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FIXED-RANGE OPTIMUM TRAJECTORIES FOR SHORT-HAUL AIRCRAFT 

Heinz Erzberger, John D. McLean, and John F. Barman* 

Ames Research Center 

SUMMARY 

An algorithm, based on t h e  energy-state method, i s  derived f o r  ca lcu la t 
i n g  optimum t r a j e c t o r i e s  with a range cons t ra in t .  The b a s i s  of t h e  algorithm 
i s  t h e  assumption t h a t  optimum t r a j e c t o r i e s  cons is t  o f ,  at  most, t h r e e  seg
ments: an increas ing  energy segment (c l imb);  a constant energy segment 
( c r u i s e ) ;  and a decreasing energy segment (descent ) .  This assumption allows 
energy t o  be used as t h e  independent va r i ab le  i n  t h e  increasing and decreasing 
energy segments zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, thereby e l imina t ing  t h e  in t eg ra t ion  of a separate  ad jo in t  
d i f f e r e n t i a l  equation and s implifying t h e  calculus  of va r i a t ions  problem t o  
one requi r ing  only pointwise extremization of a lgebra ic  functions.  The algo
ri thm i s  used t o  compute m i n i m u m  f u e l ,  minimum time, and m i n i m u m  d i rec t 
operating-cost t r a j e c t o r i e s ,  with range as a parameter, f o r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAan in-service CTOL 

a i r c r a f t  and f o r  an advanced STOL a i r c r a f t .  For t h e  CTOL a i r c r a f t  and t h e  
minimum-fuel performance funct ion,  t h e  optimum cont ro ls ,  cons is t ing  of air
speed and engine power s e t t i n g ,  a r e  continuous funct ions of t h e  energy i n  both 
climb and descent as wel l  as near  t h e  maximum zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAor c ru i se  energy. This i s  also 
t r u e  f o r  t h e  STOL a i r c r a f t  except i n  t h e  descent where a t  one energy l e v e l  a 
near ly  constant energy dive segment occurs,  y i e ld ing  a d iscont inui ty  i n  t h e  
a i rspeed a t  t h a t  energy. The reason f o r  t h i s  segment appears t o  be t h e  r e l a 
t i v e l y  high f u e l  flow a t  i d l e  power of t h e  engines used by t h i s  STOL aircraf t . \  
Use of a s impl i f ied  t r a j e c t o r y  which el iminates  t h e  dive increases  t h e  f u e l  
consumption of t h e  t o t a l  descent t ra . jec tory  by about 10 percent and t h e  time 
t o  f l y  t h e  descent by about 19 percent compared t o  t h e  optimum. 

INTRODUCTION 

Sharply e sca l a t ing  f u e l  p r i c e s  and t h e  t h r e a t  of fu tu re  f u e l  shortages 
have generated s t rong  i n t e r e s t  i n  f inding methods of reducing av ia t ion  f u e l  
consumption t h a t  do not s e r ious ly  a f f e c t  t h e  l e v e l  of a i r l i n e  service.  One 
such method, f l igh t -pa th  opt imizat ion,  has t h e  p o t e n t i a l  f o r  saving s i g n i f i 
cant quan t i t i e s  of fue l .  Although t h e r e  i s  a long h i s t o r y  of f l igh t -pa th  
optimization s tud ie s  f o r  a l l  types  of a i r c r a f t ,  modern approaches based on t h e  
v a r i a t i o n a l  calculus  have been appl ied more frequent ly  t o  supersonic m i l i t a r y  
r a t h e r  than subsonic c i v i l  a i r c r a f t  missions. 

Subsonic a i r c r a f t  missions can be roughly divided i n t o  long haul  and 
shor t  haul.  In  long-haul missions,  which a re  charac te r ized  by long per iods of 
c ru i se  f l i g h t ,  t h e  c e n t r a l  problem i n  f l i g h t  planning i s  optimizing t h e  ground 
t r a c k  and t h e  a l t i t u d e  p r o f i l e  during c r u i s e  so  as t o  use wind, temperature, 

*NRC Research Associate a t  Ames Research Center. 
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and o ther  atmospheric condi t ions t o  t h e  g r e a t e s t  advantage. For f l y i n g  t h e  
climbout and descent segments, long-haul operators  use procedures suppl ied by 

t h e  a i r c r a f t  manufacturers. Such procedures are genera l ly  not  optimum, i n  
t h a t  they  do not minimize a performance index such as t i m e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAor f i e1  used and, 
because they a f f e c t  only a s m a l l  por t ion  of t h e  totaJ.  f l i g h t  pa th ,  they  have a 
l imi t ed  impact on long-haul f l i g h t  performance. 

These p r i o r i t i e s  are e s s e n t i a l l y  reversed i n  short-haul missions (800 k m  

or l e s s ) .  For t hese  missions,  t h e  c r u i s e  segment i s  r e l a t i v e l y  sho r t  and 
the re fo re  t h e  climbout and descent segments p lay  t h e  dominant r o l e  i n  f l i g h t -
path optimization. Moreover, t h e  sho r t  range of t hese  missions can y i e l d  a 
high degree of interdependence of t h e  climbout, descent,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAand c r u i s e  optimiza
t i o n  problems, suggesting t h a t  range should e n t e r  e x p l i c i t l y  as a boundary 

value. 

This repor t  descr ibes  a conceptionally and computationally simple algo

rithm f o r  ca l cu la t ing  optimum f l i g h t  paths  with a range cons t ra in t .  The algo
rithm i s  appl ied t o  f l i g h t  p r o f i l e  optimization of two types of short-haul 

a i r c r a f t :  a cu r ren t ly  in-service CTOL j e t  and a future-design J e t  STOL a i r 

c r a f t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(an augmentor wing with a s u p e r c r i t i c a l  a i r f o i l ) .  Minimum fuel and 

t ime-f l ight  paths  a r e  computed f o r  each a i r c r a f t .  Furthermore , assuming t h a t  
t h e  r e l a t i v e  cos ts  of time and f u e l  a r e  known, a procedure i s  given f o r  
s e l e c t i n g  minimum direct-operating-cost (DOC)  f l i g h t  paths .  

DEFINITION OF PERFOFMANCE INDEX 

For a f ixed  a i r c r a f t  configurat ion and a spec i f i ed  o r i g i n  and dest ina
t i o n ,  t h e  primary f a c t o r  t h a t  inf luences a i r c r a f t  performance i s  operat ing 
procedure. For an a i r l i n e ,  t h e  performance goal  i s  genera l ly  minimization of 

t h e  d i r e c t  operat ing cos t  (DOC)  which cons i s t s  of f u e l  cos t ,  crew c o s t ,  main
tenance cos t ,  deprec ia t ion ,  and insurance.  It i s  the re fo re  of i n t e r e s t  t o  
determine a r e l a t i o n s h i p  specifying t h e  dependence of  DOC on f l y i n g  time and 
f u e l  consumed. Relat ing DOC t o  f u e l  consumed i s  st ra ightforward,  bu t  r e l a t i n g  
t h e  o ther  components of DOC t o  f l y i n g  time i s  more d i f f i c i d t .  A reasonable 

approach f o r  t h e  purpose of developing optimum f l i g h t  procedures i s  t o  param

e t e r i z e  t h e  cost  of t h e  DOC components, o ther  than f u e l ,  by t h e  r e l a t i o n  

C 1  = Co + CTT 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACo i s  a cost  component which i s  independent of time over t h e  time 

s c a l e  of t h e  mission, CT i s  t h e  cost  per  u n i t  f l i g h t  t ime,  and T i s  t h e  

t o t a l  f l i g h t  time ( r e f .  1). Thus, t h e  f a c t o r  CT should r e f l e c t  t h e  monetary 
value of f l i g h t  t ime,  exclusive of f i e 1  cos t .  The t o t a l  cost  of t h e  f l i g h t  

can the re fo re  be w r i t t e n  as 

or i n  i n t e g r a l  form as  
m 

c = lL (CFWF + c,)at + co zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 3 )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 
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where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACF i s  t h e  u n i t  cos t  of f i e 1  and WF i s  t h e  f u e l  flow rate. Since min
imization of equation (3)  depends only on t h e  r a t i o  CF/C, and not on Coy an 
equivalent performance index, which i s  more convenient for performance 
optimization, i s  

where 

CF/CT 
u =  

1 + (C,/CTl ( 5 )  

The two extreme values of u give t h e  two important s p e c i a l  cases of minimum 
t i m e  ( a  = 0 )  and minimum f u e l  ( a  = 1) performance indices .  

DERIVATION zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAOF OPTIMIZATION ALGORITHM 

The approach t o  f l ight-path optimization taken here  follows t h e  t r end  i n  
t h e  recent  l i t e r a t u r e  ( r e f s .  2 and 3) of using t h e  energy s t a t e  formulation as 
t h e  b a s i s  f o r  computing t h e  optimum f l i g h t  paths.  The r a t e  of change of 
energy along t h e  f l i g h t  path i s  given by 

where 

and TF i s  t h e  t h r u s t ,  D t h e  drag, L t h e  l i f t ,  W t h e  weight of t h e  air
c r a f t ,  h t h e  a l t i t u d e ,  V t h e  a i rspeed,  and g t h e  acce lera t ion  of gravi ty .  
The controls  which determine t h e  f l i g h t  path a re  taken as t h e  power s e t t i n g ,  
II, and airspeed V. I n  accordance w i t h  t h e  energy-state method, it w i l l  be 
assumed t h a t  l i f t  i s  equal t o  weight i n  computing t h e  drag. The f l i g h t  pa th  

i s  a l s o  constrained t o  cover a spec i f i ed  range, R ,  which makes it necessary t o  

introduce an addi t iona l  s t a t e  equation: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

dR - V  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 7 )
d t  

I n  equation ( 7 )  it i s  assumed t h a t ,  except at  i s o l a t e d  time i n s t a n t s ,  t h e  
f l ight-path angle,  y ,  i s  s m a l l  - allowing t h e  small-angle approximation, 
cos y 1, t o  be made - and t h a t  t h e  wind speed r e l a t i v e  t o  t h e  a i r speed  i s  
negl ig ib le .  The l a t t e r  assumption i s  not necessary f o r  t h e  development t h a t  
follows, but  t h e  e f f e c t  of winds on t h e  optimum f l i g h t  pa th  i s  not considered 
i n  t h i s  report .  F ina l ly ,  the energy and range a r e  spec i f i ed  a t  t h e  beginning 

and end of t h e  f l i g h t  path: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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E zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= E? and R = Ri at t = 0 

E = E f a n d R = R f a t  t = T  J 
Minimization of equation ( 4 )  subjec t  t o  t h e  cons t r a in t s  of equations (6)  

and (7)  and t h e  boundary conditions of equation (8) i s  a f requent ly  s tud ied  
problem i n  optimum control .  However, so lu t ions  published i n  t he  l i t e r a t u r e  

apply mostly t o  m i l i t a r y  supersonic a i r c r a f t  missions. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAThe most recent  
r e s u l t s  i n  t h e  f i e l d  have general ized t h e  energy-state method t o  include 
f l i g h t  with t u r n s ,  again f o r  m i l i t a r y  aircraft  appl icat ions.  References 2,  3, 
and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 provide a b r i e f  l i s t  of recent  papers on t h i s  subject .  

Application of t he  maximum p r i n c i p l e  results i n  a fourth-order, two-point 
boundary value problem cons is t ing  of t h e  two state  equations (6)  and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 7 ) ,  t h e  
associated ad jo in t  equations , and the  boundary conditions (8) .  Numerical solu
t i o n  of two-point boundary value problems of t h i s  type has proven t o  be d i f f i 
cu l t .  Zagalski ( r e f .  4) described a procedure f o r  s i m p l i w i n g  t h e  two-point 
boundary value problem i n  t h e  energy-state formulation. I n  t h i s  r epor t ,  an 
assumption about t h e  s t r u c t u r e  of t h e  optimum f l i g h t  paths i s  s i m i l a r l y  used 
t o  e l iminate  t h e  need f o r  t h e  ad jo in t  equation. The assumption i s  as follows: 

O p t i m u m  f l i g h t  paths  f o r  t h e  problem defined here  cons is t  of t h ree  seg
ments at most; i n  t h e  f i rs t ,  energy increases  monotonically, i n  t h e  second it 
i s  constant along with t h e  ve loc i ty ,  and i n  t h e  t h i r d  it decreases monotoni
ca l ly  with time. The r e s u l t i n g  f l i g h t  paths may not  be optimum for t h e  prob
lem as o r i g i n a l l y  s t a t e d  but  should be very near ly  so f o r  most problems of 

i n t e r e s t .  

To show how t h e  assumption s impl i f i e s  t he  computation of optimum f l i g h t  

paths ,  equation ( 4 )  i s  w r i t t e n  as t h e  sum of cos ts  of t h e  th ree  segments: 

where P = OWF + (1-a), TzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
UP 

i s  t h e  time at t h e  end of t h e  increasing energy 

segment, and T h  i s  t h e  t i m e  at t h e  star t  of t h e  decreasing energy segment. 

The r a t e  of change of energy, a, i s  given by equation (6). Since airspeed i s  
constant i n  c ru i se ,  t h e  middle term corresponding t o  t h e  c ru i se  cost  can be 

expressed as 

I n  equation (lo), Re i s  t h e  d is tance  spent i n  c ru i se  and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA ,  defined as t h e  

c ru i se  e f f ic iency ,  i s  evaluated a t  t h e  c ru i se  energy using t h e  r e l a t i o n s h i p  

4  
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where V, i s  t h e  c r u i s e  airspeed. The c r u i s e  d is tance  Re i s  given by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

= - RuP -
where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

T  

RUP = I u p  T 

vat R~ = J vat zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 m 

and Re must s a t i s f y  t h e  inequa l i ty  Re zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 0. Since zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAby t h e  assumption of t h e  
preceding paragraph, energy changes monotonically i n  t h e  first  and last  terms’ 
of equation ( g ) ,  energy can rep lace  t i m e  as t h e  independent variable i n  equa
t i o n s  ( 9 )  and (13). After  applying t h e  transformation d t  = dE/e t o  t hese  
equations and s u b s t i t u t i n g  t h e  appropriate  i n t eg ra t ion  l i m i t s  , they become 

dE %ax =yx($ (15)  

Ef k 0  

Here, Emax r e f e r s  t o  t h e  m a x i m u m  energy ( c r u i s e  takes  p lace  at Emax). Note 
from equation (14) t h a t  s ince  Rc > 0 ,  t h e  c ru i se  e f f i c i ency  A should be 
chosen as s m a l l  as poss ib le  i n  t h e  process of minimizing J described below. 
Equations (12)  (14) and ( 1 5 )  can be combined i n t o  a s i n g l e  equation: 

I f  we assume f o r  t h e  moment t h a t  kxi s  known, then equation (16) can 
be minimized by performing t h r e e  independent a lgebra ic  minimizations. The 
f i rs t  optimizes c ru i se  conditions and cons i s t s  of minimizing A a t  Emax as 
notqd above. The remaining two problems a r e  t h e  minimization of t h e  two in t e 
g r a l  cos t  terms i n  equation (16). They are minimized by choosing power set
t i n g s  and airspeeds as funct ions of E s o  t h a t  each of t h e  two integrands i s  
minimized at  all values  of t h e  independent va r i ab le  E throughout i t s  in te 
g ra t ion  in t e rva l .  The minimization of each integrand must obey d i f f e r e n t  con
s t r a i n t s  on t h e  con t ro l s ,  namely, TI and V must be such t h a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe > 0 f o r  t h e  
increas ing  energy segment and fi < 0 for t h e  decreasing one. I n  addi t ion ,  
t h e r e  a r e  cons t r a in t s  on the  power s e t t i n g  and a i r speed  which depend on t h e  
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I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

energy. These minimizations, defined below, e n s w e  t h a t  J i s  minimum f o r  

each choice of EzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
m u '

* 

Emax 

E f ixed 

E f ixed  

The las t  s t e p  i n  minimizing J involves f ind ing  t h e  optimum Emax f o r  

$$e spec i f ied  range. A necessary condition f o r  J t o  be minimum a t  some 
Emax i s  f o r  t h e  der iva t ive  of J w i t h  respect  t o  Emax t o  vanish a t  kax. 
This i s  done as follows. We compute t h e  d e r i v a t i v e  of J f o r  an increasing 

sequence of hx,s t a r t i n g  with LX= max(Ei,Ef). A s  Emax i s  increased 
fo r  f ixed  R ,  Rc decreases and two cases can occur: 

+ 0. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Emu such t h a t  0 < Rc IR or 6J + 0 as Rc + 0.zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(1) 6 J  = 0 f o r  some zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

( 2 )  6J < 0 as Rc 

W e  s h a l l  discuss case (1)i n  more d e t a i l  than case ( 2 )  s ince  case (1)appl ies  
t o  both a i r c r a f t  models s tudied i n  t h e  following sec t ions  of t h i s  repor t .  

For t h i s  case,  t h e  der iva t ive  of J with respect  t o  can be com
puted from equation (14) using Leibni tz ' s  r u l e  and equations ?fa)  , (15), and 

(17)  through (19) : 

The quan t i t i e s  1- and I- a r e  l i m i t i n g  values of I
UP 

and Idn as E -t Emax
UP dn 

from below. In  general ,  t h e  l i m i t s  must be evaluated f o r  t h i s  case s ince  both 

t h e  numerators and denominators of t h e  bracketed q u a n t i t i e s  i n  equations (18) 
and (19) can approach zero simultaneously as 

E + Emax. 
-

For t h e  t w o  types of a i r c r a f t  s tud ied  i n  t h i s  r epor t ,  t h e  functions 
Iup,

I&, and A have spec ia l  c h a r a c t e r i s t i c s  t h a t  have been observed i n  
opt 
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computations and have zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAalso been v e r i f i e d  a n a l y t i c a l l y  using polynomiaL repre
senta t ions  f o r  t h e  aerodynamic and engine models given i n  t h e  next sec t ion .  
The der iva t ion  of some of these  c h a r a c t e r i s t i c s  i s  given i n  t h e  appendix. 
F i r s t ,  t h e  funct ion A 

opt  
(E

max zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA) has t h e  general  shape shown i n  f i g w e  1. 

Second, t h e  funct ions zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI- and I-
UP dn obey t h e  r e l a t ionsh ip  

Thus t h e  values of t h e  l i m i t  func
t i o n s  a r e  equal i n  magnitude and 
opposite i n  sign. Moreover, a tt  Emax t h e  optimum cont ro ls  s a t i s f y  
t h e  r e l a t ionsh ips  : 

P - x  v 
= Arg. m i n  l i m  0Qt 

I -
Eoptc zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEmax 

Figure 1.- Typical r e l a t ionsh ip  
between c ru i se  e f f i c i ency  and 
c ru i se  energy; subsonic a i r c r a f t .  

This r e l a t ionsh ip  i s  i l l u s t r a t e d  by f igu re  2 i n  which i s  p lo t t ed  t h e  locus of 
optimum cont ro ls  obtained from equations (18) and (19) as a function of E. 

t P-A V
CONTOURS OF -, 

(E)E>O 

POWER 
SETTING 

OR 
THRUST 

"MIN 

I I 

VMIN 

LOCI OF 

E,,, 

-zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7PERMISSIBLEzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 CONTROLzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA;//A  REGION 
I 
I *v, ( E m a x N  

VMAX 
AIRSPEED 

OPTIMUM CONTROLS CONVERGE AT 

FOR AIRCRAFT STUDIED 

Figure 2.- Typical locus of optimum cont ro ls  as a funct ion of E. 
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It i s  seen t h a t  t h e  two branches of t h e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAlocus converge t o  t h e - c o n t r o l s  
obtained from equation (17) f o r  c r u i s e  a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA%. Furthermore, it can be  shown 
by ana lys i s  of t h e  polynomial representa t ion  t h a t  t h e  bracketed q u a n t i t i e s  i n  
equations (18) and (19) have a l o c a l  minimum at (lTc,Vc) with respec t  t o  admis
s i b l e  con t ro l  va r i a t ions .  However, t h e  cont inui ty  of t h e  optimum cont ro ls  at 

Emax depends on t h e  aerodynamic c h a r a c t e r i s t i c s  and e spec ia l ly  on t h e  rela
t i onsh ip  between t h r u s t  and f’uel flow as derived i n  t h e  appendix. I n  par t icu

lar ,  it i s  not genera l ly  t r u e  f o r  t h e  l i n e a r  dependence o f t en  assumed i n  
earlier work (refs. 3 and 4) .  

Subs t i t u t ing  equation (21) i n t o  (20) y i e l d s  t h e  s impl i f i ed  form 

It follows immediately from equation (22) t h a t  a nonzero c ru i se  d is tance  can 

be optimum only i f  & y i e l d s  t h e  minimum of A, t ( E ) ,  which i s  designated 

as A* i n  f i m e  1. This r e s u l t  i s  cons is ten t  w i t g  t h e  r e s u l t s  of o ther
u 

workers, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfor example, Schul tz  and Zagalsky ( r e f .  3). If t h e  range i s  less 
than some minimum value,  t h e  m a x i m u m  energy of t h e  f l i g h t  path will f a l l  below 

t h e  optimum c ru i se  energy. I n  t h a t  case,  equation (22)  requi res  zero c r u i s e  

d is tance  (Re = 0) .  This f a c t  s impl i f i e s  computing t h e  r e l a t ionsh ip  between R 

and Emax. For each choice of qax,one f i r s t  computes X o p t ( h a x )  and then 
Ru and R b  using r e l a t i o n s  (15). In  performing t h e  range in t eg ra t ions ,  t h e  
o&imum cont ro ls  obtained from equations (18) and (19) must be used. The 

range-energy r e l a t i o n s h i p  i s  then 

= R~~ + R~ , 
(23)-

(Emax) = RUP + R a n + R c ,  - Eoptc 

By i n t e g r a t i n g  equations (18) and (19) f o r  each choice of Emax, t h e  r e l a t ion 

sh ip  between optimum cos t  and %ax can a l s o  be obtained: 

Case (2 )  

I n  t h i s  case t h e  quant i ty  X o p t  l o s e s  i t s  previous i n t e r p r e t a t i o n  as a 

measure of c ru i se  e f f i c i ency  and ins t ead  becomes an ad jo in t  var iab le  A ,  whose 
value must be chosen i t e r a t i v e l y  t o  achieve a spec i f i ed  range R. The condi

t i o n  which determines t h e  m a x i m u m  energy f o r  a trial value of A can be 

obtained by appl ica t ion  of t h e  m a x i m u m  p r i n c i p l e  t o  equations (14 )  and (15) 
with R, s e t  t o  zero (ref. 5). The condition i s  found t o  be zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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E=Emax zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE=E 
max 

For t h i s  case t h e  optimum cont ro ls  w i l l  genera l ly  not be continuous at t h e  
maximum energy po in t  of t h e  t r a j e c t o r y .  

An e s s e n t i a l  requirement f o r  implementing t h e  algorithm on a computer i s  
a rout ine  f o r  minimizing a funct ion of two var iab les .  Results presented i n  

t h e  next sec t ions  were obtained using an algorithm known, i n  t h e  l i t e r a t u r e  of 
nonlinear programming, as t h e  method of l o c a l  va r i a t ions  (ref. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6). This opt i 
mization algorithm does not requi re  de r iva t ive  ca lcu la t ions  . The minimization 
over power s e t t i n g  can be el iminated zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa p ~ i o gonly f o r  t h e  minimum time per
formance index, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 = 0,  s ince  i n  t h a t  case t h e  power s e t t i n g  i s  a bang-bang 
funct ion of energy. Spec ia l  provis ions must a l s o  be made f o r  computing IupB 
and I h  as E approaches Emax where t h e  optimum cont ro ls  y i e l d s  values of 
near zero. 

E + Emax
A s a t i s f a c t o r y  approach i s  t o  decrease t h e  in t eg ra t ion  s t e p  s i z e  

as and t o  s t o p  when < &in. A value of 0.33 m/sec f o r  Q n  
w a s  used i n  t h e  r e s u l t s  described i n  t h e  following sect ion.  

AERODYNAMIC AND PROPULSION MODELS 

The algorithm w a s  used t o  study optimum t r a j e c t o r i e s  f o r  two types of 
a i r c r a f t :  t h e  CTOL a i r c r a f t ,  a 180-passenger t r i - j e t  cu r ren t ly  i n  short-haul 
s e rv i ce ;  and t h e  STOL a i r c r a f t ,  a future-design, four-engine, 150-passengerY 
700-m f i e l d  length j e t  a i r c r a f t  using augmentor f l a p s  t o  achieve STOL perfor
mance, and a swept, s u p e r c r i t i c a l  a i r f o i l  t o  achieve a Mach 0.8 c ru i se  speed. 
The design of t h e  STOL w a s  ca r r i ed  out i n  a recent  NASA study ( r e f .  7 ) .  

Aerodynamic forces  f o r  both types of a i r c r a f t  a r e  described by t h e  
following equations: 

L = cLsq ( lif t  force  ) 

D = C S q  (drag fo rce )
D 

. CL = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAko + klcl ( l i f t  c o e f f i c i e n t )  (27) 

\ 

where CD i s  t h e  drag c o e f f i c i e n t ,  S t h e  wing re ference  a rea ,  and q t h e  
dynamic pressure;  q = ( l /2)p(h)V2.  The a i r  dens i ty  p, as a funct ion of a l t i 
tude h ,  w a s  obtained from t h e  1962 Standard Atmosphere. The drag coef f i 
c i e n t s  for t h e  two a i r c r a f t  a r e  parameterized as follows: 
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- -  - - - - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

cD = c ~ , ( M )  + K ( M ) ( c ~-zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.1)2 (CTOL a i r c r a f t )  (28) 

cD = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.019 + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.061~~2 + A ( M , C ~ )  (STOL a i r c r a f t )  ( 2 9 )  

where M i s  Mach number. 

The constants i n  equation (27)  and t h e  Mach number correc t ions  i n  equa
t ions  (28) and (29) toge ther  with t h e  masses and wing reference areas f o r  t he  
two a i r c r a f t  a r e  given i n  t a b l e s  1 and 2. 

TABLE 1.- AERODYNAMIC DATA zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAND WEIGHT FOR CTOL AIRCFL4FT zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

_ _ _ L - _  _ _ _ _  
~ - - --- -

M O '0.70 -0.76 0.80 0.82 0.8T---o.85 - 0 . 8 7  0.87 - 0.88 O . 8 q  
---=. 

c~,(M) 0.0173 0.0173 0.0174 0.0177 0.0179 0.0182 0.'0186 0.0189 0.0195 0.0203 0.0218 

K(M) 0.0864 0.0864 0.0932 0.103 0.113 0.128 0 . 1 4 1  0.169 0.184 0.211 -
0.241 1_ _ 

TABLE 2.- AERODYNAMIC DATA AND MASS FOR STOL AIRCRAFT 

Mach number and l i f t  c o e f f i c i e n t  co r rec t ion  t o  drag  c o e f f i c i e n t ,  A(Y,CL) 
~_ ._____  . . .  

0 0.0001 0.0002 0.0005 0.00075 0.0017 0.0026 

.0001 .0002 .0005 .00075 .0017 .0026m-.0001 
.0001 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA.0003 .0014 .00?0 
.0001 .0003 .0014 .00?0 
.0001 ,0003 .0015 .0021 

-. - . . - . . . - -_-.L .- _ ~ - _ _ _  

.0002 .0005 . O O l C ;  .0021 

Note: k, = -0.1, kl = 0.075, S = 255 m2, and W = 90,909 kg. 

The a i r c r a f t  propulsion systems are modeled using corrected engine 

parameters ( r e f .  8)  as follows: 

- =TF f T ( I I / f i y M )  
( 3 0 )6 

where TF and WF a r e  t h e  t h r u s t  and f u e l  flow r a t e ,  respect ively.  The quan
t i t i e s  6 and 9 a r e  pressure and temperature f ac to r s  given by 
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1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAwhere - r ( h ) / ~ ~and p(h) /po  are atmospheric temperature and atmospheric preszyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

1
r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

L  

su re  r a t i o s  obtained from t h e  1962 Standard Atmosphere and y = 1.4 i s  t h e  a i r  

s p e c i f i c  hea t  r a t i o .  The quan t i ty  II i s  t h e  power s e t t i n g ,  which f o r  t h e  CTOL 
a i r c r a f t  i s  a c t u a l  r o t o r  revolut ion p e r  minute and f o r  t h e  STOL a i r c r a f t  i s  
defined as 

II = Tin/€ (34) 

where TI^ i s  t h e  a c t u a l  t u r b i n e  i n l e t  temperature. The corrected t h r u s t  and 
f u e l  flow curves p e r  engine f o r  t h e  CTOL and STOL aircraf t  are given i n  f ig 
ures zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 and 4, respect ively.  ( I n  f i g u r e  4, and i n  subsequent discussions of 
STOL t r a j e c t o r i e s ,  II i s  r e f e r r e d  t o  as Tc ,  t h e  corrected tu rb ine  i n l e t  
temperature. ) 

Fixed-Range Optimum F l igh t  Paths: CTOL Airc ra f t  

The first  s t e p  i n  t h e  implementation of t h e  algorithm i s  t h e  computation 
of c ru i se  e f f i c i ency  as a funct ion of maximum energy (eq. (17)) f o r  d i f f e r e n t  
values of u. The results of t h i s  compxtation f o r  a f ixed  mass of 68,200 kg 
a r e  p l o t t e d  i n  f i g u r e  5 i n  cruise-fuel-efficiency (kg/km) and cruise-airspeed 
(m/sec) coordinates. The s o l i d  heavy l i n e  gives t h e  envelope of optimum 
c r u i s e  conditions as u ranges from zero t o  1. Points  A and B define t h e  
f u e l  e f f i c i e n c i e s  and airspeeds f o r  minimum f u e l  and minimum t i m e ,  respec
t i v e l y .  Minimum-fuel c ru i se  occurs a t  an a l t i t u d e  of 1 0  km, which i s  about 
1 km below t h e  c e i l i n g ,  whereas minimum-time c r u i s e  (maximum airspeed)  occurs 
a t  an a l t i t u d e  of 5.5 km. Figure 5 a l s o  shows t h e  l o c i  of f u e l  e f f i c i ency  and 
airspeed f o r  u = 0.5 as t h e  maximum energy i s  allowed t o  vary over i t s  pos
s i b l e  range. It w a s  shown e a r l i e r  t h a t  no c ru i se  can take place i n  t h e  opt i 
mum t r a j e c t o r i e s  except at  t h e  absolute  optimum c ru i se  represented by po in t s  
on t h e  s o l i d  l i n e .  Point  C on t h e  u = 0.5 c ru i se  locus achieves t h i s  optimum 
value denoted by A*. Any other  po in t  on t h e  u = 0.5 c ru i se  locus corresponds 
t o  a A o p t  value g r e a t e r  than A* and t h e r e f o r e  corresponds t o  a range less 
than t h e  s m a l l e s t  range containing a nonzero c ru i se  distance.  

I n  computing t h e  c r u i s e  e f f i c i ency ,  t h e  a c t u a l  r o t o r  revolut ions pe r  

minute were r e s t r i c t e d  t o  m a x i m u m  c r u i s e  power s e t t i n g  of t h e  engine which i s  
modeled as : 

II 7.48 + 0.18(h/3 -zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1.5) , h 5 7.62 km 
m a x .  = {  
c ru i se  7.66 otherwise 

(35) 
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\ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1I 

l o 0 l zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA80 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0 4 0 1   

I I 1 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI I  

3 4 5 6 7 8 9 I O   zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
TI;/Je. krpm zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

( a )  Corrected t h r u s t  as a funct ion of Mach number 
and corrected power s e t t i n g .  

L "1 

c 

0 I I I I I I I I I I I I I I  

5 6 2 3 4 T/@, krpm 7 8 9  

( b )  Corrected f u e l  flow ra te  as a funct ion of Mach 
number and corrected power se t t i ng .  

Figure 3.- CTOL a i r c r a f t :  t h r u s t  and f u e l  flow rate correct ions zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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cn zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

6 - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 r  / 

0 

I ‘  I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI I 1 2 

1000 1200 1400 1600 1800 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2000
I500 1200 1400 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1600 1800 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2000 

CORRECTED TURBINE INLET TEMPERATURE ( T I / @ ) ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAO K  

CORRECTED TURBINE INLET TEMPERATURE T,, O K  

(a )  Corrected t h r u s t  as a function of ( b )  Corrected zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfuel flow r a t e  as a 
corrected turb ine  i n l e t  temperature. funct ion of corrected turb ine  

i n l e t  temperature. 

Figure 4.- STOL a i r c r a f t :  t h r u s t  and f u e l  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAflow rate correct ions.  

9 -  

8 -  

7 -
E 
Y 
\ 
1  

6 -  

?-
3L  

5 -  

4 -  
‘I 

3 I I I I I I I I I I I I 

175 200  225 250 275 300 
TRUE AIRSPEED, m/SeC 

Figure 5.- Cruise operating cos t  e f f ic iency ,  CTOL a i r c r a f t .  
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I n  computing t h e  optimum climb and descent s t r a t e g i e s ,  dynamic pressure 

q i s  l imi ted  t o  35 N/m2,  t h e  a l t i t u d e  i s  constrained t o  be l a r g e r  than zero, 
and t h e  ac tua l  engine power s e t t i n g  i s  bounded from below by 3.95 k r p m .  For 

0.2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA< zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 1, t h e  power s e t t i n g  i s  l imi t ed  t o  maximum climb which i s  modeled as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

II 7.70 + 0.0273 , h 7.62 km 
max. = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 3 6 )

7.90 otherwise zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

1 

For zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 I0 ,s 0.2, which corresponds t o  near minimum-time missions,  t h e  power 
s e t t i n g  i s  l imi ted  t o  maximum c ru i se  during t h e  e n t i r e  f l i g h t  p ro f i l e .  This 
l imi t a t ion  w i l l  exclude prolonged operation of t h e  engine a t  maximum allowable zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI 

power s e t t i n g  which, from the  poin t  of view of cos t  of maintenance, might be 
undesirable.  

The climb and descent range, t i m e ,  and f u e l  are ca lcu la ted  by in t eg ra t ing  

equations (15) and t h e  following two equations using t h e  t rapezoida l  r u l e :  

It w a s  shown earlier t h a t  as E -t Emax, t h e  optimum power s e t t i n g  and 

optivum veloc i ty  approach t h e  c ru i se  values corresponding ax)  ; t h a t  
i s ,  E approaches zero causing t h e  integrands of equations 
t o  diverge. To circumvent t h i s  problem, a decreasing s t e p  s i z e  f o r  AE i s  
employed as E + Emax. The c r i t e r i o n  used f o r  obtaining an appropriate  i n t e 
gra t ion  s t e p  s i z e  i s  given by 

A t  = -zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 30 sec  (39)
I &  I 

where A t  i s  t h e  t i m e  increment. The i n t eg ra t ion  process i s  stopped when 

IfiI 5 0.3 m/sec. The s e n s i t i v i t y  of t h e  minimum-fuel t r a j e c t o r i e s  with 
respect  t o  A t  w a s  studied. If A t  i s  r e s t r i c t e d  t o  'be l e s s  than 15 sec ,  
r a t h e r  than 30 see ,  then the  t o t a l  t i m e  and f u e l  of t h e  mission f o r  a f ixed 

range a re  changed by only 0.3 percent.  

Figure 6 shows optimum climb and descent t r a j e c t o r i e s  i n  a l t i tude-ve loc i ty  

coordinates f o r  minimum f u e l  ( C T  = 11, minimum time ( C T  = 01, and an intermediate  

value of CT = 0.5. For each of t h e  t h r e e  values of CT,optimum t r a j e c t o r i e s  
corresponding t o  d i f f e ren t  t o t a l  ranges are p lo t t ed ,  with t h e  range ind ica ted  

on each t r a j ec to ry .  For each value of u ,  t h e  t r a j e c t o r y  with t h e  l a r g e s t  
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cr=I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc = . 5  -- -- 

- -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

value of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEmax i s  t h e  optimum 
t r a j e c t o r y  corresponding t o  t h e  
smallest  range with a nonzero 
c ru i se  segment. The only pos
sible  c ru i se  po in t s  are a l s o  
shown i n  f i g u r e  6. Note t h a t  
t h e  ve loc i ty  a l t i t u d e  proTile  
a t  Emax i s  continuous f o r  
each optimum t r a j e c t o r y .  

Figure 7 p l o t s  a l t i t u d e  
versus range of seve ra l  opt i 
mum t r a j e c t o r i e s ,  each f o r  a 
d i f f e r e n t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACI value. A l l  tra
j e c t o r i e s  cover a range of 800 
km. A s  u approaches zero, 
t h e  optimum c ru i se  a l t i t u d e  
decreases while t h e  range 
covered i n  t h e  climb t r a j e c t o r y  
increases.  

Normalized t h r o t t l e  var i 
a t ions  versus normalized range 
a r e  p l o t t e d  i n  f i g u r e  8 where 
II i s  t h e  a c t u a l  r o t o r  revolu

t i o n s  i n  krpm; IIidle = 3.95 

krpm i s  t h e  i d l e  t h r o t t l e  set
t i n g ;  IImx i s  m a x i m u m  climb 
t h r o t t l e  s e t t i n g  f o r  0.2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 5 

1 a,nd i s  t h e  maximum c ru i se  
t h r o t t l e  s e t t i n g  f o r  
0 < 0 6 0.2; R i s  t h e  dis

nuP 
tance from t h e  maximum energy 
po in t  divided by R 

UP 
and Rndn 

i s  t h e  equivalent f r a c t i o n  of 
R b .  The i n t e r s e c t i o n  of t hese  
curves with t h e  t h r o t t l e  s e t 
t i n g  ax is  corresponds t o  t h e  
c ru i se  t h r o t t l e  s e t t i n g .  It 
i s  seen t h a t  as 0 + 0 t h e  
f r a c t i o n  of t h e  climb range 
covered a t  maximum t h r o t t l e  
s e t t i n g  increases  and t h e  frac
t i o n  of descent range covered 
at i d l e  t h r o t t l e  s e t t i n g  
decreases. This i s  expected 
as t i m e  i s  weighed more and 
f u e l  less i n  t h e  performance 
index. The por t ion  of t h e  
opt i m u m  traj ector ies zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

A KCRUISE POINT 
-I O  

-

8 -  

-zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
E 

6 -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
W' 
n -
3

2 4 -
a -

2 -

-

0 
150 175 200 225 250 275 300 

AIRSPEED, m/sec 

Figure 6.- Speed-altitude p r o f i l e s ,  
CTOL a i r c r a f t .  

RANGE, km 

Figure 7.- Altitude-range p r o f i l e s ,  
CTOL a i r c r a f t .  
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I - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI 
- I 

I .zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp2 I 
I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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-
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I 

- I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

.8 - I 
-

I
.2 - I 

- I 
I 

0-zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBALLL uu 
I .8 .6 .4 .2 0 .2 .4 .6 .8 I 

Rnup, FRACTION OF Rndn, FRACTION OF 
CLIMB RANGE DESCENT RANGE 

Figure 8.- Percent t h r o t t l e  s e t t i n g  versus  percent  climb or 
descent range covered with an 800-km f i x e d  range; CTOL 
a i r c r a f t .  

corresponding t o  intermediate  values of t h r o t t l e  s e t t i n g  l i e s  between poin ts  
PI and P2. The same no ta t ion  i s  used t o  i n d i c a t e  t h e  corresponding po in t s  on 

two of t h e  t r a j e c t o r i e s  i n  f igu re  6. 

Simpl i f ica t ion  of Minimum Fuel P r o f i l e s  

The minimum f u e l  t r a j e c t o r i e s  cons i s t  of acce le ra t ion  at l e v e l  f l i g h t  t o  
a speed which i s  near ly  independent of t h e  range, climb a t  maximum power se t 
t i n g ,  a segment during which t h e  power s e t t i n g  i s  reduced from maximum t o  

i d l e ,  and a descent at i d l e  ( see  f i g s .  6 through 8) .  I n  add i t ion ,  i f  t h e  
range t o  be covered i s  l a r g e r  than 457 km, a c ru i se  segment at  V, = 226 m/sec 
and Hc = 10 km w i l l  be present .  

It has been found t h a t  i r r e s p e c t i v e  of a given range, t h e  minimum-fuel 
f l i g h t  p r o f i l e s  can be replaced by approximating t r a j e c t o r i e s  t h a t  cons i s t  of 

only two segments: (1) a climb a t  maximum climb power s e t t i n g  and 152.5 m/sec 
equivalent  a i r speed  (EAS) and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 2 )  a descent po r t ion  a t  i d l e  and 128 m/sec 

(FAS). The change from t h e  climb t o  t h e  descent por t ion  i s  made a t  an energy 

l e v e l  which gives t h e  des i red  range. The t o t a l  f u e l  consumption assoc ia ted  
with t h e  approximating t r a j e c t o r i e s  i s  about 1.5 percent  higher  than  t h a t  of 

t h e  minimum-fuel f l i g h t  p r o f i l e s .  

Minimum Time P r o f i l e s  

Minimum time t r a j e c t o r i e s ,  which correspond t o  CJ = 0 ,  a r e  shown i n  f ig 

ures  6 ,  7, and 8 along with t r a j e c t o r i e s  f o r  t h e  o ther  CJ values.  For t h i s  

case,  f i gu re  8 shows t h a t  power i s  e i t h e r  at i d l e  or at  maximum. The switch 

from maximum t o  i d l e  occurs i n  t h e  decreasing energy regimen when t h e  airspeed 

has decreased t o  VE", t h e  a i r speed  a t  t h e  m a x i m u m  energy poin t .  During a 

p a r t  of t h e  descent t h e  a i r speed  fo l lows  t h e  design dive f l i g h t  p lacard  of an 

EAS of 238 m/sec. 
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the  maximum energy of the  p a r t i c u l a r  t r a j ec to ry .  During descent,  i f  V zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA< zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAV
Emax 

t h e  minimizing value of t h e  power s e t t i n g  i s  a t  i d l e ;  on t h e  o ther  hand, i f  

fuel-time t radeoff  curve f o r  t h e  
desired range. For a range of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
400 km, t h i s  i s  poin t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA i n  f i g u r e  9 
and i s  seen t o  r equ i r e  only about zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3 percent  more f u e l  than the  minimum-
f u e l  performance poin t .  

It i s  a l s o  poss ib le  t o  re la te  
t h e  parameter u t o  t he  cos t  r a t i o  
using equat ion ( 5 ) ,  but  then care 
must be  exercised t h a t  t h e  s a m e  u n i t s  
f o r  m a s s  and t i m e  are  used i n  equa
t i o n s  ( 4 )  and (5) and t h a t  no scale 
f a c t o r s  are  l a t e r  introduced i n  t h e  
algorithms f o r  minimizing equation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 4 ) .  
Such scale f a c t o r s  w e r e  used i n  t h e  
ca l cu la t ion  and the re fo re  t h e  in t e r 
mediate va lues  of a shown i n  f ig
u re  9 as w e l l  as those i n  ear l ier  
f igu res  should c o t  be co r re l a t ed  
with C T / C ~  using equation (5) .  

0 20 40 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA60 80 
TIME, min 

Figure 9.- Time-fuel t radeoff  f o r  f ixed  
ranges; CTOL a i r c r a f t .  
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Fixed-Rage Optimum Fl ight  Paths:  STOL Ai rc ra f t  

Except f o r  minor va r i a t ions ,  t h e  same methods w e r e  used f o r  t h e  STOL air
c r a f t  as f o r  t he  CTOL. Because t h e  STOL model used i s  t h e  r e s u l t  of a prelim
inary design study, it i s  important t o  note  t h a t  t h e  a c t u a l  numerical values 
presented might be subjec t  t o  considerable r ev i s ion  i n  t h e  fu ture .  Neverthe

less ,  t h e  results serve t o  i l l u s t r a t e  t h e  e f f e c t s  which are pecu l i a r  t o  an 
a i r c r a f t  equipped f o r  t h e  use of powered l i f t .   zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI 

Ji zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
c( 

The method of keeping t h e  t h r u s t  s e t t i n g  within t h e  allowable limits di f 

f e red  somewhat from t h e  case of t h e  CTOL a i r c r a f t .  The t u rb ine  i n l e t  tempera
ture  Tin w a s  l imi t ed  i n  the  optimization t o  1000°K < T i n  < 1450°K and t h e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Cl 

corrected tu rb ine  temperature, Tc = Tin/€), w a s  l imi t ed  as shown by t h e  "max 

Tcrr  boundary i n  f igu re  4(a) .  Regardless of which cons t ra in t  i s  governing, t h e  

lower l i m i t  w i l l  be r e fe r r ed  t o  as "f l igh t - id le"  and t h e  upper l i m i t  as 

"maximum t h r u s t  .zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA'I 

The optimization f o r  t h i s  a i r c r a f t  over most of the  descent por t ion  

(except when CT = 0 )  w a s  complicated by t h e  exis tence of two l o c a l  minima i n  

t h e  integrand of equation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(19). These l o c a l  minima var ied ,  from being widely 

separated t o  near ly  coincident ,  depending on the  energy l eve l .  The funct ion 

minimization rout ine  loca ted  both l o c a l  minima, and then chose t h e  cont ro ls  

corresponding t o  t h e  smallest of t h e  two as t h e  optimum controls .  

Figure 10 shows t h e  contours of c ru i se  f u e l  e f f i c i ency  versus  t r u e  air

speed f o r  d i f f e ren t  values of a l t i t u d e  using an a i r c r a f t  weight of 90,700 kg. 

The minimum f u e l  c ru i se  condition occurs a t  an a l t i t u d e  of 11 k m  and a speed 

of 200 m/sec. A s  i n  t h e  case of t h e  CTOL a i r c r a f t ,  t h i s  po in t  i s  below t h e  

ce i l i ng ;  however, t he  di f fe rence  i s  only about 100 m i n  t h i s  case. The minimum 

MINIMUM TIME 

IMUM TIME + 5 %  

MINIMUM TIME 

OPTIMUM CRUISE 
ENVELOPE 

TRUE AIRSPEED, m/sec 

Figure 10.- Cruise f u e l  e f f i c i ency ;  

STOL a i r c r a f t .  

t i m e  c ru i se  condition occurs near 

an a l t i t u d e  of 6 km and an airspeed 

of 230 m/sec. A t radeoff  between 

t i m e  and f u e l  can be obtained by 

se l ec t ing  d i f f e r e n t  operat ing 

poin ts  along any of t h e  a l t i t u d e  

contours. A t  all. a l t i t u d e s ,  t h e  

curves are qu i t e  f l a t  near  t h e  mini

mum f u e l  po in t ,  and a speed change 

of about 7 percent  i s  required t o  

produce a 1-percent change i n  fue l .  

The f u e l  consumption near  t h e  mini

mum t i m e  curve increases  more 

r ap id ly  with speed, and an increase  

of 5 percent  i n  t i m e  produces about 

an 8 percent  reduction i n  f u e l ,  

except a t  t h e  highest  a l t i t u d e s .  

A l s o ,  along t h e  minimum-time curve 

t h e  f u e l  consumption increases  

r ap id ly  with decreasing a l t i t u d e  

while corresponding changes i n  

speed are s m a l l .  
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A series of minimum-fuel and minimum-time t r a j e c t o r i e s  was ca lcu la ted  f o r  
various values of Emax up t o  and including t h e  minimum-fuel and minimum-time 
c ru i se  energies.  The i n i t i a l  and f i n a l  energies were 1.5 km i n  a l l  cases ,  and 
a lower a l t i t u d e  l i m i t  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA150 m w a s  imposed. The results f o r  intermediate  
values of u w e r e  not  determined f o r  t h i s  a i r c r a f t .  

Minimum Fuel P r o f i l e s  

Figure 11gives t h e  alt i tude-range p r o f i l e s  f o r  t h r e e  minimum-fueltra
j e c t o r i e s  having no c ru i se  sect ion.  The maximum energy f o r  t h e  longest  t r a j e c 
t o r y  i s  t h e  minimum-fuel c ru i se  energy. Note t h a t  a l l  of t h e  t r a j e c t o r i e s  fo l 
low the same ascent path u n t i l  maximum energy i s  reached. The f l ight-path 

angle appears t o  b e  discontinuous between ascent and descent at  t h e  s c a l e  used 
i n  t h e  f igu re ,  but  t h e  use of s u f f i c i e n t l y  s m a l l  increments i n  energy shows 
t h a t  t h i s  i s  not t h e  case. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAFor shor t  ranges,  most of t h e  d is tance  i s  covered 

during t h e  descent por t ion ,  but as t h e  range, and hence t h e  maximum energy 
increases ,  a g rea t e r  por t ion  of t h e  dis tance i s  covered during ascent.  This i s  
because t h e  energy rate and t h e  corresponding f l igh t -pa th  angle approach zero 
slowly near t h e  minimum-fuel c ru i se  energy. The f i n a l  por t ion  of  each t r a j e c 
to ry  cons is t s  of a s teep  descent followed by a shor t  sec t ion  of l e v e l  f l i g h t  
a t  t h e  low a l t i t u d e  l i m i t .  

The speed-alt i tude p r o f i l e s  i n  f igure  12 a re  f o r  t h e  minimum-fueltrajec
t o r i e s  j u s t  discussed and two minimum-time t r a j e c t o r i e s .  I n  t h e  minimum-fuel 
case,  t h e  ascent and higher  a l t i t u d e  por t ion  of t h e  descent segments are qu i t e  
s i m i l a r  t o  t h e  r e s u l t s  presented e a r l i e r  f o r  t h e  CTOL a i r c r a f t .  I n  t h i s  
region, m a x i m u m  t h r u s t  i s  used f o r  climb, and f l i g h t - i d l e  i s  used f o r  descent,  

except near t h e  maximum energy, where a gradual t r a n s i t i o n  i s  made t o  or from 
t h e  c ru i se  t h r u s t .  I n  t h e  lower por t ion  of t h e  descent,  t h e  ai rspeeds become 

__ OPTIMUM
CRUISE 
POINT  INDICATED 

AIRSPEED 
CONSTRAINT 

10 I E, km 
l 2  r RANGE, km - 4.5 

_ _  4.0 
E zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8 - RANGE, km 77: 3.5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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s 4 - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Figure 11.- Altitude-range p r o f i l e s ,  Figure 12.- Speed-altitude p r o f i l e s ,  

STOL a i r c r a f t .  STOL a i r c r a f t .  

19  



very high and t h r u s t  s e t t i n g s  g rea t e r  than  f l i g h t - i d l e  are used t o  he lp  a t t a i n  

t h e  high speed, a f t e r  which t h e  t h r u s t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAis again reduced. 

A s  t h e  a i r c r a f t  approaches t h e  maximum speed on t h e  descent t r a j e c t o r y  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1

( f i g .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL2), t h e  magnitude of t h e  f l igh t -pa th  angle and t h e  magnitude of t h e  I 

acce lera t ion  become very la rge .  For example, consider t h e  case of t h e  t r a j e c 

t o r y  f o r  t h e  longest  range (764 km). A 500-m reduct ion i n  energy between 

poin ts  A and B occurs i n  24 sec and i s  accompanied by a speed increase  of 43 B
m/sec and an a l t i t u d e  change of near ly  1.6 km. During t h i s  i n t e r v a l  t h e  nl 
f l igh t -pa th  angle reaches -37'. Although t h e  diving segments become shallower 
a t  lower values of Gax, t h e  t r a j e c t o r i e s  appear t o  approach t h e  constant 
energy t r a n s i t i o n s  encountered i n  other  s tud ie s  ( r e f .  2) .  (,I 

The s teeply  diving por t ions  a re  probably caused by t h e  high values of 
f l i g h t - i d l e  t h r u s t ,  and hence f u e l  flow t o  t h e  engines providing powered l i f t  I 

f o r  t h i s  STOL a i r c r a f t .  A t  low a l t i t u d e s ,  where t h e  f u e l  consumption i s  high, 
f u e l  usage i s  minimized by descending a t  high speed and then dece lera t ing  t o  

t h e  f i n a l  energy as r ap id ly  as possible .  

The high speeds at low a l t i t u d e s  and t h e  l a rge  dece lera t ions  and f l i g h t -
path angles encountered i n  t h e  descent a r e  unacceptable f o r  passenger a i r c r a f t .  

One poss ib le  cons t ra in t  ,which provides an acceptable suboptimum t r a j e c t o r y  
f o r  approximating t h e  minimum-fuel case,  i s  i l l u s t r a t e d  by t h e  dashed l i n e s  i n  
f igu re  12. For ascent ,  t h e  ind ica ted  a i r speed  w a s  r e s t r i c t e d  t o  a maximum of 

130 m/sec (250 knots )  and f o r  descent t h e  l i m i t  w a s  chosen t o  f i t  t h e  envelope 
of t h e  upper por t ions  of t h e  descent segments. This l i m i t  provides f a i r l y  

smooth t r a n s i t i o n s  between t h e  constrained and unconstrained port ions.  

Minimum Time P r o f i l e s  

The minimum-time p r o f i l e s  i n  f igu re  12 are s i m i l a r  t o  those shown f o r  t h e  

CTOL a i r c r a f t .  The longest range t r a j e c t o r y  (1064 km) j u s t  reaches t h e  mini 
mum time-cruise energy. The ho r i zon ta l  por t ions  r e s u l t  from constraining t h e  

a l t i t u d e  t o  be a t  l e a s t  150 m; t h e  i n i t i a l  and f i n a l  energy l e v e l s  were 1.5  km. 
Maximum t h r u s t  i s  required almost during t h e  e n t i r e  t r a j e c t o r y ,  except during 
t h e  f i n a l  hor izonta l  segment f o r  V < V, when it must be a t  f l i gh t - id l e .  The 

maximum speed during descent i s  l imi ted  by t h e  drag increase  with Mach number 

r a t h e r  than by a cont ro l  cons t ra in t .  The magnitude of t h e  f l igh t -pa th  angle 

never exceeds 4 O .  

Fuel and Time Tradeoff of T ra j ec to r i e s  

The f u e l  and time used f o r  var ious ranges f o r  t h e  minimum-time, minimum-

f u e l ,  and cons t ra ined- t ra jec tor ies  a re  p l o t t e d  i n  f igu re  13, with t h e  ranges 

ind ica ted  on t h e  curves. The curves f o r  intermediate  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcs values were not 
obtained f o r  t h e  STOL a i r c r a f t .  The e f f e c t s  of cons t ra in ing  airspeed i n  t h e  

minimum-fuel case a re  shown by t h e  dashed l i n e  i n  f igu re  13. The cons t ra in t  
increases  t h e  cost  i n  both f u e l  and time a t  each range. The increased cos ts  
occur almost e n t i r e l y  during descent and a re  a t t r i b u t e d  t o  t h e  el iminat ion of 
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t h e  high-speed segment during descent. 
A less severe speed cons t r a in t  f o r  
descent (e.g., t h e  one used f o r  ascent )  

14 - MINIMUM TIME 
would provide a cos t  nearer  t h e  optimum 

MINIMUM FUEL i f  a s a t i s f a c t o r y  t r a n s i t i o n  could be-12 
CONSTRAINED made t o  t h e  optimum. 
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TIME, min  f l i g h t  t i m e  f o r  descent from a given 

maximum energy. For t h e  case of t h e  

Figure 13.- Fuel and t i m e  require-
maximum energy equal t o  t h e  optimum 
c ru i se  energy, t h e  ranges w e r e  equal

ments f o r  f ixed  ranges,  STOL 
i zed  t o  891 km by adding an appropriate

a i r c r a f t .  
c ru i se  sec t ion  t o  t h e  optimum t r a j e c 
tory .  I n  t h i s  case,  t h e  constrained 

descent required about 10 percent  more Puel and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA19 percent more t i m e  than t h e  
minimum-fuel c ru i se  and descent covering t h e  same range. 

CONCLUSIONS zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

By using t h e  a i r c r a f t ’ s  t o t a l  energy ( k i n e t i c  p lus  p o t e n t i a l )  as t h e  inde
pendent va r i ab le  i n  t h e  climb and descent segments, an e f f i c i e n t  algorithm has 

been developed f o r  computing fixed-range optimum t r a j e c t o r i e s  f o r  short-haul 
a i r c r a f t .  The good computational e f f i c i ency  of t h e  algorithm m a k e s  it a t t r a c 
t ive  f o r  parametric s tud ie s  as w e l l  as f o r  possible  on-board implementation. 
I n  t h i s  r epor t ,  f u e l  cos t  and f l i g h t  range were s e l e c t e d  as parameters and used 

t o  compute optimum time-fuel t r adeof f  curves f o r  t h e  in-service CTOL a i r c r a f t .  
Such curves can he lp  an a i r l i n e  i n  determining t h e  b e s t  operat ing strategy i n  
periods of f l u c t u a t i n g  f u e l  p r i ces .  The optimum t r a j e c t o r i e s  f o r  both t h e  CTOL 
and STOL a i r c r a f t  are character ized by t h e  absence of a c r u i s e  segment unless  
t h e  range of t h e  mission exceeds a minimum value. For t h e  CTOL a i r c r a f t ,  t h e  

I optimum con t ro l s ,  cons i s t ing  of airspeed and engine power s e t t i n g ,  w e r e  smooth 
. functions of t h e  energy, thereby y ie ld ing  f lyab le ,  though nonstandard, t r a j e c 

t o r i e s .  However, add i t iona l  work i s  required t o  def ine t h e  on-board d i sp lays ,  
computers, and a u t o p i l o t  navigation system i n t e r f a c e s  required f o r  t h e  p i l o t  
t o  be able t o  f l y  t h e  optimum t r a j e c t o r i e s .  For t h e  STOL a i r c r a f t ,  t h e  air
speed w a s  nearly discontinuous with respect  t o  energy at one energy l eve l  dur
i n g  t h e  minimum fuel  descent. Under t h e  worst conditions,  e l iminat ion of t h e  
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s teep  dive,  required t o  f l y  such a descent,  increased f u e l  consumption zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAby 10  
percent and t h e  time t o  f l y  by 19 percent compared t o  t h e  optimum descent  
traj ec tory .  

Ames Research Center 

National Aeronautics and Space Administration 
Moffett F i e ld ,  Calif.,  94035, June 3, 1975 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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APPENDIX 

PROPERTIES OF THE OPTIMUM CONTROLS zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBANEAR MAXIMUM ENERGY 

I n  t h i s  appendix, w e  study t h e  proper t ies  of t he  two functions zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(18) and 

(19)  t o  be  minimized at  t h e  m a x i m u m  energy Emax. This w i l l  l ead  t o  conditions zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1 under which equations (21a) and (21b) hold. I n  t h e  discussion t h a t  follows, 

t h r u s t  T ,  r a the r  than t h r o t t l e  s e t t i n g  11, and ve loc i ty  V are chosen as 
controls .  The region of allowable cont ro ls  a t  E zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= Ga i s  denoted by R. 
The c ru i se  cont ro ls  I T c ,  V,) obtained from equation (178 l i e  i n  t h e  i n t e r i o r  
of R except f o r  values of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 near zero,  where t h r u s t  or airspeed or both 
are a t  t h e i r  m a x i m u m  allowable values. I n  t h i s  ana lys i s ,  we only consider t h e  
case where ITc ,  V,) are i n  t h e  i n t e r i o r  of R. Standard subscr ip t  no ta t ion  i s  

used t o  iden t i fy  p a r t i a l  der iva t ion  with respec t  ' t o  t h e  cont ro ls  T and V. 

A s  i l l u s t r a t e d  i n  f igu re  2, it can be  shown t h a t  t h e  gradients  with 
respect  t o  t h e  cont ro ls  of t h e  funct ions P - A V and V(T-D)  are p a r a l l e l  a t  

opt
t h e  c ru i se  poin t ,  denoted by Q. This i s  expressed as 

D$ T = -P v + Xopt (A1 

Defining t h e  quan t i t i e s  i n s ide  t h e  minimization operators of equations (18) 
and ( 1 9 )  as g: 

Near Q, t h e  function g can be represented approximately by a second-order 
Taylor series expression i n  t h e  controls :  

where equation ( A l )  w a s  used. The quan t i t i e s  dT and dV denote s m a l l  incre
ments i n  t h e  cont ro ls  a t  t h e  c ru i se  condition. 

Local Proper t ies  of g(T,V,Ga,) Near t h e  Cruise Point  

Equation (A21 can now b e  used t o  study p rope r t i e s  of g(T,V,%,,) as w e  
approach t h e  c ru i se  poin t  Q along any l i n e a r  d i r ec t ion  given by 
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or along t h e  d i r e c t i o n  given by 

dV = 0 

Using L'Hbpital 's  r u l e  with equation (A2),w e  obtain 

/ (A51  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd 

The d i rec t ion  i n  t h e  cont ro l  space defined by B = DV m u s t  be excluded s,-ice 

it i s  t he  d i rec t ion  of t h e  l i n e  through Q tha t  separates  t h e  cont ro l  space 
i n t o  t h e  two regions,  fi > 0 and k < 0. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

By considering g(T,V,E,,,) - gQ:, it can be checked t h a t  Q i s  a l o c a l  
minimum of g(T,V,Gax) i n  t h e  climb ( i . e . ,  i f  we approach Q with T > D )  
and t h a t  it i s  also a l o c a l  minimum of -g(T,V,Ga,) i n  t h e  descent (%.e., i f  

we approach Q with T < D )  along any d i r e c t i o n  given by equations ( A 3 1  or ( A b )  
with f3 # Dv:, i f  and only i f  

Equation (A6) can be equivalent ly  expressed as 

'TT > O 

~v [V P 
(pTVvC 

- P ~ - )P
T T c  C W  

+ PT(2Dv + V c D W ) I  < 0 

Moreover, t h e  minimum of g(T,V,Gax) i s  PT/V,. 

A s  a consequence, i f  equation ( A 7 )  i s  s a t i s f i e d ,  then i n  a s m a l l  region . 
near Q 

min{g(T,V,Ema,)j + min{g(T,V,Emax)l = 'T- 'T - 0-
T >D T<D Vc c 

thus verif 'ying equation (21a).  

If it had been assumed t h a t  P(T,V,Gax) = WF = CSFCT, where C s  c i s  
t h e  spec i f i c  f u e l  consumption, as i n  some e a r l i e r  work ( r e f s .  2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAand 37, then 
equation ( A 7 )  i s  not s a t i s f i e d .  I n  f a c t ,  i n  t h i s  case t h e  t h r u s t  values t h a t  

minimize the  two integrands f o r  any E # Lxa r e  T
max 

and T
min ' respect ively.  
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Global Propert ies  of g(T,V,E 
m a x  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA) 

W e  w i l l  now give addi t iona l  conditions under which Q zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAwill be t h e  global  
minimum of g(T,V,E,=) during t h e  climb and be t h e  global  minimum of 
-g (T ,V ,hx)during t h e  des cent. 

If we assume t h a t  a l l  t he  t h i r d  and higher p a r t i a l s  of P and D with 
respect  t o  T and V are global ly  ( i n  t h e  cont ro l  region of i n t e r e s t )  negli
g ib l e ,  then equation (A2) can be used t o  study global  proper t ies  of g ( t h i s  

assumption w a s  found t o  be reasonable f o r  t h e  CTOL a i r c r a f t  considered i n  t h i s  
repor t  ) 

By considering g - e / V c  it can be checked t h a t  i n  general  g - PT/V, 
has a second l o c a l  minimum corresponding t o  t h e  ve loc i ty  increment given by 

dV = - A / f S W  

The corresponding t h r u s t  increment i s  given by 

where A i s  given by equation ( A 6 ) .  

For PT/V~ t o  be t h e  global  minimum of  g i n  R requires  t h a t  t h i s  
second minimum be outs ide R. A s u f f i c i e n t  condition f o r  t h i s  t o  hold i s  t h a t  

V 
c W  

+ PT(2Dv + mu)] < zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 ( A l l  )
(pTVvc 

- P , ) ~  - P
T T c  

[v P 

where 
x = Vmin 

i f  

PTDW > 0 

( t h i s  i s  t h e  case f o r  t h e  CTOL a i r c r a f t )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAor 

x = v  
max 

i f  
PTDW < 0 

The conditions shown i n  equations ( A T )  and ( A l l )  were v e r i f i e d  f o r  sev
eral cru ise  conditions f o r  t h e  CTOL a i r c r a f t  using t h e  ana ly t i ca l  expressions 
for t h e  propulsion and aerodynamic systems of t h e  a i r c r a f t  described i n  t h e  
body of t h i s  report .  
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