{: SCISPACE

formerly Typeset

@ Open access - Proceedings Article « DOI:10.1063/1.3498050
Fischer Decompositions of Kernels of Hermitean Dirac Operators — Source link [4

Fred Brackx, H. De Schepper, Roman Lavi¢ka, Vladimir Soucek

Published on: 17 Sep 2010

Topics: Dirac (software), Mathematical Operators, Linear algebra and Operational calculus

Related papers:

» Gel'fand-Tsetlin procedure for the construction of orthogonal bases in Hermitean Clifford analysis

« Orthogonal Bases of Hermitean Monogenic Polynomials: An Explicit Construction in Complex Dimension 2
« Constructive approximation by monogenic polynomials

« Canonical bases for sl(2,C)-modules of spherical monogenics in dimension 3

« The Howe dual pair in Hermitean Clifford analysis

Share thispaper: @ ¥ M ™

View more about this paper here: https:/typeset.io/papers/fischer-decompositions-of-kernels-of-hermitean-dirac-
1kz6rx8ff4


https://typeset.io/
https://www.doi.org/10.1063/1.3498050
https://typeset.io/papers/fischer-decompositions-of-kernels-of-hermitean-dirac-1kz6rx8ff4
https://typeset.io/authors/fred-brackx-ap4vlf6jba
https://typeset.io/authors/h-de-schepper-1ukhknd5r3
https://typeset.io/authors/roman-lavicka-3e5c6xrygn
https://typeset.io/authors/vladimir-soucek-1zgcp1m4sp
https://typeset.io/topics/dirac-software-22aaj6vd
https://typeset.io/topics/mathematical-operators-30msvuim
https://typeset.io/topics/linear-algebra-1nj8b41a
https://typeset.io/topics/operational-calculus-2enuomz2
https://typeset.io/papers/gel-fand-tsetlin-procedure-for-the-construction-of-337mpgoy21
https://typeset.io/papers/orthogonal-bases-of-hermitean-monogenic-polynomials-an-1xl9jeaizo
https://typeset.io/papers/constructive-approximation-by-monogenic-polynomials-4yykzoh4eg
https://typeset.io/papers/canonical-bases-for-sl-2-c-modules-of-spherical-monogenics-4vekyd6uxc
https://typeset.io/papers/the-howe-dual-pair-in-hermitean-clifford-analysis-1iu1puc29w
https://www.facebook.com/sharer/sharer.php?u=https://typeset.io/papers/fischer-decompositions-of-kernels-of-hermitean-dirac-1kz6rx8ff4
https://twitter.com/intent/tweet?text=Fischer%20Decompositions%20of%20Kernels%20of%20Hermitean%20Dirac%20Operators&url=https://typeset.io/papers/fischer-decompositions-of-kernels-of-hermitean-dirac-1kz6rx8ff4
https://www.linkedin.com/sharing/share-offsite/?url=https://typeset.io/papers/fischer-decompositions-of-kernels-of-hermitean-dirac-1kz6rx8ff4
mailto:?subject=I%20wanted%20you%20to%20see%20this%20site&body=Check%20out%20this%20site%20https://typeset.io/papers/fischer-decompositions-of-kernels-of-hermitean-dirac-1kz6rx8ff4
https://typeset.io/papers/fischer-decompositions-of-kernels-of-hermitean-dirac-1kz6rx8ff4

Fischer decompositions of kernels
of Hermitean Dirac operators
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Abstract. In this note we describe explicitly irreducible decompositions of kernels of the Hermitean Dirac Operators. In
[3], it is shown that these decompositions are essential for a construction of orthogonal (or even Gelfand-Tsetlin) bases of
homogeneous Hermitean monogenic polynomials.
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PRELIMINARIES OF HERMITEAN CLIFFORD ANALYSIS

Let (ey,...,en) be an orthonormal basis of Euclidean space R™ and let C,, stand for the complex Clifford algebra
constructed over R™ such that

eqeg+egeq =—2045 , 0, f=1,...,m. (D
As a basis for C,, one takes for any set A = {ji,...,jn} C {l,...,m} the element e4 = e} ...e;,, with

1 < j1 < ja<-- < jn <m, together with ep = 1, the identity element. Euclidean space R™ is embedded in
C,, by identifying (Xi,...,X,,) with the Clifford vector X = $™_, ey Xg, for which it holds that X*> = —|X|>. Any
Clifford number a in C,, may thus be written as a = § 4 eaaa, a4 € C and its conjugation is defined by a" = Y aeady,
where the bar notation stands for the main anti-involution for which ¢, = —eq, and aj denotes the complex
conjugation of as. The Fischer dual of X is the vector valued Dirac operator dy = S7%_, eq dx,, underlying the
notion of monogenicity of a function, the higher dimensional counterpart of holomorphy in the complex plane. More
explicitly, a function f defined and continuously differentiable in an open region Q of R™ and taking values in the
Clifford algebra C,, is called (left) monogenic in Q if dx[f] = 0 in Q. As the Dirac operator factorizes the Laplacian:
A, = —8)%, monogenicity can be regarded as a refinement of harmonicity. As usual, inside the Clifford algebra C,,
we can realize the Pin group Pin(m) as the set of finite products of unit vectors of R™ endowed with the Cliffford
multiplication. The group Pin(m) is a double cover of the orthogonal group O(m). For C,,-valued functions f(X), the
so-called L-action of Pin(m) is given by [L(s)(f)](X) = sP(s~'X s), s € Pin(m). This is the framework for what is
sometimes called Euclidean Clifford analysis. A standard reference is e.g. [5].

The transition to Hermitean Clifford analysis consists in adding a complex structure J to the above Euclidean setting,

i.e. an SO(m)-element J for which J?> = —1 (see e.g. [1] for details). Note that a complex structure can exist only in the
even dimensional case m = 2n. In the sequel, the complex structure J is chosen to act upon the generators e, ..., e,
of Cy, as J[e;] = —ey4; and J[eysj] = €, j = 1,...,n. The projection operators 4 (1 iJ) associated with J produce

the main objects of the Hermitean setting by acting upon the corresponding ones in the Euclidean framework. First the

so—called Witt basis elements (f;, f;)" for C,, are obtained:

j=1

1

1, ~ ;
o= A+l = Slej—ien;), j=1....n

1 . 1 . .
o= —5A=W)lej] = —5(ejtienss), j=1,....n



They satisfy the respective Grassmann and duality identities

Fife+fidi = fifi+iif =0, jk=1,...n
whence they are isotropic. Next, a vector in R?* is now alternatively denoted by (X153 %0, )1, --,yn) and identified

with the Clifford vector X = 27: 1(ejxj+ et jyj), producing the Hermitean Clifford variables z and AR

Tc
f.//

M:

1 n 1 .
£ = 0D = 3 iz o =—30-iDlK] =

J=1

where complex variables z; = x; +iy; have been introduced, with complex conjugates z? =x;—1iy;, j=1,...,n
Finally, the Euclidean Dirac operator dy gives rise to the Hermitean Dirac operators 9, and 9;:

o= ] = Y o

c
J

M=

1 LA
ad 0, =-3(1-)d = 3 1}2,

J

involving the Cauchy—Riemann operators d, = —(QX/ +idy;) and their complex conjugates J,; %(8 —id),) in the

zj—planes, j = 1,...,n. The Hermitean vector variables and Dirac operators are isotropic, i.e. z2 = (z/)?> = 0 and
9= (8*) whence the Laplacian allows for the decomposition

Doy =4(0:0] +9]9;) = 4(9; +9)?

while also
@+ )=z +z=1 = ]* = X

Finally, a continuously differentiable function g in an open region Q of R?" with values in the complex Clifford
algebra C,, is called (left) Hermitean monogenic (or h-monogenic) in Q if and only if it satisfies in Q the system
d.8=0= 8‘ g Asdy = (8* d.) h—-monogenicity can be regarded as a refinement of monogenicity.

In comparison with the Euclidean setting the symmetry in the Hermitean framework is given not by the whole
group Pin(2n) but only by its subgroup Pin;(2n). The subgroup Piny(2n) consists of elements of the group Pin(2n)
commuting with the element s; which corresponds to the complex structure J under the double cover of O(2n) by
Pin(2n). Moreover, the group Piny(2n) is a double cover of the group O,(2n), the subgroup of O(2n) containing just
elements which commute with the complex structure J. Let us note that the group SO;(2n) defined analogously can
be seen as a realization of the unitary group U (n).

In what follows, we consider spinor valued functions. Spinor space S is realized within the Clifford algebra C,, as
S = Cy,1 = C,I where [ is a suitable primitive idempotent, say I = I; ...I, with I; = fjfT., j=1,...,nAs§il=0

j=1,...,n, wealso have that S = A\*"I where \*" stands for the complex Grassmann algebra generated by {ﬂ, o
Hence spinor space S decomposes further into homogeneous parts as

S=@ SO with SO = (A I_span(c(fklsz fzr:{kl,...,k,}c{l,...,n}>.

FISCHER DECOMPOSITIONS

Recently in [1], an analogue of the Fischer decomposition for homogeneous polynomials has been obtained also in
the setting of Hermitean Clifford analysis. From the point of view of representation theory, the Fischer decomposition
is nothing else than an irreducible decomposition of a given invariant space of polynomials. More explicitly, let us
denote by &/, the space of S)-valued polynomials p in R?" which are a-homogeneous in the variables z ; and at the
same time b-homogeneous in the variables z§, that is,

P(th---7)~ZnaﬂZ§;---aﬂZ;) = )‘u‘ubp(zla--'7Zn>ZL1I7'--7Z;)-



Moreover, let ., stand for the space of polynomials of &7, which are Hermitean monogenic. Then, under the

action of the group Pin;(2n), the space ,@; » has the following irreducible (not multiplicity free) decomposition (see
[1, Proposition 1] or [4]):

min(a,b—1) min(a—1,b)
r 2 2j r+
=20 P \ZIJT//Z’],,J]@ EB 2|z A, ] 1pj (2)
j=0
min(a—1,b—1) mm(a—l,b—l)
® @ (ETZ)Hl///;—j—l,b—jq ® @ (z ZT)]H///J—;—Lb—j—r
J=0 j=0

The main aim of this note is to describe Fischer decompositions which are essential for a construction of orthogonal
(or even Gelfand-Tsetlin) bases of homogeneous Hermitean monogenic polynomials. In [3], it is explained that for the
construction it is important to know irreducible decompositions of the spaces

Kery ,d. ={p € #;,| d.p =0} and Ker h8T {pe Pl 8;;9:0}.
Now we obtain such decompositions.

Theorem 1. Let 1 < r < n— 1. Then the following statements hold:

(i) Under the action of Piny(2n), the space Ker ;,bag has the multiplicity free irreducible decomposition

min(a,b—1) min(a—1,b—1) (a J*lJrr)
Ker),d, =4, B (2, , o D |;|2J(5T;+7(a+r) 2 My
j=0 j=0

(ii) Under the action of Piny(2n), the space Ker |, b&g has the multiplicity free irreducible decomposition

min(a—1,5) min(a—15-1) (b—j—1+4n—7)
Ker ba1 My, ® EB |§|zj§///arj}71,h—j D @ 2/ (2" + (ljg +n—r) gg-{-)///“rfjfl’bfjfl'
et e n—r

Remark 1. Tt is easy to see that Ker 2_,)85 = ///,?b’ Ker! 0. = &}, Ker 2‘,78; = @Sb and Ker Z_h8; =M},
In order to prove Theorem 1 we need some lemmas. But first define the following Euler operators:

n n n
Ee= 3 20y e =3 205 and f =35 fjfj.
j= =1 /=1

For p € gz’b, it is easy to see that E,p = ap, E.cp = bp and Bp = rp. See [1] for details. Putting A = E, 4+ 8 and
B = E; +n— [3, we have thus that, for each p € & |, Ap = (a+r)p and Bp = (b+n—r)p. Moreover, we have that

{z,0.}=A, {",d]} =B and {z,0]} =0={z",d.} 3)

where {T,S} = TS+ ST (see e.g. [1]). Using these relations, it is easy to prove the following ones.
Lemma 1. We have that

[0z, 2] = j 2PV, [0, (272) T = —[2Y2A, [0;, ()] = |22 A+ j+ 1),

(0],121%] = j 2PV Dz, [0f, (")) = —|z2 B, [9],(z'2)/"] =|z[¥z (B+j+1)
where [T,S] =TS —ST.
Lemma 2. We have that

b = Ker g ,0; © z Ker ;fluﬂé = Ker ;7,,32 ® z" Ker Zjbl_l&g.

Moreover, the projections P and P' of the space & ", onto the spaces Ker Z’ »0- and Ker Z bag are given by P =0, z A7l
and Pt = 8* "B, respectively.



Proof. We may refer to [2], but it is also clear from the relations (3). O

Proof of Theorem 1. Applying the projections P and P' of Lemma 2 to the Fischer decomposition (2), we easily get
the required decompositions of the spaces Ker ! ,d. and Ker ! b&; . Indeed, using the relations (3) and Lemma 1, we
have that C S

2j - 2j -
P(Z,,,) =Kery ,0;, P(My,) =My, P(|Z] ]i'///ar—;,b—j—l) = |z ]ET%J—;b—j—l
and ( 1)
j 2j (. a—j—1+r)
P((ETZ)’H///LFLIFFO = z|¥(z'z+ Wéé VMg i1 pj-1
Moreover, the operator P vanishes on the remaining pieces |z|*/z ./ a’f}fl’bf jand (z2"hay o, . Similar
computations are, of course, valid for the operator P', which completes the proof. (|
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