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Abstract: In this paper, our aim is to obtain new fixed-disc results on metric spaces. To do this, we present a new
approach using the set of simulation functions and some known fixed-point techniques. We do not need to have some
strong conditions such as completeness or compactness of the metric space or continuity of the self-mapping in our

results. Taking only one geometric condition, we ensure the existence of a fixed disc of a new type contractive mapping.
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1. Introduction and preliminaries

Let (X,d) be a metric space and T a self-mapping on X. If T has more than one fixed point then the
investigation of the geometric properties of fixed points appears a natural and interesting problem. For example,
let X = R be the set of all real numbers with the usual metric d(z,y) = |z —y| for all z,y € R. The self-
mapping T : R — R defined by Tz = 22 — 2 has two fixed points 1 = —1 and x5 = 2. Fixed points of T form
the circle C 13 = {z eR: |x — %| = %} In recent years, the fixed-circle problem and the fixed-disc problem

have been studied with this perspective on metric and some generalized metric spaces (see [1, 9, 10, 12-16, 18-
20, 23-29] for more details). As a consequence of some fixed-circle theorems, fixed-disc results have been also

appeared. For example, the self-mapping S on R defined by
Sy — { T ;o xel0,2]
z 42 ;  otherwise
fixes all points of the disc D11 = {x € R: |z — 1| < 1}. Clearly, S fixes all circles contained in the disc Dj 1.
Therefore, it is an attractive problem to study new fixed-disc results and their consequences on metric spaces.
In this paper, our aim is to present new fixed-disc results. To do this, we provide a new technique using
simulation functions defined in [8]. The function ¢ : [0,00)? — R is said to be a simulation function, if it
satisfies the following conditions :
(¢1) €(0,0) =0,
((2) C(t,s) <s—t forall s,t >0,
(¢3) If {tn}, {sn} are sequences in (0,00) such that

lim ¢, = lim s, > 0,
n—o0 n—oo
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then
lim sup( (tn, sn) < 0.

n—o0

The set of all simulation functions is denoted by Z [8]. In [8], the notion of a Z-contraction was defined to

generalize the Banach contraction as follows:

Definition 1.1 [8] Let (X,d) be a metric space and T : X — X a mapping and ¢ € Z. Then T is called a
Z -contraction with respect to C if the following condition is satisfied for all x,y € X :

¢(d(Tz,Ty),d(z,y)) = 0. (1.1)

Every Z-contraction mapping is contractive and hence continuous (see [3, 8, 21] for basic properties and
some examples of a Z-contraction). In [8], Khojasteh et al. used the notion of a simulation function to unify
several existing fixed-point results in the literature.

We note that the notion of a simulation function has many interesting applications (see [3, 5, 7] and the
references therein). In a very recent paper, a new solution is given to an open problem raised by Rhoades about

the discontinuity problem at fixed point using the family of simulation functions (see [19] and [22]).

2. Main results
Let (X,d) be a metric space, Dy, = {z € X :d(z,20) <7} (r € Rt U{0}) a disc and T a self-mapping on
X.If Tx =z for all © € Dy, then the disc D, , is called the fixed disc of T' [29)].

From now on we assume that (X,d) is a metric space and T : X — X a self-mapping. To obtain new

fixed-disc results, we define several new contractive mappings. At first, we give the following definition.

Definition 2.1 Let ( € Z be any simulation function. T is said to be a Z.-contraction with respect to ( if
there exists an xg € X such that the following condition holds for all x € X :

d(Tz,x) > 0= ((d(Tx,x),d(Tx,x0)) > 0.
If T is a Z.-contraction with respect to (, then we have
d(Tz,z) < d(Tz, ), (2.1)

for all x € X with Tx # xo. Indeed, if Tx = x then the inequality (2.1) is satisfied trivially. If Tz # x then
d(Tz,z) > 0. By the definition of a Z.-contraction and the condition ({2), we obtain

0<¢(d(Tz,x),d(Tz,z0)) < d(Tx,x0) — d(Tx,x)

and so Equation (2.1) is satisfied.
In all of our fixed disc results we use the number p € RT U {0} defined by

p= in&{d(:z:,Tx) | T # x}. (2.2)
fAS
We begin with the following theorem.
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Theorem 2.2 If T is a Z.-contraction with respect to { with xg € X and the condition 0 < d(Tx,xz) < p
holds for all x € Dy, , — {xo} then Dy, , is a fived disc of T'.

Proof Let p = 0. In this case we have D, , = {xo}. If Tzg # x¢ then d(z¢,Txzo) > 0 and using the

definition of a Z.-contraction we get
C (d(T.Z‘(), 330), d(Tl‘o, Z‘o)) Z 0.

This is a contradiction by the condition ({2). Hence, it should be Txg = xg.
Assume that p # 0. Let € Dy, , be such that Tz # . By the definition of p, we have 0 < p < d(z,Tx)

and using the condition (¢2) we find
C(d(TI,SC),d(T?E,IO)) < d(T:Ca‘TO) 7d(T‘TaI)

< p—dTz,z)<p—p=0,

a contradiction with the Z.-contractive property of T'. It should be Tx =z, so T' fixes the disc D, ,. O

In the following corollaries we obtain new fixed-disc results.

Corollary 2.3 Let xo € X. If T satisfies the following conditions then Dy, , is a fized disc of T :
1) d(Tx,x) < AMd(Tx,xo) forall v € X,

where A € [0,1).
2) 0 <d(Tz,zq) < p holds for all x € Dy, , —{xo}.

Proof Let us consider the function ¢ : [0,00) x [0,00) — R defined by
C1(t,s) = As —t for all s,t € [0,00)

(see Corollary 2.10 given in [8]). Using the hypothesis, it is easy to see that the self-mapping T is a Z.-
contraction with respect to (3 with zp € X. Hence, the proof follows by setting ¢ = (; in Theorem 2.2.
O

Corollary 2.4 Let xo € X. If T satisfies the following conditions then Dy, , is a fized disc of T :
1) d(Tx,z) < d(Tz,z0) — ¢ (d(Tx,x0)) forall x € X,
where ¢ : [0,00) — [0,00) is lower semicontinuous function and =1(0) = 0.

2) 0 < d(Txz,z0) < p holds for all x € Dy, , — {x0}.
Proof Consider the function (s : [0,00) X [0,00) — R defined by
CQ(t78) =5—=¢ (S) =1,

for all s,t € [0,00) (see Corollary 2.11 given in [8]). Using the hypothesis, it is easy to verify that the self-
mapping T is a Z.-contraction with respect to (o with zg € X . Hence, the proof follows by setting ¢ = (5 in
Theorem 2.2. 0

Corollary 2.5 Let xg € X. If T satisfies the following conditions then Dy, , is a fived disc of T :
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1) dTz,z) < @ (d(Tx,x0)) d(Tx,z0) for all z € X,
where ¢ : [0,00) = [0,1) be a mapping such that limsupp(t) < 1, for all r > 0.

t—rt

2) 0 < d(Txz,x0) < p holds for all x € Dy, , — {x0}.

Proof Cousider the function (3 : [0,00) x [0,00) — R defined by

C3(t,8) = sp(s) —t,

for all s,t € [0,00) (see Corollary 2.13 given in [8]). Using the hypothesis, it is easy to verify that the self-
mapping T is a Z.-contraction with respect to (3 with xg € X . Therefore, the proof follows by setting ( = (3
in Theorem 2.2. a

Corollary 2.6 Let vo € X. If T satisfies the following conditions then Dy, , is a fized disc of T :
1) d(Tz,z) <n(d(Tz,xo)) forall z € X,

where 1 : [0,00) = [0,00) be an upper semicontinuous mapping such that n(t) <t for all t > 0.
2) 0<d(Tz,z0) < p holds for all x € Dy, , —{zo}.

Proof Consider the function (4 : [0,00) X [0,00) — R defined by

C4(t’ 3) =n (S) -,

for all s,t € [0,00) (see Corollary 2.14 given in [8]). Using the hypothesis, it is easy to verify that the self-
mapping T is a Z.-contraction with respect to (4 with xg € X . Therefore, the proof follows by setting ¢ = (4
in Theorem 2.2. O

Corollary 2.7 Let vo € X. If T satisfies the following conditions then Dy, , is a fized disc of T :

d(Tz,x)
1) [ ¢t)dt <d(Tz,zo) for all x € X,
0

g g
where ¢ : [0,00) — [0,00) is a function such that [ ¢(t)dt exists and [ ¢(t)dt > e, for each € > 0.
0 0
2) 0 < d(Tz,z0) < p holds for all x € Dy, , —{zo}.

Proof Consider the function (s : [0,00) x [0,00) — R defined by

Cs(t,s) =s— /d)(u)du,
0

for all s,t € [0,00) (see Corollary 2.15 given in [8]). Using the hypothesis, it is easy to verify that the self-
mapping T is a Z.-contraction with respect to (5 with xy € X . Therefore, the proof follows by taking { = (4
in Theorem 2.2. O

We give the following example.
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Example 2.8 Let X = R and (X,d) be the usual metric space with d(z,y) = |x —y|. Let us define the
self-mapping Th : X — X as
oz xz € [-1,1]
Tlx{Qm i x € (—o0,—1)U(1,00) ’

for all z € R. Then Ty is a Z.-contraction with p =1, xg =0 and the function (s : [0,00)?> — R defined as
Co(t,s) = 3s —t. Indeed, it is clear that

0 <d(Tyz,0)=|x—0] =|z| <1,

for all x € Dy 1 — {0} and we have
1
Co (d(Thz,x), d(Thz,x0)) = ¢ (||, |22]) = 3 |z| >0

for all x € R such that d(Txz,z) > 0. Consequently, Ty fizes the disc Do1 = [—1,1].
Now we consider the self-mapping To : X — X defined by

|z — x| <
te ® el
2xg ;| —x0| > 1

for all € R with 0 < z¢g and p > 2x9. The self-mapping Ty is not a Z.-contraction with respect
to any ( € Z with vo € X. However, Ty fizes the disc Dy, , . Indeed, by the condition ((2), for all
x € (=00, — p) U (20 + p1,00) we have

C(dTx,x),d(Tx,20)) = (¢ (220 —z|,|220 — 20])

¢ (|1220 — x|, |xo|) < |®o| — |20 — x| < 0.
This example shows that the converse statement of Theorem 2.2 is not true everywhen.

Remark 2.9 1) We note that the radius p of the fized disc Dy, , is not mazimal in Theorem 2.2 (resp.
Corollary 2.3-Corollary 2.7). That is, if Dy, p, is another fized disc of the self-mapping T then it can be
p < p1. Indeed, if we consider the self mapping T5 : R — R defined by

- r ; z€[-33
Tsw = { x+1 ; otherwise

with the usual metric on R, then the self-mapping Ts is a Z.-contraction with p =1, xg =0 and the function
(7 :10,00)% = R defined as (7(t,s) = Ls—t. Hence, Ty fizes the disc Do 1 = [—1,1] by Theorem 2.2. However,
the disc Dy o = [—2,2] is another fized disc of the self-mapping Ts.

2) The radius p of the fized disc Dy, , is independent from the center xo in Theorem 2.2 (resp. Corollary
2.3-Corollary 2.7). Again, if we consider the self-mapping Ts defined in (1), it is easy to verify that Ts is also
a Z.-contraction with p =1, xo =1 and the function (7. Clearly, the disc D11 = [0,2] is another fized disc
of Ts.

In [1], Aydi et al. introduced the notion of a a-zg-admissible map as follows:
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Definition 2.10 [1] Let X be a nonempty set. Given a function o: X x X — (0,00) and xo € X. T is said

to be an a-xq-admissible map if for every x € X,
a(zg,x) > 1= alzg, Tz) > 1.

Then using this notion it was given new fixed-disc results on a rectangular metric space in [1]. Now we

give the following definition.

Definition 2.11 Let T be a self-mapping defined on a metric space (X,d). If there exist ( € Z, xg € X and
a: X x X — (0,00) such that

d(Tz,x) > 0= ((a(xe, Tx)d(x,Tx),d(Tx,x0)) >0 for all x € X,

then T is called as an «-Z2.-contraction with respect to C.

Remark 2.12 1) If T is an «-Z.-contraction with respect to (, then we have
axo, Tx)d(z, Tx) < d(Tx,x0), (2.3)

for all x € X such that Tx # x¢. If Tx # x¢ then we have d(Tx,z9) > 0.

Case 1. If Tx = x, then a(zo, Tx)d(x,Tx) =0 < d(Tz, ).

Case 2. If Tx # x, then d(Tx,x) > 0. Since a(xg,Tz) > 0, then by the condition ((2) and the definition
of an a-Z.-contraction, we find

0 < {(afxo,Tx)d(x,Tx),d(Tx,20)) < d(Tx,20) — (20, Tx)d(2, TX)

and hence
a(xg, Tx)d(z,Tx) < d(Tx,xq).

2) If a(xo,Tx) =1 then an a-Z.-contraction T turns into a Z.-contraction with respect to ¢ and the

equation (2.3) turns into Equation (2.1).
Now we give the following theorem.

Theorem 2.13 Let T be an a-Z.-contraction with respect to ¢ with xo € X. Assume that T is a-xg-
admissible. If a(xzo,x) > 1 for x € Dy, , and 0 < d(Tx,x0) < p for x € Dy, , — {xo}, then Dy, , is a fized
disc of T .

Proof Let p=0. In this case D, , = {zo} and the a-Z.-contractive hypothesis yields Tay = z¢. Indeed,

if Taxg # xo then d(xp,Txo) > 0 and using the definition of an «a- Z,-contraction we get
¢ (a(zg, Txo)d(Txo, o), d(Tx0,20)) > 0.

We have a contradiction by the condition (¢z). Hence, it should be T'zg = .
Assume that p # 0. Let « € D, , be such that Tz # x. By the hypothesis, we have a(zo,z) > 1 and
by the «-xzg-admissible property of T' we get «(xg,Tx) > 1. Then using the condition ({2) we find

C(afzo, Tx)d(Tx,x),d(Tx,z0)) < d(Tx,20) — a(xo, Tx)d(Tz,x)
< p—dTz,z)<p—p=0,
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a contradiction with the a-Z.-contractive property of T'. It should be Tx = x, so T fixes the disc D, ,. O

Let us consider the number m*(z,y) defined as follows:

m’ (2, y) = max {d@m W), d(o, Tx), d(y, Ty), 2 T9) = dy, Tw) } .

. (2.4)

Using simulation functions and the number m*(x,y), new fixed-point results were obtained in [17]. Moreover,
using this number, some discontinuity results at fixed point was given in [2]. Now we obtain a new fixed-disc
result using the number m*(x,y) and the set of simulation functions.

We give the following definition.

Definition 2.14 Let (X,d) be a metric space, T : X — X a self-mapping and ( € Z. T is said to be a Ciirié
type Z.-contraction with respect to ¢ if there exist an xg € X such that the following condition holds for all
reX:

d(Tz,z) > 0= ¢ (d(Tz,z),m*(x,x0)) > 0.

Now we give the following theorem.

Theorem 2.15 Let (X,d) be a metric space and T : X — X a Ciri¢ type Z.- contraction with respect to ¢
with xg € X . If the condition 0 < d(Tx,x¢) < p holds for all x € Dy, , —{xo} then Dy, , is a fized disc of T.

Proof Let p = 0. In this case we have D,, , = {zo} and the Ciri¢ type Z.-contractive hypothesis yields
Txg = xg. Indeed, if Txy # xo then we have d(xg,Txo) > 0. By the definition of a Ciri¢ type Z.-contraction

we have
¢ (d(Tzo,0), m"(z0,20)) > 0. (2.5)

Since we have

T T
m*(zo,0) = max{d(mo,xo),d(xo,Txo),d(xo,Txo),d(xo’ %o) + d(zo, xo)}

2
= d(xo, T$0),

we find
¢ (d(Txg, o), m*(x0, z0)) = ¢ (d(Txo,x0),d(z0, TT0)) <0

by the condition ({2). This is a contradiction to Equation (2.5). Hence, it should be T'z¢ = zg.
Assume that p # 0. Let « € Dy, , be such that Tz # x. Then we have

T T
m*(z,zg) = max{d(‘T?xO)?d(ﬂf,Tw),d(mo,Tg;o),d(x’ mo);-d(mo, x)}

= max {d(%xo),d(%)Tx)7 d(x,x0) + d(zo, Tx) } .

2

By the hypothesis, we have
C (d(Txv 33), m* (xa .’ﬂo)) >0
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and so

¢ (d(Tx,x), max {d(m, 2o),d(z, T, 2ET0) +2d(I°’Tx) }) > 0. (2.6)

We have the following cases:

Case 1. Let max{d(m,xo),d(ac,Tx), W} = d(z,z0). From (2.6) we get

C(d(Tz,x),d(x,x0)) > 0.
Using the condition (¢2) and considering definition of p, we find
C(d(Tx,x),d(z,x0)) < d(z,z0) —d(Tz,x) < p—d(Tz,z) < p—p=0.
This is a contradiction with the Ciri¢ type Z.-contractive property of 7.
Case 2. Let max{d(x,xo),d(x,Tx), W} =d(z,Tx). From (2.6) we get
¢(d(Tx,x),d(x,Tz)) > 0.

Using the condition ((2), again we get a contradiction.

Case 3. Let max {d(x,xo),d(:r,Tx), d(z’x°)+2d(m°’Tm)} = d(m’IO)Jer(I“’TI) . From (2.6) we get

: <d(Tz7x)7 d(z, z0) + d(xo,Tx)) o

2

Using the condition ((2), we get

—d(Tz,x)

¢ <d(Tm,x), d(z,zo) + d(mex)) o d@,20) + d(zo, T'7)

2 2
< p—d(Tz,z)<p-—p=0.

Again this is a contradiction with the Ciri¢ type Z.-contractive property of 7.
In all of the above cases we have a contradiction. Hence, it should be Tz = x and consequently, T fixes
the disc Dy, - O

3. A common fixed-disc theorem
In this section, we give a common fixed-disc result for a pair of self-mappings (7',S) of a metric space (X,d).
If Tx = Sz = « for all © € Dy, then the disc D, , is called the common fixed disc of the pair (T,5). At

first, we modify the number defined in (2.4) for a pair of self-mappings as follows:

(3.1)

d(T d(T
i (o.9) = max { (T, ). d(Ta,Sa). d(Ty, 5y), WL ATLID Y

Then we give the following theorem using the numbers m§ r(z,y), pr = infrex{d(z,Tx) | Tz # =},

ps = infyex{d(x,Sz) | Sz # z} and r € RT U {0} defined by

r= ini{d(Tm, Sz) | Tx # Sz} (3.2)
S
Let p = min{pr, ps,r}.
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Theorem 3.1 Let T,S: X — X be two self-mappings on a metric space. Assume that there exists ( € Z and
rg € X such that

d(Tz,Sz) > 0= ( (d(Tx,Sz) ,m§g p(x,20)) >0 for allz € X

and
d(Tx,x0) < p, d(Sz,x0) < p for all x € Dy, .

If T is a Z.-contraction with respect to { with xo such that 0 < d(Txz,z0) < pr for © € Dy, pr — {zo} (or
S is a Z.-contraction with respect to ¢ with x¢ such that 0 < d(Sz,x0) < ps for © € Dy ps — {0} ), then

Dy is a common fized disc of T and S in X .

Proof At first, we show that xg is a coincidence point of T" and S, that is, T'zg = Szy. Conversely, assume
that Txg # Sxg, so d(Txo, Szg) > 0. Using the condition ((3), we have

¢ (d(Txo, Szo) ,m 1 (20, 20)) = ¢ (d(Tx0, Sx0), d(Tx0, ST)) < 0.

However, this is a contradiction by the hypothesis. Hence, we find Txy = Sz¢, that is, z¢ is a coincidence
point of T and S. If T' is a Z.-contraction (or S is a Z.-contraction) then we have Txg = z¢ (or Szg = o)
and Txg = Sxg = x0.
Let 4 = 0. In this case we have Dy, , = {zo} and clearly D, , is a common fixed-disc of T' and S.
Let > 0 and x € D,,, be an arbitrary point. Suppose T'x # Sz and so d(Txz,Sz) > 0. Using the
hypothesis d(Tx,x¢) < p, d(Sz,x0) < p for all € Dy, and considering the definition of p we get

¢ (d (T, Sz) ,mi p(a, 3?0)) d(Tx, Sxg),d(Tz, Sz), })

¢ (d (Tz, Sx) ,max{ d(Txo, Sxo), d(Tx,Saco)—;d(Targ,Sx)

¢ (d (Tx, Sz) ,max{ d(Tz,x0),d(Tz, Sz),0, w })

¢(d(Tz,Sz),d(Tx,Sx)).

This leads a contradiction by the condition ({2). Therefore, x is a coincidence point of 7' and S.

Now, if u € Dy, ,, is a fixed point of T' then clearly u is also a fixed point of S and vice versa. If T' is
a Z.-contraction (or S is a Z.-contraction) then by Theorem 2.2, we have Tz = = (or Sz = z) and hence
Ty = Sz =z for all x € D, ,,. That is, the disc Dy, , is a common fixed-disc of T" and 5. O

Example 3.2 Let us consider the usual metric space X = R and the self-mapping T defined in Example 2.8.
Define the self-mapping Ty : R — R by

P B x € [-3,3]
T 3z 5 2 € (—00,—3) U (3,00)

Clearly, we have p = 1. Then the pair (T1,T,) satisfies the conditions of Theorem 3.1 for py= 1, xo =0 and
the function (g : [0,00)* — R defined as (s(t,s) = 2s —t. Hence, the disc Doy = [—1,1] is the common fized
disc of the self-mappings Ty and Ty .

2802



OZGUR/Turk J Math

4. Applications of fixed points in neural networks

In this section, we discuss some possible applications of our fixed-disc results in the study of neural networks. It
is well known that some fixed point results have been extensively used in various types of neural networks and
that the multistability analysis of neural networks depends on the type of used activation functions (see [11]
and the references therein). For example, in [31], using the Brouwer’s fixed point theorem, the multistability
analysis was discussed for neural networks with a class of continuous Mexican-hat-type activation functions. In

numerical simulations, the following Mexican-hat-type function was used:

—1 , —oo<z<-—1

T , -1<x<1
9(x) = —r+2 l<ax<3

-1 , 3<zT<+o0

Notice that the disc Dy ; is a fixed disc of the activation function g(z). The graphic of g(z) can be shown in
the figure (this graphic is drawn using Mathematica [32]).

1.0

051

0.5

-1.0r
Figure 1. The graph of the Mexican-hat-type activation function g(z).

On the other hand, it is worth to mention that most of the popular activation functions used in neural
networks are those mappings having fixed-discs. For example, exponential linear unit (ELU) function defined
by

T ; ifx>0

f(x):{ alexp(x) —1) ; ifz<0’

where « is constant of ELUs, and S-shaped rectified linear unit function (SReLU) defined by

thtaj(e—t]) ;5 x>t
h(z;) T; ;oth > > té ,
thtal(z—tl) oz <dl
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where {t;,a{,aé,té} are four learnable parameters used to model an individual SReLU activation unit, are

well-

known activation functions (see [4] and [6] for more details).

Therefore, the study of features of mappings which have fixed-discs has significance in both theory and

application.

5. Conclusion and future work

In this paper, we have obtained new fixed-disc results presenting a new approach via simulation functions. Using

similar approaches, it can be studied new fixed-disc results on metric and some generalized metric spaces. As a

future work, it is a meaningful problem to investigate some conditions to exclude the identity map of X from
Theorem 2.2, Theorem 2.13, Theorem 2.15 and related results.

1]

2]
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