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The fixed point method has been applied for the first time, in proving the stability results for functional equations, by Baker (1991);
he used a variant of Banach’s fixed point theorem to obtain the stability of a functional equation in a single variable. However, most
authors follow the approaches involving a theorem of Diaz and Margolis. The main aim of this survey is to present applications of

different fixed point theorems to the theory of stability of functional equations, motivated by a problem raised by Ulam in 1940.

1. Introduction

Speaking of the stability of a functional equation we follow
a question raised in 1940 by Ulam, concerning approximate
homomorphisms of groups (see [1]). The first partial answer
(in the case of Cauchy’s functional equation in Banach spaces)
to Ulam’s question was given by Hyers (see [2]). After his
result a great number of papers (see for instance monographs
[3-5], survey articles [6-14], and the references given there)
on the subject have been published, generalizing Ulam’s
problem and Hyers’s theorem in various directions and to
other (not necessarily functional) equations.

The method used by Hyers in [2] (quite often called the
direct method) has been successfully applied for study of the
stability of large variety of equations, but unfortunately, as it
was shown in [15], it does not work in numerous significant
cases. Apart from it, there are also several other efficient
approaches to the Hyers-Ulam stability, using different tools,
for example, the method of invariant means (introduced in
[16]), the method based on sandwich theorems (see [17]), and
the method using the concept of shadowing (see [18]).

It this paper we discuss the fixed point method, which is
the second most popular technique of proving the stability
of functional equations. It was used for the first time by
Baker (see [19]) who applied a variant of Banach’s fixed point

theorem to obtain the Hyers-Ulam stability of a functional
equation in a single variable. At present, numerous authors
follow Radu’s approach (see [20]) and make use of a theorem
of Diaz and Margolis. Our aim is to show connections
between different fixed point theorems and the theory of
stability, inspired by the problem of Ulam (see [5, 7, 9]).

The paper contains both classical and more recent results.
In Section 2 we present applications of some classical fixed
point theorems. Section 3 shows a somewhat different (but
still fixed point) approach, when the results on the stability
are simple consequences of the proved (new) fixed point
theorems. In Section 4 we deal with the stability of the fixed
point equation and its generalization. Section 5 contains final
remarks.

In the paper N denotes the set of positive integers and we
put N, := N U {0}, R, := [0, 00).

2. Applications of Known
Fixed Point Theorems

2.1. (Some Variants of) Banach’s Theorem. The fixed point
method was used for the investigation of the Hyers-Ulam
stability of functional equations for the first time by Baker
n [19], where actually he applied the following variant of
Banach’s fixed point theorem.



Theorem 1 ([19], Theorem 1). Assume that (Y, p) is a complete
metric space and T : Y — Y is a contraction (i.e., there is a
A € [0,1) such that p(T(x),T(y)) < Ap(x, y) forallx,y € Y).
Then T has a unique fixed point p € Y. Moreover,

p(u, T (u))

1
R €Y. €Y

p(up) <

He obtained in this way the subsequent result concerning
the stability of a quite general functional equation in a single
variable.

Theorem 2 ([19], Theorem 2). Let S be a nonempty set, (X, d)
be a complete metric space, ¢ : S — S, F:SxX — X,
A €[0,1) and

d(F (t,u),F(t,v)) < Ad(u,v), te€S, uvelX 2)
Ifg:S - X,0>0and
d(g(®),F(t:g(p®))) <9,

then there is a unique function f:S — X such that

tes, (3)

fO=F(tf(p®)), tes, (4)
1)
d(f®).90)< = teS (5)
Theorem 2 with
F(t,x):=a()+p({t)x, teS x€ckE (6)

gives the following.

Corollary 3 ([19], Theorem 3). Let S be a nonempty set, E a

real (or complex) Banach space, ¢ : S — S, a : S — E,
B:S = R(orC), A el0,1) and
B®)| <A, tes. 7)
Ifg:S — E §>0and
lg® - (@0 +BOgle@)| <8, tes,  (®

then there exists a unique function f:S — E such that

f®)=a®)+B@) f(p(t), tes, 9)

If®-g@)] <

1
, tes. 10
) (10)
The following stability result for a more general functional
equation has been deduced in [21] from Theorem 1.

Theorem 4 ([21], Theorem 2.2). Let S be a nonempty set,
(X, d) be a complete metric space, ¢ : S — S, F: XxX — X,
A yeR, and

d(F(s,u),F(t,v)) <ud(s,t) + Ad (u,v), s, t,u,veX.

(11
Assume also that g: S — X, @ : S — R, are such that

d(g®),F(g®),g(e®)) <@®), teS (12
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and there exists an L € [0, 1) with

AD (¢ () +u® () < LO(t), teS. (13)

Then there is a unique function f:S — X such that

FO=F(f@®),f(e®)),

d(fH,g®0)< -7 teS

teS

In some recent papers the authors applied the weighted
space method to prove the generalized Hyers-Ulam stability
properties of several nonlinear functional equations. We
recall that the weighted space method uses the classical math-
ematical results in spaces endowed with weighted distances.
In those papers, the classical mathematical result is just the
Banach fixed point theorem. This new method is used to
prove a stability result for (4), described in the following
theorem.

Theorem 5 ([22], Theorem 2.1). Let S be a nonempty set,
(X, d) a complete metric space, and the functions ¢ : S — S,
F:SxX — X,a:S — (0,00) satisfy

a(p®)d(F(tu(e®)),F(tv(e®)))

(15)
<Aa()d (up®),v(9®)),
foranyt e S, u,ve XS and A € [0,1).
Ifg:S — X satisfies the inequality
d(g),F(tg(e®)) <alt), teS, (16
then there exists a solution f:S — X of (4) such that
d(f®),g(®) < f‘_(tk, tes. 1)

The results in Theorems 2, 4, and 5 have been extended in
[23], where a result on the generalized Hyers-Ulam stability
of the nonlinear equation

y(x)=F(xy(x),y(nx)) (18)

has been obtained, also by the weighted space method. Here,
S is a nonempty set, (X,d) is a complete metric space, F :
SxXxX — Xandy:S — §are given mappings (the
unknown function in (18)is y : § — X).

Theorem 6 ([23], Theorem 2). Suppose that L € [0,1) and
Ap:S — Ry satisfy
A @) +ux) () <Lp(x), xeS (19

for some given function ¢ : S — (0,00). Suppose also that
F:Sx X xX — X fulfils the inequality

d(F (x,u(x),u(n(x))),F(xv(x),v(1(x)))

<AX)d u(x),v(x)+ux)d(u(nx),v(nx)),
(20)

forall x € Sand forallu,v:S — X.
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Ify:S — X is a mapping with the property
d(y(x),F(xy(x),y((x)) <), xeS (21

then there exists a unique y, : S — X such that

Yo (%) = F (%, 35 (x), 35 (1(x))), x €8,
(22)
d(y (x), 3 (%)) < (ffxz, xesS.

For the proof it is enough to show that the set

d >
?::{u:S—»X:supM<oo} (23)
x€S (P (X)
is a complete metric space with the weighted metric
d (u(x),v(x))
(u,v) = sup———; 24
PN =R o 4

moreover, it can be proved that the nonlinear operator T :

Y — % given by
(Tu) (x) = F (x,u (x),u(n (x)), (25)

is a strictly contractive self-mapping of %, with the Lipschitz
constant L < 1.
On the other hand, if

F(x,y(x),y(n(x))=9gx)-y(nx)+h(x), (26)

then (18) becomes

y(x)=g(x)-ynx)+h(x), (27)

where g, 1, h are given mappings and y is the unknown
function. The above equation is called a linear functional
equation and was intensively investigated by a lot of authors
(e.g., Kuczma et al. in [24] obtained some results concerning
monotonic, regular, and convex solutions of (27)). The fol-
lowing theorem contains a generalized Hyers-Ulam stability
result for the above linear functional equation, obtained as a
particular case of Theorem 6.

Let us consider a nonempty set S, a real (or complex)
Banach space X, endowed with the norm | - || and the given
functions:S — S,g:S = R(orC)andh:S — X.

Theorem 7 ([23], Theorem 5). Let L € [0,1) and A, : S —
R, satisfy
AX)@x)+ux)e(n(x)) <Lp(x), xE€S, (28)

for some fixed mapping ¢ : S — (0,00). Let F: Sx X x X —
X fulfil

(lg @] =) Ju(n () = v ()|
<A (x) lu(x) = v (),

(29)

forallx € Sand forallu,v:S — X. Ify:S — X has the

property
ly(x)=g(x)y(n(x)-hx)|<ex), xeS (30)

then there exists a unique mapping y, : S — X, defined by

Yo (x) = h(x)

n-1
* <y (" N[ o (' ()
i=0

(31)
n-2 ) j )
Sl @) [To <x>>) ,
j=0 i=0
for x €S, such that
Yo () =g (x) ¥ (n(x)) +h(x), xE€S,
(32)
-yl < 22, xes

1-L

The following outcome proved by the weighted space
method concerns a generalized Hyers-Ulam stability for a
general class of the Volterra nonlinear integral equations, in
Banach spaces.

Let us consider a Banach space X over the (real or
complex) field K, an interval I = [a,b] (a < b) and the
continuous given functions L : IxI — R,and¢ : I —
(0, 00). We write

€(,X):={f:1 - X: f iscontinuous} (33)

and denote by || - || the norm in X.
The result on stability of the nonlinear Volterra integral
equation

)’(X)=h(x)+/\rG(x,t,y(t))dt, xel (34)

(y : I — X isan unknown function,h : I — Xand G :
I'xIxX — X are continuous given mappings and A € K is
a fixed nonzero scalar), reads as follows.

Theorem 8 ([23], Theorem 8). Suppose that there exists a
positive constant « such that

JXL(x,t)¢(t)dtSa¢(x), x el (35)

Suppose also that G : IxIx X — X is a continuous function,
which satisfies

IG (x, t,u () - G (x. 8, v (D))l

SLxt)lut)y-v)l, xtel, u,ve€(,X).

(36)

Ify:1 — X iscontinuous and has the property

xel

(37)

Hy(x)—h(x)—kj G(xty (1) dt] < 9(x),

a




and if
A<t (38)
o
then there exists a unique y, € €(I, X) such that

Yo (%) =h(x)+AJxG(x,t,yo (1) dt, xel,
’ (39)
¢ (x)

, xe€l.
1-AMa

ly () = 30 ()] <

Note that, if we replace in Theorem 8 the functions G and
L by AG and |A|L, respectively, and write p := |A|a, then the
theorem takes the subsequent equivalent, and a bit simpler,
form.

Theorem 9. Suppose that there is a positive constant y < 1
such that

JxL(x,t)q)(t)dtSyq)(x), x €1 (40)

Suppose also that G : I xIx X — X is a continuous function,
which satisfies

IG (x, 8, u(£) - G (x, t, v ()]l (1)
<L t)u@®)-v®l, xtel, u,ve®,X).

Ify: 1 — X is continuous and has the property

”y(x)—h(x)—JxG(x,t,y(t))dt <p(x), xel, (42)

then there exists a unique y, € € (I, X) such that

Vo (x) = h(x) + JXG(x, ty, (t))dt, xel,
e (43)
X
“y(x) ~Jo (x)” < glo—_‘bt’ x €l.

Next, following [25], we recall some notations.

Let X be a nonempty set, (Y, d) a complete metric space,
f:X > Yande: X — R,.Then (A, py,) is a complete
metric space and f € A, where A ;, denotes the set of all
u: X — Y such that there is a real constant K,, > 0 with

d(u(x), f (%) <K,p(x), x € X, (44)
Prp W) = inf{K 2 0:d (u(x),v(x))

(45)

SKo(x),xeX}, uvedg,

Leto: X —» X,7:Y > Y,u:X — Yande: X* —
R,.Put

(Tyu) (%) = T (u(0 (x))), x€X,
a,.:=inf {K>0:e(0(x),0(x)) <Ke(x,x), x € X},
Boy = inf{K>0:¢(0(x)) <K¢p(x), x € X},

y, =inf{K20:d(r(x),7(y)) <Kd(x,y),x,y € Y}.
(46)
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In [25], the authors used the contraction principle to get
the following fixed point result.

Theorem 10 ([25], Proposition 1.1). Let X be a nonempty set,
(Y, d) be a complete metric space, f : X — YV, ¢: X — R,,
0:X - Xandt:Y — Y.IfT, f € Ay, By < 00
Ve <0oand By, <1, thenT, (A;,) CA gy and T, hasa
unique fixed point f, in A ¢ ,. Moreover,

nan})od(<T:,Tf) (.X) ’foo (x)) =0, xeX,

Pf,go (Ta,‘rf’ f) (47)

d(f (%), fo () = =B p(x), xeX
ool

Next, applying Theorem 10, they have proved the follow-
ing theorem.

Theorem 11 ([25], Theorem 2.1). Let X be a nonempty set, § :
X > R,e:X* 5 R,,0:X* = XandG: x> xoxan
automorphism of (X, o). Assume also that (Y,d) is a complete
metric space, < : Y? — Y is continuous and 7T : y yOoyis
an endomorphism of (Y, ©). Ifaz-1 . < 00, B515 < 00, Yz < 00,
Yz max{og-i ., Bs1 5} < 1 and mappings f,g: X — Y satisfy

d(f(xey),gx)og(y)<e(xy), xyeX, (48)

d(f(x),g(x)<d(x), xe€X (49)
then there exists a unique mapping fo, : X — Y such that

foo (X2 9) = foo )0 foo ()

051 £ (X, x) + P51 5720 ()

xy€X, (50)

d (f (%), foo (x)) = 1 - y; max {065*1,8) ﬁ&’lﬁ} ’ =
-1 € (x,x) + 0 (x)
d (g (x) >foo (x)) < 1 — y; max {063—1,5, ﬁ&-l,s} , o
(51)

Theorem 11 with g = f and § = 0 gives the following
corollary, which corresponds to the results in [26-31].

Corollary 12 ([25], Corollary 2.1). Let X be a nonempty set,
e:X> — R,o:X* - XandG : x v xox bean
automorphism of (X, o). Assume also that (Y, d) is a complete
metric space, & : Y — Y is continuous and 7 : Yy yOoyis
an endomorphism of (Y, ©). Ifag1 . < 00, Y7 < 00, pz05-1, < 1
and a mapping f: X — Y satisfies

d(f(xey), fx) o f(y) <e(xy),

then there exists a unique mapping f, : X — Y fulfilling (50)
and

x,yeX, (52)

1.8 (%, x)

A(f (), foy (1)) < 2208

x e X. (53)
1 —ye05-1,

Another consequence of Theorem 11 is the following.
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Theorem 13 ([25], Theorem 3.1). Let X be a nonempty set,
6,e : X —» R,ando : X — X be a bijection. Assume
also that (Y,d) is a complete metric space and T : Y —
Y is continuous. If B, < 00, f1s < ©O, ), < 00,

yr max{f 1, B,16} < 1and mappings f,g: X — Y satisfy
(49) and

d(foex),1(gx))<e(x), xe€X, (54)
then there exists a unique mapping f., : X — Y such that

foo (0 (%)) = 7 (foo (%))
/30*1,53 (x) + ﬁ(f’l,(ﬂ/‘ra (x)

x € X, (55)

d (f (X) > foo (x)) < 1- Y, max {ﬁg*,g’ ﬁ(f’lﬁ} ) =
Bo1c8(x) + 6 (x)
d (g (%), fOO (x)) = 1 -y, max {ﬁgfl,g’ ﬁa’l,(s} ek
(56)

Theorem 13 with g = f and § = 0 implies the following.

Corollary 14 ([25], Corollary 3.1). Let X be a nonempty set,
e: X —» R,ando : X — X a bijection. Assume also that
(Y, d) is a complete metric space and T : Y — Y is continuous.
If By1 . < 00, y, < 00, ¥V, o1, < landamapping f: X — Y
satisfies the inequality

d(f (o @x),7(f(x)) <ex),

then there exists a unique mapping f., : X — Y fulfilling (55)
and

x € X, (57)

ﬁa‘l,ss (x)
1- y‘rﬁa'l,s '

Theorem 15 ([25], Theorem 2.2). Let X be a nonempty set, § :
X > R,e:X* 5 R,,0:X* = XandG: x> xoxan
endomorphism of (X, o). Assume also that (Y, d) is a complete
metric space, < : Y? — Y is continuous and T : yo yOyis
an automorphism of (Y, 0). If az . < 00, 55 < 00, yz1 < 00,
Yz max{e; ., Bz 5} < 1 and mappings f,g : X — Y satisfy
inequalities (48) and (49), then there exists a unique mapping
foo 1 X — Y such that (50) holds,

d(f (x), foo (%)) < xeX.  (58)

pe1€ (X, x) + 8 (x)

d (f (X) )foo (X)) < 1-— Yz max {(xff,e) ﬁc?,5} Xk
Vo (€ (%, %) + 5450 (x))
d(g(x):foo (x)) s 1_'})?1 maX{(xﬁ,yﬁE,(S} ek
(59)

Theorem 15 with g = f and § = 0 yields the next
corollary.

Corollary 16 ([25], Corollary 2.3). Let X be a nonempty set,
e: X - R,o: X — XandG : x = xox
an endomorphism of X. Assume also that (Y, d) is a complete
metric space, & : Y? — Y is continuous and T : Yy yoy
is an automorphism of Y. If oz . < 00, Y1 < 00, Y1065, < 1

and a mapping f: X — Y satisfies inequality (52), then there
exists a unique mapping fo, : X — Y such that (50) holds
and

d(f (), fo () < YEERD)

x € X. (60)
e

Another consequence of Theorem 15 is the following.

Theorem 17 ([25], Theorem 3.2). Let X be a nonempty set,
,e: X » Roando : X — X. Assume also that (Y,d) is a
complete metric spaceandt : Y — Y is a continuous bijection.

Ifﬂa,e < 00, [;a,rS < 00, Yt < 00, Yrt max{ﬁa,s’ /30,6} <1land
mappings f, g : X — Y satisfy (49) and (48), then there exists
a unique mapping f., : X — Y such that (55) holds,

Ye1€ (%) + 8 (x)
1- Y1 Max {ﬁa,s’ ﬁa,ﬁ} ’

Yt (8 (x) + ﬁa,86 (x))
1- Y1 Max {ﬁa,s’ /30,6} ,

d(f(x), foo (X)) < x € X,
(61)

€ X.

d(g(x), foo (%)) <

Theorem 17 with g = f and & = 0 implies the following.

Corollary 18 ([25], Corollary 3.2). Let X be a nonempty set,
e:X - R,ando : X — X. Assume also that (Y,d) is a
complete metric spaceandt : Y — Y isa continuous bijection.
If By e < 00, yp1 < 00, Y1 B, < Landamapping f: X — Y
satisfies (57), then there exists a unique mapping fo, : X — Y
such that (55) holds and

Ye1€ (x)
1- Yr’lﬁo,s
Let us finally mention that it is also shown in [25]

that the above results imply some classical outcomes on the
generalized stability of the Cauchy functional equation.

d(f (%), foo (%)) < xeX. (62

2.2. Other Classical Theorems. In this section, we present
applications of three other fixed point theorems. To formulate
the first of them we need two more definitions.

A nondecreasing function y : R, — R, is called a
comparison function [32, 33] or Matkowski gauge function
[34, 35] if

nllngoy” t) =0, te(0,00). (63)

Given such a mapping y and a metric space (X, d), we say
that a function v : X — X is a Matkowski y-contraction if

d(y(x),v(y)<y(d(xy),

We can now recall Matkowski’s fixed point theorem from
[36].

x,yeX. (64)

Theorem 19. If (X, d) is a complete metric spaceand T : X —
X is a Matkowski contraction, then T has a unique fixed point
p € X and the sequence (T"(x)),en converges to p for every
x e X.

In [37], this theorem was applied to prove the following
generalization of Theorem 2.



Theorem 20 ([37], Theorem 2.2). Let S be a nonempty set,
(X, d) be a complete metric space, ¢ : S — S, F:SxX — X.
Assume also that

d(F (t,u),F(t,v) <ydumv), teS uveX, (65)

wherey : R, — R, is a comparison function, and let g :
S — X, 8 > 0 be such that (3) holds. Then there is a unique
function f:S — X satisfying (4) and

p(fig)=sup{d(f(®),g(®):teS}<co.  (66)

Moreover,
p(f.9)-v(p(f9) <o (67)
Theorem 20 with
F(t,x):=y(x), teS xeX (68)

gives the subsequent result.

Corollary 21 ([37], Corollary 2.3). Let S be a nonempty set,
(X, d) a complete metric space, ¢ : S — S. Assume also that
vy : X — X isa Matkowski y-contraction andlet g : S — X,
0 > 0 be such that

d((yeogeoe)(®),g®) <4,

Then there is a unique function f : S — X satisfying the
equation

tes. (69)

yofep=f (70)
and condition (66). The function f is given by

f® = limy"(g(¢"®)), tes. (71)

On the other hand, in [38], the following variant of Ciri¢’s
fixed point theorem was proved.

Theorem 22 ([38], Theorem 2.1). Assume that (Y,p) is a
complete metric space and T : Y — Y is a mapping such that

p(T(x),T(y))

<oy (%) p(xy)+a(xy)p(xT(x)

v (o) PR TO) + e () p (6T G)
tas(6y)p(1T(x), xyeY,
whereay,...,a5: Y XY — R, satisfy
5
Zoci (x,y) <A, (73)
i=1

forall x, y € Y and some fixed A € [0,1). Then T has a unique
fixed point p € Y and

2+A)puT (u)

P(u’p)S Z(I—A)

, uey. (74)
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Next, Baker’s idea and Theorem 22 were used to obtain
the following result concerning the stability of (4).

Theorem 23 ([38], Theorem 2.2). Let S be a nonempty set,
(X,d) a complete metric space, ¢ : S — S, F:SxX — X
and

d(F (t,x),F(t,))
<a; (0 y)d(x,y) + o, (x, y)d (x,F (¢ x))
+o(x,y)d(y,F(t, y) +ay (% y)d (x,F (£, y))

tos(x,y)d(y,F(t,x)), teS x,yeX,

(75)
where ay,... 05 : X x X — R, satisfy (73) forall x,y € X
and some A € [0,1).Ifg: S — X, 8 > 0 and (3) holds, then
there is a unique function f: S — X satisfying (4) and
2+1)6
2(1-21)°

A consequence of Theorem 23 is the following.

d(f®),g@®)<

tes. (76)

Corollary 24 ([38], Theorem 2.3). Let S be a nonempty set,
E a real or complex Banach space, ¢ : S — S, : S — E,
B :S — R(E) (here (E) denotes the Banach algebra of all
bounded linear operators on E), A € [0,1) and

B <A, teS. (77)
Ifg:S — E §>0and

lg @) - («t)+B@) (g(p®)))] <8,

then there exists a unique function f : S — E satisfying the
equation

tes, (78)

fO=a®)+BO(f(p®)),

and condition (10).

teS (79)

Now, let us recall the Markov-Kakutani theorem (see [39,
40]).

Theorem 25. LetY be a linear topological space and let K ¢ Y
be a nonempty convex compact subset of Y. Let F be a family
of affine continuous self-mappings of K such that

FoG=GoF, FGe%. (80)
Then there is a common fixed point y € K of family F; that is,
F(y)=y, Fe&. (81)

Theorem 25 has been applied in [41] to provide an
alternative (quite involved) proof of the following classical
stability result due to Hyers [2].

Theorem 26. Let S be an abelian semigroup, ¢ > 0, K €
{R,C}, f:S > Kand

lf (x+y)-f)-fl<e
Then there exists an additive function a : S — K such that

|a(s) - f(s)| <eg seS. (83)

x,y €S (82)
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2.3. Fixed Point Alternatives Theorems on Generalized Metric
Space. In this part of the paper, we show how several fixed
points alternatives can be used to get some Hyers-Ulam
stability results.

In order to do this let us first recall (see [42, 43]) that d :
X? — [0, 00] is said to be a generalized metric on a nonempty
set X if and only if for any x, y,z € X we have

d(x,y) =0 if and onlyif x = y,

d(x,y)=d(yx), (84)
d(x,z)<d(x,y)+d(y,2).

In 2002, at the 14th European Conference on Iteration
Theory (ECIT 2002 - Evora, Portugal), L. Cadariu and V.
Radu delivered a lecture titled “On the stability of the
Cauchy functional equation: a fixed points approach” They
presented a generalized Hyers-Ulam stability result for the
Cauchy functional equation, in the case when the equation
perturbation is controlled by a given mapping ¢, with a simple
property of contractive type. Their idea was to obtain the
existence of the exact solution and the error estimations by
using the following fixed point alternative theorem of Diaz
and Margolis [44].

Theorem 27. Let (X,d) be a complete generalized metric
space. Assume that T : X — X is a strictly contractive
operator with the Lipschitz constant L < 1. Then, for each given
element x € X, either

(A) d(T"x, T™' x) = +o0, for alln > 0, or

(A,) there exists ny € N such that d(T"x,T""'x) <
+00, foralln > ny. Actually, if (A,) holds, then the
following three conditions are valid.

(A,,) The sequence (T"(x)),en converges to a fixed point y*
of T.

(A,,) y" is the unique fixed point of T in the set
Z={yeX:d(T"™(x),y) < co}. (85)

(Ay) If y € Z, then

d(y,y") < d(T(y),y). (86)

1-L

Remark 28. 1f the fixed point y* exists, it is not necessarily
unique in the whole space X; this may depend on the starting
approximation. It is worth noting that, in case (A,), the pair
(Z,d) is a complete metric space and A(Z) c Z. Therefore,
properties (A,;)-( A,;) follow from Banach’s Contraction
Principle.

This method has been next used in [20] (for the additive
Cauchy equation) and in [45] (for Jensen’s equation).

Now, let us remind one of the most classical results, which
was first proved by the direct method: for p € [0,1) in [46]
(see also [47], where a similar result has been obtained under
some regularity assumptions), and for p € (1,00) in [48]
(see also for instance [5] and [20, Theorem]; information and
recent results on the case p < 0 can be found in [49, 50]).

Theorem 29. Let E be a real normed space, F a real Banach
space, 0 € [0,00), p € [0,00)\{1} and f : E — F be such that

If e+ y) = F = F DI <0(I=” + 7). xy ek
(87)

Then there exists a unique additive mappinga : E — F such
that

20

P
x||©,
|2—2P||| |

If ) -at] <

x € E. (88)

The lecture from ECIT 2002 was materialized in [51] in
the following extension of Theorem 29.

Theorem 30 ([51], Theorem 2.5). Let E, E, be two linear
spaces over the same (real or complex) field, E, a complete [3-
normed space, q, = 2, q, = 1/2,and ¢ : E; xE;, — R,.
Assume that f: E;, — E, with f(0) = 0 satisfies

Ifx+ ) -f@-FWlgseny), xyeE. (89)

If there exist an i € {0, 1} and a positive constant L < 1 such
that the mapping

x—*w(x)=¢(§>;—c) (90)
has the property
W(x)SL.qf.l,,<qf>, x € E, (91)

and ¢ satisfies the condition

i ® (a'x.q}y)
n Lngo n,B -

0, x,ye€kEk, (92)

then there exists a unique additive mappinga : E, — E, such
that

-
Ll//(x), x € E;. (93)

1£60 - atolly < -

Let E be a linear space over the field K € {R,C}. Recall
that a mapping || - IIﬁ :E — R, iscalleda p-norm provided
it has the following properties:

ng : llxllg = 0 if and only if x = 0;

ng 1A xllg = AP - lxllg, x € B, A € K

g’z lx+ yllg < lxllg + Iyllg x. y € E.

The idea emphasized in [20, 45, 51] has been subsequently
used for the quadratic equation in [52], the cubic equation
in [53], the quartic equation in [54], equations (2) and (5)
in [55], and the monomial equation in [56]. We present that
last result below. To this end, let us recall that a function f
(mapping an abelian group (X, +) into a real vector space Y)



is called a monomial function of degree N (N is a fixed positive
integer) if it is a solution of the monomial functional equation

Aljf(x)—N!f(y)zo, (94)

x,y€X,
where the difference operator Al;’ is defined in the following
manner:

Alyg(x) =g(x+y)-g(x), xyeX, geY™, (95)
and, inductively,

An+1 — Al oAn’

y yeAL, neN, yeX

(96)
Theorem 31 ([56], Theorem 2.1). Let X be a group that is
uniquely divisible by 2 (i.e., for any x € X there exists a unique
a € X with x = 2a), Y a (real or complex) complete B-normed
space, and ¢ : X x X — R, fulfil the following property:

m m
i 207%"Y) syeX refall

97
m— 0o rmNﬁ ( )

Suppose f: X — Y, with f(0) = 0, satisfies the condition
“Aljf(x) - N!f(Y)”ﬁ <¢(xy), xyeX (98)

If there exists a positive constant L < 1 such that the mapping

x —y(x)= ﬁ <¢(0,x)+i(Nz\i )go(%,g)),

i=0

x € X,
(99)
satisfies the inequality
Yy (rjx) < Lr;\]ﬁt// x), xeX, (100)

then there exists a unique monomial mapping g : X — Y of
degree N with

x € X. (101)

L

1) - gl = 2

v (x),

In [43], Mihet has given one more generalization of
Theorem 2; he obtained it by proving another fixed point
alternative.

Recall that a mapping y : [0,00] — [0, 00] is called a
generalized strict comparison function if it is nondecreasing,
y(00) = 00,

lim " (t) = 0,

n— 00

t € (0,00) (102)
and lim, _, (t — y(t)) = co. Given such a mapping y and a
generalized metric space (X, d), we say that a function v :
X — Xisastrict y-contraction if it satisfies inequality (64).
Now, we can formulate the fixed point result from [43].
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Theorem 32 ([43], Theorem 2.2). Let (X,d) be a complete
generalized metric spaceandT : X — X astricty-contraction
such that d(x,T(x)) < oo for an x € X. Then T has a unique
fixed point p in the set

Z:={yeX:d(x,y)<oo}, (103)

and the sequence (T"(y)),cn converges to p for every y € Z.
Moreover,

x € X.
(104)

d(p,x) <sup{s>0:s—y(s) <d(x,T(x))},

Using this theorem we can get the following generaliza-
tion of Theorem 2.

Theorem 33 ([43], Theorem 3.1). Let S be a nonempty set,
(X, d) a complete metric space,  : S — S, F:SxX — X.
Assume also that

d(F(t,u),F(t,v)) <y(duv)), teS, u,veX, (105)

where y : [0,00] — [0, 00] is a generalized strict comparison
function, and let g : S — X, & > 0 be such that (3) holds.
Then there is a unique function f: S — X satisfying (4) and

d(f(®),g(®) <supfs>0:s5-y(s) <},

We also have the following.

teS. (106)

Theorem 34 ([43], Theorem 4.1). Let S be a nonempty set,
(X,d) a complete metric space, ¢ : S — S,y : X — X
Assume also that g : S — X and § > 0 are such that
(69) holds. If y : [0,00] — [0,00] is a generalized strict
comparison function satisfying inequality (64), then there is a
unique mapping f : S — X such that (70) and (106) hold. The
function f is given by formula (71).

We end this section with some applications of the fixed
point alternatives of the Bianchini-Grandolfi and Matkowski
types. To this end, we introduce some notations and defini-
tions.

A nondecreasing function ¢ : R, — R, is said to
be a c-comparison function [32] or Bianchini-Grandolfi gauge
function [35, 57] if for each t € (0, c0) the series 21(20 () is
convergent (here c* denotes the kth iteration of c).

A self-mapping A of the metric space (X, d) for which
there exists a c-comparison function ¢ such that

d(Ax,Ay) <c(d(x,y)), xyeX (107)

is called a Bianchini-Grandolfi contraction [34] (see also the
notion of a Matkowski contraction in Section 2.2).

The following result is the fixed point alternative of
Bianchini and Grandolfi [57] (see [58, Lemma 2.1]).

Theorem 35. Let (X,d) be a complete generalized metric
space, that is, one for which d may assume infinite values, and
A : X — X aBianchini-Grandolfi contraction. Then, for each
x € X, either

(A)) d(A"x, A" x) = +oo, foralln > 0, or
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(A,) there exists ny € N such that d(A"x, A™' x) < +oo for
n=n,.

If(A,) holds, then the sequence (A" (x)),,cn converges to a fixed
point y* of A, y* is the unique fixed point of A in the set

Z:={yeX:d(A" (x),y) < oo},

o (108)
d(y,y") < ch @d(»A(y), yeZ.

Next, we introduce the notion of an admissible pair. Let us
consider a 2-divisible group X and denote by .Z the family of
all mappingsm : X x R, — R, with the properties:

(i) m,, is continuous at 0, for each x € X;

(ii) m, is superadditive; that is

m,(t+s)>2m,(t)+m,(s), t,seR,, (109)

where m,, := m(x, ) for each x € X.

Let us consider a comparison function c, an element m €
A and numbers vy = 2 and r; = 1/2.

Given 0 < 8 < 1and N € N, we say that (m,c) is a j-
admissible pair of order Nf3 if

m(rjx,t) Srj.\wm(x,c(t)), teR,, xeX

(4))
Now, we are in a position to present a stability theorem
for monomial functional equation (94) of degree N.

Theorem 36 ([58], Theorem 3.1). Let (G, +) be a 2-divisible
group, Y a (real or complex) complete -normed space, ¢ be
a c-comparison function, and (m, c) be a j-admissible pair of
order Nf3, with a j € {0, 1}. Suppose that ¢ : GXxG — R, and
f:G — Y with f(0) = 0 satisfy the inequality

[aYfo =N <9 (xy), xye€G.

If there exist j € {0, 1} and 8 > 0 such that

N .
ai (P00 5 (v o (53) ) 2o
: i=0

(110)

x € G,
_e(rxry)
mlgnmm—w = 0, x,y € G,
T
1)

then there exists a unique monomial function g : G — Y of
degree N such that

||f(x) - g(x)"ﬁ <m (x, ickﬂ_j (8)) , xeG.  (112)
k=0

Remark 37 1f (in Theorem 36) m(x,t) = u(t) - (p(t) + y(x)),
with y and p having suitable properties, then we obtain [58,
Corollary 4.1];if u(t) = ¢,y = 0and c(t) = Lt withan L < 1,
then we get Theorem 31.

The fixed point alternative of Bianchini and Grandolfi has
been used in [59] to prove a generalized Hyers-Ulam stability
result for the additive Cauchy functional equation. In what
follows, we yet recall the fixed point alternative of Matkowski
and the corresponding outcome on stability of the Cauchy
equation.

Theorem 38 ([59], Lemma 3.2). Let (X,d) be a complete
generalized metric space and A : X — X a y-Matkowski
contraction. Then, for each x € X, either

(A)) d(A"x, A™'x) = +o00, foralln > 0, or

(A,) there exists an ny € N such that d(A"x, A" x) < +oo,
foralln > ny,.

If(A,) holds, then the sequence (A" (x)),,cn cOnverges to a fixed
point y* of A and y* is the unique fixed point of A in the set
Z={yeX:d(A"(x),y) < oo}; (113)

moreover, if additionally the mapping y, : t — t —y(t) isa
bijection, then

d(yy") <y, (d(nAD),

The above fixed point result has been used to prove the
following stability result for the Cauchy equation.

yeZ. (114

Theorem 39 ([59], Theorem 2.5). Let us consider a real linear
space X, a complete 3-normed space Y, a comparison function
y, and a j-admissible pair (m,y) of order Bwitha j € {0, 1}. Let
us suppose that the mapping y, : t — t — y(t) is an increasing
bijection and that a mapping f : X — Y with f(0) = 0
satisfies the inequality

If G+ 9) = fO - fWlg<s@(xy), xyeX, (5)
where ¢ : X x X — R, is a given function such that

n

n
m QD(T‘JX, Tj)/)

am B =0, x,yeX (116)
r.
i
If there exists a 6 > 0 such that
§0(§,§>Sm(x,8), x € X, 117)

then there exists a unique additive mappinga : X — Y such
that

[l f () - a(x)“ﬁ <m (x, ! (ylfj (8))) , xeX. (18)
3. New Fixed Point Theorems and
Their Applications

In this section, we present a somewhat different fixed point
approach to the stability of functional equations, in which the
stability results are simple consequences of some new fixed
point theorems.
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Given a nonempty set S and a metric space (X,d), we

define a mapping A : (XS)2 — R,S (A denotes the family
of all functions mapping a set B into a set A) by

AGu) &) =dE®),u®),

With this notation, we have the following.

EueXs, teS. (119

Theorem 40 ([60], Theorem 1). Let S be a nonempty set,
(X, d) a complete metric space, k € N, f1,..., fr : § — §,
Ly....Ly:S - R, and A:R,5 — R, be given by

k
(A8) (1) =YL, ()5(f; (1), SeRS teS.  (120)
i=1
IfT : X5 — XS is an operator satisfying the inequality
A(TETp) (1)

<A(AEw)®),

and functionse: S — R, and g: S — X are such that

s (121)
EueX’, teS

A(Tg.g)t)<e(t), tes, (122)
Y (A")(t) =0 () <o, tES, (123)
n=0
then for everyt € S the limit
Jim (T"g) (1) = f(t) (124)

exists and the function f : S — X, defined in this way, is a
unique fixed point of I with

Alg. ) <o),

A consequence of Theorem 40 is the following result on
the stability of a quite wide class of functional equations in a
single variable.

tes. (125)

Corollary 41 ([60], Corollary 3). Let S be a nonempty set,
(X, d) be a complete metric space, k € N, fi,..., f,: S = S,
Ly,...,Lp:S — R,, afunction®:Sx X* — X satisfy the
inequality

k
A(@ (1310 9@ (6 20-,2)) < YL (0d (3,2)

i=1

(126)
for any (yps-..s i) (Zys-..52) € X andt € S, and T :
XS — X5 be an operator defined by
(T9) O =@ (L9 (i®),- 0 (1), @eXtes.

(127)

Assume also that A is given by (120) and functions g : S — X
ande:S — R, are such that

d(g®),®(tg(f1(®),...g(fi®))) <e(t), teS

(128)
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and (123) holds. Then for every t € S limit (124) exists and the
function f : S — X is a unique solution of the functional
equation

Ot f(LL®) o f (i ®) = f O,
satisfying inequality (125).

teS (129)

Another application of Theorem 40 has been given in
[61]; it concerns stability of the polynomial equation (for a
survey on related results see [62]).

Next, following [63], we consider the case of non-
Archimedean metric spaces (let us mention here that the first
paper dealing with the Hyers-Ulam stability of functional
equations in non-Archimedean normed spaces was [64],
whereas [65] seems to be the first one in which the stability
problem in a particular type of these spaces was considered).
In order to do this, we introduce some notations and
definitions.

Let S be a nonempty set. For any 8,,6, € Ri we write
0, < 8, provided

0, () <8,(t), tes, (130)
and we say that an operator A : RS — RS is nondecreasing

if it satisfies the condition

A8, < A8, 8,8, € RS, 8, <6, (131)

Moreover, given a sequence (g,) ey i Ri, we write
lim,_, g, = 0 provided

Jim g, (t) =0, teS. (132)

We will also use the following hypothesis concerning
operators A : Ri - Ri:

(@) lim,,_, ,AS, = 0 for every sequence (8,),cy in RS
with lim,,_, 8, = 0.

Finally, let us recall that a metric d on a nonempty set X
is called non-Archimedean (or an ultrametric) provided

d(x,z) <max{d(x,y),d(y,2)}, xy,zeX (133)

We can now formulate the following fixed point theorem.

Theorem 42 ([63], Theorem 1). Let S be a nonempty set, (X, d)

a complete non-Archimedean metric space and A : RS —

R,® a nondecreasing operator satisfying hypothesis (). If

T : X5 — X5 is an operator satisfying inequality (121) and

functionse:S — R, and g:S — X are such that
lim A"t =0

n— 0o

(134)

and (122) holds, then for each t € S limit (124) exists and the
function f:S — X, defined in this way, is a fixed point of T
with

A(g, f) (@) < sup (A"¢) (1) =20 (t), teS.

neN,

(135)
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If, moreover,

(Ao) (t) < sup (A"¢) (1),

neN

tes, (136)

then f is the unique fixed point of I satisfying (135).

An immediate consequence of Theorem 42 is the fol-
lowing result on the stability of (129) in the complete non-
Archimedean metric spaces.

Corollary 43 (see [63]). Let S be a nonempty set, (X,d) a
complete non-Archimedean metric space, k € N, fi,..., f; :

S = 8 Ly....,L:S = R,,afunction®: Sx X* - X
satisfy the inequality

d(®(t, y,,... 12k))

,yk),q)(t,zl,...

(137)

< ie?llf.l..),(k}Li O d(yiz)

for any ¥y i) (Zys-.52) € X andt € S, and T :

XS — XS an operator defined by (127). Assume also that A is
given by

(A9) (£) := max L ®O8(f,(1), 0eRS teS (138

e{l,...,

and functions g: S — Xande:S — R, aresuch that (128)
and (134) hold. Then for every t € S limit (124) exists and the
function f:S — X is a solution of functional equation (129)
satisfying inequality (135).

A variant of Theorem 42 in arbitrary complete metric
spaces was also proved in [63, Theorem 2]. A slightly
improved version of this outcome was obtained in [66] in
response to an open problem concerning the uniqueness of
the mapping v, defined below. Namely, we have the following
result.

Theorem 44 ([66], Corollary 2.2). Let X be a nonempty set,

(Y,d) a complete metric space and A RY - RYa

nondecreasing operator satisfying the hypothesis
Jim 8, () =0 = lim (AS,) (1) =0, (%,)

for every sequence (3,,),en of elements of R and everyt € X.
IfT : Y — Y* is an operator satisfying the inequality

d((T8) (x),(Tu) (x))
SA(AE ) (%),

and the functionse : X — R,, ¢ : X — Y are such that

X (139)
EueY’, xeX,

d(T9)(x),9(x) <e(x), x€X, (140)
& (x) := i (Aks) (x)<oco, x¢€X, (%,)
k=0
then, for every x € X, the limit
y(x) = lim (7"9) (x) (141)

1

exists and the function v € Y, defined in this way, is a fixed
point of T with

dlpx),y(x))<e"(x), xeX (142)
Moreover, if the condition
Jim (A%)(t)=0, teX, (%)

holds, then the mapping y is the unique fixed point of I with
the property

dlpx),y(x))<e" (x), xeX. (143)

Theorem 44 is a consequence of the following fixed point
theorem for a class of operators satisfying some very general
conditions (recall that given A : RY — RY, we say that
T :Y* — Y¥is A-contractive if for any u,v : X — Y and
S € Rf with d(u(t), v(t)) < 6(t) for t € X, it follows that
d((Tu)(t), (Tv)(t)) < (AS)(t) fort € X).

Theorem 45 ([66], Theorem 2.1). Let X be a nonempty set,
(Y,d) a complete metric space and A : RY — RY. Suppose
that T : YX — YX is A-contractive, hypotheses (€,) and
(%,) hold, and f € Y™ fufils

d((TH®),.f®)<e), teX (144)
Then, for every t € X, the limit
g = lim (7"f) (), (145)

exists and the mapping g is the unique fixed point of I with
the property

(o]

d((T"f)1,g®) < Y (A%)®), teX, meN.
o (146)
Moreover, if we have
Jim (A"&") () =0, teX, (147)
then g is the unique fixed point of I with the property
d(f(t),g®)<e (t), teX (148)

It is also worth noting that Theorem 40 can be directly
obtained from Theorem 45 (see [66] for details).

Given nonempty sets S, Z and functions¢@ : S — S, F :

SxZ — Z, we define an operator Qg : 75 = ZSby

Zo(@) O =F(tg(p®)), geZz’ teS,  (149)

and we say that % : Z° — Z% is an operator of substitution

provided Z = ggwithsomew 1§ — SandG:SxZ — Z.

Moreover, if G(t,-) is continuous for each ¢ € S (with respect
to a topology in Z), then we say that % is continuous.
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Theorem 46 ([67], Theorem 2.1). Let S be a nonempty set,
(X, d) a complete metric space, A : SxR, — R,, T : X5 —
XS, 9:8 — Sand

A(Ta,TB) () < At A(aog,Bog)(t)),

fext (150)
o, 3 e X7,

tes.

Assume also that for everyt € S, A, := A(t,-) is nondecreasing,
e:S§->R,g9:8 - X

(o]

Y ((2h)e)t)=0(t)<co, tes

n=0

(151)

and (122) holds. Then for every t € S limit (124) exists
and inequality (125) is satisfied. Moreover, the following two
statements are true.

(i) If 7 is a continuous operator of substitution or A, is
continuous at 0 for each t € S, then f is a fixed point of
J.

(ii) If A, is subadditive; that is,

A(a+b) <A (a)+A,(b) (152)
foralla,b € R,, t € S, then I has at most one fixed
point f € X° such that there exists M € N with

A(g, f)(t) < Mo (), teS. (153)
Actually, it can be deduced from the proof of [67, Theo-

rem 2.1] that Theorem 46 can be derived from Theorem 44.
Theorem 46 with I = 35 immediately gives the

following generalization of Theorem 2.

Corollary 47 ([67], Corollary 2.1). Let S be a nonempty set,
(X, d) a complete metric space, F: Sx X — X, A:SxR, —
R, and

d(F(t,x),F(t,y)) <A(t,d(x,y)), teS x,yeX

(154)

Assume also that ¢ : S — S, e : S — R,, (151) holds, g :
S — X, foreveryt €S, A, := A(t,-) is nondecreasing, F(t,-)
is continuous and

d(g®),F(t.g(e())) <e(t), teSs. (155)
Then for everyt € S the limit
F@) = lim (£5)" () ) (156)

exists, (125) holds and f is a solution of (4). Moreover, if A, is
subadditive for everyt € Sand M € N, then f:S — X is the
unique solution of (4) fulfilling (153).

Some results related to those presented above, proved for
functions taking values in Riesz spaces, can be found in [68].
Further applications of Theorem 40 have been proposed
in [49, 50] (in solving a problem of Th. M. Rassias concerning
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optimality of estimations in Theorem 29) and in [69] (in
proving stability of the equation of p-Wright affine functions);
in particular, it has been discovered in this way in [49] that the
property of hyperstability for the additive Cauchy equation
appears quite often in a natural way (see [8, 70] for more
information on this issue and related results); generalizations
of that approach have been presented in [71, 72]. Similar
methods (also involving Theorem 42) have been applied for
some other equations in [73-78].

4. Stability of the Fixed Point
Equation and Its Generalization

In [79] one can find the following definition (as well as
some related notions concerning the generalized Ulam-Hyers
stability).

Let (X, d) be a metric space and f: X — X. We say that
the fixed point equation

x=f(x) (157)

is Ulam-Hyers stable if there is a s > 0 such that for any e > 0
and y € X with

d(y.f(y)<e (158)
there exists an x € X satisfying (157) and
d(y,x) < se. (159)

Let us recall (see [79, 80]) that f : X — X is called
a weakly Picard operator if for every x € X the sequence
(f"(x)),en is convergent and its limit, denoted by f*°(x), is
a fixed point of f. Given such an operator f andac > 0, we
say that f is a c-weakly Picard operator if

x € X.

d(x, f*(x) <cd(x f (%)), (160)

The following two results comes from [79].

Theorem 48 ([79], Remark 2.1). Let (X, d) be a metric space
andc > 0.If f : X — X is a c-weakly Picard operator, then
(157) is Ulam-Hyers stable.

Theorem 49 ([79], Remark 2.2). Let (X, d) be a metric space,
I + @asetand X = |J;¢; X;. Assume also that f : X — X
satisfies f(X;) C X, fori € I. If for every i € I, the equation

x = flx, (x) (161)

is Ulam-Hyers stable, then (157) is also Ulam-Hyers stable.

Let us mention here that in [79] some applications of
these outcomes (e.g., to the stability of an integral equation)
are also presented.

Now, let (X, d) and (Y, p) be metric spaces, and f,g :
X — Y. The coincidence equation

f(x)=g(x) (162)
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is called Ulam-Hyers stable if there is a s > 0 such that for any
e>0and y € X with

plg(y). f(y) <e

there exists an x € X satisfying (162) and (159).

Letc > 0Oand f,g : X — Y. We say that (f,g) isa
c-weakly Picard pair if there exists a weakly Picard operator
h:X — X such that

xeX:h(x)=x}={xeX: f(x)=g(x)},

d(x,h”(x) <cp(f (x),g(x)), xe€X.

Theorem 50 ([79], Remark 6.1). Let (X,d), (Y, p) be metric
spaces, f,g: X — Y andc > 0.If(f, g) is a c-weakly Picard
pair, then (162) is Ulam-Hyers stable.

(163)

(164)

More results on these as well as related problems can be
found in [81-95].

5. Final Remarks

Applications of different fixed point theorems to the Ulam
type stability have been presented in this survey. On the other
hand, some fixed point theorems can be derived from such
stability results; we refer to [96-98] for suitable examples.
Below we show how to get another such an example.

Let (Y, d) be a metric space. We denote by n(Y) the family
of all nonempty subsets of Y. The convergence of subsets of
Y is with respect to the Hausdorft metric derived from the
metric d. The number §(A) := sup {d(x,y) : x,y € A}is
said to be the diameter of A C Y. The next theorem has been
obtained in [99, Theorem 2] (cf. [100, Theorem 1]; we refer the
reader to [99-102] for further similar results and to [103] for
a survey on the subject).

Theorem 51 ([99], Theorem 2). Let K be a nonempty set, a :
K-> KVY:Y - Y, Ae(0,00)and F: K — n(Y) satisfy

d¥(x),¥Y(»)<M(x,y), xyeY,

(165)
Jim A" (F (a" (x))) =0, x€K.
Then one of the following two statements is valid.
(i) If Y is complete and
Y(F(a(x)) CcF(x), x€K, (166)
then, for each x € K, the limit

dim cl (9" (F (" (x)))) = f (x) (167)

exists, the function f : K — n(Y) is single-valued and
it is the unique function (which maps K into n(Y')) such
that ‘{’(f(a(x))) = f(x) and ]?(x) C clF(x) for x € K.

(ii) If
F(x) c¥(F(a(x))),

x €K, (168)

then F is single-valued and ¥ (F(a(x))) = F(x) for x €
K.
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It is easily seen that Theorem 51 yields the following fixed
point result.

Corollary 52. Let K be a nonempty set, a : K — K, ¥ :
Y - Y, 1€ (0,00),and F: K — n(Y) satisfy (165). Write
OG(x) = ¥(G(a(x))) for G : K — n(Y) and x € K. Then
one of the following two statements is valid.

(a) IfY is complete and

OF (x) cF(x), x¢€KkK, (169)
then, for each x € K, the limit
lim d (O"F () =: f (x) (170)

exists, [ is single-valued and it is the unique fixed point
of © such that f(x) c clF(x) for x € K.

(b) If

F(x) c®F(x), x¢€Kk, (171)

then F is a single-valued fixed point of ®.

Analogously, a fixed point result can be deduced from the
main outcome in [104], concerning stability of a generaliza-
tion of the Volterra integral equation.

We end the paper with an example of stability result
for the Cauchy additive equation, proved in [26, Corollary
1] through a modified fixed point approach (somewhat
analogous to that in [105]); it corresponds to Theorem 29.

Theorem 53 ([26], Corollary 1). Let X be a normed space,
C])%)p)q)r € R+ Wlth
(p-1)(g+r-1)>0, (172)

a nonempty S ¢ X such that2S = S, and h : S — R satisfy
the inequality

el < ) B - h ()

(173)
Scz<||xllp+||y||p), x,y€S, x+y€S.

Then there exists a unique function F : S — R such that

F(x+y)=F(x)+F(y),

allxIt" ollx|?
—————— <F(x)-h(x) < ——,
|1 _2q+r—1| ( ) ( ) |1 _2p—1|

xy€eSx+yes,

(174)
x €8S.
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