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Abstract

Lean hydrogen/air flames are prone to hydrodynamic and thermodiffusive instabilities. In this work, the con-
tribution of each instability mechanism is quantified separately by performing detailed simulations of laminar
planar lean hydrogen/air flames with different diffusivity models and equations of state to selectively suppress the
hydrodynamic or thermodiffusive instability mechanism.
From the analysis of the initial phase of the simulations, the thermodiffusive instability is shown to dominate the
flame dynamics. If differential diffusion and, hence, the thermodiffusive instability is suppressed, the flame fea-
tures a strong reduction of the instability growth rates, whereas if present, a wide range of unstable wave numbers
is observed due to the strong destabilizing nature of differential diffusion. When instabilities are fully developed,
lean hydrogen/air flames feature the formation of small-scale cellular structures and large-scale flame fingers.
While the size of the former is known to be close to the most unstable wave length of a linear stability analysis,
this work shows that flame fingers also originate from the thermodiffusive instability and most noteworthy, are not
linked to an interaction of the two instability mechanisms. They are stable with respect to external perturbations
and feature an enhanced flame propagation as the formation of a central cusp at their tip enables the co-existence
of two strongly curved leading edges with high reactivity. The thermodiffusive instability is shown to significantly
affect the flames’ consumption speed, while the consumption speed enhancement caused by the hydrodynamic
instability is significantly smaller. Further, the surface area increase due to wrinkling is strongly diminished if one
of the two instability mechanisms is missing. This is linked to a synergistic interaction between the two mecha-
nisms, as the propagation of flame fingers is enhanced by the presence of the hydrodynamic instability due to a
widening of the streamlines ahead of the flame fingers.

Keywords: Thermodiffusive Instability; Hydrodynamic Instability; DNS; Hydrogen; Preferential Diffusion
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1. Introduction

Lean premixed hydrogen/air flames feature strong
intrinsic flame instabilities, which significantly af-
fect flame dynamics and flame propagation. The
Darrieus-Landau instability arises from the density
change across the flame sheet and is present in any
premixed flame. The thermodiffusive instability orig-
inates from the low Lewis number of hydrogen, which
represents the ratio of the diffusivities of tempera-
ture and the fuel and induces strong differential dif-
fusion effects within the flame front. The disparity of
these fluxes leads to an amplification of small flame
front perturbations, such that strongly wrinkled flame
fronts and significant variations of the local fuel con-
sumption rate and flame speed are observed, leading
to consumption speeds that can be four times higher
than the laminar unstretched burning velocity [1].

To assess the effects of these instabilities on lami-
nar flames, several numerical studies have analyzed
two-dimensional planar flames in rectangular do-
mains [1–9]. Typically, the flames are initially flat
and perturbed by a weak harmonic perturbation. The
flame evolution is distinguished into a linear and a
non-linear regime, where the former describes the ini-
tial flame evolution as long as the perturbation main-
tains a harmonic shape, while the non-linear regime
refers to the long-term dynamics, when the flame
front deviates from its initial harmonic shape.

The linear regime allows for a rigorous analysis of
the contribution of each mechanism as growth rates
can be unambiguously determined, while the non-
linear regime features strong local stretch rates and
strong interactions of the flow field and the flame
front, yielding a large enhancement of a flame’s con-
sumption speed. The variation of the characteristic
growth rates and the consumption speed with differ-
ent equivalence ratios, unburned temperatures, and
pressures has been extensively discussed by Berger
et al. [9, 10]. In the non-linear regime, flames that
are only affected by the hydrodynamic instability
tend to form large-scale cusps featuring fractal flame
fronts as there is no flame-intrinsic length scale as-
sociated with the hydrodynamic instability [2, 3, 11].
In contrast, thermodiffusively unstable flames feature
a chaotic formation and destruction of small cellular
structures in the non-linear regime [1, 4–9]. It was
shown that the size of these cells is close to the most
unstable wave length of a perturbed planar flame in
the linear regime [1]. Further, a second characteristic
length scale of the flame front corrugations, which is
referred to as flame fingers, emerges for sufficiently
large domain sizes and it was shown that the flame
fingers possess a unique size, which is independent
of the domain size [1]. The formation of flame fin-
gers leads to a significant increase of the flame surface
area as these structures penetrate far into the unburned
mixture. However, it is yet unclear why flame fingers
develop and whether their formation is linked to an
interaction between the two instability mechanisms or
is solely related to one instability mechanism.

As both instability mechanisms typically jointly af-
fect the flame, this work aims to separate the two in-
stability mechanisms by performing simulations with
modified diffusivity models and equations of state,
such that the two instability mechanisms can be selec-
tively suppressed. The objectives are twofold: i) As-
sess the origin of flame fingers and whether they can
be linked to a particular instability mechanism or an
interaction of both mechanisms and ii) assess the con-
tribution of each instability mechanism on the flame
dynamics in the linear and non-linear regimes.

2. Configuration and Governing Equations

2.1. Configuration
Simulations of statistically planar flames have been

performed in a rectangular two-dimensional compu-
tational domain. Three different cases that feature a
premixed, laminar, hydrogen/air flame at an equiv-
alence ratio of φ = 0.4, an unburned temperature
Tu = 298 K, and a pressure of p = 1 bar have
been considered, while different diffusivity models
and equations of state have been used to separate the
hydrodynamic and thermodiffusive instability mecha-
nisms. Simulations are performed in the linear regime
to numerically determine the characteristic instabiil-
ity growth rates and also in the non-linear regime to
study the flame morphology and flame consumption
speed when instabilities have fully developed. For
all simulations, the rectangular simulation domain is
periodic in the crosswise direction x, while inflow
and outflow boundary conditions are chosen for the
streamwise direction y. Fig. 1 shows a snapshot of
the three cases in the non-linear regime, where the
unburned mixture enters the domain at the bottom and
the burned gas leaves the domain at the top. A con-
stant inlet velocity is chosen such that the flames stay
in the computational domain for a sufficiently long
time. In all cases, the initially planar flames are per-
turbed by a sinusoidal disturbance to trigger the in-
trinsic flame instabilities. However, the simulations
of the linear regime feature significantly smaller ini-

Table 1: Characteristic numbers of the simulations in the
non-linear regime, including the laminar unstretched burn-
ing velocity sL, the flame thickness lF, the expansion ratio σ,
the Zeldovich number β, the effective Lewis number Leeff,
the domain dimensions Lx

lF
× Ly

lF
, and the resolutions ∆x.

Case Ref TD-Unstable DL-Unstable
sL [cm/s] 17.4 23.3 38.4
lF [µm] 714 396 374
τF [ms] 4.35 1.70 0.97
σ 4.44 1.0 4.44
β 11.4 20.6 7.8
Leeff 0.34 0.30 1.0
[Lx
lF
,

Ly

lF
] [800, 200] [100, 100] [220, 220]

∆x/lF 0.1 0.05 0.1
∆t [µs] 6 1 4
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Fig. 1: Snapshots of temperature fields of cases Ref, TD-Unstable, and DL-Unstable. For cases Ref and TD-Unstable, one
characteristic flame finger is encircled for illustration. For comparability, only a closeup of the simulation domain is shown.

tial perturbation amplitudes of Â0 = 0.04lF while
the non-linear regime is initialized with Â0 = 3lF,
where lF represents the thermal flame thickness based
on the maximum temperature gradient. For the lin-
ear regime, this is necessary to ensure an exponential
growth of the perturbation amplitude before the flame
transitions to the non-linear regime [10].

In the linear regime, the lateral domain size Lx is
set to the wave length λ of the perturbation and Ly is
set to 12lF, such that interactions with the boundaries
are avoided. For the non-linear regime, the size of
the computational domains of each case is shown in
Tab. 1. They are chosen sufficiently large to not con-
fine the flame front corrugations and the formation of
flame fingers. For example, for case Ref, which is de-
fined in the following, Berger et al. [1] showed that a
lateral domain size larger than 100lF is required to ob-
tain a domain-independent value of the consumption
speed. This domain-independent behavior of the con-
sumption speed for thermodiffusively unstable flames
in sufficiently large domains was confirmed by Creta
et al. [12], while a weak dependence of the consump-
tion speed on the domain size is obtained for flames
that are only affected by the hydrodynamic instabil-
ity [12]. The relevance of this weak flame speed de-
pendence of hydrodynamically unstable flames on the
domain size for the present study is discussed further
below. Note that the large value of Ly = 800lF in
case Ref is only chosen as this case has been used in
the study of Berger et al. [1], where the effect of dif-
ferent domain sizes has been assessed.

For the non-linear regime, the spatial and tem-
poral resolution of each simulation are displayed in
Tab. 1 and are chosen such that the laminar flame
speed, heat release, temperature, and species profiles
of a one-dimensional premixed unstretched flame
computed by FlameMaster [13] are recovered ade-
quately. A higher spatial resolution is required for the
TD-Unstable case, defined in the following, due to the
thin reaction layer, indicated by the high Zeldovich
number β in Tab. 1. For the linear regime, a reso-
lution ∆x = 0.01lF is chosen to adequately resolve
the small perturbation amplitude. Further details re-
garding the simulation configurations of the linear and
non-linear regime can be found in Berger et al. [9, 10].

2.2. Governing Equations and Transport Models
To separate the hydrodynamic and thermodiffusive

instability mechanisms, different diffusivity models
and equations of state have been used in the three sim-
ulations. For all cases, the flow is modeled by the re-
acting Navier-Stokes equations in the low-Mach limit
and the chemical reactions are modeled using the
mechanism by Burke et al. [14] to avoid assumptions
related to the reduction of chemical mechanisms. The
first simulation, which is referred to as case Ref, as-
sumes an ideal gas and uses realistic transport models
that also include the Soret effect. In this case, the
species diffusion coefficients Di are determined from
the thermal conductivity λ, the density ρ, and the
specific heat capacity cp as Di = λ/(ρcpLei) by im-
posing spatially homogeneous Lewis numbers. The
Lewis numbers are taken from the burned gas region
of a one-dimensional unstretched premixed flame and
a table of Lewis numbers is provided in the supple-
mentary material. In the second simulation, which
is referred to as TD-Unstable, the same diffusivity
model is applied, but a constant density instead of an
ideal gas is assumed to suppress the hydrodynamic
instability. Hence, ρ(x, t) = ρu is applied in the
TD-Unstable case, where ρu is the constant value of
density in the unburned mixture. To suppress ther-
modiffusive instabilities, a third simulation, which
is referred to as DL-Unstable, is performed, where
the diffusivities of all species are set equal to the
thermal diffusivity by assuming unity values for all
Lewis numbers and disabling the Soret effect. In the
DL-Unstable case, the fluid is assumed to be an ideal
gas. For a detailed description of the transport mod-
els and the numerical methods, the reader is referred
to Berger et al. [10].

3. Results and Discussion

3.1. Linear Regime
To rigorously assess the contributions of each in-

stability mechanism, the three cases are first analyzed
in the linear regime. The growth rates of weakly
perturbed planar flames are measured by perform-
ing several simulations with different perturbation
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Fig. 2: Numerical dispersion relations of all three cases;
symbols indicate simulations and the line represents a spline
fit to aid the visualization. The black dashed line corre-
sponds to the growth rates of the theoretical hydrodynamic
instability and the blue dotted line is the difference of the
numerical growth rates of case Ref and the theoretical hy-
drodynamic growth rates.

Fig. 3: Comparison of numerical growth rates and theoreti-
cal models: Colors indicate the different cases and the line
type refers to the numerical growth rates (line with symbol),
Eq. 2 (dotted line) and Eq. 3 (dashed line).

wave numbers. From these simulations, the disper-
sion relations in Fig. 2 are obtained, where the non-
dimensional growth rates ω of the weakly perturbed
planar flames are shown in dependence of the non-
dimensional wave number k of the perturbation. The
growth rates and wave numbers are normalized by
τF = lF/sL and lF, respectively, where τF is the flame
time and sL the laminar unstretched burning velocity.
Additionally, Fig. 2 shows the theoretically obtained
growth rates DL associated with the hydrodynamic
instability, ω = ωDL · k, which are positive for any
wave number due to the positivity of the parameter
ωDL [15, 16]. The latter is defined as

ωDL =

√
σ3 + σ2 − σ − σ

σ + 1
, (1)

where the expansion ratio σ = ρu/ρb represents the
ratio of the densities in the unburned and burned gas.
Hence, this instability mechanism always has a desta-
bilizing effect on a planar flame front. In contrast, the
numerically obtained growth rates of all cases feature
negative growth rates for large wave numbers as the
thermodiffusive processes possess a stabilizing effect
if the perturbation wave length λ = 2π/k is close
to the thermal flame thickness, cf. the discussion in
Berger et al. [10].

Case Ref features the highest growth rates as it is
affected by the hydrodynamic and thermodiffusive in-
stability mechanisms. While the thermodiffusive pro-
cesses yield negative growth rates at large wave num-
bers, for intermediate wave numbers, the growth rates
of case Ref exceed the growth rates of the theortically
obtained hydrodynamic instability growth rates DL,
indicating a destabilizing effect of the thermodiffu-
sive mechanism at these wave numbers.

As the hydrodynamic instability is suppressed
in the TD-Unstable case, this case features lower
growth rates compared with case Ref. However, the
TD-Unstable case features a similar strength of the
thermodiffusive instability mechanism. To highlight
this aspect, the contribution of the hydrodynamic in-
stability growth rate DL obtained from theory is sub-
tracted from the numerical growth rates of case Ref,
to isolate the effect of the thermodiffusive instabil-
ity. This yields a similar maximum growth rate as
observed in case TD-Unstable. It is worth noting
that the variation of growth rates can be linked to
the characteristic flame parameters, such as the ex-
pansion ratio σ, the Zeldovich number β, and the ef-
fective Lewis number Leeff [10]. All parameters are
shown in Tab. 1. The Zeldovich numbers are com-
puted numerically from an unstretched flamelet and
their definition and computation have been discussed
by Berger et al. [10]. Due to the lean mixture, the ef-
fective Lewis number is close to the Lewis number of
hydrogen for the Ref and TD-Unstable cases. As the
TD-Unstable case features a lower expansion ratio σ
and a higher Zeldovich number β than case Ref, the
effects of both parameter variations compensate each
other, yielding a similar strength of the thermodiffu-
sive instability mechanism.

For case DL-Unstable, relatively small growth
rates are obtained, which is consistent with the find-
ings of Altantzis et al. [6], indicating the strongly sta-
bilizing influence of the diffusive processes if differ-
ential diffusion is suppressed.

While dispersion relations allow for an unambigu-
ous determination of growth rates, they also allow for
a comparison with theoretical models, as the latter
typically assume weak stretch rates, which only ex-
ist in the linear regime. It has been shown [7, 10]
that theoretical models fail to accurately predict the
dispersion relations of lean hydrogen/air flames and,
in particular, of case Ref, which features a low effec-
tive Lewis number and a non-unity expansion ratio,
as either Lewis numbers or expansion ratios close to
unity are commonly assumed. However, since the
DL-Unstable and TD-Unstable cases fulfil these as-
sumptions by definition, it is instructive to assess the
theoretical models for these two cases.

Assuming a sufficiently high Zeldovich number
and Lewis numbers sufficiently close to unity, Mat-
alon et al. [17] derived the following theoretical dis-
persion relation

ω = ωDLk − δ[B1 + β(Leeff − 1)B2 + PrB3]k
2
, (2)
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where Pr is the Prandl number, δ is the ratio of the
diffusive and thermal flame thickness (cf. the discus-
sion in Berger et al. [10]), and the coefficients B1,2,3,
which are given in the supplementary material, ac-
count for the temperature dependence of the transport
coefficients. In contrast, if assuming an expansion ra-
tio close to unity, Sivashinsky [18] derived an implicit
formulation of the dispersion relation,

0 =
(Le− q)(p− r)
Le− q + p− 1

− β

2
, (3)

where the terms q, p, r are provided in the supplemen-
tary material and are functions of the Lewis number
Le, the parameter δ, and the non-dimensional wave
number k and growth rate ω.

Fig. 3 shows a comparison of the numerically ob-
tained dispersion relations with the two selected theo-
retical models. Good agreement with the correspond-
ing theoretical model is observed for moderate val-
ues of the wave number for the DL-Unstable and
TD-Unstable cases. In particular, a similarly good
agreement with theoretical predictions has been ob-
served in previous numerical and experimental stud-
ies [6, 19, 20] for flames that are only subject to the
hydrodynamic instability, such as the DL-Unstable
case, indicating that the second order polynomial
function of Matalon et al. [17] is well suited for flames
that do not feature thermodiffusive instabilities. How-
ever, for the TD-Unstable case, discrepancies with re-
spect to the model of Sivashinsky [18] are visible for
large wave numbers, where the wave length λ is close
to the thermal flame thickness lF, as λ � lF is as-
sumed to derive Eq. 3. For case Ref, good agreement
with the model of Matalon et al. [17] is seen for small
wave numbers, but as expected, strong discrepancies
are visible towards large wave numbers as Eq. 2 does
not feature the stabilization at high wave numbers. As
expected, the model of Sivashinksy [18] significantly
underpredicts the growth rates of case Ref as it ne-
glects the density jump throughout the flame. Thus,
the individual effects of non-unity expansion ratios
and Lewis numbers are well described by Eqs. 2 and 3
for moderate values of the wave number, but fail to
accurately predict case Ref, where the stabilization to-
wards high wave numbers is particularly important.

3.2. Non-Linear Regime
In the following, the flame dynamics of the three

cases are assessed in the non-linear regime. For
this, Fig. 1 shows a snapshot of the three different
cases during the non-linear phase of the flame evo-
lution, which is reached after the formation and de-
struction of flame fingers and cellular structures have
reached a statistically steady state. Movies of all three
cases including the transient from the initially pla-
nar flame to the fully corrugated flame front are pro-
vided in the supplementary material. For case Ref,
significant variations of temperature, including super-
adiabatic temperature in the burned gas, which are a
clear marker of thermodiffusive instabilities, are vis-
ible. These variations are linked to the local effects

Fig. 4: TD-Unstable case: Spatial distribution of heat release
and iso-lines of YH2 = 0.1 · YH2 ,u (grey lines) at different
time instances.

of flame stretching and flame front curvature, as dis-
cussed by Giannakopoulos et al. [21], which result in
significant fluctuations of the local equivalence ratio
due to the differential diffusion of hydrogen [9]. In
addition to the formation of small-scale cellular struc-
tures, several large flame finger structures, which are
characterized by long tails of super-adiabatic temper-
atures in the burned gas and lead to significant flame
front corrugations, are visible. For illustration, one
flame finger is encircled in Fig. 1. In the DL-Unstable
case, no super-adiabatic temperatures are seen, as the
differential diffusion of hydrogen is suppressed, and
also the flame wrinkling is significantly reduced. In
particular, the formation of a few large-scale cusps
instead of small-scale cellular structures is seen simi-
lar to the study of Rastigejev et al. [2], who analyzed
the non-linear evolution of hydrodynamically unsta-
ble flames by means of a level set approach. The two
distinctly different flame front morphologies of the
Ref and DL-Unstable cases have been also observed
in the experimental study of Wongwiwat et al. [22],
who investigated lean and rich hydrogen/air flames
in a Hele-Shaw cell, where the flame front morphol-
ogy of the rich flames is similar to the DL-Unstable
case as it is only prone to the hydrodynamic instabil-
ity. In contrast, the TD-Unstable case, for which the
hydrodynamic instability is suppressed, reveals sev-
eral similarities with case Ref, such as super-adiabatic
temperatures in the burned gas and the formation of
small cellular structures and flame fingers, Thus, the
formation of flame fingers does not originate from an
interaction of the two instability mechanisms, but can
be solely linked to the thermodiffusive instability.

3.2.1. Analysis of Flame Fingers
In the following, the formation of flame fingers is

discussed by means of the TD-Unstable case. Fig. 4
shows the spatial distribution of the heat release at
several consecutive time instances with the flame
moving from top to bottom. The formation of small
cellular structures, a widening of these cells, and
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Fig. 5: TD-Unstable case: Closeup of a flame finger show-
ing the spatial distribution of heat release and an iso-line of
T = 1200 K. Symbols aid the comparison with Fig. 6.

Fig. 6: TD-Unstable case: curvature κ, heat release (HR),
and the hydrogen mass fraction along an iso-contour of
T = 1200 K at the tip of the flame finger in Fig. 5. The arc
distance is measured towards the left (solid line) and right
side (dashed line) from the cusp’s center. Symbols aid the
comparison with Fig. 5.

eventually their break-up into two new small cells is
observed. In particular, due to the negative Markstein
number of lean hydrogen/air flames [23], an increase
of flame speed is observed for curved flame segments.
As this further enhances the curvature of a flame seg-
ment, small cellular structures are formed along a pla-
nar flame front (index 1 in Fig. 4), where the highest
value of curvature, heat release, and flame speed is
located at their tip. However, these structures are not
stable with respect to small variations of curvature.
For instance, if the curvature on the side of the cell is
slightly increased, it induces an enhanced flame prop-
agation at the side of the cell, leading to a widening
of the cell (index 2 in Fig. 4). As this flattens the tip
of the cell, a reduction of flame speed is observed at
this location, resulting in the splitting of the cellular
structure into two new small cells (index 3 in Fig. 4).

However, if two cellular structures of similar size
interact with each other, a stable flame finger struc-
ture can be formed. A closeup of the spatial distri-

bution of heat release of a flame finger is shown in
Fig. 5. The flame finger is characterized by a central
cusp, in which flame quenching is observed. Fig. 6
shows the evolution of curvature κ, heat release, and
the fuel mass fraction YH2 along an isoline of temper-
ature. The abscissa in Fig. 6 represents the arc dis-
tance along the flame front with respect to the center
of the cusp (solid/dashed lines refer to the left/right
side of the flame finger). It is evident that vanishing
reaction rates within the cusp occur due to a depletion
of hydrogen and the propagation of the cusp is dom-
inated by the strong diffusive processes within the
cusp region. In the vicinity of the cusp’s center, the
entire fuel diffuses towards the leading edges of max-
imum reactivity (crosses in Figs. 5 and 6), yielding
a saturation of the thermodiffusive instability mech-
anism. This is evident as the location of maximum
heat release, which correlates well with the location
of the maximum fuel mass fraction, is different from
the location of the maximum curvature. Thus, an en-
hancement of curvature does not yield higher reaction
rates due to the shortage of available fuel and prevents
the two leading edges from further approaching each
other. In case the leading edges move away from each
other, the fuel is not fully depleted within the cusp, so
the leading edges will move back to each other un-
til saturation is reached, thus restoring the flame fin-
ger. Consequently, flame fingers feature an enhanced
flame propagation as the formation of the cusp at the
tip of a flame finger enables the stable co-existence
of two leading edges, which feature significantly en-
hanced reaction rates due to their high curvature.

However, to form such a stable stucture, two cel-
lular structures need to possess a similar heat release
distribution and flame front curvature. Otherwise, a
strong asymmetry leads to the disappearance of the
smaller cell (index 4 in Fig. 4). This cell destruction
process may be also interpreted as a strong tilting be-
havior of the enclosed cusp and even for the devel-
oped flame fingers, a weak tilting behavior is visible.
While not visible in Fig. 6, the flame finger is not fully
symmetric as the right leading edge of the flame fin-
ger features a 1% higher heat release than the left edge
in Fig. 5. This difference remains present during the
whole evolution of the flame finger and consequently
the right leading edge features a marginally higher
flame speed, which causes the weak tilting behavior
of the flame finger. Thus, if two strongly asymmet-
ric cells interact, the tilting behavior is much more
pronounced, destroying the smaller cell. It is worth
noting, that in the Ref case, the tilting behavior is fur-
ther enhanced. Due to an asymmetry of the stream-
lines at the tip of the flame finger, different normal
flow velocities are obtained on each side of a flame
finger, enhancing the tilting motion of the flame fin-
ger [1]. As this amplification by the flow does not ex-
ist in the TD-Unstable case, a weaker tilting behavior
compared to the Ref case is obtained.

3.2.2. Consumption Speed Analysis
To assess the effects of the different instability

6



Fig. 7: Consumption speed sc normalized by the laminar
unstretched burning velocity sL, the flame surface area A
normalized by the lateral domain width A0 = Lx and the
stretch factor I0 for all cases.

mechanisms on the flame propagation in the non-
linear regime, the flame consumption speed of all
cases is determined as

sc = − 1

ρu YH2,u Lx

∫ Ly

0

∫ Lx

0

ω̇H2 dx dy, (4)

where ω̇H2 is the fuel consumption rate. The con-
sumption speed can be decomposed into three contri-
butions: i) the laminar unstretched burning velocity
sL, ii) the increase of surface area A/A0 due to wrin-
kling, where A is the time-averaged instantaneous
flame surface area (or iso-line length for the 2D con-
figuration, respectively) and A0 = Lx the reference
surface area (or iso-line length, respectively) of a flat
flame, and iii) the stretch factor I0, which accounts
for deviations of the local flame propagation from an
unstretched laminar flamelet due to variations of the
local reactivity and flame structure. This decomposi-
tion yields

sc = sL
A

A0
I0. (5)

Note that Eq. 4 is used to compute sc, while I0 is
determined from Eq. 5. The flame surface area A is
given as [24]

A =

∫
δ(CH2 − C0)|∇CH2 | dxdy, (6)

where CH2 is a progress variable defined by means of
the hydrogen mass fraction YH2 as

CH2 = 1− YH2/YH2 ,u. (7)

YH2 ,u refers to the value in the unburned gas. The
δ-function in Eq. 6 is approximated as a top-hat func-
tion and the flame sheet is defined as the most reactive
iso-surface by C0 = 0.9, but other choices yield sim-
ilar values, cf. Berger et al. [9] for further details.
Fig. 7 shows the different contributions for the three
cases. It is evident that the consumption speed en-
hancement is the largest in case Ref, yielding a value
of sc/sL = 4.1, while flame wrinkling, A/A0 = 2.0,
and variations of the local reactivity, I0 = 2.1, al-
most equally affect the consumption speed increase.

In contrast, the DL-Unstable case possesses a con-
sumption speed enhancement, which is significantly
smaller compared to the Ref case as sc/sL = 1.3
and is only caused by the flame wrinkling as a unity
value of the stretch factor is obtained. The latter in-
dicates that the local flame propagation is very sim-
ilar to an unstretched laminar flamelet. It is worth
noting that the consumption speed of flames that are
only affected by the hydrodynamic instability, such
as the DL-Unstable case, features a weak dependence
on the domain size [12]. However, following the
analysis of Lapenna et al. [25], halving or doubling
the domain size in the ’DL-Unstable’ case would
only yield a 15% or 24% change of the consumption
speed1 and, hence, does not affect the conclusion that
sc is significantly reduced in the DL-Unstable case
compared to the other cases. For the TD-Unstable
case, the consumption speed enhancement is sc/sL =
2.4 and, hence, significantly larger compared to the
DL-Unstable case, while being smaller than in the Ref
case. Similar to the Ref case, a non-unity value of the
stretch factor is obtained, indicating strong effects of
thermodiffusive instabilities on the local flame propa-
gation, but similar to the DL-Unstable case, a signifi-
cantly smaller flame surface area enhancement is ob-
tained. Thus, the large enhancement of sc/sL in case
Ref does not simply result from a superposition of the
individual contributions, but originates from a strong
interaction of both instability mechanisms with pos-
itive feedback. This is particularly evident from the
surface area increase.

In the following, the super-unity values of the
stretch factor in the Ref and TD-Unstable cases are
discussed. For this, Fig. 8 shows the joint distribu-
tions of progress variable CH2 and its source term ω̇C
for all three cases. Reaction rates in the DL-Unstable
case are close to the values of an unstretched lami-
nar flamelet, indicating flamelet-like burning, which
is consistent with the unity value of the stretch fac-
tor. The thermodiffusively unstable flames, cases Ref
and TD-Unstable, feature strong fluctuations of ω̇C,
which significantly deviate from the unstretched lam-
inar flamelet. This results from the strong fluctuations
of the local equivalence ratio due to the differential
diffusion of hydrogen and has been discussed in de-
tail by Berger et al. [9]. As reaction rates vary non-
linearly with the local equivalence ratio, the condi-
tional averages are higher than the flamelet solution,
indicating an enhanced average flame propagation.

While similar stretch factors are obtained in the Ref
and TD-Unstable cases, indicating a similar strength
of the thermodiffusive instability in the two cases, the
formation of flame surface area is entirely different.
While both cases feature the formation of small cel-
lular structures and flame fingers, the TD-Unstable
case misses the strong penetration of the flame fingers
into the unburned gas as visible in Fig. 1. The strong

1Note that the DL-Unstable case corresponds to nc = 30
in Lapenna et al. [25], where nc is the number of unstable
wave lengths.
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(a) Ref case (b) TD-Unstable case (c) DL-Unstable case
Fig. 8: Joint distribution, conditional average (red line) and flamelet solution (black line) of the progress varibale source therm
ω̇C and progress variable CH2 (curves overlap in the DL-Unstable case and are difficult to distinguish); ω̇Fl.

C is the maximum
value of ω̇C in an unstretched flamelet of each case.

penetration of the flame fingers into the unburned gas
in case Ref results from an interaction of the hydro-
dynamic instability with the flame finger structures.
Fig. 9 shows the flame contour, the magnitude of the
velocity vector, and the streamlines at one time in-
stance for case Ref. Ahead of the flame fingers, a
strong reduction of the velocity magnitude is visible,
which results from a widening of the streamlines at
the tip of the flame fingers. This local reduction of
velocities supports the penetration of the flame fin-
gers into the unburned mixture, leading to a strong
enhancement of the flame surface area. In particular,
the reduction of velocities ahead of the leading flame
edges, which corresponds to an increase of velocities
within the cusp regions, has been similarly observed
in the experimental study of Sarraf et al. [20] and is
a clear marker of the hydrodynamic instability, which
interacts with the flame finger structure. In contrast,
the density and velocity field in the TD-Unstable case
are constant, so no widening of the streamlines is ob-
served and the movement of the flame fingers into the
unburned gas is not further supported.

3.3. Three-Dimensional Flame Configurations
Finally, it is worth noting that the presented simu-

lations feature two dimensional flows and quantitative
comparisons among the different cases may change in
three dimensions. Recently, a DNS of case Ref with
a lateral domain width of 35lF has been performed in
three dimensions [26]. In this simulation, the con-
sumption speed and the formation of the large-scale
flame fingers are still affected by the moderate domain
size, but the lateral domain width is sufficient to allow
for a domain-independent behavior of the local flame
state and the stretch factor I0. While the higher curva-
ture values in three dimensions lead to a higher stretch
factor of I0 = 2.6, instead of I0 = 2.1 as obtained
in two dimensions, several similarities regarding the
flame morphology are observed. For instance, both
cases feature the formation of small cellular struc-
tures, similar fluctuations of the local equivalence ra-
tio, and the formation of a dimple-line at the leading
flame edge in three dimensions similar to the cusp at
the tip of the flame fingers in two dimensions. A snap-
shot of the three-dimensional simulation is shown in
the supplementary material. Thus, trends similar to

Fig. 9: Interaction of flame fingers with streamlines (grey
lines). The flame contour is depicted by an iso-line of
CH2 = 0.9 (solid black line) and the color indicates the
local magnitude of the velocity.

those observed in two dimensions are expected for
the individual contributions of each instability mech-
anism and their interactions also in three dimensions.

4. Conclusion

Lean hydrogen/air flames are prone to hydrody-
namic and thermodiffusive instabilities. In this work,
the contribution of each instability mechanism is
quantified separately by performing detailed simula-
tions of statistically planar lean hydrogen/air flames
with different diffusivity models and equations of
state to selectively suppress the hydrodynamic or ther-
modiffusive instability mechanism.

From numerically obtained dispersion relations in
the linear regime, the thermodiffusive instability is
shown to dominate the flame dynamics. If differ-
ential diffusion is suppressed, the flame features a
strong reduction of the characteristic growth rates and
if present, it yields a large range of unstable wave
numbers due to its strong destabilizing nature. A
comparison with theoretical models indicates reason-
able agreement if one of the two instabilities is dis-
abled, but discrepancies are observed if both insta-
bility mechanisms jointly affect the flame as an ac-
curate description of the stabilization towards large
wave numbers is needed.

In the non-linear regime, the large-scale flame fin-
ger structures are shown to originate from the ther-
modiffusive instability mechanism rather than from
an interaction of the two instability mechanisms. In
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particular, flame fingers are stable with respect to
external perturbation, while the small-scale cellular
structures are unstable as they tend to split into new
cells. Concerning the flame propagation, the effects
of the thermodiffusive instability on the local reactiv-
ity and flame propagation are similar irrespective if
the hydrodynamic instability is present or absent, but
the surface area increase due to wrinkling is strongly
diminished if one of the two instability mechanisms
is missing. This is linked to a synergistic interac-
tion between the two mechanisms, as the propagation
of flame fingers, which originate from the thermod-
iffusive instability, is enhanced by the hydrodynamic
instability as it causes a widening of the streamlines
ahead of the flame fingers, leading to the formation of
a large flame surface area.
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