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First-principles theory of ionic diffusion with nondilute carriers
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Many multicomponent materials exhibit significant configurational disorder. Diffusing ions in such materials
migrate along a network of sites that have different energies and that are separated by configuration dependent
activation barriers. We describe a formalism that enables a first-principles calculation of the diffusion coeffi-
cient in solids exhibiting configurational disorder. The formalism involves the implementation of a local cluster
expansion to describe the configuration dependence of activation barriers. The local cluster expansion serves as
a link between accurate first-principles calculations of the activation barriers and kinetic Monte Carlo simula-
tions. By introducing a kinetically resolved activation barrier, we show that a cluster expansion for the ther-
modynamics of ionic disorder can be combined with a local cluster expansion to obtain the activation barrier
for migration in any configuration. This ensures that in kinetic Monte Carlo simulations, detailed balance is
maintained at all times and kinetic quantities can be calculated in a properly equilibrated thermodynamic state.
As an example, we apply this formalism for an investigation of lithium diffusion if€biO,. A study of the
activation barriers in LiICoQ, within the local density approximation shows that the migration mechanism and
activation barriers depend strongly on the local lithium-vacancy arrangement around the migrating lithium ion.
By parametrizing the activation barriers with a local cluster expansion and applying it in kinetic Monte Carlo
simulations, we predict that lithium diffusion in layered,Co0O, is mediated by divacancies at all lithium
concentrations. Furthermore, due to a strong concentration dependence of the activation barrier, the predicted
diffusion coefficient varies by several orders of magnitude with lithium concentration
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[. INTRODUCTION factor v* has the dimension of a frequency and is determined
by the difference in entropy at the activated state and the
Diffusion of atoms and ions is an important kinetic prop- initial equilibrium state of the hop. -

erty of many materials. It determines whether stable states For many important materials dilute-diffusion theory
can be reached and at which rate this can occur. Many techreaks down. This occurs when the concentration of carriers
nologically relevant materials rely on low diffusion rates to _(|.e., vacancies or |nte_rst|t|a)lss sufficiently large that they
prevent them from evolving to their equilibrium, but often interact. Such interactions can Iead _to short_ range or even
less useful, state. For example, corrosion of some material@Ng-range order among the diffusion-mediating defects,
is limited by oxygen or cation transport through a surfacecomplicating an analysis of diffusion. Along its trajectory,
phase. In other technologically important materials, fast ionié;ned rggcrﬁthnog '\?v?”\'k‘)'gl sﬁ;?géfeﬂ'zﬁeeéet?t ;Og?flfe?gx'trgré?\g:itgn
diffusion is desirable. This is the case in materials for ionic P y

. 3 . . barrier AE, . Furthermore, at each step of the migration the
memb_ran_eé,sqhd (_alectrolyte_§, and_ Insertion electrodés. diffusing species may have a different concentration of me-
lonic diffusion in crystalline solids typically occurs by diating defects in its vicinity.
diffusion-mediating defects such as vacancies or interstitials. Nondilute diffusion is corﬁmon in technologically impor-

Often these carriers of diffusion are present at a very lIoWan: materials. Examples include doped zirconias for fuel
concentration such that they do not interact. In this regimegg|d  or perovskites for oxygen membranege.g.,
dilute diffusion theory is valid and the diffusivity can be SrCoQ,_,). In these compounds, large oxygen-vacancy con-
written as centrations can be obtained, enhancing the possibility of
order-disorder transitions between oxygen ions and vacan-
D = a0 fx.v* ex —AE, 1) ci_es, _and thereby_signific_antly qﬁecting the _mobility of the
9o kT )’ diffusing oxygen ions. Lithium insertion oxid&sused as
electrodes in lithium-ion batteries are another example. In
wherea is a hop distanceg is a geometric factorf is a  battery charging and discharging, lithium ions are inserted in
correlation factor, andxp is the concentration of the andremoved from interstitial sites in a transition-metal oxide
diffusion-mediating defectAE, is the activation barrier host. During this process, the host undergoes a wide range of
which is defined as the difference in energy at the activatedithium concentrations and many different degrees of lithium
state and the energy at the initial state of the ionic hop. Therder and disorder are sampled.
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In this paper, we present a formalism to study diffusion in A measure of the mobility of a particular species in a host
nondilute systems from first principles. The approach makestructure is the chemical diffusion coefficieDt which re-
use of a local cluster expansion to parametrize the envirorlates the fluxJ of that species to its concentration gradient
ment dependence of the activation barrier. Periodic clusteaccording to Fick's law
expansions have proven to be an invaluable tool for the in- R
vestigation of thermodynamic properties in multicomponent J=-D.VC. 2
systems exhibiting configurational disordér.It is com-
monly implemented for the calculation of binary phase dia-
grams of systems in which the different species can be o
dered or disordered on a common crystal structuf®The
power of a cluster expansion lies in its ability to accurately
and with minimal computational cost extrapolate first- D.—®D &)

. . . . . c J»
principles energy values of a relatively few, small periodic
arrangements of ions in a given crystal structure, to the enwhere
ergy of any ionic configuration within the same crystal struc-
ture. In the present context of diffusion in nondilute systems, C{BNAN T [ a(ulKT)
we show how the cluster expansion formalism can be cast in o (N) 1 9lnx
a form to parametrize arrangement-dependent activation bar- ]
riers calculated from first principles. The resultiiogal clus- S called the thermodynamic factor and

C is the concentratiox of the diffusing species divided by
the volume ofA,B and D, is the diffusion tensor. On the
microscopic level the chemical diffusion coefficient can be
determined at equilibrium witi—2*

4

ter expansiorfor the activation barrier can then be combined N 2
with a cluster expansion for the configurational energy of the D.=lim i i S ) (5)
solid in kinetic Monte Carlo simulations to investigate diffu- J e 20\ NS

sion in nondilute systems. Such a kinetic Monte Carlo simu-
lation will contain both accurate kinetic as well as thermo-is referred to as the jump diffusion coefficiéft:® N corre-
dynamic information. sponds to the number of diffusing iorfs(t) is the displace-

As an illustration, we implement this approach in the ment of theith ion after timet, andd is the dimension of the
study of lithium diffusion in LiCoO,. We find that the local lattice on which diffusion takes placésN?) is the fluctua-
arrangement around migrating lithium ions plays an essentialon in the particle number of the diffusing species in an open
role in determining both the hopping mechanism and theystem. In a closed system, it can be approximated by the
value of the activation barrier. The paper is divided in twofluctuation in a region of averagéN) particles.u is the
parts. The first partSec. I) focuses on the formalism and chemical potential of the diffusing species at concentration
introduces the local cluster expansion to describe the corEquations(3), (4), and (5) together form the Kubo-Green
figuration dependence of the activation barrier. In the secondquation for diffusiorf?=2*
part(Sec. ll), the formalism is applied to LCoG,. Prelimi- The jump diffusion coefficienD; of Eq. (3), which can
nary results of our study of lithium diffusion in J€0O,  be considered as a kinetic quantity, is related to the displace-
have been published previouély.Here we elaborate on ment of thecenter of mass of all the diffusing ianghe
those results and focus in depth on the computational detaithermodynamic facto® is related to the chemical potential

to illustrate the formalism described in Sec. Il. w according to the second equality in Ed). ® accounts for
the deviation from ideality of the diffusing species in a solid
Il. METHODOLOGY solution with the host in which it is diffusing. The occurrence

- o of a thermodynamic factor in E@3) arises from the fact that
A. Diffusion coefficient the true driving force for diffusion is a gradient in chemical

We consider the diffusion of a single type of species on aotentiaf®> and not a gradient in concentration as is assumed
subset of sites of the crystal structure of a host and assuni@ Fick's law (2). The thermodynamic factor, therefore, ac-
that migration occurs by the exchange with adjacent vacargounts for the difference between a gradient in concentration
sites. This is a common mechanism for diffusion in manyand a gradient in chemical potential. Only for ideal solutions
oxides and in some metals with interstitial components: Inand in the dilute concentration limit, where the chemical po-
doped zirconias and defective perovskites such atential of the diffusing species at concentratioassumes the
SrCoGy_ 5, oxygen diffusion occurs by exchanges with va-form u=u®+kTIn(x), does the thermodynamic factor
cancies on the oxygen sublattice; in fast ion conductors suc@qual 1.
as sodiumg” alumina or insertion electrodes such as Another useful quantity to characterize ion mobility is the
Li,Co0,, the sodium ions and lithium ions respectively mi- more common tracer diffusion coefficient which is defined
grate along two-dimensional interstitial sublattices within theas?
oxide host by exchanges with adjacent vacancies; and finally, N
in steel, the carbon atoms reside and diffuse on the interstitial « i 1 S (R (O]
sites of bcc iron. We will denote these systemsAh where D™= T] 2dt\ N & ([r®1%9)
A is the diffusing speciesB is the formula unit of the host
andx is the ratio ofA to the number of available sites f&r  D* differs from D; in that it measures the square of the
within the hostB. displacement of individual particles as opposed to the square

. (6)
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of the displacement of the center of mass of all the diffusingface and around the initial state of the hop, respectively.
ions. If on average, there are no cross correlations betweddq. (8) is an effective frequency and is equal to
displacements;(t) of different particles at different times, (KT/2m)Y3(AylAY).

D, and D* become equivalerft:?> Monte Carlo studies of ~ As with the activation barrieAE,, Eq. (9) suggests that
diffusion for simple lattice models on a square lattice indi-the activation entropyAS, can be written as

cate thatD* is typically of the same order of magnitude as

D, though not exactly equal to 7F. AS,=Sps— S, (10)

To obtain the displacements(t) appearing in Egs(5)  whereS; corresponds té& times the logarithm of the denomi-
and (6) for the ionsi, a dynamics has to be defined for the nator in Eq.(9) andS,s corresponds té times the logarithm
system. While in principle, molecular dynamics can be useaf the numerator in Eq9). The dominant contribution to the
to generate;(t), for most systems diffusion is too slow to be nonconfigurational entropy changkS, is vibrational en-
efficiently captured on the short time scales of such simulatropy. The prefactor of E(8)
tions. For hopping diffusion, a kinetic Monte Carlo model
(KMC) can be used where ions hop between preselected sites . AS,
and by predetermined mechanisms. By randomly selecting v rex k
ions and letting them hop with correct relative probabilities,

a “dynamical” trajectory for theﬂ(t) can be calculated. Im-

(11)

has the dimension of a frequency and is typically assumed to
be of the order of 18 Hz. Nevertheless, examples exist,

plicit in this approach is the assumption that sufficient time X . e
elapses between different hops such that the ions are co uch as the two dimensional diffusion on a Ge surface, where
e prefactor was found from first principles to be between

pletely thermalized before they execute the next hop. Thi 0l and 102 Hz 3

means that correlations between successive hops are negt- . . .
gible and diffusion can be considered a stochastic proces The fundamental "’?stu”?p“o.” of transition state theo_ry IS
(i.e., Markovian. Such an assumption is valid for most tﬁat all trajectories originating in the energy well of the ini-

solid€” with the exception of those exhibiting liquidiike dif- 11 state of the hop and crossing the dividing surface con-
fusion. tinue to the final state of the hop. In reality, though, a subset

During each hop, the migrating ion crosses an energy ba2f trajectorigs_ gxist that recross the dividing surface and re-
rier, often referred to as a dividing surface, that separates t M to the |n|t.|al staFe. Tr?‘”s""’” state theory_ neglects the
energy wells constituting the end points of the hop. This ux of recrossing trajec.torles and, therefore, gives an upper
dividing surface contains the activated state of the hop whicfound to the true hopping rate. To correct this discrepancy,

corresponds to a saddle point in the energy of the solid. ThIahe m|grat|0n rate of trgn5|t|on §t_ate theor.y IS sqmetlmes
activation barrierAE, of a hop is defined as multiplied by a recrossing coefficienk, which typ|cglly
é ranges between 0.1 and 1. The value of the recrossing coef-

AE,=Exs—E;, (7) ficient depends on the details of the energy surfacdéSev-
eral techniques to estimate the recrossing coefficient have
whereE; is the energy of the crystal in the initial state and been developed for diffusion in solid%:¢For simplicity we
Es is the energy of the crystal with the hopping ion in the will set k=1, keeping in mind that the hopping rate of tran-
activated state. The frequentywith which a hop occurs is sition state theory, Eq8), gives an upper bound to the true
well approximated by transition state theBtwhich states hopping rate.
that

) B. Configuration dependence of the energy and activation

szexp{ Aksa)ex% _kATEa . ®) barrier
In this paper, we are concerned with solids in which the

AS, is the activation entropy and can be writter?°aS diffusing species resides on a subset of crystallographic sites
within a host and in which diffusion is mediated by vacan-

(A1 e cies. We will refer to this subset of crystallographic sites as

¥) dyexd —(E—AE,)/kT] 3. In the nondilute regime, in which the diffusing species

AS;=kIn : shares the sites & with a large concentration of vacancies,
(Ag)*lf dZ exp(—E/KT) there exists a degree of disorder 2@n Different arrange-

9) ments of ions or¥ can occur and each arrangement typically
has a different energy. At finite temperature, the configura-

where ¢ and ¢ are generalized coordinatéspatial coordi- tion of ions onX, evolve over time as a result of the ther-
nates of the ions multiplied by the square root of theirmally activated hops of ions an to adjacent vacant sites on
mas$®?9 andE is the energy as a function of these gener-3..
alized coordinates. For a solid wil ions, the integral in the Not only is the energy of the solid dependent on the ar-
numerator proceeds over aNi3-1)-dimensional dividing rangement of ions and vacancies bnbut the energy of the
surface while the integral in the denominator spans aolid when a diffusing ion is at an activated st&gs also
3M-dimensional volume around the initial state of the hop.depends on the surrounding configuration ®nlt is well
Ay and A ¢ are integration volumes along the dividing sur- known that the configurational energy of the soligl can
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formalism/83738By assigning occupation variables to each
site onX which are+1 (—1) if a diffusing speciegvacancy
resides at that site, it is possible to describe the configura.
tional energy of the solid with a cluster expan<ion

rigorously be described with a lattice model | ! AExra

FIG. 1. The activation barrieAE, depends on the direction of
the hop(indicated by the arroyv The kinetically resolved activation
E:Vo+2 Vodbas 12 barrier, AExga, however, is independent of the direction of the
“ hop.
where o ]
the hopping ion once at the activated state can choose to
continue to any one of the end points.
b= H oj. (13 To overcome the difficulties associated with the direction
e dependence chE,, we introduce a kinetically resolved ac-

The polynomialsé, are equal to products of occupation tivation (KRA) barrier AExga Whereby the average of the

variables corresponding to clustess of sitesi of 3. The energies of the end points of the hop are subtracted from the
clustersa refer to figures of sites o which include for ~€N€rgy at the activated stalifas according to

example, nearest neighbor pair clusters, second nearest 1.0

neighbor pair clusters, triplets of sites, etc. It can be shown AEra=Eps— = 2, Eq. (14)

that the expansion is exact when it extends over all possible nj= !

clusters of sited,but to be practical, it must be truncated . . S
after a polynomial corresponding to some maximal sizeoEej is the energy of the crystal when the migrating ion is at
cluster. The coefficient¥, andV,, are referred to as effec- €nd poin of the hop and the remaining—1 end points of
tive cluster interactionéECI) and are to be determined from the hop are vacant. Figure 1 schematically illustrates the
first principles. Symmetry is often useful to simplify Eq. Meaning ofAExza for a hop with two end points. For each

(12). Any group of clustersr, 3, . . ., that are equivalent by ©f the terms appearing in E¢l14), the configuration or®,
the space group symmetry of the crystal have ECI with theéxcluding the end points of the hop are the same. Subtracting
same numerical valu®. the term (M)E}LlEej from E,s is a way of separating an

The advantage of a cluster expansion is that it enables effective configurational energy, where ions reside only on
rapid calculation of the configurational energy of the crystalsites of2,, from a kinetic component determined when an ion
for any arbitrary configuration ol. With the above defini- resides at the activated state and the end points of the hop are
tion of the occupation variables for each sitd, a particular ~ all vacant. The resulting kinetically resolved activation bar-
configuration or, can be represented by an arraytef and  rier AEcga, Which is still configuration dependent, is inde-
—1's. To calculate the energy then, all that is required is thapendent of the direction of the hop.
the polynomialse,, for the different clustersr appearing in OnceAEkgra and the configurational energy of the solid
the cluster expansion be evaluated for this particular configuEej for j=1,n are known, it is straightforward to reconstruct
ration. The polynomials can then be multiplied by their cor-the activation barrier for a hop that starts from one of the end
responding ECV,, and added according to E{.2) to obtain  points, sayj =1 according to
the configurational energy of the solid.

The accuracy of the cluster expansion depends on the de- 1
gree of convergence before it is truncated. There are several AE,=AEkgat n
ways to determine the ECY/,,, from first principles. Typi-
cally, the energies of a set of periodic structures with differ-Note thatA Er, is equal toAE, when the energies of the
ent ionic configurations are calculated with a first-principlesend points are all the same. When the energies of the end
method. A truncated form of EC(].Z) is then inverted with points are not equanA Exra reduces to the average of all the
either a least squares procediirer a method based on linear AE, seen from each of the end points of the hop.

programminéoto calcglate the values of the ECI. The effects  Thjs construction yields a quantit§Exra that depends
of relaxations of the ions o and of the host structure are gn the configuration around the migrating ion, but that is

implicitly accounted for if the energies used in the fit corre-independent of the direction of the hapEyga can, there-
spond to those of fully relaxed structures. Other approachegyre, be described with a cluster expansion
for the determination of ECI have also been propdted.

For activation barriers, a description of their configuration
dependence with a lattice model formalism is less straight- AEKRA:KO+§ Ke®Pas (16)
forward than that of the configurational energy. An activation
barrier depends not only on the surrounding configurationAs in Eq. (12) ¢, are polynomials of occupation variables,
but also on the direction in which the ion migrates betweerand K, are kinetic effective cluster interactiotkECI) de-
the end points of the hop. This is illustrated in Fig. 1. Thescribing the variation of the kinetically resolved activation
hop in Fig. 1 is characterized by two end points, but in gen-barrier with configuration. When a migrating ion is at the
eral, hops can be characterizedy 2 end points whereby activated state, tha end points of the hop are unoccupied.

]Zl Eej) ~Ee,. (15)
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Assuming tha® haslL sites, the cluster expansion, E@6),  cluster expansion formalism have relied on DFT-LDA calcu-

. . . 0

then extends over tHe—n sites that do not overlap with the |ations to obtain numerical values for the ECH! These

n end points of the hop. studies have shown that DFT-LDA is capable of producing
The cluster expansion of E¢L6) enables a rapid calcu- 9ualitatively accurate predictions of the configurational ther-

lation of AE g, for any arrangement of ions surrounding the Modynamic properties of binary and pseudobinary systems.

end points of a particular hop. Once a configuratiorSors Often the quantative accuracy of predicted structural proper-

specified by assigning values to the occupation variabjes U€S such as lattice parameters and thermodynamic properties

the polynomialsg,, can be evaluated for all clustets ap- such as order-disorder transition temperatures are good, con-

pearing in Eq.(16). Multiplying the evaluated polynomials Sidering that no experimental input is used.

with their corresponding KECK,, and adding according to !N the present study, we have used the Vieabainitio

Eq. (16) yields theA Eqga for the hop of interest surrounded Simulation packagéVASP) (Refs. 49,50 to calculate total
by the given configuration. energies of solids. This code solves the DFT-LDA Kohn-

A distinction must be made between a cluster expansiorp/@M equations within the pseudopotential approximation
of the configurational energy as represented by (E2). and Whe_reby the valence electrons are expanded in a plane wave
a cluster expansion for the kinetically resolved activation®@SiS set and the effect of the core states on the valence
barrierAEyra . The configurational energy is a global exten- electrons are treated with ultrasoft pseudopotentfalEhis

sive property, characterizing the total energy of the Wh0|emethpd Is restricte_d to calculations in systems that are qhar-
solid as a function of the arrangement of diffusing ions anc?¢terized by a periodic cell. To calculate activation barriers
vacancies ot.. AEyga , in contrast, is a local property. This with this method, therefore, it is necessary to work with pe-

has implications as to how symmetry is to be used to identi1‘>7i()qiC supercells that are I_arge enough to min[mize the.inter-
clusters with identical KECI in Eq16). Equivalent clusters action between the periodic images of the ion in the activated

in the cluster expansion for the enerdyq. (12)] are deter- sta;e. | : lcul . | he mi
mined by applying the symmetry elements of the space, everr]alwa;]ys eX|skt to C?]CU ate egergleﬁ_r? ofr)g the m;lgrda-
group of the crystal. For the local cluster expansj&m. tion path. In this work, we have used two. The first is calle

(16)], the appropriate symmetry operations belong to théhe elastic band method which enables the determination of
highést point group that maps the clustemoénd points of the minimum energy path between two energetically stable

. 3 . . .
the hop onto itself, with the additional requirement that the€nd points” It starts with a discretized path of on the order

point group is consistent with the space group of the solidf)f 871.6. replicas_ of the system that are intermed_iate between
Since activation barriers are a local property, it is reasonabIIEhfa initial and f”.‘a' states of the path. The replllc.as. are ob-
to expect that the KECK,, of Eq. (16) will converge for tal_ned by linear |nterpolgt|on. AgIoba] energy minimization,

clustersa that extend beyond a maximal distance away from"SINY the pseudopotential method, is then performed with

the hopping ion. The terms in E@16) that correspond to respect to lonic posifcions in each replica whereby t_he coor
these large clusters can then be neglected dinates of each replica are connected to those of its neigh-

Local cluster expansions have been used in different corpOring replicas in the interpolation sequence by a spring. The

texts to describe the configuration dependence of the Iocéﬂ’fork'ng IOf tthe Slg%”thm can be corgglared Fotthbe Pghtem?g
magnetic moment& and local vibrational modédin metal-  ©' @" e?stl‘llc an alccrdoss a saddle point between two
lic systems. Recently a local cluster expansion was invokediNiMma ot the energy landscape.

to study the configuration dependence of vacancy formation The elastic band m_ethod IS use_ful to identify the migra-
energies in oxide® tion path and the location of the activated state. Nevertheless,

The exponential prefactar* given by Eq.(11) also de- to obtain an accurate approximation of the energy at the ac-

pends on the local environment. In a similar way as with thet'vated state, a large number of replicas are needed. In many

activation barrier, we can introduce a kinetically resolved 2€s: the activated state Is located at a high symmetry point
activation entropyASkra. The essential ingredients to de- betvx_/een the end points and a calculatmn_of the activation
scribe the configuration dependence of the activation entropgalrrler can be. performed W'th. bk hc_)pplng on |n|t|ally
AS, are a cluster expansion for the nonconfigurational en: laced at the high symmetry point. During minimization of

vopy and 2 local cluster expansion s, The we e 1Y SLE subercel e o vl Sen 2 T ey
activation entropy for the hop S, can then be reconstructed y yp 9 9y

. S ) ive the best approximation of the activation barrier within
for any configuration in the same way as was describe he supercell anoroach
above forAE, using Eq.(15). Cluster expansions of vibra- P pp '
tional entropy and free energy have been explored by Gar-

: 46
bulsky and Cedé? and Ozolinset al. D. Kinetic Monte Carlo simulations

The kinetic Monte Carlo method enables the numerical
calculation of the diffusion coefficient3., D;, andD* of

The accuracy of a cluster expansion depends on the firsi&gs. (3),(5),(6) by explicit stochastic simulations of the mi-
principles method used to derive the ECI of the expansion. Ayration of a collection of ions within a host=°2 This is
commonly used first-principles method is density functionalpossible provided that the probabilities for individual hops
theory (DFT) within the local density approximation given by Eq.(8) are available. With first principles cluster
(LDA).*"*8Many phase diagram calculations drawing on theexpansions to calculate the activation barriais, of Egs.

C. First-principles total energy calculations
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(7) and (15), such hopping probabilities in any environment

can be obtained with minimal computational cost. O Co
The basic algorithm implemented in this work is based on o

the n-fold way Monte Carlo algorithfi¥ and can be summa- @ Lithium

rized as follows*®?At fixed ion and vacancy concentration O oxygen

on % and fixed temperature, the simulation starts with a typi-
cal ion-vacancy arrangement exhibiting the equilibrium state
of short-range or long-range order. These initial configura-
tions can be obtained with standard equilibrium Monte Carlo
techniques in the canonical or grand canonical ensemble us-
ing the cluster expansion for the configurational energy. The
kinetic Monte Carlo simulation then consists of the repetition
of three steps as outlined by Bulnesal®? (i) First, all pos-
sible migration probabilitied",, are determined wheren
scans the collection of migration paths available to the dif-
ferent migrating ions ox. 'y, is zero if the end points of
migration pathm are simultaneously occupied. When this is e
not the casel’,, is calculated with the hop frequency of Eg.

(8). (ii) In the second step, a random numpeaf the interval

(0,2) is sampled. The migration evektis chosen such that a

1 k—1 1 k
7 2 Tn<p=<y— 2 T, (17)
tot m=1 tot m=1

wherel’; is the sum of all individual probabilitieB,,. This
ensures that each evemtoccurs with probabilityl” /T ;.
The third steii ) consists of an update of the tim lead-
ing up to the hop of stefii). This time is given by

(18

with ¢ a random number fron0,1).
A kinetic Monte Carlo stegfKMCS) is defined as the

FIG. 2. TheO3 crystal structure of LiCoO,.

lithium batterie€®%” Li,CoO, has a layered crystal structure
as illustrated in Fig. 2. It consists of close packed oxygen
planes stacked with aABCABCsequence. Alternating be-
tween close packed oxygen planes are layers of lithium ions
and cobalt ions which reside in the octahedral interstitial
sites of the oxygen framework. Both the lithium and cobalt
ions form two-dimensional triangular lattices. The particular
cation ordering in LiCo® produces a crystal with rhombo-

hedral symmetry that belongs to tR8m space group. In an
electrochemical cell, the lithium ions can be removed from

repetition of stepsi)—(iii) as many times as there are ions onand reinserted into the lithium planes of LiCgQ@esulting in

3. in the simulation. Typically of the order of £KMCS are

the creation and annihilation of lithium vacancies. Lithium

required at each temperature and concentration. To obtafiigration through the layered metal oxide host proceeds by

adequate averages fbr; andD*, a series of different initial

exchanges with adjacent vacancies within the same lithium

perature and concentration. Initial configurationsXrthat

0.5 and 1.0 when L{oO, is used in a commercial

are representative of equilibrium can be generated with caeattery?®*®*laboratory experiments have demonstrated that
o > : 70 " .
ferent diffusion coefficients can also be performed as deffom the CoQ host.™ The ability to vary the lithium con-

scribed in Ref. 64.

centrationx in Li,CoO, over large intervals makes this an

Bulneset al® demonstrated theoretically as well as with ideal material to investigate the concentration dependence of
a numerical comparison, that the above described kinetigliffusion.

Monte Carlo algorithm is equivalent with the dynamic

As the lithium concentration varies in JG0O,, the com-

Monte Carlo algorithm commonly implemented in diffusion Pound undergoes a series of phase transformations that in-
studies of lattice modefd:5*?6The advantage of the above clude —order-disorder reactiofi$, a first-order phase

. . . i ~ 8,69
algorithm is that a hop occurs during every sequence of Steggansformatloﬁ

induced by a metal-insulator

(i)=(iii). This is especially advantageous for systems withtransitiort>"*and a series of transformations where the €00
strongly varying activation barriers. The calculation of thehost undergoes structural chang®&: Furthermore, the con-

thermodynamic facto® of Eq. (3) can occur with grand
canonical Monte Carlo simulatiofi3.

Ill. APPLICATION TO LITHIUM DIFFUSION IN Li  ,C00O,

centration dependence of thermodynamic properties such as
the lithium chemical potential or the equilibrium lattice pa-
rameters exhibit strong deviations from ideaffty’° These
phenomena can be expected to have interesting effects on the
evolution of the lithium diffusion coefficient with concentra-

In the remainder of the paper, we implement the aboveion.

formalism to study lithium diffusion in LICoG,. This com-

Although different polymorphs of layered JGoO, exist,

pound is an important cathode material for rechargeabl@ this paper, we restrict ourselves to a study of diffusion in
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the O3 form of Li,Co00,, the most important polymorph of
Li,Co0,. This is the polymorph that is described above and
is illustrated in Fig. 2. The thermodynamic properties of lay-
ered LiCoO, have previously been investigated from first
principles using the cluster expansion formali$h.

Our study of lithium diffusion in LiCoO, entailed three
steps. First we identified the different possible lithium migra-
tion mechanisms from first principles using the pseudopoten-
tial method in the local density approximatidas imple-
mented invASP). For a given migration mechanism, we then
calculated activation barriers in different lithium-vacancy en-
vironments, and used these values to obtain kinetically re-
solved activation barrierAExga given by Eq.(14). As de-
scribed in Sec. 11B, we then cluster expanded fie,ga
with a local cluster expansion. This local cluster expansion
together with the cluster expansion for the configurational
energy ofO3 constructed in Ref. 19, was then used to cal-
culate the activation barriedE, in any local lithium-
vacancy environment with Eq15). We then implement this
procedure of calculating activation barriers in kinetic Monte
Carlo simulations to calculate lithium diffusion coefficients
using the equations of Secs. IlA and 1IB. The following
sections describe the results of these steps in detail.

A. First principles activation barriers

In this section, we investigate the dependence of activa-
tion barrier on the lithium-vacancy arrangement. We find that
two qualitatively different hopping mechanisms exist de-
pending on the immediate local environment around the hop-
ping lithium ion. These are illustrated in Fig. 3. The first
b [Fig. 3(@)] adjacent to the end points of the hop are occu-LixC00, depending on the local environmers) The oxygen
pied by lithium ions. The diffusing lithium ion then migrates dumbbell hop(ODH) occurs when sitea andb are occupied(b)
along a path that closely follows the shortest path connectingn® tetrahedral site hoffSH) occurs when at least one site adja-
the initial site of the hop and the vacancy. This shortest pathf,ﬁn;to_the end point of the hop is vacant. Large C'rd‘.es are oxygen,
denoted by the arrow in Fig(&, passes through a dumbbell ille C|r§:les are lithium, squares are lithium vacancies and small

. . . . empty circles are cobalt.
of oxygen ions. We refer to this migration path as an oxygen
dumbbell hop(ODH). This is the mechanism by which iso-
lated vacancies exchange with lithium. When either one oconnects adjacent lithium planes and was chosen to be as
both of the sites immediately adjacent to the end points oshallow as possible to maximize the distance between the
the hop are vacant, lithium migrates along a curved patlperiodic images of the hopping lithium ions in adjacent
which passes through a tetrahedral site as illustrated in Fidithium planes. The coordinates of the supercell vectors in
3(b). For this migration mechanism to occur, the destinationterms of the hexagonal unit cell vectors ofCbQ, are listed
of the hopping lithium ion must be part of a divacan@ in Table I. Calculations of activation barriers were also per-
could also be part of a cluster of vacancies containing morgormed in a 16 LjCoO, formula unit supercell. In all super-
than two vacancigs We refer to this migration mechanism cell calculations, we used ax2x2 k-point mesh which is
as a tetrahedral site hapSH). equivalent to eight irreduciblk points.

In Secs. Il A1-111 A3, we describe first principles calcu-
lations that form the basis of the above picture of lithium
migration in Li,Co0O,. Energies of activated states were cal-
?&?;esnli?:lﬁgcﬂﬁg;:‘%?%nzoi?]tatlmlsngulpzer"’ég?%rfggs b e;erms of the conventional hexagonal setting of @® layered crys-
tween 47 to 37 depending on the lithium concentrationtaI structure.

(which was varied between=11/12 tox=1/12). TheA and

TABLE I. The A, B, andC cell vectors of the supercell in which
the activation barriers were calculated. The vectors are expressed in

v A 4.0 2.0 0.0
B axes of the supercell form ay@x 23 two-dimensional 5 20 20 0.0
superlattice in terms of the basal plane vectendb of the é 0.333 1.666 0.333

hexagonal unit cell of LICoO,. The € axis of the supercell
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In all calculations of the activation barriers, the volume of
the supercell was linearly interpolated between the equilib-
rium volumes of the end points of the hop. During relax-
ations of the atomic positions, the volume was held fixed.
Defect calculations in relatively small supercells converge
more rapidly when the volume is held fixed than when the
volume is allowed to rela’ The volumes of the end-point
configurations, however, were fully relaxed.

1. Migration of a vacancy inLiCoO,

Insight about hopping mechanisms can be obtained by
investigating lithium migration in the dilute extremes of
lithium concentration. One dilute extreme is migration of a
single vacancy in an otherwise fully lithiated,0oO, host.
Figure 4a) illustrates a projection of a lithium plane and the
two adjacent oxygen planes. With the pseudopotential
method in combination with the elastic band method, we find
that a lowest energy migration path between adjacent octa-
hedral sites closely follows the arrow A-B of Fig(af Al-
though in the figure, the arrow A-B forms a straight line
connecting adjacent octahedral sites, the actual migration
path is slightly curved, but passes very close to the center of
the oxygen dumbbell formed by the oxygen ionsdnd Q.
Because of this, we refer to this migration path as an oxygen
dumbbell hop(ODH). The activation barrier for the move-
ment of an isolated vacancy through the ODH mechanism in
an otherwise fully lithiated host is predicted to be 830 meV
and the energy along this path is illustrated in Figp)5

The energy of the migrating lithium ion placed exactly at
the center of the oxygen dumbbé¢between @ and G of
Fig. 4@)] is only 10 meV higher than at the true activated
state which is slightly shifted towards an adjacent tetrahedral
site. This suggests that a reasonable approximation for the
activation barrier for the ODH can be obtained by assuming
the activated state to be exactly at the center of the oxygen
dumbbell.

2. Migration of isolated lithium in dilute Li,CoO,

Another dilute extreme is the migration of an isolated
lithium ion between two octahedral sites in the lithium
planes of CoQ@. A calculation with the elastic band method
shows that the lowest energy path between adjacent octahe-
dral sites is along the arrow with end points A-B of Fighy
As is evident from Fig. &), this migration path passes
through an adjacent tetrahedral site making this a tetrahedral
site hop(TSH). The energy along the TSH is illustrated in ®
Fig. 5(a). The plot clearly shows that the activation barrier O

O
O

Li ion

N ; o e Li vacanc
for migration of an isolated lithium ion is exactly at the y

tetrahedral site. The value of the activation barrier is close to
600 meV.

It is striking that the maximum along the TSH path occurs
at the center of the tetrahedral site, a relatively open space,
instead of at the centers of the oxygen triangles forming the o S ) ) )
faces of the tetrahedral site. The explanation is electrostatic F'G- 4. Lithium migration paths in LLoO, determined with
in origin. The tetrahedral site shares a face with an oxygel]'¢ €/astic band method. The triangular lattice corresponds to the
octahedra surrounding a Co ion. The large electrostatic ré'—t.h'um sites and the .f'"ed circles are “Fh'ym ions. The large empty
pulsion between lithium and the positively charged Co ionCIrdeS are oxygen ions above the lithium plane and the small

energetically penalizes the position at the center of the tetr%r:fzscigﬁles are oxygen ons below the lithium plane. See text for

Oxygen above Li plane
Oxygen below Li plane
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. sterically more attractive tetrahedral site towards a position
almost at the center of the oxygen dumbbell.
08 |
% . 3. Migration in an intermediate environment
‘é At nondilute lithium concentrations, local arrangements
s g4 will occur that are intermediate to those of the two dilute
w extremes. Figure (@) illustrates a particular arrangement
02 b around a hopping lithium ion that has features of the two
dilute cases treated in Secs. Il A and Il B: one lithium site
0 ! that simultaneously neighbors both end points of the hop is
0 1 2 occupied, while the other lithium site is empty. Applying the
(a) Migration path (Angstrom) elastic band method to this intermediate arrangement, we
1 T T T find that the migration path follows the arrow A-B of Fig.
4(c). This path passes through the tetrahedral site and can
08 - therefore be called a TSH.
< Despite also passing through a tetrahedral site, the ener-
06 getics of this migration path exhibits a subtle difference with
5 the TSH for an isolated lithium ion in an empty Co@ost
Jﬁ’ 0.4 - (Sec. llIB). The energy along the path A-B of Fig(c} is
illustrated in Fig. %c). The tetrahedral site is no longer a
02 maximum along the migration path, but a weak minimum.
The activated state has shifted to a position closer to the
03 S center of the triangle of oxygen ions that form the face be-
- tween the tetrahedral site and octahedral site. The barrier,
® Migration path (Angstrom) however, is only about 25 meV higher than the energy of
1 . . . T lithium at the tetrahedral site.
The difference between the energetics of the TSH of Figs.
08 F 4(b) and 4c), is a result of a difference in the overall lithium
- concentration. The TSH of Fig.(@ occurs at high Li con-
T 06f centration (within the supercellx=0.8333) while that of
3 Fig. 4(b) occurs at very low lithium concentration. As was
L"cu’ 04 shown in previous first principles investigations 0{C00,,
as more lithium is added to the CeQost, the electron
02 donated by lithium to the host is transferred to the oxygen
ions/* The increased negative charge on the oxygen ions at
0 5 1' : é : high lithium concentration screens the electrostatic repulsion
I between the lithium at the tetrahedral site and the adjacent
(c) Migration path (Angstrom)

cobalt ion. This is qualitatively equivalent to saying that the

FIG. 5. Energy along the migration path in different lithium- €ffective charge on cobalt at high lithium concentration is

vacancy environments determined with the elastic band methodt3 While at lowx it is closer to+4. The electrostatic repul-
Refer to Fig. 4 for the corresponding lithium-vacancy environ-Sion between cobalt and a lithium in a tetrahedral site there-
ments.(a) Migration of an isolated vacancy at=11/12.(b) Migra-  fore increases with decreasing lithium concentration.

tion of an isolated lithium according to a TSH»+1/12 (c) Mi-
gration of a lithium ion into a divacancy according to a TSH

4. General configuration dependence of activation barrier
atx=10/12.

The above results allow us to distinguish between two
hedron. This is manifested by the prediction that the saddldifferent migration mechanisms, the TSH and the ODH.
point at the tetrahedral site is displaced away from the idea¥hether or not a TSH or ODH mechanism can occur de-
position of the tetrahedral site in a direction away from thepends on the lithium-vacancy arrangement in the immediate
cobalt ion and toward one of the oxygen ions forming theenvironment of the hopping lithium. If the two lithium sites
tetrahedron. As a result three lithium-oxygen bonds have ¢hat simultaneously neighbor the end points of the hop are
distance of 1.85 A while the fourth lithium-oxygen bond occupied, lithium migration will occur along a path close to
has a distance of 1.53 A. the ODH path. If both lithium sites adjacent to the hop are

The gqualitative difference between the TSH and the ODHvacant, lithium will then migrate along one of the two TSH
can be attributed to the absence or presence of lithium in thpaths. And finally, if only one of the adjacent lithium sites
sites adjacent to the end points of the Hejtesa andb of  are occupied, lithium migration will occur along the TSH
Fig. 3). Once lithium ions occupy both sites and b of  passing by the empty lithium site.

Fig. 3 adjacent to the hop, the electrostatic repulsions due to Not only does the hopping mechanism depend on the lo-
these lithium ions displace the saddle point away from thecal environment, but the value of the activation barrier for a
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1000 o . = . The activation barriers for the TSH vary relatively little at
. o intermediate lithium concentration, however, at low lithium
3 o 800 - " concentration, the TSH activation barrier increases by a sig-
= % nificant amount. This increase is caused by the large contrac-
g 2 600 | ¢ tion of thec-lattice parameter of the CgChost frame work
> 3 . belowx=0.3, a feature of LIiCoO, that has both been mea-
g g 40f « oo sured experimentalf’° and has been predicted from first
‘g § 200 | o o _principle_s.lg The contraction is accompanied by a reduction
¥ 5 in the distance between the oxygen planes adjacent to the
< 0 ‘ ‘ ‘ , lithium planes which in turn causes a contraction of the tet-
0 02 04 08 08 1 rahedral site. To expose the role of ttattice parameter on
the activation barrier, we artificially constrained ttvattice
Li concentration parameter of the structure xat0.0833 to have a value typi-

FIG. 6. Values for the kinetically resolved activation barriers, cal of that in the co_nce_ntratlon_range)of:O._S a_nd 0.6 gnd
AEggra , at different lithium concentrations and arrangements in therecalculated the actlvathn b_arrler. The activation barr_ler _de-
03 form of Li,Co0,. Filled circles correspond to TSH'’s and the creqses to 4_50 meV_ which 'S, of t,he, order of the "",Ct'vat'on
squares correspond to ODH’s. barriers obtained at |ntermed|at9 I|th|um concentration.

The general decrease in activation barrier abrwe).5
given hopp|ng mechanism will also depend on the Surroundcannot be attributed to @lattice parameter variation since it
ing lithium-vacancy arrangement. To determine this depenis more or less constant in this concentration range. Instead it
dence, we have calculated the activation barriers at sever§fn be traced to the enhanced charge transfer to oxygen as
lithium concentrations and in different local lithium-vacancy is increased. The higher electron density on oxygen screens
arrangements. Figure 6 illustrates the kinetically resolved acthe lithium in the tetrahedral site from the cobalt ion in an
tivation barriersAEyrs as defined by Eq(14) at different adjacent face-sharing octahedral site. This tends to make the
lithium concentrations and local environments. The filledtétrahedral site less unfavorable for lithium than at low
circles correspond to TSH activation barriers and the squard§hium concentration.
correspond to ODH activation barriers. Note that for the T0 obtain an estimate of the supercell convergence error
TSH, the number of end pointsof the hop appearing in Eq. for the activation barriers, we calculated the activation bar-
(14) is 3 and for the ODHh is equal to 2. riers for the TSH ak=1/2 and the ODH at infinite vacancy

In the calculation of the kinetically resolved activation dilution in a supercell containing 16 |CoO, formula units.
barriersAEyga for the TSH's,E o5 of Eq. (7) was set equal For the TSH ax=1/2, we found that the activation barrier
to the energy of lithium in the tetrahedral site along the TSHchanges by less than 30 meV. For the ODH with only one
path. While for low lithium concentration, this approach vacancy in the supercell, we found that the activation barrier
yields the exact activation barrigwithin the limit of the ~ changes by less than 70 meV. This suggests that the accuracy
supercell methog for higher lithium concentrations, it leads ©Of the TSH activation barriers is better than that of the ODH.
to an approximation since the activated state is slightly
shifted away from the tetrahedral site at highisee Sec.
1A 3). Nevertheless, as is clear in Figbh the error is at
most of the order of 25 meV or 10% for the TSH activation  Many more possible local arrangements around a migrat-
barrier atx=0.8333. For the ODH'sE 55 of Eq.(14) was set  ing lithium ion exist than were considered in the previous
equal to the energy of the hopping lithium ion placed exactlysection. With the above kinetically resolved activation barri-
at the center of the oxygen dumbbell. Although the actuakrs, a local cluster expansion can be parametrized that will
saddle points for the ODH are slightly shifted away from theapproximate the kinetically resolved activation barriers for
center of the oxygen dumbbell in a direction perpendicular tather local environments.
the hop direction, as noted in Sec. Ill A1, we found that the The TSH and ODH mechanisms, which occur in different
error of this approximation is of the order of 10 meV. environments are characterized by distinct features; they

The calculated activation barriers of Fig. 6 convey twohave a different number of end points and the values of their
major trends. First, the activation barriers for the ODH arerespective activation barriers differ by a factor of 2. It is
almost twice as large as those of the TSH. This is not surtherefore natural that the activation barriers of both mecha-
prising, since the activated state of the ODH is stericallynisms should be parametrized with a separate cluster expan-
more constricted than that of the TSH. Furthermore, thesion.
ODH mechanism only occurs when the two lithium sites In the present study, we only constructed a cluster expan-
simultaneously neighboring the end points of the hop aresion for the kinetically resolved activation barriers of the
occupied. The electrostatic repulsion between these adjacefiSH. Since the activation barriers of the ODH are much
lithium ions and the hopping lithium ion constitutes an addi-larger than those of the TSH, the former mechanism will
tional energetic penalty to the activated state which is absernly be prevalent when the number of available TSH's are
in the TSH mechanism. negligible. This, as will be borne out by the Monte Carlo

The second trend in Fig. 6 is the increase in the activatiomesults presented in the next section, only occurs at very
barrier for the TSH as the lithium concentration is reduceddilute vacancy concentrations. In this regime, there is essen-

B. Local cluster expansion of activation barriers
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Although the prefactor has a configurational dependence, we
-14.9

26,5 15.2
/ 105 have neglected this dependence and have assumed a constant
N\ value forv* for all hops. Due to current computational limi-
tations, no attempt was made to quantitatively determine
prefactors for lithium diffusion in LiCoO, and we will plot

(10'¥»*)D. This quantity should correspond to the true val-
FIG. 7. Local cluster expansion of the kinetically resolved acti- ues forD within one to two orders of magnitude.
vation barrierA Ega for the TSH mechanism. The triangular lattice ~ The kinetic Monte Carlo simulations were performed with
corresponds to lithium sites, and the squares correspond to the eiglls containing either 1944 or 7776 lithium sitglse actual
points of the hop which are vacant when lithium is at the activatedhumber of lithium ions in the Monte Carlo cell can be deter-
state. The filled hexagon corresponds to the tetrahedral site alongined by simply multiplying the concentration of lithium
the TSH migration path. The local cluster expansion includes twdonsx with the number of lithium sitesAt fixed temperature
point clusters, a nearest neighbor cluster and a triplet cluster. Thand lithium concentration, we performed the following se-
numerical values of the KECI are in units of meV. The KECI of the quence of steps(i) First we performed 1000 canonical
empty clustelVo is 411.3 meV. Monte Carlo steps to generate a representative equilibrium
lithium-vacancy arrangement. The last lithium-vacancy ar-

the ion undergoing an ODH, namely, all lithium sites occy-"angement of this canonical Monte Carlo simulation was
pied. The activation barrier'for the bDH can then be ap_used as the starting configuration for the kinetic Monte Carlo

roximated by a single value, i.e., that calculated in the |imit§imulations.(ii) Next, in the kinetic Monte Carlo S‘”.“"a'
gf dilute vaca%wcy cogncentration tions, we performed between 500 to 1000 KMCS using the

A local cluster expansion containing five KECI was con- algorithm described in Sec. I D. The last 300 to 500 of these

structed for the kinetically resolved activation barriers of theSteps were used for time averaging as described in Ref. 64.

TSH. The KECI were determined by performing a fit to the A\t each temperafure ar_wd conceniration, t.his sequence of
seven TSH activation barriers illustrated in Fig. 6. The root>LePs Was repeated 50 times whereby the final configuration
f the kinetic Monte Carlo simulation of stéjp) was used as

mean square error between the seven activation barriers c L , . . .

culated with the cluster expansion and the values obtaine € initial confl_guratl_on of the canonical Monte Carlo simu-

with the pseudopotential method is 40 meV. The cluster ation of step(i). This ensured that each of the 50 kinetic
onte Carlo simulations started with a different initial

used in the expansion are illustrated in Fig. 7 and consist o

the empty clustelV,, the nearest and next nearest neighboﬂlthium—vacancy config_uration representative of equilibrium
point clusters, a nearest neighbor pair cluster and a triple(fond't'ons' The repetltlop .Of the above two steps by 50 was
cluster. necessary to obtain sufficiently uncorrelated data for the av-

erages oD ; andD*. The thermodynamic fact@ given by
Eqg. (4) was calculated with grand-canonical Monte Carlo

_ ) ~simulations as described in Ref. 19.
Although knowledge of the different hopping mechanisms

and their corresponding activation barriers is an essential in- 1. Diffusion coefficients

gredient in the calculation of the lithium diffusion coeffi- Figures 8a) and 8b) show calculated values for the dif-
cient, it is not sufficient. The diffusion coefficient also re- f,sion coefficientD , andD* at 300 and 400 K. It is clear
flects the degree of correlation between the hopping lithiump ¢ the diffusion coefficients vary within several orders of
ions. This correlation is both thermodynamic, as mamfesteqnagnitude with lithium concentration. At high lithium con-
by the degree of short- or long-range order, as well as dygentration, the diffusion coefficients are very low, increasing
namic and can be captured simultaneously with kinetiq,y, 5imost two orders of magnitude as the lithium concentra-
Monte Carlo simulations. _ _ _ tion x is reduced to approximately 0.6. For smgllthe dif-

In the kinetic Monte Carlo simulations, all energetics fsjon coefficients are again very low. The significant dips in
were calculated using pluster expansions. As was descrlbqgJ andD* aroundx=1/3 andx=1/2 at 300 K and around
in Sec. Il A, the activation barriehE, appearing in the ex- = 1/5 at 400 K are the result of lithium ordering. The clus-
pression for the hop frequencidy [see Eq.(8)], can be o1 expansion for the configurational energy of & form
decomposed into a sum of a kinetically resolved activation, Li ,CoO, predicts lithium ordering ak=1/2 andx=1/3
barrierAExra , and configurational energiés,, of the solid it ‘approximate order-disorder transition temperatures of
when the migrating ion resides at end panof the hop[see 430 and 380 K, respectively. In the ordered phase at
Eq. (15)]. The cluster expansion for the 300, in the O3 =1/2, the lithium ions order in rows separated by rows of
host, derived previousl, was used to calculate the, . For  vacancies while at=1/3 the lithium ions order according to
the TSH mechanisnA Exrs Was calculated with the local a 3% 3 superlattice. The occurrence of these ordering
cluster expansion discussed in Sec. Il B. For the ODHtransformations can best be represented in a phase diagram
AEyra Was set equal to 830 meV, the calculated activatiorwhich for theO3 form of Li,CoO, was done in Ref. 19. In
barrier for the ODH in the dilute vacancy concentrationreal systems ordering may be somewhat less perfect than in
limit. the simulations, making the dips iD; and D* less pro-

The prefacton* Eq.(11) in the expression fof' [Eq. (8)] nounced. Notice thaD; and D* have the same order of
sets the time scale in the kinetic Monte Carlo simulationsmagnitude yet they do not equal each other.

tially one local configuration in the immediate vicinity of the

C. Calculated diffusion coefficients and related properties
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(b) Li concentration

FIG. 8. Calculated lithium diffusion coefficients for 300, at
(a) 300 K and(b) 400 K. Because of the uncertainty irf of Eq.
(12) we plot (1% v*)D whereD is eitherD., D;, or D* and is
expressed in chfs.

The chemical diffusion coefficierD, which determines
macroscopic diffusion as defined by Fick’s ld&q. (2)] is
equal to the product ob; with the thermodynamic factor
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FIG. 10. The average availability of TSH pathways, ODH path-
ways and vacancies per lithium ion as a function of lithium concen-
tration.

drops by several orders of magnitude at these stoichiom-
etries, reflecting the fact that ordering “locks up” the vacan-
cies needed for diffusion. In this system; clearly domi-
nates and the overdl . also has a minimum. Due to a very
asymmetric minimum inD; (which occurs exactly ai
=1/2 andx=1/3) and a symmetric thermodynamic factor
around those same compositions, the exact minim® dn
arise atx slightly less than 1/2 or 1/3.

If the maximum in® were stronger or the minimum in
D; weaker, it is possible to obtain a maximumiDi near the
ordered stoichiometries. This may for example be the case
when partial ordering occurs due to other defects in the ma-
terial (impurities, oxygen or cobalt vacancjes

2. Microscopic hopping behavior

In the kinetic Monte Carlo simulations, both the TSH and
ODH mechanims are considerd. The frequency with which

[Eq. (4)]. Figure 9 illustrates the thermodynamic factor for €ither hop mechanism occurs is proportional toakeilabil-

the O3 form of Li,CoO, at 300 K.

Note thatD; and ® give opposite effects of ordering on
D.. Near the ordered stoichiometrig3,is large, enhancing
the chemical diffusion coefficientD; on the other hand

100000 ¢ T T T T

10000

T
b

1000

100 F

Thermodynamic factor

10

0 0.2 0.4 0.6 0.8 1
Li concentration

FIG. 9. The calculated thermodynamic fac®rat 300 K. ®

ity of the particular mechanism multiplied by the exponent of
the negative of the activation barrier divided ky. Figure

10 illustrates the average availability of TSH and ODH
mechanisms per lithium ion as a function of lithium concen-
tration. Also illustrated is the average number of vacancies
adjacent to a lithium ion normalized per lithium ion. At low

X, the availability of TSH’s is high while that of ODH’s is
very low. Above abouk=0.65, however, the number of can-
didate ODH paths accessible to each lithium increases and
exceeds the availability of TSH paths. The TSH mechanism
requires at least a divacancy adjacent to the hopping lithium
ion and at high lithium concentration, the concentration of
divacancies is less than the concentration of single vacancies.
In fact, if the lithium ions and vacancies are randomly dis-
tributed, the concentration of divacancies scales asx)f
while that of single vacancies as {X). Since vacancies
repel each other as approaches 1, the concentration of di-
vacancies is even lower than{k)? in Li,CoO,. The cross-
over in the availability of TSH paths versus ODH paths sug-

measures the deviation from ideality of the system and is given bgests that at low lithium concentration, the TSH mechanism

Eq. (4).

will dominate and at high lithium concentration the ODH
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FIG. 11. Variation withx of the average activation barrier over-

come by hopping lithium ions in the kinetic Monte Carlo simula- (d) (e) ()
tions.

FIG. 12. At high lithium concentration, lithium migration ac-

. . N cording to the TSH mechanism occurs through the cartwheel mo-
mechanism should dominate. The transition between thgon of a divacancy.

TSH and ODH mechanism can be estimated by the value of

x for which 3. Correlation factor
The prevalence of the TSH mechanism for most values of
_AETSH _ AEOPH x has interesting implications about the correlated motion of
* @ |- * a the lithium ions. The above results indicate that lithium mi-
arsyy” €X QopH?” €X , L i ) .
kT kT gration in layered LiCoO, is mediated through clusters of

(19 divacancies since they enable lithium ions to hop according
to the TSH mechanism. While at low lithium concentrations,
where are and agpy are the average availabilities of the divacancies are sufficiently abundent, at higlelusters of
. TSH obH  vacancies are energetically and entropically less favored than
TSH and ODH r_nechan_lsm_s and whemEa and AE, . a uniform distribution of single vacancies. Nevertheless
are representative activation barriers for the respectwg . s ’
mechanisms. At this concentration the TSH and ODH even for _h|ghx a preponderance of lithium hops occur
mechanisms occur with equal frequency. Using values fthroth divacancies. L . .
arsy and agpy from grand canonical Monte Carlo simula- To better understand the implications of divacancy diffu-

tions and typical activation barriers for the two mechanismsz'on’ I IS useful to_ consider the motion of an |solat¢d diva-
we find that the transition from the TSH to the ODH mecha--2N%Y: Figure .1@ |IIu_strate§ a clus_ter of tV.VO vacancies sur-
nism occurs at infinite vacancy dilution, implying that the rqunded by lithium ions in the 'mme"'ate_er_“’”o”me”t-
TSH mechanism always dominates. This was also predicte'<:1Igures 122)-12¢) shows that the effect of lithium diffu-
by the kinetic Monte Carlo simulations. sion according to the TSH mechanigas illustrated by the

The average activation barriéAE,) as experienced by curved arrowy is to rotate the divacancy sirr_1i|ar to the
hopping lithium ions is illustrated in Fig. 11. Since lithium movement of a cartwheel. Only on rare occasions after the

o1 1opaccording o he TSH mechaniam betweerd and _ CocuT®1Ce o 41, 0DH o e vacapaes of e dvacarcy
1, (AE,) naturally follows the same trend of the first prin- P X 9

’ . R . : and 12f) and has a very low probability of occurrence due to
gfé?;’avs?:]ﬁs OAEyra OF Fig. 6, i.e., increasingAE,) with the high activation barrier associated with the ODH mecha-

. . . . nism.

Th_e Iar_ge variations i . .W'th xare cl_ose_ly linked to the A measure of correlated motion is the correlation factor
variation in activation barrier and availability of the TSH which is defined as
mechanism withx. At dilute x, the activation barrier is high
resulting in a small diffusion coefficient. Asincreases, the -
activation barrier progressively decreases producing an in- f— (r@?) (20)
crease in the diffusion coefficient. The dips in diffusivity na?
aroundx=1/3 andx=1/2 are a result of lithium ordering _
which from an energetic point of view tends to lock the where(r(t)?) is the average distance squared that a lithium
lithium ions in their sublattice sites. Further increasexof ion has travelled after timé, n is the average number of
above 1/2 results in a decrease in the diffusion coefficienthops that a lithium ion has performed, aads the distance
even though the average activation barrier levels off. Thisassociated with a hop. The correlation fadtaneasures the
reduction ofD is a result of a decline in the number of deviation of the lithium intrinsic diffusion coefficierd*
available vacancies to hop to in combination with an everfrom that of an equal number of random walkers on a trian-
more rapid decline in the average number of available TSHyular lattice. When lithium migration is uncorrelated, the
paths to enable lithium hops to neighboring vacancies. correlation factor equals one. This occursxaapproaches
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1 | T | T pseudopotential calculations within LDA have shown that
two hopping mechanisms exist in,ldo0, depending on the
local environment: the tetrahedral site h6pSH) and the
oxygen dumbbell hogODH) (Sec. Il A). Furthermore, cal-
culations of activation barriers for lithium migration in dif-
ferent lithium-vacancy environments have shown that the ac-
tivation barrier can vary significantly with concentration and
local configuration. These simulations have shown that of the
. two possible hopping mechanisms, the TSH mechanism
dominates at all lithium concentrations, meaning that lithium
diffusion is mediated by the motion of divacancies. Further-
1 more, the simulations predict that the diffusion coefficient
has a strong concentration dependence.
e e A hopping mechanism involving an adjacent tetrahedral
0 0.2 04 06 " 1 site has previously been conjectured from molecular dynam-
' Li concentration ' ics simulations using empirical potentidiThe present sys-
tematic study of the environment dependence of the activa-
FIG. 13_. Calculated correlation factor as a function of lithium tjon barriers using more realistic first-principles calculations
concentration at 300 K. has shown that in fact two migration paths exist depending
on the immediate environment. More importantly, the

zero since the interactions among different lithium ions dis- D
appear and migration of isolated lithium ions becomes that o resent StUdY has shown th"’?t the mlgrat|qn path through the
etrahedral site occurs only if the end point of the hop be-

a random walk. Ax approaches one, the motion of the iso- longs to a divacancy. This is a significant constraint on the

lated vacancies becomes that of a random walk, howeverI,SH mechanism, especially at high lithium concentration

g'%rzt;o; ;)f t?g;gﬁ'eimllcénz:cfstrg%t' JIZ? fg;i%ftsgatlov?ilfs?where the number of divacancies is severely limited. More-
approximat?gn 2/46 ) 9 over, as is evident from the calculated correlation factor, dif-
Figure 13 illustrates the correlation factor for lithium dif- g::,ﬁn g]r?g'agfe (:hzy :A‘\’/Zi?;g;s cl)? XSO% elficvel\%rllrt]eeﬁgarlo
QJS'?ga?hléls"?hoe%h2;;;“;}f};ﬂeﬁz tﬁzz?lﬂtg.liglg‘;%ggt simulation for the study of diffusion in configurationally dis-
app . ) ) . . ' —. ordered systems is that the system can be thermodynamically
intermediate, it deviates strongly from a linear interpolation equilibrated and diffusion can be sampled over long times
bre;\;vsheg; :1f1r§r§1);;2 \?grd fl:vslg())ﬁrX:nlc.el?h];ag’Dzsxm?gha- These long-time regimes are currently inaccessible with mo-
P y ' y lecular dynamics simulations. The subtle influences of lattice

gfcmhadnoz]lsna/ti?r? g&)}gﬁg‘gi;’?gﬁgﬁeﬁ (\j/yitatlor;ova\{gﬁr;]t;y\gmgm parameter variations and charge transfer from lithium to the
9 PP Co-O complex on the activation barrier, also illustrate the

OT 213. Flgure_ 13 'clea'rly illustrates that the TSH hop me.Cha'importance of a quantum mechanical description of the en-
nism results in significant correlated motion of the lithium

: e : ergetics. It is unlikely that empirical potential methods as are
lons, and thereby reduces the diffusivity from what it would often used in oxides would be able to capture this environ-
be for a random walk.

ment dependence of the activation barrier.

Several sources of inaccuracies in the calculated activa-
tion barriers can be identified that originate either from nu-

In this paper, we have presented a formalism for the firstimerical errors or from approximations. Potential numerical
principles study of diffusion in systems with configurational inaccuracies arise from an inadequétpoint convergence
disorder. The procedure entails three stdpsa systematic and the use of a supercell. We estimate these errors to be of
first-principles investigation of migration mechanisms andthe order of 50—100 meV on the activation barriers. Never-
their activation barriers in the presence of different configutheless, since the same supercell &mbint mesh was used
rations, (i) the construction of cluster expansions to param-n the calculation of all activation barriers we expect this to
etrize the configuration dependent activation barriers, anthe a systematic error. Another inaccuracy occurs at high
(i) implementation of the cluster expansions in kineticlithium concentration. At large, the activation barrier for
Monte Carlo simulations to obtain kinetic properties such aghe TSH is not at the tetrahedral site as was assumed in our
diffusion coefficients. A key feature of this formalism is the calculations, but is slightly shifted away from the tetrahedral
local parametrization of a kinetically resolved activation bar-site as illustrated in Sec. Il A3. The error of this approxi-
rier. When implemented in a kinetic Monte Carlo simulation mation is at most 25 meV and diminishesass reduced.
together with the standard configurational cluster expansionfhen there is the error resulting from the truncation of the
an accurate model for the kinetic behavior of materials cartocal cluster expansion. While the least squares error be-
be obtained. By construction this model has the correct entween the first principles values f&E g, and those repro-
semble averages and thermodynamic properties. duced by the local cluster expansion of 40 meV is of the

As an example, we have applied this approach for thesame order as those due to k-point and supercell conver-
study of lithium diffusion in LiCoG,. First principles gence, the expansion has only a limited number of terms and

08 r 4

0.6

0.4

correlation factor f

0.2

D. Discussion
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may therefore lack sufficient predictive power. Neverthelesstween x=0.75 and 0.95, a two phase region exists and a
the average activation barrier calculated in the Monte Carlwvalue forD. cannot be defined.

simulation (Fig. 11) traces the same trend as the first prin- A recent experimental study by Jaegal”" showed that
ciples values forAExga Of Fig. 13. This indicates that the D; exhibits a minimum as a result of lithium orderingat
local cluster expansion captures the essential physics of thie 1/2, in qualitative agreement with the calculations in this
concentration dependence of the activation barrier. Finallywork. The experimentally measured dip B, at x=1/2,

an error that is more difficult to quantify, arises from the useNowever, is not as large as predicted in this work and the
of the local density approximation of density functional Measured chemical diffusion coefficieDt, actually peaks
theory. Since hopping rates depend exponentially on the a¢lue to the spike if® atx=1/2. Theextent of the dip irD,
tivation barrier, calculated diffusion coefficients are very sen-dué to ordering is expected to increase with the stability of
sitive to relatively small errors in activation barriers. A sys- € ordered phase. The stability of the ordered phase at

tematic error in the calculated activation barrier of 100 meV,~ 1/2 in Li,CoQ, at room temperature is predicted by the

a value that is not uncommon for first principles calculations,CIUSter expansion to be much stronger than observed

. 9 _ . . _
produces an error of two orders of magnitude in the diffusioneXpe”memaw In fact, the order-disorder transition tem

coefficient at 300 K perature of this phase is overpredicted by 106®€urther-

Due to computational limitations, we have not attempted. > <’ the stability of the ordered phasexat1/2, measured
P ' . P experimentally, is significantly weakened by the presence of
to calculate a value for the prefactet given by Eq.(11)

) . impurities®® suggesting that the degree of ordering in
which appears in the hop frequentyof Eq. (8). Instead we | j 40, can vary from sample to sample. This complicates a

have assumed a constant value frand have plotted cal- - omparison between the experimental and calculated values
culated diffusion coefficients as (¥Dv*)D, where of D, aroundx=1/2.

10'® sec ! is a reasonable estimate fot . Although in gen-
eral, the configuration dependenceudf is likely to be neg- IV. CONCLUSION
ligible, for Li,Co0O,, this may not be the case. The prefactor

depends on the local entropy of a lithium ion in an octahedra(lj.ﬁIn f[his papf?.r,.we h?ve d?scribe_d a florm_alism to calcql:;te
site and a lithium ion in the activated state. In the@a0O,, ffiusion coefficients from first principles in systems wit

the latter value will be sensitive to concentration since thesignificant configurational disorder. The Iink.betweer_] first-
gnmples total energy methodsuch as density functional

shape of the energy surface around the tetrahedral site Varigleory) and statistical mechanics methods such as kinetic

qualitatively with lithium concentratiohcompare Figs. ®) ; ; S : i
and 3c)]. Future studies should address the accurate calcyonte Carlo simulations Ile_s in the c_Iuster expansion formal
Ism. We have extended this formalism to describe the con-

lation of the prefactor for diffusion in LCoG, to clarify its fi tion d q f th tivation barri
importance in affecting the diffusion coefficient. In addition 'guration dependence of the activation barriers. -
to assuming an environment independefitwe have also As an illustration, we have investigated lithium diffusion
assumed a recrossing coefficieitequal to unity. The re- '.rt]hifr}rl]eirggs I(‘:{ficr:]or%' gcuc:or((::i?rlfu'tac;u?vr\;cs) rzﬁvrgtiszovgzhsthg;-
crossing coefficient is sensitive to the shape of the potentizﬂ : P X 9 9 paths
surface around the dividing surfaéé*and we can expect it pending on the local environment around the hopping ion.
to differ from 1 especially at high lithium concentration Furthermore, we have found that the activation barrier for a
where the energy along the migration path exhibits a sligh artlcu_lar_ hopping mechan_|sm can de_pen_d strongly on the
local minimum. qcal Il'ghlum—vacgncy cqnf!gurat!on..Km_etm Mon.te Carlo
Several experimental studies of the lithium diffusion Co_s!mulatlons predlct Fhat lithium d|ffu5|op In 100, is me-
efficient in Li,CoO, have been performed in recent years diated by divacancies even at high lithium concentrations
X ‘where the concentration of divacancies is low. The simula-

The different measurements @, qualitatively exhibit a tions have also shown that the strong concentration depen-
similar concentration dependence. Although, in Refs. 77,78 S : . e - ;
. ) . “dence of the activation barrier results in a diffusion coeffi-
D. is expressed as a function of voltage, the concentration. . o
dependence can be inferred by comparison with accuratelClent that spans several orders of magnitude with lithium
P y P oncentration.
calibrated voltage versus concentration curves. In Ref. 79]
D. is expressed as a function of concentration, however,
comparison of their voltage versus concentration curves with
those typically shown in the literat&® suggest that the ~ The authors would like to thank Dr. Dane Morgan and Dr.
concentration scale in Ref. 79 is slightly expanded. TypicallyStephen Foiles for helpful discussions. This work was sup-
the lithium concentration attributed to 4.15 V is measured tgported by the Department of Energy, Office of Basic Energy
be 0.5, while that reported in Ref. 79 is 0.3, suggesting thaSciences under Contract No. DE-FG02-96ER45571. This re-
the amount of lithium assumed to have been removed frorsearch was supported in part by NSF cooperative agreement
the Li,CoO, during charging is overestimated in Ref. 79. ACI-9619020 through computing resources provided by the
After either making the conversions from voltage to concenNational Partnership for Advanced Computational Infrastruc-
tration for the data of Refs. 77,78, or the necessary adjusture at the San Diego Supercomputer Center. One of the
ments in concentration in Ref. 79, the basic tren®incan  authors(A.V.D.V.) gratefully acknowledges support from the
be summarized as follow® . drops by almost two orders of U.S. DOE Computational Science Graduate Fellowship Pro-

magnitude ax is increased betweex=0.5 and 0.75. Be- gram.
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