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Abstract

In the framework of quaternionic Clifford analysis in Euclidean space R*?, which constitutes
a refinement of Euclidean and Hermitian Clifford analysis, the Fischer decomposition of the
space of complex valued polynomials is obtained in terms of spaces of so—called (adjoint)
symplectic spherical harmonics, which are irreducible modules for the symplectic group Sp(p).
Its Howe dual partner is determined to be sl(2,C) & sl(2,C) = so(4, C).

1 Introduction

In 1917 Ernst Fischer proved (see [15]) that, given a homogeneous polynomial ¢(X), X € R™,
every homogeneous polynomial Py (X) of degree k can be uniquely decomposed as

Pr(X) = Qr(X) + ¢(X)R(X)
where Q(X) is a homogeneous polynomial of degree k satisfying the partial differential equation

q9(D)Qr =0

D being the differential operator corresponding to X through Fourier identification (X; <+ 0,,,j =
1,...,m) and R(X) is a homogeneous polynomial of suitable degree. If, in particular, ¢(X) =
| X[? = >0, X7 = r?, then ¢(D) = Y7, 8%3_ = A,,, the Laplace operator in R™, and @, is
harmonic, leading to the well-known decomposition

PR™C) = D r* Hi(R™;C) (1)
k=0 p=0

of the space P(R™; C) of complex valued polynomials, in terms of the spaces Hx(R™; C) of complex
valued harmonic homogeneous polynomials of degree k. This space P(R™;C) is a module over the
special orthogonal group SO(m), its action being the regular representation

- PI(X) = P(g" - X), geSO(m), PeP®R™C), XeR™ 2)
Each of the constituents of the decomposition (1)

r2p Hir, p€ Ny SZNU{O}, k € Ng



is a subspace of P(R™;C) which is invariant under the SO(m)-action and all SO(m)-modules
Hy (R™; C) are irreducible and mutually inequivalent. In particular, the space Pg(R™;C) of ho-
mogeneous polynomials of degree k, decomposes into SO(m)-irreducibles as

L£]
Pp(R™;C) = @ 72 Hy, 9, (R™; C) (3)

p=0

The Fischer decomposition (1) may be rewritten in the triangular diagram

Ho 7“2 7‘[0 7“4 7‘[0
Ha r? Ha te
s 2 H,y (4)
Hs Ce
Ha

the vertical columns then reflecting the decomposition (3) of the spaces Pr(R™;C), £k =0,1,2,...

It is clear that in the Fischer decompositions (1) and (3) the operators X := 2 r2 and Y := -3 A,,
play a key role. Note that they correspond to each other under natural or Fourier duality, also
known as Fischer duality. They both commute with the action (2) of SO(m) on functions and on
polynomials in particular, and their mutual commutator is

1
[va] = |: r2,7

1 m

2 2
where E = r0, = Z;":l X;0x, is the Euler operator in R™. We then put

m
H=E+ —
+2

and find that [H, X] = 2X and [H,Y] = —2Y. This means that {H, X, Y} generates a three—
dimensional Lie algebra isomorphic with the Lie algebra s[(2,C). The action of s[(2,C) on the
decompositions (1) and (3) is:

X:r®H, — P2,
Y ir? M, — r?P2 (5)
H:r?" H, — 7P H,

Taking the dimension m to be even: m = 2n, the standard complex structure I, on R2" is
introduced as follows. Let E,, denote the identity matrix in M, (C), the space of square n x n
matrices with complex entries. Let

©n @ My (C) — Mo, (R)

stand for the injective homomorphism embedding M,,(C) into the space Ma, (R) of square 2n x 2n
real matrices. This embedding may be realized by substituting for each complex entry a + bz, the
2x 2 real matrix ( _3 Z) In C™ multiplication by the imaginary unit 4 is the C—linear transformation
associated to the matrix ¢F,. The standard complex structure I, then is the complex linear real
matrix
Ln = @u(iE,) = diag( _{ )

As expected, there holds H%n = —F»,, Es, being the identity matrix in My, (R). Moreover Iy,
belongs to SO(2n), and a matrix B € Ms,(R) is complex linear, i.e. belongs to ¢, (M, (C)), if and
only if B commutes with the complex structure I, on R?". We then have the following result (see
also [5]).



Proposition 1. The SO(2n)-matrices commuting with the complex structure Ia, on R*™ form a
subgroup of SO(2n), denoted by SOy(2n), which is isomorphic with the unitary group U(n).

The introduction of the complex structure Iy, allows for considering the space P(R?"; C) of complex
valued polynomials defined on Euclidean space of even dimension, as an SOy(2n) = U(n)-module,
the action of SOj(2n) being

[u-P}(X)=Pu ' X), uweSOi2n), PecPR™C), XecR>”"

Since each complex valued polynomial in the real variables (X1, ..., Xan) = (1, s Zny Y1, - -« s Yn)
may be written as a polynomial in the complex variables (21,..., 2,21, ..,2s), With z; = z; +
iyj,zj = 7Z‘yj7j = 17...,TL, i.e.

P(X):P(xl,...,xn,yl,...,yn):P(zl,...,zn,él,...,fn)

we have to determine the polynomials P which are invariant under the action of SOy(2n) = U(n).
As is well-known, the space of U(n)-invariant polynomials in P(R?";C) is the space with basis

2 4 2p
(1,r,r,...,r ,)
where 72 can be written as:
2n n n
2 2 2 _ - 2
=[XP =) X; E Ay =) zZ=> |zl
Jj=1 Jj=1 Jj=1

The differential operator corresponding, under Fourier duality, to the generator r2 is the Laplace

operator
n n
2 2
Pow=3 02, +02, =43 0.0
j=1 j=1

whence we are led to consider the space of harmonic polynomials in (z1,...,24,21,-..,25n). Its
subspace Hj,(R?"; C) of complex valued k~homogeneous harmonic polynomials may be decomposed
as

H RQn @ Ha b R (C)

a+b=k

where H, ,(R?"; C) is the space of the complex valued harmonic polynomials which are a—homogeneous
in the variables z; and at the same time b~homogeneous in the variables Z;, i.e.

Ha,b()\zh .. '7)\2717/1'217‘ e 7/1'2’1’7,) =\ Mb Ha,b(zla cee s Zny By e 7271)

This leads to the Fischer decomposition

k

PE:0) = DD " Hus-o7:0) (6)

oo
k=0 p=0 a=0
where the constituents
™ Hok-a, PENg, kENy, a=0,....k

are irreducible invariant subspaces under the action of U(n). In particular, the space Py (R?";C)
of k-homogeneous polynomials decomposes as

LSJ k—2p
]RQ" @ @ r p’Hak 2p— a( " C) (7)
p=0 a=0



The corresponding diagram, similar to (4), looks like

Ho,o % Hoo r* Hoo
Hio r? Hio rt Hio
Ho,1 7% Hoa r Ho
Ho,0 7% Ha
Hia % Hia
Ho,2 2 Ho o
Hs.o r?Hs 0
Ho 1 r?Ha 1
Hip r?Hi 2
Ho3 r?Ho 3 e (8)
Hap
Hs 1
Ha o
His
Ho,4
Hs.0
Ha
Hs,2
Haz
Hia
Ho,s

The smallest Lie algebra of complex polynomial differential operators generated by the polynomial
r? and its dual operator Ay, again is sl(2, C), since
1, 1

[X,Y] = { r2 =

A =E =H
2 2 2n:| +n

However, there is an additional natural invariant differential operator coming into play. Indeed,
the Euler operator E decomposes as
E=E, +E!

with N .
E.=Y 20, and E[=Y) %0s
j=1

j=1
Both these Euler operators in the complex variables are U(n)—invariant, and so is their difference,
up to a chosen constant,

El —E. +n

which commutes with X = %7"2, Y = —%Agn and H = E, + El + n, since
[T27E2] = _727 [T27Ei] =—r?

and
[A2na ]Ez] = AQna [AQna Ei] = AQTL



In this way we end up with a reductive Lie algebra which is the direct sum of the three-dimensional
Lie algebra generated by {H, X, Y}, isomorphic with s[(2,C), and the one-dimensional abelian Lie
algebra C generated by {Ef —E_ +n}. This is nothing else but the four dimensional general linear
algebra gl(2, C) with action

X ;2P Haop — r2pt2 Hab

Y . r?P Haop — r2p=2 Hap

H:r?? Hopy — 17 Hay (9)
El —E,4+n:r Hep — 17 Hay

since also

E,:r?? Haop — r2p Hab

]Ei . 2P Hap — 2P Hap

When comparing the Fischer decompositions (1) and (6), it becomes clear that refining the
symmetry group from SO(2n) to its subgroup SOy (2n) = U(n), results into the splitting of the space
Hi(R?"; C) of homogeneous harmonic polynomials, now considered as functions in the complex
variables (z1,...,2n,Z1,...,2n), according to the bidegrees of homogeneity:

He(R*C) = P Hap(R*C)
a+b=k

In [5] we have established in detail the fundaments of a function theory called quaternionic Clifford
analysis (see also [1, 2, 10, 11, 13, 21]), which is a refinement of Hermitian Clifford analysis (see e.g.
[3,4, 7,14, 22, 23]), in its turn a refinement of Euclidean Clifford analysis. Clifford analysis (see e.g.
[9, 12, 17, 18, 19]) is, in its most basic form, a generalization to higher dimension of holomorphic
function theory in the complex plane. The fundamental group of Euclidean Clifford analysis in R™
is the Spin(m) group, which doubly covers the SO(m) group. The fundamental group of Hermitian
Clifford analysis in R?" is the U(n) group. The corresponding Fischer decompositions in terms of
monogenic or Hermitian monogenic homogeneous polynomials respectively, are refinements of the
Fischer decompositions (1) and (6) (see also [8]). As shown in [5], the fundamental group underlying
quaternionic Clifford analysis in R*” (where the dimension now is a fourfold: m = 2n = 4p), is the
symplectic group Sp(p). In order to obtain the corresponding Fischer decomposition it is crucial to
know how to further decompose the space H, ,(R?"; C) as a module for Sp(p). This is the problem
we tackle in the present paper.

2 The symplectic Lie group and Lie algebra

The symplectic group Sp(p) is the real Lie group of square p X p matrices with quaternion entries,
preserving the symplectic inner product

(Emm =&y + &My + -+ &m, §nelP
where ~ stands for quaternionic conjugation. Equivalently, we can describe Sp(p) as
Sp(p) = {A € GL,(H) : AA" = E,}
Square matrices in M, (H) may be embedded in Ms,(C) by the injective homomorphism
Vp + My(H) — M2, (C)



where for each quaternion entry

z4wj=(x+yi)+(utvi)j=x+yituj+ovk
the 2 x 2 complex matrix (_g 'E”) is substituted. In this way it turns out that v,(Sp(p)) is a
subgroup of SU(2p).

At the level of Lie algebra we have the following picture. The real symplectic Lie algebra sp(p)
of skew-symplectic M, (H) matrices

sp(p) = {A € GL,(H) : A+ A* = 0}

is isomorphic with the subalgebra ¢ (sp(p)) of the Lie algebra u(2p) of skew—hermitian Mo,(C)
matrices. Moreover, for A € sp(p), the complex matrix 1)(A) satisfies the relation

$(A)" Typ + Ty p(A) = 0 (10)
where -7 stands for the transpose and Iy, is the complex structure introduced in Section 1.

On the other hand, there is the complex symplectic Lie group Sps,(C) of complex linear matrices
preserving the standard skew—hermitian form on C27:

szp((C) = {A S GLQP((C) : AT ]Izp A= ]Izp}
and its corresponding complex symplectic Lie algebra sp,,(C) given by
5Py, (C) = {A € GLy,(C) : AT Iy, + 15, A =0}

This Lie algebra sp,,(C) is a subalgebra of slz,(C); it can be decomposed into the direct sum of
its Hermitian subspace and its skew—hermitian subalgebra, both spaces being isomorphic through
multiplication by the imaginary unit ¢ :

52, (C) = (50, (C) Nu(2p)) & i (sp4, (C) Nu1(2p))
In view of (10) this leads to the following result (see also [5]).

Proposition 2. The real symplectic Lie algebra sp(p) of skew—symplectic M, (H)-matrices is iso-
morphic with the compact form spy,(C) Nu(2p) of the complex symplectic Lie algebra sps,(C):

Y(sp(p)) = 5P, (C) Nu(2p)

Henceforth we will use the Lie algebra sp,,(C).

Now, let us consider the space H,(R*;C) of complex valued (a,b)-homogeneous harmonic
polynomials in the variables (z1, 22, ..., 22p, 21, 22, - - ., Z2p). Seen the surjectivity of the Laplace

operator
A4p : ’Pa,b(Rzlp; (C) — 'Pa_Lb_l(Rzlp; C)

we have

dimH,p(R?;C) = dimP,,(R*?;C) — dimP,_; 1 (R*?;C)
2pta—1\(2p+b-1\ (2p+a—2\(2p+b-2 (11)
a b a—1 b—1

_ (2p+ta-1\(2p+b—-1\ [(2p+a—2\(2p+b—2
N 2p—1 2p—1 2p — 1 2p — 1



In order to decompose the space Hq;(R*;C) into spy,(C)-irreducibles, use could be made of
existing branching rules when restricting gl,(C) to spy,(C). To that end we have to know the
behaviour of H,,(R*; C) as a module for gl,,(C). Let us recall that in [14] the spaces Hq5(R*?; C)
have been identified as irreducible modules for its simple Lie subalgebra sy, (C), with highest weight

vector
Ha,b(R4p; (C) = (Cl + b; b7 e ab)

of length 2p — 1. Interpreted as a representation space for gly,(C) we have
Ha,b(R4p; (C) = (CL, Oa e 70? _b)

instead, where the highest weight vector now has length 2p. In fact this is telling us that

Hap (R C) = (VE) = (V)

where X stands for the Cartan product, with V' 2 C?P the fundamental representation and V its
dual. The branching rules when restricting gl,,(C) to sp,,(C) could be found in full generality in
[20], the branching multiplicities being expressed in terms of Littlewood—Richardson coefficients.

However, due to the rather simple highest weight to start with, the actual situation is not that
complicated and one obtains, for a > b

g[Zp((C)
Hab =(a,b)s®(a+1b-1)s® - @®(a+b-11);&(a+b)s (12)
5P2p(C)

where the shorthand notation (), refers to an irreducible representation for sp,,(C), and stands
for a symplectic highest weight (A,0,...,0) of length p. Also note that if a or b equals zero then
no branching occurs, meaning that in that case H, is symplectically irreducible.

In order to characterize the spaces of the form (a,b)s in terms of homogeneous polynomials
on R* = C? we will establish, in the next section, an alternative realization for sl(2,C) =
Algo(X,Y,H). To that end we introduce new differential operators appearing in quaternionic

Clifford analysis.

3 Quaternionic Clifford analysis: the basics

As is well-known, when establishing Hermitian Clifford analysis (see e.g. [3] ) use is made of the
projection operators

1

where Iy, is the standard complex structure on R?" (see Section 1), leading to the standard

Hermitian vector variables
n n

z= Z zefr and 2T = Z Ekfz

k=1 k=1
and the Hermitian Dirac operators

n

=" 00 and 0.=)  0.,f]

k=1 k=1

0

=+



where the Witt basis vectors (fk, fL k=1,... ,n) are given by

1

fe=—3 (1 —ilyn) k1] and = = (1+ilsn) [eax1]

1
2
(e1,...,e2,) being an orthonormal basis in R?".

Lemma 1. (see [6]) The Hermitian variables and Dirac operators enjoy the anti—commutation
relations

{2,271} = |2
02,01} = ; Ao
{aga é} = Ez + 5

{0l,2"} =El +n—5
{6@§T} =0= {a;é}

where f3 is the so—called spin—Euler operator given by 8 =>7_, flfk =n—->r f;@fL They span
the odd part of the Lie super algebra sl(1]2) = go © g1 with

1 1
g0 = gl(2,C) =C&sl(2,C) =spang(El —E, +n —28) ® Alge(El +E. +n, §|g|2, —542)

g1 = Spang (§7 gTa 8&7 8;)

The central notion in Hermitian Clifford analysis is that of a Hermitian monogenic function, the
definition of which is as follows.

Definition 1. A differentiable function F defined in a domain  of R?™ and taking its values in
the complex Clifford algebra Co, or in spinor space S, is called Hermitian monogenic in Q if it
satisfies the system {0,F = 0,01 F = 0}.

Now, taking the dimension to be a fourfold: m = 2n = 4p, a quaternionic structure on R*P is
established by introducing, next to the standard complex structure I, a second complex structure
Jap € SO(4p) such that J3, = —Ejy, and I, and Jy, are anti-commuting. This second complex
structure J4, may be realized as

01 0

. 00 -1
Jp=diag| 4 o ¢
0 10 0

New twisted Hermitian variables and Dirac operators then are defined by

p
27 =4z = Z f;k_lz% - f;kz%q
k=1

2 =Ty = fok—1Z2k — forZok—1

M= 7=

0] = Japl0] =

for—10zy, — for0zyy_,

ES
Il
-

gk—lafmc - gk&zqu

NE

017 = J4p[0]] =

b

=1



Lemma 2. The twisted Hermitian variables and Dirac operators enjoy the anti—commutation
relations

{z7,2"} = |2
1
(07,01} = Ay,
{6gJﬁgJ} =E.+2p—-p8
{07,217} =El + 8
{0/, 2"y =0={0l".27}
Remark 1. Note the similarity of the anti—commutation relations of the twisted Hermitian vari-

ables and Dirac operators with those for the standard ones, which, quite naturally, follows from the
fact that Jap, € SO(4p).

Remark 2. While the operators 0, and 8; are invariant under U(2p), the four Dirac operators
0,,01,0] 017, taken together, are invariant under the action of the symplectic group Sp(p).

2y Yzr Yz Yz

Definition 2. A differentiable function F : R*» — S is called quaternionic monogenic in the
domain Q C R¥ if it is a simultaneous null-solution for the four operators 0, 8; 8‘3]7 82],

New operators are now arising by considering the mixed anti—-commutator relations of the stan-
dard and twisted Hermitian variables and Dirac operators. Indeed we can define

p
E= {0,2} =) 2or-105, — 22105,
k=1

P

ET = 7{8;7§T} = - Z 2216—18.221C - szaz%,l

k=1

and there also holds

p

(01,27} = ) amdz, , — 22k 105, = — &
k=1
P

{agvgfj} = Z 221{2822;@,1 722k—1822k - ET

el
Il
—

These new operators enjoy the following properties.
Lemma 3. The operators £ and E' are invariant under the symplectic action.

Lemma 4. One has
sl(2,C) = Alge (Ef - E., £7,€)

these three generating operators commuting with the harmonic triplet (H, X,Y") introduced in Sec-
tion 1.

Proof
Direct computation shows that indeed:

(i) [El —E,, &7 =27
(ii) [Ef -~ E,, &) = —2€



(iii) [£1,€] = Ef — E.

(iv) [ET, 3l2PP] = [€, 512 = 0

(V) [gTv _%A4p] = [5, _%A4p] =0

As it was already shown that Ef —E. commutes with %\g|2, ,%A@ and E, + E! + 2p, the proof
is complete. O

Corollary 1. One has

1 1
Alge (E +EL+2p, o |2f?, —2A4p> @ Alge (B — E., £7,€) = 51(2,C) ©51(2,C) = s0(4,C)

4 Symplectic harmonics

If we consider the operators £ and €T as acting between the spaces 7—[&75(R4p ; C) of complex valued
bi-homogeneous harmonic polynomials, we obtain

£
Hopta = - 2 Ho—1p+1 & Hap & Har1-1 & -+ 2 Hayvo
Et

and we define the kernel spaces
HE = Hap(R?P;C) NKer & = Py (R*; C) N Ker(Ayy, ) (a > b)

and
M5, = Hap(R?;C) NKer £ = P 4 (R*;C) N Ker(Aup, 1) (a < b)

These kernel spaces will show to be crucial in the decomposition of H, ;,(R*; C) in terms of Sp(p)—
irreducibles. We call their elements (adjoint) symplectic harmonics. It will be shown further on (see
Corollary 4 and Proposition 4) that H, ,(R*; C)nKer £ = {0} for a > band H, ,(R*; C)NKer £ =
{0} for a < b.

Remark 3. For all k, Py o(R*?;C) = Hio = Hlf,o and Po x(R*?;C) = Ho . = Hg;, since the
homogeneous polynomials in Hyo (respectively Hox) do not contain the variables (Z1,. .., Z2p)
(respectively (z1,. .., z2p) ).

With respect to the traditional Fischer inner product, given by

<fag> = f(agvaz) g

z=0

where f(a;, 0.) is obtained by substituting 9z, for z; and 9., for Z; in f(z1,...,22,21,...,%2p),
each of the spaces Hmb(R‘lp ; C) can be decomposed as the direct sum

Hmb = Has’b ©® (,)L[Sb)L a > b

a,
1 T
Hap = HE,®(HI)T a<b

where the orthogonal complements ('Hf’b)l‘ and (Hfl)l are isomorphic with Img (H, 5) and Imz (Hap)
respectively. We will now determine those orthogonal complements explicitly.

Lemma 5. With respect to the Fischer inner product, the operators € and E' are adjoint operators,
i.e. for polynomials P € P, and Q € Pyy1,p—1 there holds

(€P,Q) = (P,E'Q)

10



Proof
It is clear that the Fischer inner product of two monomials is zero unless both monomials are equal
up to a constant. This observation and a straightforward calculation lead to the desired result. O

Proposition 3. For a > b, the space H,p may be decomposed as
Hap =MHop ®EMatr,0-1 (13)

Proof
. . . 1L .
In fact we prove that, with respect to the Fischer inner product, (ST’HQHJ,_l) = Hf,b- It is

important to note that if a function F' is harmonic, then also EF and E'F are harmonic, since
the Laplace operator commutes with both operators £ and £f. Let P € ’H,g,b, then EP = 0

and so (P,£TQ) = 0 for all Q € Hat1,6—1, which means that P is orthogonal to ET’HaH,b,l or

P c (ST’HQH,;,_l)L. Conversely, let P € (smwm_l)? Then EP € Hot1p-1 and (EP,Q) =
(P,ETQ) =0 for all Q € Hyy1,5-1. In particular, for Q = EP we find (EP,EP) = 0 whence EP = 0
or P e Hib. O

Corollary 2. For a > b, the space H,p may be decomposed as
Hap = Hf,b @ 5T7“f+1,b—1 ®5T2Hf+2,b—2 @ D 5TbH(§+b,o (14)

Proof
Consecutive application of the decomposition (13) leads to the desired result. O

Lemma 6. One has for Hy g € Ha

EEMH, 5 =k(a— B —k+1)EWVH, 54+ EFEH, 4

and in particular for Hoséﬁ € 7—[5’5

EEWHS s =k(a—B—k+1)EDHT

and
EEHS s =k(k—1) - (k—(+1)(a—B—k+1) - (a—B—k+0EFEOHS,
Proof
Straightforward computation based on the commutator [£,ET] = E, — El (see Lemma 4). O

Corollary 3. For a > b, the mappings

E v EMG L, — Ha 1
: s s

E ¢ EPHT L, —  ETHG .,
. etbyys b—1)qS

E v I, — ETUHE

are isomorphisms, their inverses being, up to constants, restrictions of the operator £ to the
corresponding spaces.

Proof
We prove that for j =1,...,b

£ : ETij+j,b_j — 5T(j71)7‘l§+j,b—j

11



is an isomorphism. First take g € ST(j_l)H§+j’b7j, meaning that g = ETUDh with h € Hf+j’b7j,
and consider

1 1 . )
_ St = EVh e ETHS, .,
I = a0 T ja—br D) b=
Then, using the formulae of Lemma 6, it follows that £f = EU-Dh = ¢, and so the considered

. 1 .
mapping is surjective. Moreover (ETJHEH’F]-) = ’Hf’b@ETHfH’b,l - .@gT(Jfl)H§+j71,b7j+1

implying that this mapping is also injective. Clearly
<g

Corollary 4. Fora>band j=1,...,b one has

=7 Ef
(ETiHS )) jla=b+j5+1)

a+j,b—j

Harjoj NKer ET = {0}

Proof
Take f € Hatjp—; with ETf = 0 and hence also EETf = 0. In view of Corollary 2, the function

f can be decomposed as f = ZZ;{) fr with fi € STkH§+j+k7b_j_k. It then follows, in view of
Corollary 3, that EETf = 0 implies fo = fi =... = f,—; = 0, and hence also f = 0. O

In a similar way as for the case where a > b, the following results hold for the case where a < b.
Proposition 4. For a < b one has

(i) the space Hqp may be decomposed as

.
Hap = Hop®EHa 111

t i t aq,St
= Hf,b & 5Has—1,b+1 & 52%5—2,b+2 @B Hf)g,bm (15)
(ii) the mappings
t t
et ng—Tl,b+1 - Hf?l,b+1
N EHT Ly — EHE 5 psa
‘ any St e t
et & Hg,bm — & UHg,me

are isomorphisms, their inverses being, up to constants, restrictions of the operator &€ to the
corresponding spaces.

(111) Ha—jp+; NKerE ={0} forj=1,...,a.
Corollary 5. For a > b there holds
dim H5 ,(R*?;C) = dim Hap — dim Hap1,6-1
= dim Pyp —dim Py_1p—1 — dim Pyy1p—1 +dim Py p—2

2p—1)(2p—2)(a—b+1)(a+b+2p—1)(a+2p—2)!(b+2p —3)!
(20— D)N)2(a+1)!b!

12



For a <b there holds

dim HSyqupey = dim Hap — dim Hoo1p41
dim Py p —dim Py_1p—1 —dim Py_1p+1 + dim Py_2
dim Hj ,(R*;C)

As dim?—lfﬁb = dim ’H;i ., the spaces /HfTb and ’H;i ., are isomorphic. Obviously this isomorphism
is realized by complex conjugation which, indeed, maps H, and H; , onto each other, since the
Laplace operator is invariant under complex conjugation, and moreover the operators £ and £ are
complex conjugated up to a minus sign.

There is, however, another -nice- way to express this isomorphism, which is closely related to the
quaternionic structure (I, J,K) introduced in [5] to study the fundaments of quaternionic Clifford

analysis (see Section 3). For a function F(z,...,22p,%1,...,%2p) consider the transformation
T, mapping F onto the function T[F] by substituting for the variables zox_1, 2ok, Zog—1, Zok the
variables —Zop, Zok—1, — 22k, 22k—1(k = 1,...,p) respectively. In fact this is the transformation

associated to the second complex structure Ju, € SO(4p) in the quaternionic structure. If b,y €
Hap, then Thq ] € Hp o since T commutes with the Laplace operator. Let us now compute the
commutation relations of 7' with the operators £ and £F.

Lemma 7. For the transformation T introduced above, it holds
E'T=-T¢ and ET=-T&

Proof
We consecutively have

p
ETT[F] = 2(221682%71 _ZQk—laZ%)T[F]
1

x>~
Il

I
NE

EQkT[(%%F} _EQk)flT[_aEQk 1F]

=
Il

1
p
Z —2ok—10%,, F + 2050z, _, F
k=1
— T[-£F]

Il
N

Next, taking into account that 72 = —1, we also have

TEYTT=-TTET or TE =—ET

Corollary 6. If F is in Ker &, then T[F] is in Ker & and vice versa, and, consequently

is an isomorphism.

Remark 4. Taking for the operator T' the operator associated with the third complex structure Kyp,
which corresponds to the change of variables zog_1 v 1Zok, 2ok W —1Z2k—1, 22k—1 —> —122k, 22k —
iz2k—1, also leads to an isomorphism between the spaces nyb and ’Hf; The operator associated to

the first complex structure ly, is an automorphism of both spaces ’Hf)b and 'Hffb.

13



In the special case where a = b = k, the isomorphism between "Hk p and ’Hk . becomes the
identity. This is a special case (for j = O) of the following lemma, the proof of which invokes the
Fischer decomposition established in the next section (see Theorems 1-2).

Lemma 8. Forall j =0,1,...,k one has

(gT) Hk+] k—j — (5) Hk J,k+7

Proof

Since (ET)IHZ,;,_; and (€)! ’Hk Joktd both are non-trivial, irreducible sp-submodules of Hj, x
with the same hlghcst weight (k+ 7,k — j)s, they coincide seen the Fischer decomposition of Hy, .
]

Also the case where a — b = 1 is interesting, and is obtained (by taking j = 0) from the following
lemma, which also leans upon the Fische decomposition.

Lemma 9. Forall j =0,1,...,k one has
i gt
(ET)]HHEHH,/@—]‘ = (5)]H£—j,k+1+j

Proof
First note that (ST)JH'H,H_HJ k—; is not the null-space, since (5T)j7-lf+1+j7k_j # 0 and

Ker &1 N Hypy16 = 0. Snmlarly, also (E)ijij7k+1+j is not the null-space. Since both spaces

(cE'Jf)JJrl’;’-[k_H_ir7 k—; and (£)7 'Hk _j kt14; are, non—trivial, irreducible sp-submodules of Hj, k1 with
the same highest weight (k+ 147, k—j), they coincide seen the Fischer decomposition of Hy, j41. O

Corollary 7. For a > b, the mappings

and

are isomorphisms.

5 Fischer decompositions

First assume that a > b and compare the decomposition (14) for H,; in terms of symplectic
harmonics, viz.

Ha,b = Hf,b EB gTH§+1’b,1 @ €T2H§+2’b,2 EB e @ 51‘be+1)’0
with the branching (12):

E[2p((c)
Hab =(a,0)s®(a+1L,b—1)s® - ®D(a+b—1,1)s D (a+b)s
5P2p((C)

It is then rather straightforward to conjecture that for a > b
(a,0)s = H3 ,(R™; C)

That this indeed is the case is shown in the next theorem.

14



Theorem 1. One has, with a > b,
(a,0)s = H3 , (R C)

where (a,b)s = (a,b,0,...,0)s stands for an irreducible sp,,(C)-representation, the highest weight
being of length p, and

Hap(R?;C) = Hf,b @ STH§+1,1)—1 ® 5T2Hf+2,b—2 &0 ETbeer,o

is the Fischer decomposition of the space of complex valued bi-homogeneous harmonic polynomials
in terms of spy,(C)~irreducibles of complex valued bi-homogeneous symplectic harmonic polynomi-
als.

Proof

We proceed by induction on b.

For b = 0 the result is trivial; indeed, as was already noticed in Section 2, in this case no branching
occurs and H, o is symplectically irreducible.

Assuming that the theorem is true for b — 1 means that

(a+1,b-1),= H§+1,b—1(R4p§ C)
and that
Hat1,5-1(R?;C) = ,Has+1,b71 @ gTwa,bfz @ 5T2H5+3,b73 D---D 5T(b_1)7'lf+b,o
is an spy,(C)-irreducible decomposition, as then is also the case for
EHar10-1(R™;C) = STHfﬂ,bq D 5T2H§+2,b72 D 5T3,Hf+3,b73 D---D 5Tb7‘las+b,0

which in fact also reads
9[2;7(@)
ET,Ha—H,b—l = (a+17b* 1)3 D (a+27b*2)s®"'@ (a+b* 1a1)s D (a+b)s
5P2p((c)

In view of the branching (12) and the decomposition (13) it follows that
(a,0)s = Mz, (R C)
which finishes the proof. O
If a < b then we have to compare the decomposition (15)
Hop = HS Yy ®EHS |y ®EXHE 5 n @ D EHSpsa
with the branching rule

E[zp((c)
Hap =0b+a)sdb+a—-1,1)s D - (b,a)s
5P2p((c)

leading to the complementary conjecture for a < b:
(b,a), = HS (RY; C)

which is proven in a similar way.
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Theorem 2. One has, with a < b,
(b, a)s = H (R C)
and t t t t
Hap(R?;C) = Hf,b D 5H§71,b+1 D 527{&2,1&2 D---D 5a7‘£§,b+a

is the Fischer decompositions of the space of complex valued bi-homogeneous harmonic polynomials
in terms of spy,(C)—irreducibles of compler valued bi-homogeneous adjoint symplectic harmonic
polynomials.

Corollary 8. With a > b, the spaces ’Hib(R‘lp;C) and Hﬁ;(R‘lp;C) are isomorphic irreducible
representations for spy,(C).

We already know the dimension of the spaces Hf,b and "Hi L to be (see Corollary 5)

2p—1)(2p—2)(a—b+1)(a+b+2p—1)(a+2p—2)!(b+2p—3)!
((2p = 1))2(a+ 110!

Now we are able to calculate this dimension in the following alternative way. If I') denotes an
irreducible representation for sp,,(C) with highest weight A = (A1 > Ay > --- > \,), then (see

[16], p. 406)
02— 2 2
dim T'y = 7 _
m 1y H m? — m? H m;

i<J

. . i
dim 2, = dim Hj, =

with ¢; = X\; + m; and m; =p—i+1,i=1,...,p. For the highest weight (a,b)s we have

m(ml,...,my) = (p,p—1,...,1)
and
Lly,.... ) =(a+pb+p—1,p—2,p—-3,...,1)
A straightforward calculation then leads to
(a=b+1)(a+b+2p—1)(a+2p—2)(b+2p—3)!
(2p —3)(a+ 1)

dim (a,b)s =
which is, quite naturally, the dimension of ’Hf’b and ’H;? L

Let us give an illustrative example of the Fischer decompositions above. Take p = 2, and consider
the decompositions

HoalBSC) = M5, ® ETHS, @ 125,
8 st st 24,87
Hoo(R*C) = Hyo @EHT 3@ EHyy
The harmonic polynomial 2273 € Ho,2 is decomposed as

Z?%??:P1—|—P2—|—P3

with
P = %zng + %zgzi + 222232124
P = %2'3%2% - %zgii
Py = %z:,?z% + %zgzﬁ - %zzzgzlzl
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The polynomial P; belongs to ’Hi 9 = Hg; The polynomial P, can be written as either

1
Py, = ((:TQQ with Q9 = 5(—222?51 — 252’354)

or
—~ , ~ 1, 5 _
P, =£EQy with Q9= 5(2’32%4 + ZQlei)

The polynomial ()2 belongs to ’Hgl, while the polynomial CT); belongs to Hf T3 The polynomial Ps
can be written as either

1
Pg = gTng with Qg = EZ%Z%

or
— ~ 1
Py =E&%Q5 with Q3= Ezfzi
The polynomial Q3 belongs to 7—[2:0 = H4,0, while the polynomial @;, belongs to ’Hg,l =Hoa.

Corollary 9. The Fischer decomposition of the space Pa,b(R‘Lp; C) of complex valued bi-homogeneous
polynomials in terms of irreducible symplectic modules, is given by

b b b—j
Pas =P 12 Haojoj =P @D 121% €"HE_ 1yt (a2D) (16)
§=0 j=0 t=
or .
a a a—]j .
Paw =P 12 Haejoj = 2 &My (a<b) (17)
j=0 j=0 t=0

Corollary 10. The space P(R*; C) may be decomposed in terms of irreducible symplectic modules
according to the following diagrams.

For Py(R*;C):
HS o
For Po(R*;C):
TzHao
t
HEh €S, Wi,
Hl,l
For P4(R*; C):
7"47‘[8:0
r2’Hg; r2ET’H§’O 7“27'[‘25:0
TQHil
T t
HE 4 5715?4 EVPHT, ETHE, Hi,
L EHS, M3,
Hz,z

etc. for even degree polynomials.
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For P (R*; C):
M5\ HP
0,1 1,0
For P3(R*;C): .
T2H37T1 7’27{50

i t
HE 3 5%573 EMWME, HE
His M3,
For P5(R*; C):
T’4HOSf1 T4Hio

i +
Sy rEHS s rEYHS rPHE,
f
rPHYy  r?HS,

M3 5%@}, 527{5‘?} EPHE, ETHE, HE,
HY EHT, EHE HT
T
H5 5 H3

etc. for odd degree polynomials.

6 Howe dual pair

The Fischer decomposition (1) of the space P(R™;C) of complex valued polynomials in terms of
spherical harmonics, viz.

PR™C) = PP r* Hi(R™;C)
k=0 p=0

shows the drawback that it is not multiplicity-free: each of the SO(m)-irreducible invariant sub-
spaces H (R™; C) appears with an infinite multiplicity, since all of

2P Hr , peNy

k € Ny being fixed, are isomorphic as SO(m)-modules. Expressing irreducibility with respect to
g x SO(m), g being an appropriate Lie algebra, aims at collecting the infinitely many copies of Hy
into one single irreducible representation. The so—called Howe dual pair (SO(m), g) is to be found
with respect to a bigger algebra in which so(m) and g are commuting. Seen the action (5) of the
operators X := % r2, Y = —% Ap and H := E 4 7, the Lie algebra g in this case is sl(2,C).
More background information is to be found in [6].

Similarly, the Fischer decomposition (6) of the space P(R*";C) in terms of Hermitian spherical
harmonics:

oo oo k
PE"C) = DEDD 1 Hos-al®C) 1)

k=0 p=0 a=0

is not multiplicity free since, for all a and b,

™ Hap, p=0,1,2,...
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are isomorphic as U(n)-modules. It turns out that the Howe dual pair here is (U(n), gl(2,C)) (see
also [6]), with

gl(2,C) s(2,C) & C

Alge(H, X,Y) @ spanc(El —E, +n)

Now let us have a look at the symplectic Fischer decomposition of the space P(R*";C). By
means of (16) and (17) we obtain

P(R";C) @ P L (15 0 EHE Ly @ @ EHE )

t=0 a<b
© D 2" (M O EHT 1y 10 DETHT ) (19)
a>b
or, alternatively
oo a—b
PR?;C) = P 2t ETHS, (20)
t=0 a>b s=0

or still, interchanging the role of the operators £ and £,

b

|
Q

|22 €515, (21)

P

PRY?;C) =

t

Il
o
I
o

a<

o

S

Clearly these decompositions are not multiplicity free. Assuming a > b, the isomorphic Sp(p)—
modules may be gathered in the following way

t t t t t t

2HE, = ETHE, o TS EeHS, o 2EHS, — |2H
’ r r t ’ ’

2PHE, = [2PEVHE, = 2PETOHS S PEHS, - o 12PEHS, o PHE,
) ) 0 ) )

HE, — EHS, —- o grays, ¢ EHE, o EHP, - Mo,

)

where a = L%_bj, and iso is either the identity if @ — b is even (see Lemma 8), or the mapping
EVif a — b is odd (see Lemma 9). In this scheme the horizontal arrows represent the action of the
operator £T, while the vertical arrows correspond to multiplication by |z|2. If a < b this scheme
has to be reinterpreted ”from right to left”, the horizontal arrows, now oriented from right to left,
then corresponding to the action of the operator £. In the special case where a = b, the scheme
reduces to

2| HE, = |2*HS,
T

f

lzPH5, = |zIPH3,
T

T

H, = Hi,

—_
©



Apparently the Howe dual g is generated by the operators
£,ENEL —E.,|2°, Agp, E. + Ef +2p

which leads to (see also Corollary 1)

1 1
g = Alg (JEZ+E1+2p,2z|2,—2A4p>@Algc(Ei—Ez,dS)

= sl(2,C) ¢sl(2,C)
= s0(4,C)

So let us decompose the Sp(p)-module P(R*; C) under the combined action of the Howe dual
pair (sl(2,C)®sl(2,C)) x Sp(p). For each irreducible Sp(p)-module "Hasyb we choose a basis {Hib;j :
=12 ... ,dimH§7b}; this is a set of singular vectors, labeled by three parameters a,b and j. The

repeated action of X = |z|? then generates the module V, .; given by
Vabyj = spanC{XtHib;j :t=0,1,2,...}

Each of the spaces V,,; is a realization of a so—called Verma module, an infinite dimensional
irreducible sl(2, C)-module, which we denote by [5%- On the other hand, repeated action of & f
generates the module W, 3.; given by

Wb = spanC{ETsHib;j :8=0,1,2,...,a—b}

Each of the spaces W, .; is a realization of a finite dimensional irreducible sl(2, C)-module, which
we denote by I, ;. Finally, the space of (a, b)~homogeneous symplectic harmonic polynomials ’Hib
is a realization of the irreducible Sp(p)-module with highest weight (a,b)s = (a 4+ b,0,...,0), of
length p, which we denote by H, ;. For all (a,b) with a > b the tensor product

(1% @ Lap) @ Hayp

then is an irreducible (sl(2, C) @sl(2, C)) x 5p,,(C)-module. When regarded as a s0(4, C)-module it
contains as many copies of I3 ®1a,p as the dimension of H, »; when regarded as an sp,,(C)-module
it contains infinitely many copies of H, ;. The symplectic Fischer decompositions (19)(20)(21) may
thus be reformulated as follows.

Theorem 3. Under the joint action of (s1(2,C) @ sl(2,C)) x Sp(p), the space of complex valued
polynomials P(R*; C) is isomorphic with the multiplicity free irreducible direct sum decomposition

oo

@ (Hgfb & ]Ia»b) & Ha,b

a>b=0

where 155, is a Verma s1(2, C)-module with lowest weight a +b+ 2p, Lo is an irreducible sl(2,C)~
module with highest weight a — b and H,p is an irreducible spy,(C)-module with highest weight
(a+0,0,...,0).
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