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ABSTRACT: Assuming the existence of a field theory in D dimensions dual to (D + 1)-
dimensional flat space, governed by the asymptotic symmetries of flat space, we make
some preliminary remarks about the properties of this field theory. We review briefly some
successes of the 3d bulk — 2d boundary case and then focus on the 4d bulk — 3d boundary
example, where the symmetry in question is the infinite dimensional BMS, algebra. We
look at the constraints imposed by this symmetry on a 3d field theory by constructing
highest weight representations of this algebra. We construct two and three point functions
of BMS primary fields and surprisingly find that symmetries constrain these correlators to
be identical to those of a 2d relativistic conformal field theory. We then go one dimension
higher and construct prototypical examples of 4d field theories which are putative duals of
5d Minkowski spacetimes. These field theories are ultra-relativistic limits of electrodynam-
ics and Yang-Mills theories which exhibit invariance under the conformal Carroll group in
D = 4. We explore the different sectors within these Carrollian gauge theories and inves-
tigate the symmetries of the equations of motion to find that an infinite ultra-relativistic

conformal structure arises in each case.
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1 Introduction

1.1 The Triangle

Of late, there has been a resurgence in the study of quantum gravity in asymptotically
flat spacetimes. This renewed interest is primarily due to Strominger’s new insights [1, 2]
into the apparently unrelated physics of asymptotic symmetries, soft theorems in quantum
field theory and the so-called memory effects. A beautiful story has emerged linking these
three corners with what we will call “the Triangle”.

In a theory of gravity, the symmetries at the boundary of a spacetime is given formally
by the Asymptotic Symmetry Group (ASG). This is the group of all diffeomorphisms
allowed by a particular choice of boundary condition modded out by the trivial diffeo-
morphisms. Often the ASG is just the isometry of the vacuum state, e.g. in AdSpy; for
D > 3, the ASG is SO(2, D). But there are famous exceptions to this and perhaps one of
the most remarkable is the analysis of Brown and Henneaux [3] who showed that in AdSs,
the asymptotic symmetry is enhanced to two copies of the infinite dimensional Virasoro
algebra. This infinite enhancement of symmetries is the reason of the many miracles of the
AdS3/CFT; correspondence.

In asymptotic flat spacetimes in four dimensions, there is again an infinite enhancement
of asymptotic symmetries when one constructs the ASG at null infinity. The ASG is the
infinite dimensional Bondi-Metzner-Sachs group [4, 5] and not the conventionally expected
Poincare group. The Poincare group is extended by the so-called “super-translations”
which are translations along the null direction which depend on the angles of the sphere
at infinity. The BMS group also has the Lorentz subgroup which acts conformally on the
sphere at null infinity. Following arguments similar to [6] in 2d conformal field theories,
there is a further infinite enhancement called “super-rotations” when we don’t require
the generators on the sphere to be well-defined [7]. Since the BMS group acts on the
null boundary of flat space, it is natural to expect that this arises as a symmetry in the
gravitational S-matrix. This was surprisingly not investigated before the current spurt of
activity. It was conjectured in [1] that this is indeed the case for an infinite-dimensional
subgroup of the full BMS group, a certain combination of the group acting on .# and the
one acting on £, which will be called the diagonal BMS group.

Weinberg’s soft graviton theorem [8] equates a S-matrix element of a quantum theory
of gravity to another S-matrix element which differs by the addition of a graviton which is
“soft”, i.e. whose four-momentum is taken to zero. This is a universal formula and surpris-
ingly does not depend on the details of the other particles involved in the process. In [9],
it was shown that Weinberg’s theorem could be understood as a Ward identity arising
out of the supertranslational invariance of the conjectured symmetry under the diagonal
BMS group. New soft-graviton theorems related to Ward identities arising out of diago-
nal super-rotation invariance of the gravitational S-matrix have also been discovered [10],
leading ultimately to a Virasoro invariance of the quantum gravity S-matrix [11]. These
Ward identities can also be derived from Noether’s second theorem [12].

The third vertex of the Triangle is the memory effect [13]. The gravitational memory
effect refers to the displacement of a pair of nearby detectors when a pulse of radiation



passes through a certain region of spacetime where these detectors are placed. The pulse
of radiation produces a gravitational field leading an oscillation in their relative positions.
Once the waves have passed, the detectors in general do not get back to their initial positions
and this leads to the above effect. The memory effect is connected to the soft theorems by
Fourier transforms (in time) [14]. And the link between BMS symmetries and the memory
effects is through vacuum transitions. The infinite dimensional BMS symmetry implies
that the classical vacuum of the gravitational theory in asymptotically flat spacetimes is
infinitely degenerate. Quantum mechanically this implies that the Minkowski vacuum is
not invariant under supertranslations and hence the symmetry is spontaneously broken.
The associated Goldstone bosons are the soft gravitons. The different vacua are related
by super-translations and differ from each other by the addition of soft gravitons. The
(standard) gravitational memory effect has been shown to be equivalent to a transition
between an initial and final vacuum state [14]. There also has been the discovery of
a new gravitational memory effect, called the spin memory which are related to super-
rotations [15]. These again are related to the new soft graviton theorems by a Fourier
transform in the time direction.

The above web of relations is not only true for gravity, but for a large class of gauge
theories as well and in particular, similar relations for electrodynamics have been discussed
n [16]. We will not go into the details of these here. What we want to briefly comment
about is perhaps one of the most interesting consequences of this emerging picture of
infra-red physics in quantum field theories. In [17], Hawking, Perry and Strominger have
proposed that these new insights into gravity in asymptotically flat spacetimes can have
a bearing on the black hole information loss paradox. The famous no-hair theorems in
general relativity state that stationary black holes are completely characterised by their
mass, angular momentum and electric charge up to diffeomorphisms. The authors of [17]
argue however that since supertranslations are diffeomorphisms that change the physical
state, they map the stationary black hole to a physically inequivalent one and hence all
black holes carry an infinity of supertranslation charges. These charges may go a long way
in a resolution of the information loss paradox.

1.2 Construction of holography for flatspace

Having given a brief outline of the new excitement in the field of research of gravity in
asymptotically flat spacetimes, let us now motivate our work in this paper. We are inter-
ested in a holographic formulation of flat space and this paper is a collection of results in
this direction.

The canonical asymptotic symmetry analysis in a theory of gravity leads to the idea
of the ASG as we have discussed. We shall assume, following most known examples of
holography, that this ASG also dictates the symmetries of a dual field theory that lives
on the boundary of the spacetime. Hence, a holographic formulation of quantum gravity
in asymptotically flat spacetimes would mean that the putative dual field theories are
BMS invariant theories in one dimension lower than the gravity theory, living on the null
boundary of Minkowski spacetime. This line of thought has been successful in dealing with
the three dimensional theory of Minkowskian gravity. In this work, we want to report some



preliminary progress in the formulation of the holographic dual theory in higher dimensional
asymptotically flat spacetimes based on the idea above. We will thus be confining ourselves
to the ASG vertex of the Triangle discussed above. But there are tantalising prospects of
attempting to understand what the other vertices mean for the putative dual field theory.
We will not have any concrete suggestions about these in the present work.

Flat spacetimes can be obtained as a limit from AdS when the radius of AdS is taken
to infinity. This means that the asymptotic symmetry structure of AdS should also go
over to the asymptotic structure of flat space in this singular limit. In an algebraic sense,
this is a contraction and the above statement can be exemplified well in the case of three
spacetime dimensions. For higher dimensions, the process of contraction does not give the
full picture, but it still remains a useful tool for some quantities of interest. This line of
thought would remain a persistent one throughout the current work. We shall, in this work,
provide some basic features like construction of the highest weight representation theory
for BMS algebras and provide examples of BMS invariant field theories which would serve
as prototypical examples of field theories dual to asymptotically Minkowskian spacetimes.

1.3 Outline of the paper

Now let us briefly sketch the outline of the rest of the paper. We start in section 2 with
comments on the formulation of holography for a generic spacetime and then particularly
for asymptotically flat spacetimes. We then review the formulation for 3d flat holography
and summarise some of the successes of the programme. This is also important to contrast
the formulation in three dimensional bulk and the higher dimensions.

In section 3, we focus on generalities of BMSy invariant field theories in 3 dimensions.
These are theories which would be dual to 4d asymptotically Minkowski spacetimes and
which live on the null boundary of flat space. We construct the highest weight representa-
tions of the infinite algebra and then compute the two and three point correlation functions
of such theories. It surprisingly turns out that these correlation functions are exactly the
ones obtained for relativistic 2d conformal field theories.

We then move into higher dimensions. In section 4, after a look at the construction
of the conformal Carroll algebra by an ultra-relativistic contraction of the relativistic con-
formal algebra in any dimensions, we propose a way to lift this finite dimensional algebra
to an infinite one. For this we also discuss the similarities and differences of the CCA
with another contraction of the conformal algebra, the Galilean Conformal Algebra and
its corresponding infinite dimensional extension. We also discuss briefly the geometrical
structures which are associated with these field theories. In section 5, we focus on the
representation theory aspects of the CCA. We construct highest weight representations la-
belled by the dilatation and rotation generators. The role that the ultra-relativistic boosts
play in this context is carefully examined.

In section 6, we construct in detail the theory of ultra-relativistic Electrodynamics
and ultra-relativistic Yang Mills theories. These theories, like their non-relativistic cousins
Galilean Electrodynamics [20, 21] and Galilean Yang-Mills [22], have various different sec-
tors which depend on the way that the gauge fields are scaled. We look at the equations
of motion and the contracted versions of gauge symmetry in these various limits. We then



go on to show that in D = 4, all these different sectors have Conformal Carrollian invari-
ance and there is an emergent infinite dimensional symmetry, which is the one we had
proposed for the CCA earlier in the paper. We conclude in section 7 with a summary of
our results and discussions. There is an appendix which contains explicit details of the
ultra-relativistic SU(2) Yang-Mills theory.

2 Flat holography: generalities

To set the stage for our analysis of the field theory dual to flat space, we now make
some general remarks about holography in general and in particular how to set up the
same problem for asymptotically Minkowski spacetimes. We then recall some of the basic
features of the construction in the case of the 3d bulk and 2d boundary theory, which so
far is the best understood case.

2.1 The recipe for holography

One of the basic ingredients in the formulation of a holographic correspondence is the
matching of symmetries between the bulk and boundary theories. A canonical analysis
of the symmetries at the boundary of a space-time leads to the notion of the asymptotic
symmetry group which, for a particular choice of boundary conditions, is the group of
allowed diffeomorphism of a space-time modded out by the trivial ones. This asymptotic
symmetry group then is also identified with the underlying symmetry of the field theory
dual which lives on the boundary.

Often, the asymptotic symmetry group is nothing but the isometry of the vacuum and
this is the case for the well known examples of AdSpy; for D > 2. The symmetry group
in question then is SO(D,2) and this also is the symmetry underlying the D dimensional
dual field theory. As is well known, SO(D, 2) is the conformal group in D dimensions and
the dual field theory is a CFT. This very basic premise can be taken as the first building
block for formulating a new holographic duality. This, e.g., has been the way dS/CFT was
proposed in [23] and more recently, the asymptotic analysis of Vasiliev theories in three
dimensions, which results in two copies of W algebras [24-26], led to the formulation of
the Gaberdiel-Gopakumar conjecture [27] for a duality for higher spin theories.

We want to understand how to construct the notion of holography for flat space times.
To this end, let us construct the statements equivalent to the above for flat space. The
asymptotic symmetries of Minkowski spacetimes at null infinity is given by the Bondi-
Metzner-Sachs group. This is a group which is infinite dimensional in all dimensions,
first discovered for D = 4 by Bondi, van der Burg and Metzner [4], and, independently,
Sachs [5] in the late 1960’s. It was found that under suitable boundary conditions, the
asymptotic symmetries at null infinity in four dimensional Minkowski spacetimes becomes
infinite dimensional defying common wisdom that this analysis should yield the Poincare
group. The null boundary of flat space is IR x SP~2. The BMS group consists of conformal
transformations of the sphere at infinity and infinite dimensional generalised translations of
the null direction, called super-translations, which depend on the angular co-ordinates on
this sphere. In dimensions D > 5, one can consistently set boundary conditions to truncate
the BMS group to the Poincare group [66-68], but this is not possible for D = 3, 4.



Going by the conventional notion of holography, the dual field theory to Minkowski
spacetimes should thus be one which lives on the null boundary and is endowed with the
symmetries of the BMS group. For D > 5, one can take the conservative point of view of
the restricted boundary conditions to construct dual theories with Poincare symmetry. But
this is much more exotic than it sounds, as a higher dimensional Poincare invariance needs
to be imposed on a theory in one lower dimension. E.g. in the 5D bulk — 4D boundary
perspective, one would need to construct 4D field theories with symmetry ISO(4, 1).

Adopting the conservative approach to flat holography mentioned above, in order to
construct field theories can be candidates holographic duals to flat space, one can choose
a systematic route. ISO(D,1) is a Inonu-Wigner contraction of SO(D,2). So the D-
dimensional field theories dual to (D + 1)-dimensional flat space can be constructed as
systematic limits of D-dimensional conformal field theories. It was shown in [33] that in
terms of space-time directions, the contraction of the parent conformal field theory that
one needs to consider is along the time direction of the theory. This physically amounts
to sending the speed of light to zero in the field theory and hence can be viewed as an
ultra-relativistic boost of the parent conformal field theory.

With this in mind, later in the paper, we shall revisit one of the simplest systems to
exhibit classical conformal invariance, viz. the Maxwellian theory of electromagnetism in
D = 4. Here we would find that an ultra-relativistic limit on the theory leads to a 5d
Poincare invariant theory which lives in 4 dimensions. We will then propose a lift of the
symmetry algebra to the infinite dimensional BMS5 algebra and check the invariance of the
theory under this infinite algebra. Our analysis would be very similar to the one carried
out in [21]. Then, following recent work in [22], we will also display the BMS5 invariance
of classical Yang Mills theory in D = 4.

It is important to mention that the above strategy of using the ultra-relativistic (UR)
limit is one of the tools that we use in our analysis and not the only one. Another important
one is the process of giving infinite dimensional lifts to the aforementioned finite dimensional
algebra in the spirit of [28], where a similar infinite dimensional lift was carried out when
exploring the non-relativistic (NR) limit of the conformal algebra. Checking how the
infinite dimensional algebras form symmetries of the field theories we construct would be
an important step that we will construct in our analysis.

2.2 Holography of 3d Minkowski spacetimes

Most of the recent work on holography in flat spacetimes has been carried out in three di-
mensions. If we look at the Asymptotic Symmetry Group at the null boundary of flat space,
this now becomes the infinite dimensional BMS3 group and the corresponding algebra is

given by
(L Lin] = (0= m) L + Tom(m? = Do (2.1a)
(L M) = (0= ) My + S5m(m?® = 1)n0 (2.1b)
(M, My] =0 (2.1¢)



The null boundary #* of 3d flat space has a structure of IR x S'. In the above, L,’s are
the generators of the diffeomorphisms on the circle and the M,,’s are the so-called “super-
translations”, translations along the null direction which depend on the angle. ¢z, and ¢y
are the possible central extensions of the algebra allowed by Jacobi identities. A canonical
analysis finds them to be ¢, = 0 and cj; = % in Einstein gravity [31].

It is well known that the ASG of AdSjs is also infinite dimensional and following the
seminal analysis of Brown and Henneaux [3] can be computed to be two copies of the
Virasoro algebra

Loy Lon] = (1 — 1) Lonon + %m(mz — 1)man0 (2.2a)
Ly Lol = (1 — 1) Lomon + %m(mQ — minos  [LosLm] = 0. (2.2b)

Here c=¢ = % where / is the radius of AdS and G is the Newton’s constant. The BMS3
algebra descends naturally from this structure when one takes the radius of AdS to infinity.
This can be seen by looking at the following linear combinations

Ln=Ln—Lop, My=—(Ln+L_y) (2.3)

It is easily seen that in this limit, one needs to combine the central terms as ¢, = c—¢
and cpr = %(c — ¢) and this reproduces the above expressions for the central terms given
the AdS3 Brown-Henneaux central terms.

Interestingly, the algebra (2.1) was also previously studied in the context of non-
relativistic versions of CFTs [32] and these field theories went under the name of Galilean
Conformal Field Theories (GCFTs) [28]. The reader may be confused by the appearance
of the term non-relativistic when we have just mentioned that the field theories we would
be considering actually can be thought of as ultra-relativistic boosts of some parent CFT.
The reason for this is the magic of two dimensions. Here a contraction in the space di-
rection (a non-relativistic limit) is equivalent to a contraction in the time direction (an
ultra-relativistic limit) in terms of the symmetry algebra. This magic does not hold in
the higher dimensions where the number of directions in which the contraction would take
place begin to differ. In a (D + 1) dimensional field theory, the non-relativistic limit would
mean a contraction of the D spatial directions as opposed to the ultra-relativistic limit
which still remains a contraction in only one direction, time.!

The infinite dimensional symmetries of these field theories have allowed a number of
applications in holographic studies of 3d flat space. We summarise some of the important

ones briefly below.

o Cardy-like counting [36] (see also [37]). The infinite dimensional symmetries of the
dual theory helps one employ techniques of usual CFTs to construct the partition
function of these field theories and then with the notion of a modified modular in-
variance of these partition functions which emerges in the limit, one can write down

'Note however that one can device skewed non-relativistic limits and hence have a more general notion
of a BMS/GCA correspondence [32].



a modified Cardy formula for these theories. The formula reproduces the Bekenstein-
Hawking entropy of the so-called Flat space cosmologies (FSCs) which are (shifted-
boost) orbifolds of flat-space and are time dependent solutions of Einstein’s equations
in asymptotically flat spacetimes with cosmological horizons [38]. The logarithmic
corrections for the formula have been worked out in [39]. The modified Cardy formula
has also been reproduced as a limit in [40, 41].

Flat-space chiral gravity [34]. This was the first explicit example of a bulk theory with
a flat space boundary conditions and a known field theory dual. The bulk theory
is a singular limit of Topologically Massive Gravity where the Gravitational Chern-
Simons term becomes the only important term and the Einstein-Hilbert term drops
off. It was shown that this was also the limit when the dual theory reduced to a
single copy of the Virasoro algebra. The theory was called Flat-space chiral gravity
(FxG). As an explicit example, it was conjectured that FxG at Chern-Simons level
k =1 was dual to the ¢ = 24 Monster CFT. A check for this conjecture is that the
chiral Cardy formula reproduces the entropy of the FSC solutions in FxG [35].

Flat limit of Liouville [42]. An explicit example of a possible 2d field theory dual
realising the whole of the BMS algebra was constructed in [42]. The authors discussed
two different flat limits of Liouville theory, one which described (2.1) without central
extensions and one which had non-zero central terms.

Cosmic phase transitions [43]. Phase transitions between FSCs and hot flat space
were discovered in [43]. These are analogues to the Hawking-Page phase transitions in
AdS with the interesting difference that these are transitions from time-independent
uneventful flat space to a time-evolving cosmology. The formulation of a well-defined
variational principle for 3d asymptotically flat space led to the discovery of an non-
standard boundary term [44] that was used in construction of the phase transition
discussed above.

Higher spin theories [50, 51]. A higher spin version of the BMS story in three dimen-
sions was discovered in [50, 51]. The resulting asymptotic symmetry algebra (which
we decided to call the BMW algebral), initially obtained by the usual canonical anal-
ysis, can also be obtained as a contraction of analogous linear combinations of two
copies of the corresponding W algebra. Some follow-up work can be found in [52, 53].
Here techniques of a formal Grassmannian map from AdS to flat space, introduced
in [54] is a useful tool.

Entanglement Entropy [46]. Using techniques similar to those in 2d CFTs [45], the
entanglement entropy of 2d field theories with BMS symmetry (or Galilean CFTs)
was computed in [46]. On the bulk side, with a computation using Wilson lines in
the Chern-Simons formulation of gravity in three dimensions, the same answers were
reproduced. More details about the computation were given in a follow-up paper [47].

Stress Energy Correlations [48]. Invoking the infinite dimensional algebra, it is pos-
sible to compute arbitrary n-point correlation functions of the energy-momentum



tensor of these 2d Galilean conformal field theories by invoking the highest weight
conditions on the representations. One can write down Ward identities correspond-
ing to these infinite dimensional symmetries. Like in 2d CFTs, the connected part of
these energy momentum n-point correlation functions follow recursion relations. The
correlation functions and the recursion relations can be holographically derived by
invoking the Chern-Simons formulation again and implementing the highest weight
gauge in this formulation.

e Induced representations [49, 55, 56]. The above checks of the holographic principle
in flat space assumed that for holographic considerations, one needed to use high-
est weight representations of the underlying algebra. But the problem with these
highest weight conditions is that the representations are generically non-unitary. FEx-
plicitly unitary representations of the BMS algebra have been considered and these
are induced representations constructed in [49, 55]. They also have been recently
constructed in the limit from AdS in [56]. It is likely that both highest weight and
induced representations would have a role to play in the full construction of flat
holography and each would be important for particular applications.

e Non-Riemannian boundary structures. The field theory dual to flat space lives on
the null boundary of flat space. This means that the metric of the field theory is
degenerate. The Riemannian nature of spacetime on which the field theory is defined
is replaced and what replaces it is very similar to the Newton-Cartan structures found
in non-relativistic spacetimes. The manifold is called a Carrollian manifold and in two
dimensions, this is dual to the Newton-Cartan manifold [64]. These new structures
are expected to play a central role in the formulation of Minkowskian holography.
Some preliminary steps have been taken in [61, 62].

It is important to mention some short-comings of the above programme. As we have
said, the appearance of the infinite dimensional BMS group is at the null boundary of flat
space. In current investigations, one has only used one field theory living on either .# T or
#~. For a complete description of holography in flat space times, one needs to consider a
field theory living on the whole of the null boundary. This means we need to understand
how to put together these two 2d GCFTs, one living on .# T and the other on .# ~. Along
with that there is another problem. There exists a different asymptotic symmetry group,
called the SPI group, at spatial infinity ig. ¢¢ contains important information about grav-
itational charges like mass and angular momentum of the space-time and it is very likely
that the field theory that lives at this point would also be important for flat holography.
The effort so far of trying to use GCFTs to describe 3d flat space can be looked upon
as only a partial attempt at solving what is clearly a problem with diverse complexities.
Having these caveats in mind, we will now go on to address some of the basic features of
flat holography in four bulk dimensions.



3 Holography of 4d flat space

As we stressed in the introduction, the Poincare group in 4 dimensions comes from the
contraction of the AdS, isometry group. So, if the Poincare group turned out to be the
group of asymptotic symmetries of 4d Minkowski spacetimes, then the dual field theory
would have the symmetries of the contraction of a 3d relativistic CFT. However, the
group of asymptotic symmetries in 4d turns out to have a far richer structure and the dual
theory, if there exists one, can only be partially understood from the point of view of a

contraction of a relativistic CFT. In this section,?

we first revisit the infinite symmetries
of the putative dual theory of 4d flat space and then explore some basic aspects of its
representation theory. We then go on to focus on only a particular Poincare sub-algebra
which arises from the contraction of the AdS isometries to extract information of the two

and three point functions of the 3D field theory in question.

3.1 Symmetries of BMSy

As we have mentioned in the beginning of the last section, Bondi, van der Burg and Met-
zner, and, independently, Sachs discovered in the late 1960’s that under suitable boundary
conditions, the asymptotic symmetries at null infinity in four dimensional Minkowski space-
times becomes infinite and is given by the following algebra, which has then come to be
known as the 4d Bondi-Metzner-Sachs (BMS,) algebra:

[Ly, L] = (n — m) Lyt [Ly, Lin) = (n — m)Lypym (3.1a)

1 - 1
[Lm) Mr,s] = <7nék - 7’> Mm+r,57 [L’ﬂh Mr,s] = <TTL;L - 3> M’r,m—i—s (31b)
[Mr,s, Mt,u] =0 (3.1(3)

Here n, m range from —1 to +1 while the other variables can take all integral values. The
generators M, , are called the super-translation generators which are translations that can
depend on the angles of the sphere at infinity. The L,, generators are the ones of the global
conformal algebra of the sphere at infinity. In [7], it was proposed that like in 2d CFTs, if
the restriction of being globally well defined is relaxed, the L,, generators too could become
infinite dimensional and the first line of the BMS algebra would then become two copies
of the Witt algebra. We will work with this definition of the BMSy, where both the L and
the M generators are infinitely extended.?

We now come to the question of central extensions of (3.1). The literature seems to be
a bit confused here. In [59], the authors concluded that the only non-trivial central terms
that the algebra could have are the Virasoro central extensions to the Witt algebra of the
first line. In [60], the same set of authors concluded that the Virasoro central terms were

2This section was worked out in collaboration with Anandita De.

3Here it is of interest to mention that the BMS, group has also been recently extended differently to
include all smooth vector fields on S? instead of extending the global conformal symmetries to Virasoro
symmetries [57, 58]. This generalisation of the BMS group is thus the semi-direct product of the super-
translations with Diff(S?), the group of smooth conformal deformations of the sphere at null infinity. We
will not be working with this notion of the extended BMS group.

~10 -



zero and there were non-zero, actually divergent, central term contributions in the cross
commutators of L and M. We performed a simple minded analysis of Jacobi identities
of the generators of (3.1) and agree with the initial result of possible central Virasoro

extensions. Jacobi identities don’t allow any central terms in the cross commutators.?

3.2 Highest weight representations

We would like to construct the highest weight representation for the BMS, algebra in an
attempt to understand the symmetry structure that underlies the possible 3d field theory
dual to 4d Minkowski space times. The motivation behind doing this comes from the fact
that this is the natural thing to do if one is to make connections to a limit from a parent
CFT. Let us stress again that in the case of BMS, (which now would be the symmetry
of a 3d field theory), the connection between the symmetry structures is only between the
Poincare sub-group of the BMS, and the conformal algebra in 3d. The infinite dimensional
nature of the BMS, algebra is something that cannot be easily understood from the limiting
prescription. We shall have more to say about this later.

Let us first choose a convenient representation for the BMS, algebra. We denote the
directions in the field theory as {z,y,t} and use complex co-ordinates z = x — iy and
zZ = x +1y. The generators are given by

1 - 1
L,=—-2"to, — §(n +1)z"t0y, L, = —zmHly, — i(n +1)2"t0,, M, =2"2°0;. (3.2)

We will refer to this representation as the “plane” representation. We choose to label the
states of the 3d field theory under the Lg, Lo generators:

Lo|®) = h|®), Lo|®) = h|®) (3-3)

This particular choice of the labels is the physically relevant choice and this can be seen
by considering the following linear combinations in the above representation:

Lo+ Lo = t0; + 20, + 205 = t0; + x0y + YOy, Lo— Ly = 20, — 205 = i(x0y —y0,) (3.4)

So we see that these combinations are the dilatation operator and the rotation in the 3d
field theory and h + h can be identified with the weight under the dilatation operator and
h — h with the spin of the state under question. These are clearly the quantum numbers
that one would like to associate with a state in the theory. The labelling of the states
would be useful again when we connect later to the limit from 3d conformal field theories.
Let us also point out another useful representation which we will call the “cylinder”
representation. The mapping between the “cylinder” and “plane” is given by:

z=c, z=¢% t=ireleit (3.5)

These names and indeed the two representations are motivated by their 2d counterparts
discussed in [39]. In the cylinder co-ordinates, the generators take the following from:

Ly = iein {ag +i (”;1) TaT] o L —iei€ {ag +i (”;1) TaT] . (36)

M, = —ieir=DEeils—DEp_ (3.7)

4Note that here unlike [60] we are speaking of conventional central terms which are not field dependent.
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The cylinder representations would be of use when we want to talk about BMS, invariant
3d field theories at finite temperature. It is important to note that since we have

1 _
(Lo, Mo o] = §MO,O = [Lo, Mo ] (3.8)

the states don’t get any additional label under the Mp o generator. This is a very crucial
point and in stark contrast to the highest weight representations of the BMS3 (or GCAy)
algebra (2.1) where the states were defined by their labels under the single zero mode
Virasoro generator (Lg) and also the zero mode super-translation generator (Mg) [29].
This aspect of the representation theory would make a very big difference between the
physics of the field theories with BMS symmetry in 2 and 3 dimensions. We will have more
to say about this when we are discussing some generic representation theory aspects in the
next section.

We can build a notion of primary states in the BMS, algebra in close analogy with usual
CFTs. Let us denote a state ® with weights (h,h) as |h, h). We see that the generators
Ly, Ly, My, , for positive values of m,n lower the weights of the state.

LoLu|h.B) = (h — n)Ly|h, h), LoLu|h, B) = (h — n)Ly|h, h) (3.9)

_ 1 L ) _ 1 _
LMLAMh)z(h—r+2>Aﬁgmh% Ldﬁﬁmh>:<h—s+2>AQAMh) (3.10)

So, we define primary states |h, E>p as those which are annihilated by all generators
L,, Ijn,Mmm with m,n > 0.

Lylh,h), =0, Lylh,h), =0, M,.sh,h),=0 Vn,r,s>0 3.11
p p s p

The representation would be built by acting on these primary states by the creation op-
erators L_p, L_p, M_,, _p, with m,n > 0. An interesting observation is that due to the
commutation relations of L’s with M’s we now have half-integral as well as integral levels
as opposed to the purely integral levels of the Virasoro algebra.

It is now important to note that the 4d Poincare algebra is the 10 dimensional subgroup
of the BMS algebra consisting of {Lo +1, Lo +1, Mo 0, Mo, Mi,0, M11}. We would demand
that the ground state of our 3d field theory which is the candidate dual to the 4d bulk
Minkowski space-time is invariant under this sub-group of the BMS group and shall proceed
to calculate correlation functions based on these symmetries.

3.3 2-pt and 3-pt functions

We are now interested in calculating correlation functions of BMS, primaries constructed
above. We shall use the symmetries of the Poincare sub-group of the BMS, as we men-
tioned. Using insight from CFTs, the proper thing to do is to use the globally well-defined
part of the BMS, algebra, which is the global part of the Witt algebra and the infinitely
extended super translations. The reader may be concerned that the above restriction of
using the Poincare sub-group instead of the other, much larger, group is contentious. We
will dispel these doubts near the end of this section and show that the generators of super
translations that we have ignored do not put any additional constraints on the correlators.
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We want the vacuum of the putative dual field theory to be invariant under the Poincare
generators. We wish to calculate the two point function of two BMS, primary fields ®¢, ®J
which have weights (h1, 1) and (hg, ho).

GY (21, 21,115 29, 2o, t2) = (0|®" (21, 21, 1) B (22, Z2,12)|0) (3.12)

Before looking at this, it is instructive to look at the form of the expressions of local
operators at an arbitrary spacetime point. If ¥(z, z,¢) is a local operator, we have

U(#) =UV(0) U™ with &= (221t and U =exp(tMyog—2L_1—2L_1) (3.13)

We would need local operators in our theory and the action of the generators of the algebra
on them. For later use, we list a few expressions which can be obtained by the repeated
use of the Baker-Campbell-Hausdorff formula.

n+l k. k n 1,1l
_ + DHI(=1)"z L,k (n4+ DI(=1)"2" tMy_1p
U 1LnU:§:(n y ’
— k! (n+1—k)! pr il 2(n —1)!

_ ntl 1(—1)\kzk n 1)zl tM
UL U = Z (n+ 1)I(-1)z Ly_ n Z (n+1DI(-1)'z 0,n—1

L ¢ 1=k I! 2(n —1)!
UMy, U = zm:i r! s! ()RR ML -
" 1=0 k=0 (r =D (s — k)!k! r—l,s— '

Now let us return to the two point function of the two BMS primary operators. Using
L_1,L_1, My we get that the two-point function is translationally invariant in all the
three co-ordinates.

GY (a1, 23) = GY (21 — 22,21 — Za, 11 — 12). (3.15)

Very interestingly, using M1, M1y we get G% is independent of t. Using the above rela-
tions (3.14), when we determine the structure of the two-point function under the action
of Ly, Lo, we get the following differential equations for the two point function

(h1 4 ho)GY + (21 — 29)0, 2, GY =0 (3.16)
(Bl -+ BQ)Gij -+ (21 — 22)851_52Gij =0 (3.17)
Theses equations give us
Cc

G (Zy,Ts) = (3.18)

(21 — zp)Mth2(z) — Zo)hathe

The action of Mj 1 does not generate any extra constraints. From the action of Ly and Ly,
using the formulae (3.14) we get

(230, + 2h121)GY + (230,, + 2h222)GY = 0 (3.19)
(2202, + 2h121)GY + (2303, + 2h272)GY = 0 (3.20)
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These equations give us h; = hy and hi = ha. So we have
C
(Zl — 2’2)2}‘(51 — 22)

This is identical to the two-point function of a two-dimensional relativistic conformal field

G (%, Zs) =

= (3.21)

theory. We shall see that the three point function also behaves in the same way. So we see
that in the highest weight representation described above, there is a strong hint that the
representation of the BMS, algebra reduce to that of two copies of the Virasoro algebra.
This may lead us to speculate that the dual to 4d Minkowski spacetime may actually be a
relativistic conformal field theory living in two dimensions.

As we said at the start of the section, one of the reasons for concern in this calculation
may be that we have considered only the Poincare sub-group of the full BMS group and not
the well-defined “global” version which contains Lo +1, I_L(),il and all the super translations.
We see that all the super translation generators have derivatives only in the time direction
and crucially, the states are not labelled under the Mg generator. Hence all the other
generators do not impose any extra constraints on the two-point correlator. A pointer to
this is the fact that we did not get any new constraint from the action of M;j; on the
two-point function. The conclusion is that we would have ended up with the same two
point function as we obtained above if we had considered the invariance under Lg +1, EOd:l
and all the super translations.

Let us now briefly mention the construction of the three point function of three BMS
primary fields in our 3d field theory. The analysis is essentially identical to the one of
the two-point function. The action of L_1,I}_1,M070 says that the three-point function
depends on the differences of the co-ordinates and the action of M o, My 1 gives us that the
correlation function is independent of time. So we see again that the three-point function
of a BMSy invariant field theory is just that of a conformal field theory in 2 dimensions.

In the above, we have considered only scalar primary BMS operators. It would be of
interest to check if the reduction also carries over to operators with spin. Another point
of interest is that one can readily obtain these answers by looking at the ultra-relativistic
contraction of the two and three point correlators in 3d relativistic conformal field theories.
This is easily seen by looking at the expressions for the 2 and 3-point correlation functions
of a usual 3d CFT and contracting the time co-ordinate. We will have more to say about
the contraction of the time direction in the coming sections. This is intimately linked to
the fact that the flat space limit of AdS is perceived as an ultrarelativistic limit on the
dual field theory where, in a group theoretic sense, the time direction contracts.

Supertranslations and vacuum degeneracy. There is something very important that
our analysis above assumes. It is the fact that the dual field theory to 4d asymptotically
Minkowski spacetimes has a unique ground state. The vacuum of classical general relativity
in 4d flat spacetimes is infinitely degenerate by the virtue of the infinite BMS group.
Supertranslations generate transitions among these ground states and this is reflected in
the memory effect as explained in the introduction.

So how can we even begin to justify a dual theory which does not cover this basic
feature? Our argument here is that even though the vacuum of classical general relativity
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is infinitely degenerate, the vacuum of quantum gravity in flat space is expected to be
unique and Poincare invariant. This is the vacuum we are working with in the field theory
dual. A unique CFT vacuum is also what we assume in the AdS/CFT correspondence.
It is very likely that infrared issues similar to which arise in flat space, and that had
been largely neglected in the literature in the past, would also arise when one includes a
cosmological constant. Also, we would expect that the flat limit of AdS/CFT should lead to
flat holography and hence the unique AdS vacuum would also go over to a unique vacuum
for quantum gravity in flat space. Having argued our point, it would however be interesting
in trying to formulate a way to understand the classical vacuum to vacuum transition and
hence the memory effect in terms of the dual theory. We don’t have anything concrete to
say about this in the present work.

In conclusion, in this section we have shown that the two and three point functions
of a 3d field theory invariant under the BMS, group reduce to those of a relativistic
conformal field theory in one lower dimension. So there is the hint that the dual theory
to 4d flat spacetime is a 2d relativistic conformal field theory. This rather simple analysis,
based on the highest weight representations of the BMSy algebra, is reminiscent of some
recent work [11, 18, 19] where bulk physics of 4d asymptotically Minkowski spacetime was
recovered from 2d CFTs. We hope to understand the link between the two approaches in
the near future.

It is possible that when restricting attention to highest weight representations of the
BMS, algebra, there is a consistent truncation to the modules of two copies of the Virasoro
algebra. This is similar to the case in the BMS3 algebra (2.1) where if one looks at the case
where the central term cj; and the weight of a primary state under the action of My, hay,
are both zero. In the context of the gravitational theory, this is what has been called Flat
Space Chiral Gravity and we discussed this briefly in the review part of section 2. In the
context of BMSy, this would provide further evidence to the claim that the field theory dual
to 4d asymptotic flat spacetimes is actually a 2d CFT. It would be instructive here to do
a thorough analysis of the null vectors of the full BMS, algebra and check whether there is
a reduction of two copies of the Virasoro algebra building on the lines of the same analysis
in the BMS3 case carried out in [29]. Our preliminary analysis here ran into computational
hurdles due to the complexity of the underlying symmetry algebra. We hope to report on
this issue in upcoming work.

4 Conformal Carroll groups: contractions and infinite extensions

In this section, we begin explorations into higher dimensions. We begin by recalling the
ultra-relativistic contraction of the conformal algebra in any dimension. This gives us
the realisation of the conformal version of the Carroll algebra, the Conformal Carroll Al-
gebra (CCA), in all dimensions. It is interesting and useful to contrast this with the
non-relativistic contraction of the conformal algebra which results in the Galilean Confor-
mal Algebra (GCA). The GCA can be given an infinite dimensional lift in all dimensions.
We wish to explore similar infinite lifts for the CCA. The conformal Carrollian group has
been shown to be isomorphic to the BMS groups in [64]. Building on this, we proceed to
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show how to get the infinite dimensional algebras presented in the previous sections, viz.
BMS3 and BMSy, from the finite version of the CCA . We then outline a procedure to give
an infinite lift in all dimensions, explicitly demonstrating the case of BMSs.

4.1 Ultra-relativistic contractions

We shall construct an ultra relativistic limit of the conformal algebra by performing an
Inoénii-Wigner contraction. Here, we would take the limit at the level of the spacetime and
the contraction will be performed in units where the speed of light ¢ = 1 and achieved if
we do the following systematic operation:

ot ol t—et, e—0. (4.1)
The generators of ultra relativistic limit can be constructed out of the relativitsic conformal
algebra by performing the contraction (4.1):
Jij = —({L‘iaj—$jai), D= —(t8t+:vi61'), K= (l’kl'k)at (4.2)
B;=x,;0, H =0, P, =0, Ki:—in(t8t+a:’“8k)+(a:’“a:k)8,~

The non-trivial brackets among the generators are given by:

[Jijs Br] = 6k By, [Jigs Pl = 0ri Py, [Bi, Pj] = —0;jH, [D,K]=—K,
(K, P] = —=2B;, [K;, Pj]=-2Dd;j; —2J;;, [H,K;]=-2B; (4.3)

It is instructive to note here that G = {J;;, D, P;, K;} form one lower dimensional
relativistic conformal algebra. The relation to the BMS algebra is very clear from here.
The structure at null infinity is IR x S92, G is the conformal group on the sphere at
infinity. The other generators H = {H, B;, K} are the non-compact generators which give
rise to the translational part of Poincare group. We will now proceed to give these an
infinite dimensional extension to H to enhance this to the abelian supertranslation group.
But before that we would like to draw inspiration from a similar construction for the

non-relativistic limit performed in [28].

4.2 Comparing with Galilean conformal algebra

It is interesting to compare and contrast the above symmetry structure of the UR sector
with the Galilean one [28], which captures the physics of the non-relativistic regime. From
the point of contractions, it is clear that here one scales the spatial and temporal coordinates
in a way opposite to (4.1), i.e.:

' —sext, t—t, e—0. (4.4)

In this limit, we can organise the generators of the contracted relativistic conformal algebra,
called the Galilean Conformal Algebra [28], into the following the set of vector fields:
LM = "o, — (n+ D)t"x0;, (LT = H, D, K)
M =+, (MY = BBy KG) (4.5)

Jij = :L‘iaj — :L‘jai
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for n = 0, 4+1. The interesting brackets are

(L0, L] = (n—m) L) 20, M) = (n—m) M, M, M™M= 0 (4.6)

and J acts usually as a rotation generator. (4.6) is a another Inonu-Wigner contraction of
the conformal algebra. Possibly the most interesting feature of this algebra is that, as the
form suggests, the n = 0,+£1 set is a sub-algebra of an infinite dimensional one, for which
n € Z and the latter is also named Galilean conformal algebra.® This infinite dimensional
lift is obvious if we are in D = 2 as the algebra there arises as a contraction of two copies
of the Virasoro algebra as described before in section 2. But in higher dimensions, the
appearance of an infinite symmetry structure is very counter-intuitive. At first this seems
to be just some mathematical jugglery. But it can be shown that these infinite dimensional
symmetries arise in the non-relativistic limit of physical systems, e.g. in non-relativistic
limits of Electrodynamics [21] and Yang-Mills theories [22] in D = 4.

4.3 Infinite extension of the conformal Carroll algebra

We look at how to extend the finite dimensional algebra (4.3) to get infinite extensions to
the BMS algebras in various dimensions inspired by the methods outlined above. First we
will remind the reader what the extension to obtain BMS3 and BMS, are, following [33],
and then will propose an extension for all dimension.

Starting out from our intuition from the infinite lift of the GCA in arbitrary dimensions,
we encounter an apparent road-block when we now look at the finite CCA. Generators of
GCA are expressed as polynomials in Galilean time t. But, ¢ and 2’ switch roles as far
as Galilean and ultra-relativistic scaling are concerned. Now, we want to inquire what
tensorial structure the new generators with polynomials in z’ should have. We already
have scalar (D, H etc.) and vector ones (B;, P; etc.) with highest power of x being 2.
Problems arise while introducing higher powers of z* in the generators through terms
like S; = xixi:cj(?t. When we attempt to construct the extended algebra with these new
generators, the commutators of the new generators with the older ones no more close among
themselves. The commutators in question give rise to newer generators with higher powers
in z and/or assign higher rank tensor structure than rank 1. In particular, the algebra
thus constructed never closes at any finite polynomial of x.

We start off trying to rectify this apparent hurdle by first addressing the two known
cases. In D = 2 (see for example [29]), the problem is simple, as 2 does not carry a vectorial
index. Here we can give the algebra an infinite lift by just exchanging ¢ <+ x in (4.5):

L,=—-2""9, — (n+1)x"to, M, = "o, (4.8)

Here it is understood that the finite generators are the ones with n = 0, &1 and we extend
the vector fields for all values on n after this rearrangement. This leads to the same algebra

°It is of interest here to note that the GCA admits a further central extension where the rotation
generators are also lifted, viz.
T = 1" (0 — 505) (4.7)
The algebra then takes the form of an affine Kac-Moody algebra augmented by the algebra which we have
above (4.6) [28].
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as the 2d GCA ((4.6) without the vectorial index on the M,, generators). This isomorphism
is down to the fact that the algebra does not distinguish between a contraction in the spatial
direction and one in the temporal direction.

For the D = 3 case, the exercise is a bit more involved [33]. The trick is to correctly
combine the finite generators, use complex co-ordinates and then look at the infinite ex-
tension. We make the following identifications (we have two spatial co-ordinates x,y and
time ¢ in the 3D field theory):

1 1 1

Lo = §(D+ijxy)7 L= —§(Px+ipy)v L= §(Km_iKy);

_ 1 - 1 - 1

Lo=5(D —ilyy), Loi=—5(Pe=iBy),  Li=5(Ke+iKy); (4.9)
Moy = Py, Mo1 = Jog + 1Joy, Mo = Joz — iJoy, My = Ko.

The above vector fields generate the algebra (3.1). The generalised form of the vector fields
that generate this algebra is given by (3.2). This coincides with (4.9) for n,m = 0,+£1 and
r,s = 0,1. If we now use the form of (3.2) for all integral values of the labels, we see that
we generate the same algebra, now for all Z. This is the infinitely extended BMS, algebra.
The recurring feature in the two above example is that the BMS algebra contains a
sub-algebra which is the conformal structure of the sphere at null infinity. The infinite
dimensional structures that arose as the conformal structure in the BMS3 was Diff(S1)
which is one copy of the Virasoro and in the case of BMSy, the conformal structure was
extended to include all the generators of two copies of the Virasoro algebra, like the case of a
2d CFT. For D > 4, the sphere at infinity is S™ for n > 2. The conformal structure is thus
finite dimensional. We don’t expect any infinite enhancement of the symmetry algebra from
this part of the algebra. We have also mentioned that one can choose boundary conditions
such that the ASG for flat spacetimes at D > 4 reduces to the Poincare algebra. Why then
are we interested in attempting to extend the contracted algebra for higher dimensions?
This boils down to the recent investigations of the relations between the Weinberg soft
theorem and the BMS group for higher dimensions. Weinberg’s theorem is not dependent
on dimensions and holds for D > 4. This means that the theorem would lead to an
infinite number of Ward identities which will naturally lead to the expectation of an infinite
dimensional supertranslation sub-group. This has been recently discussed in [69].° With
this in mind, we explore the possible infinite lift of the BMS group in higher dimensions.
We will specialise now to 4d theories (3 spatial + 1 time direction) with the under-
standing that our construction can be generalised to arbitrary dimensions. In 3 spatial
dimensions, arbitrary rank tensors constructed out of polynomials in z* can be arranged
as irreducible representations of SO(3). This can be best understood by the Lie brackets
of those generators with J;;. This hints at the possibility of introducing infinite lifts of
the time translation generators though arbitrary and all possible tensorial polynomials of

5The sub-leading soft theorems lead to the Ward identities for the superrotations. These have not been
investigated for D > 4. If such theorems are found, we would possibly need to consider other extensions of
the BMS group like the one mentioned earlier in footnote 2.
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arbitrary spins. These can be written in terms of countable modes:
MTN2NS = gy 2218 0, (4.10)

with n; taking values in all integers. Notice that this is in contrast to the GCA where

the whole of the non-relativistically contracted conformal algebra gets embedded into the

infinite dimensional modes L™, Mi(m). In this ultra-relativistic case, only an Abelian ideal

consisting of H, B; and K fits into the infinite extension:

H = M"00 B, = M09, (4.11)

Their Lie brackets with the components of other generators are:

[an Mm17m27m3] — mlel—LmQ,ms

[Dijl,mmms] — —(ml +mg +mg — I)Mmhmz,m:s

[Kyp, M™0™2M3] = —(my + 2my + 2mg — 2)M™ Thmems (4.13)
+my (Mmlfl,ngrQ,mg + Mm1*17m27m3+2)
[ny’ Mm17m2,m3] — —mng1+1’m2_1’m3 + mle1—17m2+17m3

Lie brackets with the other components of P;, K; and J;; are obvious. We must admit that
for aesthetic reasons, we could have recombined linearly the M generators so that they
transform as irreducible representations of the rotation group generated by J. However,
that is not necessary for our present purpose.

4.4 Carrollian viewpoint of UR symmetries

There is another approach to look at the above conformal symmetry structure pertaining
to UR systems. This is rather intrinsic to these systems and does not rely on the corre-
sponding structures of Minkowski space-time, from which we took the above limits. Once
we pronounce our idea of the UR regime through (4.1), its easy to see that the familiar
structure of Riemannian geometry is not the correct geometric setting to work with. If
one does not want to bring in gravitational effects and prefers staying in flat background,
this translates into giving up Minkowski space, because the scaling necessarily makes the
Minkowski metric degenerate. This feature is not special to Minkowski, but it is ubiqui-
tous in all Riemann manifolds, if we zoom in to the UR sector. The natural framework
for dealing with these situations where the metric tensor degenerates along some specific
direction is Carroll manifolds [63-65].

In general one equips a differential manifold with a couple of structures, namely a
symmetric rank-2 covariant ‘metric’ tensor g, which is positive semi-definite everywhere
and a vector field &, which is degenerate direction of the metric.” This is the definition of
a Carroll manifold.

"For our present discussion, we can do away with a possible connection structure which induces parallel
transport.
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The next step would be to see whether we can have analogues of conformal isometries on
a Carroll manifold. The most obvious way to define these conformal Carroll isometries is as
diffeomorphisms which preserve the Carrollian structure, ie g and £ upto conformal factors.

For exemplification let us consider the d dimensional flat-Carroll space-time where in
a suitable Cartesian coordinate system:

g =0y de' ®@dx? and ¢=0, wherei,j=1,---,d—1

In this coordinate system, diffeomorphisms satisfying conformal Carroll isometries can be
nicely put together as a vector field [64]

X =p'P+wiJij+ 6D + kiK' + f(z)H (4.14)

where P;, J;;, D, K; and H are same as those appearing in (4.2) These were earlier found
by taking appropriate scaling and limiting prescription from the Minkowski ones. The rest
of the quantities appearing in (4.14) are coefficients of linear combination, all of which are
constant, except for the function f. This functional dependence makes the set of allowed
diffeomorphisms an infinite dimensional group. For some specific choices of f we observe
that the generators f(z*)9; can be easily identified with the other (an Abelian ideal part)
generators showed in (4.2)):

f=1=H, f=2"=5B;, f=zz=>K.

The other infinite number of modes M™1"™2™3 are supposed to exhaust the set of all
possible generators of the form f(z%)d;. We note here that while all smooth vector fields
[0y are allowed for this purpose, we extended the our finite algebra (4.1) through the modes
M™m23 which are obviously not globally smooth for negative m;’s. Otherwise the two
pictures are equivalent.

From now on, we will call the Lie algebra of the generators P;, D, K, J;; together with
all of the M™1:™2:M3°s the infinite conformal Carroll algebra (i-CCA).

5 Highest weight representations of infinite CCA

In this section, we investigate some representation theory aspects of the i-CCA focussing
on the highest weight representations. The most obvious ones to construct are the repre-
sentations which are labelled by the dilatation operator and the spin. We shall also see why
we cannot construct another representation, labelled by the dilatation and the boost gen-
erators and this will be another point of difference with the GCA in arbitrary dimensions.

5.1 The scale-spin representation

We will be interested in the highest weight representation of the i-CCA, in a fashion similar
to that for the case of 2D CFT. With this in mind, we label our states with definite scaling
dimension A and spin j (under SU(2), as we are working for 3 spatial dimensions here ):

D|®) = Al®),  J*®) = j(j +1)|P) (5.1)
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where we have J? = ng + ng + J2, as usual. The motivation behind choosing these as
choice of highest weights stems from our intended investigation of the symmetries of gauge
theories at the UR sector. In the ordinary relativistic setting, many gauge theories enjoy
conformal invariance at least at the classical level. That’s precisely why in our forthcoming
analysis we would want dynamical fields to have definite scaling dimension. Moreover the
UR limit takes Lorentz invariance SO(D—1,1) — ISO(D—1), while in Carrollian viewpoint
ISO(D — 1) is manifestly a symmetry group. The spatial SO(D — 1) subgroup is always a
symmetry of the theory and this helps us organise fields in the theory according to their
spins. Much of our present analysis is going to be in direct analogy with the analysis that
we carried out in [21, 22].

In what follows, we will interchangeably be talking in terms of states and fields. This
means prescribing a state-operator correspondence analogous to 2D CFT:

lim ® (2, t)|vacuum) = |®) (5.2)

2 t—0

For example, the equations (5.1) therefore can alternatively be written as:

Note that these brackets would mean commutators from now on as the generators have
been promoted to quantum operators. At this point we would not explore the possibility of
central extensions. Hence the map of the Lie algebra from the classical level of Lie brackets
(e.g. (4.1)) to commutators of quantum operators is an isomorphism.

We construct the notion of a Carrollian primary state in analogy to that of a CFT. In
view of the above commutators, the following criteria are natural for a primary operator
to satisfy:

[K;, ®(0,0)] =0, [M™™273 $(0,0)] =0 VYm; >0 and least one of m; > 1. (5.4)

In addition, any field, including primary fields, at a generic point in spacetime transforms
under the Hamiltonian and momentum operators as the following

[H,®(z,t)] = 0,®(z",t), [P, ®(a",t)] = —0;®(a’, 1) (5.5)

Note that we have not specified the behaviour of the primary field under the action of the
Carroll boosts B, = M09 etc. However this cannot be completely arbitrary. Hence it
should be interesting to see how this action gets constrained by the consistency of CCA.

Keeping in mind our intended application to UR gauge theories descending from rela-
tivistic theories of vector gauge fields we keep ourselves limited to a multiplet of a SU(2)
scalar and a vector, say ¢ and ¢; and we would denote by these the fields evaluated at
the origin. Consistency, in terms of Jacobi identities involving these fields with B; and J;;,
leaves us with the following possibilities:

[Bi, @) = a¢i, [Bi,¢;] =b0ijo (5.6)
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for some constants a, b, yet to be determined. As B; commutes with the dilatation operator,
¢ and ¢; share same conformal dimension A. A given A will therefore define a CCA
primary multiplet.

For the complete information about the transformation properties of these primaries
under CCA generators we would need explicit evaluation of commutator brackets at finite
space-time points away from origin. The space and time translation operators come handy
in defining these:

d(2',t) = UD(0,0)U"" where U =exp(tH —z'P;).

The action of a symmetry generator on a CCA primary can therefore be seen as:

So®(z',t) = [0, ®(z't)] = U[UTOU, &(0,0)]U . (5.7)
Using the algebra (4.1) and (4.13), we simplify U~*OU and arrive at the desired results:
[Bi, ¢(a",1)] = 2:i0d+adi, [Bi, ¢;(a",1)] = 2,0 +b 3y (5.8a)
[Ki, d)(.’EZ, t)] = (2Azi+2xit8t+2xixj8j —$j$jai)¢+2a to; (58b)
4 . I 4

[Ki7 gZ5l(:L’z, t)] =2 (Axi—i—xitat—i—xixjaj— v 21’] 8,) ¢l+2xj(5h'¢j —2x10;+2b t(sild)
(D, ¢(a",0)] = (0 +2' 0+ N)g,  [D,d;(a",0)] = (t0+2'0i+A) (5-8¢)
[MMEm2ms | g (gl )] = 2™y™2 30, +a ¢y O;(x My ™2™ (5.8d)
[Mml’m2’m3,¢i($i,t)] = 2y 2789, +b Oy (2™ y ™2 23 . (5.8¢)

Derivations of (5.8d) and (5.8e) warrant some discussion. These actions rely on the evalua-
tion of U~1M™1m2m3(]  Employing, as usual, the Baker-Campbell-Hausdroff formula for
expanding the exponentials in U, one arrives, for non-negative m1, mo, ms, at the following

finite sum:
mi,ma,ms3

U—lel,mg,m3 U= Z .’EkylZn
k,l,n=0

mq'lmolms! M(mlfk)(m2*l)(m3*n)

Elln! (my — k) (mg — 1)!(mg — n)!

(5.9)

While this implies validity of the formulas (5.8d) and (5.8¢) for non-negative modes, we
would take this opportunity to extend it for all integers.

Additionally one should take notice of the fact that our representation of CCA is
defined via the quadruplet {A,j,a,b}. We will see in section 6, focusing on particular
field theories, how the representation characterizes a particular field describing a sector of
UR physics.

5.2 An alternative representation: scale-boost

It is understandable that while describing physics where conformal invariance or scale
transformation is an important aspect, assigning fields definite scaling dimension is cru-
cial. Now, the structure of the conformal Carroll algebra reveals that the Carroll boost
generators B; commute with scaling generator D. Hence an alternative to the scale-spin
representation detailed above is a representation with fields having definite boost as well
as scaling dimension. Similar representations were constructed for the Galilean conformal
algebra [30] for arbitrary spatial dimensions. One of the interesting features of the scale-
boost representations of the GCA was the existence of correlation functions with non-trivial
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dependence on both space and time directions. It is thus instructive to investigate whether
similar interesting physical quantities can be extracted from the analogous representation
of CCA. To make notations clear let’s define a new primary state |®)" such that:

DY = AlDY, Bj|d) = &|o) (5.10)

for a constant vector &. We thus consider the notations |®)’ and |A, &) equivalent. One
then sets up natural criteria analogous to (5.4) for this state to be of highest weight.
Proceeding along same lines, while evaluating the action of operators like K; on primary
fields away from origin as done in (5.7), we encounter that:

U'KU = K; + 2t B; +x; D + 227 Jy; + 2 ta; H — 22,27 P + 272, P; (5.11)

where, as usual, U = exp(tH — 2'P;). From here we immediately identify that a knowledge
of the action of the rotation generators J;; on the primaries is necessary. This is in sharp
contrast to the case of GCA and this traced back to the difference between the two algebras.
The important brackets that are of concern here is that of special conformal generators K;
and momenta. In GCA, they commute, whereas in the Carrollian or the ultra-relativistic
avatar, the result is:

[KZ,PJ] = —2D(52‘j — QJU

Presence of the rotation generators here shows up above (5.11). Note also that this term
would be absent when we are looking at 2 dimensions where there can be no notion of
spatial rotation. So we can use the scale-boost representations for the 2d CCA and this
goes back to the discussion of the isomorphism between the 2d GCA and 2d CCA.

A similar situation arose in the scale-spin representation discussed above, where an
information about the action of the boost operator on the primaries were necessary. We
sorted that out by prescribing a generic action of B; on a given primary through:

op,® = @ P,
J

and spreading through all irreducible representations labelled by j of SU(2). Afterwards,
imposing physical motivations relevant to the problem at hand we restricted the above
to finite sums. This readily indicates that we should describe the required action of the
rotation generator using the spectrum of the B; operator. That being unknown, we write
the action as a formal sum:

|86 =Y A ) (5.12)

¢

over the spectrum of B;. These states can also include descendants of the corresponding
primary. Acting from left by B twice on this, with some algebraic manipulations give:

8E-EA€) =D (€ -9 (¢ -9)Cc¥Ag) (5.13)
-

Here £ - € etc. stand for the inner product defined via 3 dimensional trivial metric §;;.
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Assuming that B should have orthogonal eigenstates now ensures that £ = 0 and
Cf) = 0ve' # 0. This implies, for (5.12):

J2A,0) = Cc9|A,0) (5.14)

which is again a eigen-equation for the spin operator. It follows that we don’t have any
non-trivial representation labelled by the weights scale and boost. In view of the above,
we will be working only with the previously developed representation with definite scale
and spin.

We conclude this section with a brief comment about the unitarity of the highest weight
representations considered above. When one considers the highest weight representations
of the BMSj3 algebra (2.1), these are necessarily the scale-boost representations that we
have just discussed as there is no rotation generator in D = 2. One can then look at the
equivalent of the Kac determinant and find that at the first level itself, the determinant
is negative for any non-zero ¢ (the eigenvalue of the boost operator) [29]. It is possible
to construct unitary representations only in the & = 0 sector. The scale-spin primaries
discussed above don’t suffer from this obvious non-unitarity issue (as they are not labelled
under boosts) and it is likely that the representations constructed out of these primaries
would be unitary. This, however, needs a much more detailed analysis which we leave for
future work.

6 Ultra-relativistic regime of gauge theories

In this section, we come to the main discussion of this part of the paper, i.e. conformal Car-
rollian invariance of Electrodynamics and Yang Mills (YM) theories in the ultra-relativistic
limit. Electrodynamics without matter coupling is a free theory and studying its symme-
tries sets the stage for more involved gauge theories. More precisely, this analysis will self
consistently help us determine the representations ({A, j,a,b}) corresponding to specific
Carrollian fields. For non-Abelian examples, in view of avoiding a cumbersome analysis
while keeping things to minimal non-triviality, we are going to consider the pure gauge
theory without matter coupling or supersymmetry.

Since conformal invariance in the ultra-relativistic set-up is one of our key objectives in
the present study, our motivation behind looking at Electrodynamics and pure YM theory
stems from the fact that these are classically relativistically conformally invariant in 4
dimensional space-time. It is thus expected that the finite conformal Carrollian invariance
would emerge in the UR limit of these theories. We will go on to show that there is further
infinite dimensional enhancement of these symmetries to the i-CCA (or the corresponding
BMS group). YM theories describe dynamics of Minkowski space vector fields. Accordingly,
we need to concentrate on Carrollian descendants of Minkowskian vector fields.

6.1 Carrollian gauge fields

As in the Galilean case, going to the UR limit means first breaking Lorentz invariance
by splitting and treating the spatial and temporal components of a four vector differently
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under the limiting prescription. While the space and time coordinates are scaled ( x? —
x', t — et with e — 0) the components of vector fields should scale appropriately. Note
that while transiting to the Galilean framework [20] from the relativistic one, 4-vectors are
taken to two distinct limits depending upon the causal nature of the parent Minkowskian
vector. For example the tuple of a scalar and the 3-vector originating from a time-like
Minkowski vector is named as Electric type while the one coming from a space-like one®
falls in the Magnetic category.

Hence the effective starting point of UR gauge theories should be the following limits

on a Minkowski 4-vector V;:

Electric limit: V; = V;, V; = €V; (6.1a)
Magnetic limit: V; — €V, V; = V; (6.1b)

One can now readily write the transformation properties of both these sectors under UR
boost, the crucial transformation that indicates departure from relativistic physics. This
would amount to taking the boost components of the relativistic Lorentz transformation
on 4-vectors (ie. OrorentzVy = T, 0 Vi + nu[pVy]) and taking the ¢ — 0 limit after the
appropriate scaling (6.1):

Electric limit:  dpoost Vi = 2;0¢ V4, OBoost Vi = 0V + 0;; V5. (6.2a)
Magnetic limit:  dBoost Vi = 0/ Vi + Vi,  0Boost Vi = ;0. V;. (6.2b)

Comparing these with the transformation properties derived purely from the representation
of CCA (5.8a), (5.8¢), we see that electric limit corresponds to a = 0,b = 1 whereas the
magnetic one is for a =1,b = 0.

6.2 Symmetries of ultra-relativistic electrodynamics

One of the defining features of of a Carroll manifold is the existence of a degenerate met-
ric. This makes it hard to construct an action principle for Carrollian invariant theories.
However this issue takes us to a completely different set of enquiries, less directly con-
nected to the present goal of our paper.? In an attempt to study the dynamical features of
self-interacting gauge theories in the ultra-relativistic sectors, we therefore start with the
relativistic Maxwell equations of motion and construct those in the UR regime, consistently
taking limits. Hence, for each of the sectors (electric and magnetic) we will land up to one
Carrollian scalar and one vector one. We will scale the fields as:

At — At, Al — GAZ' (63)
for the electric sector and (cf. (6.1b)):

At — eAt, Az — Az (64)

8Obviously this nomenclature is based on a Galilean formulation of Electrodynamics. We will, for historic
consistency, continue using these names.

9This problem of constructing actions for theories on manifold with degenerate metrics arises also in the
Galilean case. It is important here to mention that there have been some attempts to construct actions for
Galilean Electrodynamics e.g. [70].
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for the magnetic one. The resulting equations of motion are:

8182/11& — 81875141 = 0, 8,587;14,5 — 8t8tAi = O; (65&)
D', A; =0, D10, A; = 0. (6.5b)

One of the major goals of this work is to see whether gauge theories in the UR limit
respects the Carrollian conformal symmetry. Our approach towards checking invariance of
an equation of motion of the form:

f(A,0A,0%°A) =0 (6.6)

with respect to a particular symmetry generator O would be to see whether the variational
derivative equation

Sof(A,04,0%4) =0

holds. The variational actions are given as dpA = [0, A] and the explicit expressions
are given in (5.8). While checking invariance with respect to the space-time transla-
tions and spatial rotations are straightforward, those for the other CCA transformations
are interesting.

This is because, as we have mentioned earlier, a particular field on our flat Carroll
manifold is specified by a quadruplet {A, j,a,b}. Only for spatial dimensions D = 3, these
come out to be invariant under dilatation transformation, as the case for the ordinary
relativistic theory. Moreover let us remind the reader once more that in the Carrollian
framework, we will mean by scalars the fields transforming as j = 0 representation of the
spatial rotation group and vectors transforming as j = 1, (cf. (5.1)). This on the other
hand implies A = % = 1 for Ay and A; alike. The other two parameters a,b that
specify a particular representation also dictates the ‘electric’ or ‘magnetic’ nature of it.
Values of these parameters were derived by looking at UR boost actions found from the
appropriate Lorentz ones by limits. Once we have fixed these values, we can now check for
the invariance of the equations of motion under the full infinite dimensional CCA. Let us
elucidate this with an example: we check for the transformation of one component of the
vector equation of (6.5a) under the infinite Carrollian supertranslations M™1:™2:73;

O Moy gy (002 At — 010 Ay) = (1—bymya™ ~'y™22"8 0,0, A,
+ amy0y (2™ ty™m22m39,A,)
+ amady (2™ y™ 1239, A,)
+ amazdy (2™ y™2 2" 719, A,). (6.7)

We see that is invariant if and only if @ = 0,b = 1, precisely the set that defines Electric
limit (6.2). Similar invariance can be shown for D and K; in these representations for
the equation in the magnetic limit as well. This result can be summarily described by
saying that Electrodynamics in the ultra-relativistic limit, in both the electric and magnetic
sectors, has infinite conformal Carroll symmetry.
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6.3 Dynamics and symmetries of Yang-Mills theory in UR regime

Yang Mills theories are of course much richer in structure than Electrodynamics, as they
are self-interacting non-linear theories. The dynamical content of ordinary relativistic non-
Abelian YM theory, including the obvious gauge redundancy is contained in the Lie algebra
valued 4-vector gauge potentials A, = A}T,. Here T, (a = 1,...,D) are the Lie algebra
generators corresponding to the © dimensional gauge group. With this new structure of
Lie algebra, there are more than just two ultra-relativistic limits of a YM theory. Hence
we would like to understand the various possible of UR limits before we start working on
the dynamics of gauge theories.

6.3.1 Construction of different UR sectors

Depending upon the projections onto electric like or magnetic like UR limits of the Lie
algebra components, we would have in total © + 1 sectors, each being designated by one
of these ® vectors:

B = (0,0,...,0,1,1,...,1) p=0,...,D (6.8)

D—p p

Additionally, E’(Ip) will denote its a’th component. This notation equips us with a more
systematic handle while using the limits (6.1) in YM equations of motion. Let’s concentrate
po)- Lhe limits on the Lie

algebra components the gauge field are conveniently captured by these definitions:

on a particular sector, say p(t)h sector, defined by the vector =

A%, AT — A9 (6.9)

1 =a =a 7

Al — —
€7 =(po) €+ ~(po)

Clearly if E‘(lpo) = 1, the projection to the (Carroll) scalar and vector parts of the original
gauge field components is (cf. (6.1a)):

A? — A7 Al — €Af (6.10)

and we will call this electric-like scaling keeping in mind the nomenclature attached to
electrodynamics (6.3). On the other hand we get the magnetic-like analogue (6.4) here as
well for ¢\ =0 (cf. (6.1b)):

po

AP — €A, AP — A (6.11)

We have just observed that different Lie algebra components are projected onto different
UR limits (in the Carrollian language transform differently under CCA). Hence it would
be nice to have Lie algebra components falling under electric and magnetic limits denoted
respectively as Af', AS and Al Al-I . This means, the indices a,b in the range 1,...,0 — pg
will now be denoted by capital Romans I, J etc. and for the rest, ie, ® —pg+1<a <D
Greekss a, § etc. will be used.

The familiar source-less equations of motion are:

OMFS, + g [ b AP FS, =0 where  Fi, = 0, Al + g [*5cALAS. (6.12)
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Here ¢ is Yang Mills self coupling, which is dimension-less in 4 dimensional space-time
and f are the Lie algebra structure constants. Now, depending upon the range of
a in equation (6.12), there are two separate class of equations in its UR projection
written below.

Case 1: 1 < a <® — pg. Let’slook at the Carrollian scalar equation first:
DAl + gf! g AV 9, AK = 0. (6.13)
On the other hand, the vector one is:
0 A =0 (6.14)
Case 2: ©® —pg+1 < a<D. Scalar equation:
A9, Al =0 (6.15)
Vector equation:
ODAG — AT + gf 1 AT AD) + gf° 51 AV O AL = 0 (6.16)

Few observations and caveats regarding these equations of motion are called for. We
will discuss them in a coherent order. Firstly we note that equation (6.15) lacks kinetic
term. Only remnant part after the UR projection is an interaction term. Apparently it
would be wise to consider those sectors only, for which the equations of motion are (6.13)
and (6.14) and accordingly set pg = 0. And setting py = 0 leaves one only with the magnetic
sectors. It is crucial to observe that for these cases, there is no electric-magnetic leg mixing
in the equations, unlike the equations (6.15) and (6.16) where electric type fields like A¢
mix as well with the magnetic-type ones. This seems to be in contrast to our expectation
from the Electrodynamics case, where two distinct limits of electric and magnetic type
survive after UR projection.

For this, let us take a detour along the procedure of constructing UR equations of
motion from their relativistic avatars. The left hand side of a relativistic equation of motion

F(A,0A,0°A) =0

after appropriately scaling fields and coordinates yield equations of the form

ko
F(A,04,0°4) — Y f"(A4,04,0%A)" (6.17)

n=—k1

where k1 < ko are integers. Natural regularization involves multiplying the last expres-
sion by €1 and take the limit e — 0. This is necessary to extract the important finite
contribution for the UR avatars of the equations of motion. This procedure leads to the
leading terms, in generic Lie algebras, which turn out to be the only 3 gluon vertex term
as in (6.15). It is now understood that the case of Electrodynamics obviously stands out
as there is no interaction term to start with.

~ 98 —



Next, a meticulous scrutiny of the equations of the sectors we left out, i.e. (6.15)
and (6.16), is necessary. We rejected this set, with leading Electric leg as (6.15) which is
devoid of kinetic terms. However let us consider a particular sector of pg =% — 1. In this
sector the ‘Magnetic indices’ I, J only are restricted to take value 1 and the electric ones «, 3
run from 2 to ®. As it happens, we can always choose a basis for the Lie algebra such that
the structure constants are completely antisymmetric. In the present context this means
that the left hand side of (6.15) vanishes identically (as I = 1 = J). Its implication in light
of the discussion above is that while making an expansion in € as in (6.17), the leading
non vanishing term f~*1(k; = 1 in this case.) vanishes via the conspiracy of structure
constants in the particular sector of pg = ® — 1. The sub-leading one ie %171 accordingly
comes into play a non-trivial role here and that makes the new equation of motion:

D9 AT — AL + gf* g ALAT) — gf %5 AP AL

+af% g AT (O A] — AT + gf%,ALAR) =0 (6.18)

1p“™

replacing (6.15). Here we have explicitly displayed the Lie algebra index 1, as their is only
one magnetic leg for I = 1 = J. Taking a stock of the situation we enlist the completely
Magnetic (6.13), (6.14) and the only mixed one corresponding to pg = © — 1, ie, (6.16)
(with I = 1), (6.18) as the interesting sectors.

Also noteworthy is the status of interaction in these sectors. Interaction in the Mag-
netic sector appears via a term proportional to g which in usual perturbation theory appears
as the momentum dependent 3-gluon vertex. But more importantly the 4-gluon vertex ~ g2
does appear in the mixed sector in (6.18). Most importantly, this feature makes the Car-
rollian theory richer in structure than Galilean theories [21, 22], where only ~ g vertex
would contribute as interaction.

6.3.2 Invariance of the EOM under conformal Carroll algebra

One of the major goals of this work is to see whether YM theory in the UR limit respects the
Carrollian conformal symmetry. Checking for invariance follows the same steps as described
for the case of Electrodynamics above. One has more terms now and the additional subtlety
that «, 8,... indexed objects behave ‘electrically’ and I,.J,... indexed ones transform
‘magnetically’ under CCA. One can now simplify the analysis by using the wisdom we
earned from the Electrodynamics part earlier. Invariance of those equations provided us
with the fixed CCA representation, ie values of the parameters a and b for a particular field.
Despite the fact that we had specialized our representation of CCA to 3 spatial dimensions,
the entire of representation construction to finding UR projection of equations of motion
is dimension independent. However, we again encounter that the spatial dimension being
equal to 3 is important for this analysis. This can be seen from a sample check of vector
conformal invariance of the scalar equation (6.13) (with the special values of a and b
being used):

Or, (0°0, A + gf yc AV 0, AR) = —(D — 4)[0,A] — gf) i A 0, AK] (6.19)

Similar to the relativistic case, the UR limits also respect the restriction to 3 spatial
dimensions for conformal invariance. This is necessary both for Electrodynamics and YM
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theory. Invariance of the equations of motion (6.13), (6.14) under the other generators
of CCA including the infinite number of super-translations can be checked in the manner
described above and the outcome is in the affirmative with the appropriate values of a,b.
So, we again observe that the interesting sets of equations describing YM in Carrollian
setting are invariant under the infinite generators of CCA.

6.4 The lessons of this section

In this section we have looked at the construction of the UR limit of electrodynamics and
Yang Mills theories. UR electrodynamics contains two distinct sectors, viz. the electric
and the magnetic; and the formulation of the theory is very similar to its Galilean cousin
discussed in [21]. When we look at the generalisation to Yang-Mills theory, along lines of
the discussion of the Galilean Yang-Mills theory [22], we expect the emergence of several
different sectors depending on the individual scaling of each pair of gauge fields {A{, A?}.
But in contrast to the Galilean case, we found that except for the magnetic sector and a
particular mixed sector, the equations of motion in the other sectors did not have kinetic
terms and hence we discarded them. We included the mixed sector in our analysis as
the leading equations of motion identically vanished and the sub-leading one had proper
kinetic terms. This feature can be more explicitly understood in the UR version of SU(2)
YM theories and we have devoted an entire appendix (appendix A) to this theory. We
investigated the symmetries of the equations of motion for these Carrollian gauge theories
and found that there is the emergence of infinite dimensional Carrollian conformal sym-
metry in D = 4 in all the sectors that we discussed. In conclusion, we wish to stress that
the discussed examples would be the prototypes of theories that are holographically dual
to 5d flat-space and live on its null boundary.

7 Conclusions

Summary of results. In this paper, we have studied aspects of field theories which are
putative examples of theories holographically dual to asymptotically Minkowski spacetimes.
We started out with a review of some of the successes of the construction of holography for
flat spacetimes in the 3d bulk — 2d boundary case and then moved on to the more physically
relevant 4d flat spacetimes. We made remarks about the highest weight representations
of the BMS, algebra and, considering 3d field theories with this symmetry structure, saw
that if we constructed the two and three point function of primary operators in the theory,
the answers matched with that of relativistic 2d CFTs. This boiled down to the fact that
the states were labelled with two Virasoro generators Lg, Lo and the supertranslations did
not label the highest weight states indicating that the highest weight representations of
the BMS, algebra (here we assume that the only possible non-zero central terms are the
ones in the Virasoro sub-algebra, in keeping with Jacobi identities) reduce to the modules
of the two copies of the Virasoro algebra. This hinted at a statement that 4d Minkowski
spacetimes may be dual to a 2d relativistic CF'T. The more conservative statement is that
the 3d field theory putative dual to 4d Minkowski spacetime has 2 and 3-point correlation
functions which are identical to that of a 2d relativistic CFT.
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We then moved on to general dimensions and how the ultra-relativistic or Carrollian
limit on standard relativistic CFTs can be understood and how one can give these con-
tracted algebras an infinite dimensional lift. We reviewed the procedure in field theoretic
dimensions 2 and 3 and proposed a way to uplift an abelian sub-algebra of the finite con-
tracted algebra in D = 4, thereby generating the infinitely extended supertranslations.
We then discussed the highest weight representation of this general infinite dimensional
Conformal Carollian Algebra. We pointed out differences of the CCA representations with
the GCA, the most stark of which was the fact that the states could only be labelled by
the dilatation and the rotation generators as opposed to the GCA where we had a choice
between scale-spin and scale-boost primary states on which the GCA modules were built.

The second part of the paper dealt with examples of field theories which realise the
CCA as their symmetry algebra. Here we first constructed the Carrollian limit of Electro-
dynamics and then generalised our analysis to Carrollian Yang-Mills theory. We saw that
in keeping with the analysis in the similar non-relativistic limit of the theories, there are
different Carrollian limits that one can take on these theories which lead to different sectors
of the parent theory. In D = 4, we found that conformal Carrollian structures arose as
symmetries of the equations of motion of all these theories. The infinite dimensional super-
translations which we had proposed earlier turned out to be symmetries of these equations
of motion as well.

For general UR Yang-Mills theories, we considered only the “vanilla” magnetic sector
and a particular mixed sector. These were the only ones which had proper kinetic terms.
The appearance of the mixed sector was subtle and required the vanishing of the leading
order equations of motion due to antisymmetry of the structure constants. A more explicit
version of this is worked out in appendix A, where we construct the details of the UR limit
of the SU(2) Yang-Mills theory. If one did not discard (6.15) for the lack of a kinetic term,
the analysis of the symmetries would again reveal invariance under the extended infinite
dimensional CCA. It may be possible to treat (6.15) as some form of a constraint and hence
keep these different sectors in our analysis. This requires further investigation which we
will postpone for later work.

Recently, the analysis of symmetries of non-relativistic Electrodynamics has been re-
visited in [72]. Here they find that the symmetry that arises in the non-relativistic regime
of Maxwell’s theory is even richer than the infinite dimensional GCA. Their symmetry
algebra contains the GCA as a sub-algebra but in addition also contains an infinite dimen-
sional U(1) current algebra. This additional symmetry originates in the fact that there can
be separate scalings for the space Dgpqce = 2;0; and time directions Dyjy,e = t0;. Following
similar logic, it may be interesting to explore if the infinite dimensional BMS symmetry
of the Carrollian Electrodynamics and Yang-Mills that we have discovered in this paper
is further enhanced and if so, whether there is any relation to the other extensions of the
BMS group.

Future directions. There are numerous immediate directions that we wish to explore

following this work. Let us briefly mention some of them. We would like to add matter to
our Carrollian systems and hence it is important to explore the scalar and Dirac equations in

~ 31—



more detail and understand how to take the UR limit on theories like scalar electrodynamics
and electrodynamics with fermionic fields.

Building an action principle for these Carrollian theories along the lines of [70] is
something we wish to pursue. We would also like to use the dual of the Newton-Cartan
formulation outline in e.g. [63] to revisit our present analysis in order to present a more
geometric picture of the theories we have discussed.

One of the most interesting amongst the future directions is the generalisation of
the present analysis to N/ = 4 Supersymmetric Yang-Mills (SYM) theory. N = 4 SYM
is conformally invariant even quantum mechanically in D = 4, unlike electrodynamics
and Yang-Mills theory. So it is expected that this quantum conformal invariance will be
present in the UR limit and indeed would be enhanced to an infinite dimensional conformal
Carrollian invariance. Similar to our motivations in the Galilean case, the appearance of
infinite dimensional symmetries in the UR limit may be indicative of integrability. If so,
this will be a new integrable sector in N' = 4 SYM, different from the planar limit. In the
context of the Holographic principle, we would like to link our analysis and its extension to
N =4 SYM to the flat limit of the best known example of holography,- viz. Maldacena’s
AdS5/CFTy correspondence. All of the above is work in progress.

The conformal Carrollian symmetry arises in the study of the tensionless limit of string
theory as a residual gauge symmetry on the string worldsheet. This is true for D = 2
where the isomorphism with the 2d GCA and known structures there have been useful
in uncovering some novel aspects of the theory previously unexplored [73-75]. When one
looks at the theory of tensionless membranes, the higher dimensional Carrollian groups
discussed in this work may be similarly arise on the world-volume of these objects.

It is possible to extend the analysis of Carrollian symmetries to study the ultra-
relativistic regime of non-linear theories like Born-Infeld theories and their non-abelian
generalisations. Appropriately modified versions of these theories have been speculated to
be of use in tachyon cosmology [76]. It would be of interest to explore these theories in
more detail.
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A Ultra relativistic Yang-Mills: SU(2) case

In this section, we will be interested in looking at the ultra relativistic limit of SU(2) Yang-
Mills theory. Here, we have the existence of skewed limits, over and above the Electric
and Magnetic limits in the ultra relativistic electrodynamics. The reason is the presence
of three different gauge fields in this case. This leads to four distinct limits instead of two
in the case of the U(1) theory.

A.1 EEE: electric sector

We begin by looking at the electric limit, where all the gauge fields transform in the
same way.

Scaling. All the gauge fields transform as
Af — €A, Af — Af (A1)

Equations of motion. The equations of motion for this limit can be found by considering
the scaling of spacetime coordinates along with (A.1):

DOAG — DAL =0, 90,AY — DA = 0 (A.2)

Gauge invariance. Our next step will be to check the gauge invariance of the equations
of motion. Along with the scaling of A®’s, we also have to scale the o as

a — ea® (A.3)
After taking the limit, we get
1 1
Al — A + —0;a%, A} — A + —0ia” (A.4)
g g

The equations of motion comes out to be invariant under these transformations.

Conformal Carrollian symmetry of EOM. Before looking into the conformal carrol-
lian symmetry of the equations of motion, we should briefly state the scale-spin represen-
tations of CCA.

The scale-spin representations of CCA is determined by the set {A, X, a,b}. For each
set of scalar and vector primaries {A{, A?}, we assign a specific vector valued quantities
(a®,b). For the present case, we have

{(alv bl)v (a27 b2)7 (a37 b3)} = {(07 1)7 (0’ 1)7 (07 1)} (A5)

We can now show the invariance of equations of motion under the action of dilatation and
special conformal transformation. Under D,

8'0i[D, A% — 8'8,[D, A% = 0, 9,0,|D, A% — 3,9;|D, A%] = 0 (A.6)

The equations of motion comes out to be invariant under scale transformation.
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Checking the invariance under special conformal transformation gives:

(0.0)[K, A%] — 0:0,[K, AY] = 0 (A.7)
(0.0)[ I, Ag] — akat[Kz, Af) = (D — 4)9, A (A.8)
80K, A — 0,0, K, A% = 0 (A.9)
04, Af] — atak[Kz,AaJ = (D — 4)5,0, A} (A.10)

We see that the EOM are invariant under K in all dimensions, but only invariant under
K;in D =4.

Infinite Carrollian conformal symmetry of EOM. Unlike relativistic counterparts,
the equations (A.2) exhibit an infinite dimensional symmetry. To find the infinite di-
mensional symmetry, we will follow the same analysis used as above. We first check the
transformations under M "172:73

QLo [ MMM - AG] 9l g, [ MMM AY] = (), (A.11)
OLO [ M™H2E AT] — Op 05 [M™HTTE AR =0 (A.12)
So we see that the Electric EOM of UR SU(2) Yang-Mills theory has an infinite dimensional
symmetry under M™1:™23 and this is true in all dimensions.
A.2 EEM: skewed sector 1

In the first skewed limit, A"? scales electrically whereas A® scales magnetically.

Scaling. The gauge fields transform as:
AP = AP? AP s eALR A eAd, AP o AP (A.13)
Equations of Motion. For this limit, the equations of motion are given as
Y0, A2 — 04 A2 4 gASAL) + gAB (9, A} — O, A} — gAZA2) + gAM 9, A2 = 0 (A.14a)
0'(0i A} — 0 A} — gATAT) — gz‘li?’(f?u‘l2 — 0, A7 + gAY A}) — gAPO AT =0 (A.14b)
O (0 AT — 0, A7 — gALAT) — gAj AT =0 (A.14c)
(9, A — 0jA; + gATAD) + gA]O, A =0 (A.14d)
8’8,5A§’ =0, 00 A3 =0 (A.14e)

Gauge Invariance. For the gauge transformation of the fields we shall use (A.13) along
with the scaling of a%(a = 1,2,3) as

o® = 2’ a'? = eal? (A.15)
Gauge invariance in this limit reads
Al oAl 4 ;atal, Al oAl 4 ;aial _ A’ (A.16)
A? 5 A% 4 ;&gon, A? 5 A2 4 ;&-aQ + Aol (A.17)
AP — AP+ ;atoﬁ + Ala? — AZat, A3 — A3 (A.18)

The equations of motion remains invariant under the given gauge transformations.
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Conformal Carrollian symmetry of EOM. To find the symmetries of the equations
of motion, we need is the set of vectors (a, b) which fix the details of the representation

theory. The values are given as

{(ala bl)v (a2, b2)7 (a37 b3)} = {(07 1)7 (07 1)7 (17 0)} (A'lg)

Checking the invariance of equations of motion under scale transformation:

D, A3] — 0,0,[D, A7] — 2g[D, A} 0, A3] — gD, A30,A}] =

—%(D — 4)[29A{ 0, A7 + gAS0LA]] (A.20)

0D, Aj] — 0,0;[D, Af] + 2g[D, A70,A%] + gD, A30,A7] =
%(D — 4)[2gA20,A% + g A28, A (A.21)
01D, A3 =0, 004D, A3 =0 (A.22)

Similarily, for (A.14b) and (A.14a), under D, we have:
1
0p(A.14b) = —=(D - 4) [29A30;A? + gAZ0;A? — gAZ0, A2 + gA20, A3 + 292 A2 A3 A}
1
Op(Al4a) = (D — )29 AV A} + g A0 AT — g ATOAT + g A O AT — 29> AT AT A7)

The equations of motion comes out to be invariant under scale transformation in D = 4.

Checking the invariance under K and K; gives:

0K, A3] = 0, ;04| K, A3] = —(D — 4)0, A} (A.23)
K, A3 =0, 0y [ K1, A3] =0 (A.24)

The equations of motion (A.14) trivially invariant under K. But under K;, we have

0O K1, A) — 00;[ K1, A7) — 29[K, Aj0,AF) — 9K, AO AL =

(D — 4)[0,0,A2 + 291 ALO, A3 + g AB,AY] (A.25)
010Ky, Af] — 040Ky, Af] + 291Ky, A70,A3] + glK), A30,A7] =

—(D — 4)[01;0: A} — 2921 A70, AT — gy AJ0, A7 (A.26)

Similarily, for (A.14a) and (A.14b), under K;, we have:

6k, (A1da) = (D — )0, A7 + (D — 4)x;[2g A30" A} — g A0, A} + gALO" A?

+ gATO AT — 297 ASAZAZ) + (D — 4)gAJ A} (A.27)
0, (A.14b) = (D — 4)0, A} — (D — 4)3[2gA30" AZ — gA?0, A? + gATO" A}

+ gAZ0, A3 + 297 AZAB A — (D — 4)gAA?  (A.28)

The equations of motion are only invariant in D = 4 under Kj.
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Infinite Carrollian conformal symmetry of EOM. To check the infinite dimensional
symmetry of the equations of motion, we have to use the transformation of the fields under
Mmm2ms and (A.19). Invariance under M™1™2:™3 ig given by:

Sar(A.14a) = 0, dpr(A.14b) = 0, Spr(A.14c) =0, Spr(A.14d) =0, 6p(A.14e) =0

The equations of motion in this limit are also invariant under infinite dimensional CCA in
all dimensions.

A.3 EMM: skewed sector 2
In the second skewed limit, A! scales electrically whereas A%?3 scales magnetically.

Scaling. In this limit, the gauge fields scales as
AP? s eAZP AP 5 AP AL AL Al = €Al (A.29)
Equations of motion. The equations of motion for skewed sector 2 are given as

oA =0, g[A8,A3 — ABH, A2 =0 (A.30)
00, AT =0, 010, A} — 9;A1) =0 (A.31)

Gauge Invariance. In order to have the gauge invariance of the equations of motion, we
have to use the gauge transformation of the fields (A.29) along with the gauge parameter
scaled as

a?? = 2?3, ol = eal (A.32)

Gauge transformations of the gauge fields are written as

1

A} — A} + =0, A3 A3 (A.33)
g

A? — A? + ;&5(12, A? — A? (A.34)
1 1

Al — Al + gatal, Al = Al + gaial (A.35)

Under these transformations, the equations of motion remains invariant.

Conformal Carrollian symmetry of EOM. To obtain the symmetries of the equations
of motion, we would require the set of vectors {a, b} that fix the details of the representation
theory. The values are given by

{(a1,b1), (az,b2), (as,b3)} = {(0,1),(1,0),(1,0)} (A.36)

Under scale transformation, the invariance of equations of motion is written as

&0 [D, A7°] =0, 00D, AZ’] =0, (A.37)
00D, Aj] — 0:0;[D, A}] =0 (A.38)
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The equations of motion comes out to be invariant under scale transformation in all di-
mensions. Checking the invariance under K and Kj:

0,0, K, A¥®] = 0, 0,0, K1, AV°] = —(D — 4)9,A7*  (A.39)
D[ K, AT’ =0, 00K, A2’ =0 (A.40)
00K, A}] — 0,0;[K, A}] =0 (A.41)
00 Ki, Aj] — 9,0;[Ki, Af] = —(D — 4)5;:0:Ag (A.42)

In this limit, the equations of motion are invariant under K; only in D = 4.

Infinite Carrollian conformal symmetry of EOM. We would follow the same anal-
ysis as above to find the invariance of equations of motion under infinite CCA. Under

?\4m1:m27m3
)

F' P MMM AZS) = (), [Mmmams g ARG A3 — gABGAZ =0 (A.43)
D[ ABI] = 0, QO MMM AL — 9,0;[M™Ms AN =0 (A.44)
The equations of motion are invariant in all dimensions.
A.4 MMM: magnetic sector
In magnetic limit, all gauge fields (A!, A%, A3) scales in the same manner.
Scaling. The gauge fields transforms as
AY — A7, A — €Af (A.45)
Equations of motion. The equations of motion in the magnetic limit are
DO AT + ge ™ APOLAF =0, 0,0,A% =0 (A.46)

Gauge Invariance. The gauge transformation of the fields can be obtained if we take
into account the scaling of potentials (A.45) along with the scaling of a:

a® — €2t (A.47)
In this limit, the gauge transformation becomes
1
Ay — AY, A — A 4+ -0 (A.48)
g

The equations of motion comes out to be invariant under the gauge transformations.
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Conformal Carrollian symmetry of EOM. To get the symmetries of the equations
of motion, we have to consider the set of vectors {a, b} that put together the details of the
representation theory. The values of vectors are

{(a1,b1), (a2,b2), (a3, b3)} = {(1,0), (1,0), (1,0)} (A.49)

Under scale transformation, the invariance is given as
, 1
D'0[D, A9] 4+ ge®¢|D, AL, AS] = 5 (D - 4)ge®c AL D AS, 9,0:(D, A% =0 (A.50)

The equations of motion comes out to be invariant under scale transformation in D = 4.
Under K and the K, we have

U0, Ky, AY] + ge®°[K;, AL9, AS] = —(D — 4)[0,A; — ge®Ca; A9, AS) (A.51)
DHK, A7) + ge™™[K, AL AS] = 0, 90K, A% =0, 00K, A% =0  (A.52)

The equations of motion are invariant under K in all dimensions, whereas they are invariant
under K; in D = 4.

Infinite Carrollian conformal symmetry of EOM. Checking the invariance under
Infinite CCA gives,

8iat[Mm1,m2,m37A;;L] 4 gé‘abc[Mml’mZ’ms,AibatAﬂ _ O, 8t8t[Mm1’m2’m37A§”] =0 (A.53)
The equations of motion are invariant in all dimensions.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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