to the finiteness of I, by considering a suitable subsequence k; we can assume

T’(kj) =rec Skj \So(i') = Skj N S+(i’) .

By stationarity of # we know r ¢ S, so the rth coordinate of Z satisfies 7, = 0.
Eventually, 2} = 0 holds exactly beca}ilse otherwise ay; < 1 and Proposition A.1
or Proposition A.2 apply, contradicting z,” — Z, = 0. Repeating the same argument

for all other indices in Sy \ So(Z), the result is proved. d
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As we pointed out in the introduction, the classic Frank—Wolfe algorithm does not
guarantee support identification in finite time. Below we report an example where all
iterates #* have full support (i.e., |S*| = n) and the point Z does not (i.e., |S| < n).

Ezample 4.1 (bad behaviour of the Frank—Wolfe algorithm). We consider problem
(2.1) having a quadratic objective function

1
f(x):§xTQ:1c
with
6 0 6
o=10 3 3
6 3

—

0

It is easy to see that the solution i 1n this case is the global minimizer T = (% % 0)7.
If we choose as a starting point #° = (0.1 0.3 0.6) T, the Frank-Wolfe algorithm will
not be able to get an iterate with the same support as T in finite time, neither via the
exact nor via the Armijo line search [8].

Moreover, the behaviour of this version may even be deceptive as the support of
the iterates is also eventually constant for this algorithm; indeed, either the iterates
coincide with a vertex e’ infinitely often, so that monotonicity would imply finite
convergence to e’, or eventually no vertex is hit exactly during the iterations, so that
supports must (weakly) increase with k. By finiteness it follows that they remain
eventually constant, but, as the example shows, S¥ may overestimate the correct
support S.

5. Conclusions. In this paper, we studied methods for solving minimization
problems over the probability simplex. More specifically, we analyzed two variants
of the Frank—Wolfe algorithm, namely away-step and pairwise Frank—Wolfe. We first
proved convergence of the iterates to stationary points both when using the exact
and Armijo line searches, and even convergence for the full sequence of iterates for
the away-step variant, under mild regularity assumptions. Then we showed that
both discussed variants of algorithms guarantee support identification in finite time,
a property shared by projected gradient methods. As a future development, it may be
worthwhile analyzing conditions which allow us to get explicit bounds on the number
of iterations required to identify the support correctly.

Appendix A. Auxiliary results.

PROPOSITION A.1l. Let (%) — a* as j — oo be a convergent subsequence gen-
erated by Algomthm 3.1 according to the (AFW) or (PEW) rules, where we write
dFW = dfyy and dA % . We assume that for some fized r we have, for all j,

o dipw = = dil = ol (z

lfxTJ 1—z,7
e the step size is computed using the line search described in (3.6) and satisfies
as; <1,

e one of the following cases holds:
1. there exists i such that V;f(z*) < Vf(z*) x*, or
2. there exists o > 0 such that Vf(z%)7 (e" — %) > .

Then x> 0.

S

—e") or dbiy = (el —e"),
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Proof. Since a,; < 1 we have that (3.5) holds for some ay, € [0,1]. So we arrive
via (2.3) at

xfﬂjs > xfajs‘ _ isbsi(O) xf«"& _ ~Vf(z®)Td, ‘
1—a) 1=z Ps; (asj) 1—x7 [di‘]'rvzf(ws_,» + G, dsj)d{4
L=V =) Ty | V) Ta% - Vi)
- 2K - 2K - 2K
— Vi) e~ Vif @) >0 asj— o0

2K

if we assume that case 1 holds, and we also get the same inequality for j — oo in
case 2 since '
~Vf(@) d >0>0.

This implies 2% > 0 for the (AFW) rule and likewise

5 > rd = %%{(0) xy = — ,_vf(xsj)T[d%W + ] . ,
’ Gs, () [y + d24] TV f (2% + G,y d®) [dpy, + dy]

o VS @) Tdpy + 4] =V @) Tdgy | V(@) 2% — Vif(a)

- 2K - 2K - 2K
*\ T % . *
_)Vf(x):;szf(x)>O as j — 00

proves the result in case 1 with the (PFW) rule; the same inequality for j — oo holds
in case 2 since

V(@) [y + &) >~V f(25)Td) > 0> 0. 0

PROPOSITION A.2. Let (x%) — x* as j — oo be a convergent subsequence gener-
ated by Algorithm 3.1 according to the (AFW) or (PFW) rules, where we abbreviate
oy = d‘};‘fV and &’y = dﬁfj, We_ assume that for some fixed r we have, for all j,

o By = ) = E (%) or dEy = 2 (¢ — o),
e the step size is computed using the Armijo line search described in (3.8) and
satisfies ag; <1,
e one of the following cases holds:
1. there exists i such that V;f(z*) < Vf(z*) x*, or
2. there exists o > 0 such that V f(x%) 7 (e" — %) > .
Then z; > 0.

Proof. We first notice that for any a € [0,1] and k = s;, by (2.3) we can write
k k k k T ok, Ko
f@® +ad®) < f(2%) + "V f(2¥) d” + ——=|d"]]".
So the sufficient decrease condition (3.7) would be satisfied if
k T e K o E E\T 7k
f@®) +aVf(z?) d + ——||d"|]" < f(z%) +yaVf(®) d°,

and the latter holds true if

2(1—7) [V f(z") " d"]

< max ::
o= K |dF]2
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This gives us an interval [0, a?®¥] of step sizes satisfying sufficient decrease. Now, if

ap < 11is chosen as the Armijo step size, then either oy > ™ or else ay, € [0, af®¥]

but then & > a'** as the step size a = % would violate (3.7) by definition (3.8).
In both cases, we get

ag > 6o
Now we consider the two different search directions, writing dg,w = df;{fv and df;‘ =
d%”. For the (AFW) rule, case 1, we can write
xy? xy xy
= > o, = > 00y =
1 -7 71— B
_ V() Ty 20(1 — )
1112 K
—V (@) d) 25(1 —7)
2 K
o Vi) Tdpy 20(1 =)
- 2 K
o(1—
( = ’Y) [Vf(l‘sj)szj _ V,f(x”)]
(1 —7)

= = [Vf(x*) 2" =V, f(z*)] >0 asj— oo,

v

>

and the same inequality for j — oo can be obtained in case 2 since
Vi) d, > o.
This implies 2% > 0. Similarly, for (PFW), case 1, we can write
zy > agyayd > 6o ay
_ =Vf@) Td) + dipw] 2601 =)
|y + K

6(1—17)
K

V

=V (%) )+ diyy]

6(1—19)
K

[V f(@%) 2% =V, f(2)]

Y

~V (@) dgyy

6(1—9)
K

— w [Vf(m*)Tx* —Vif(*)] >0 asj— oo,

>

and the same inequality holds for j — oo in case 2 since

V(@) [doyyy + dy] > =V (@) d), > 0> 0. 0
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