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Abstract

QCD lattice simulations with 2+1 flavours typically start at rather large
up-down and strange quark masses and extrapolate first the strange quark
mass to its physical value and then the up-down quark mass. An alternative
method of tuning the quark masses is discussed here in which the singlet
quark mass is kept fixed, which ensures that the kaon always has mass less
than the physical kaon mass. Using group theory the possible quark mass
polynomials for a Taylor expansion about the flavour symmetric line are
found, first for the general 1 + 1 + 1 flavour case and then for the 2 + 1
flavour case (when two quark flavours are mass degenerate). These enable
highly constrained fits to be used in the extrapolation of hadrons to the
physical pion mass. Numerical results for the 2 + 1 flavour case confirm
the usefulness of this expansion and an extrapolation to the physical pion
mass gives hadron mass values to within a few percent of their experimental
values. Singlet quantities remain constant which allows the lattice spacing
to be determined from hadron masses (without necessarily being at the
physical point). Furthermore an extension of this programme to include
partially quenched results is also given.



1 Introduction

The QCD interaction is flavour blind. Neglecting electromagnetic and weak in-
teractions, the only difference between quark flavours comes from the quark mass
matrix, which originates from the coupling to the Higgs particle. We investigate
here how flavour blindness constrains hadron masses after flavour SU(3) is broken
by the mass difference between the strange and light quarks, to help us extrapo-
late 2 4+ 1 flavour lattice data to the physical point. (By 24 1 we mean that the
u and d quarks are mass degenerate.)

We have our best theoretical understanding when all 3 quark flavours have the
same masses (because we can use the full power of flavour SU(3)); nature presents
us with just one instance of the theory, with mZ/m/* ~ 25 (where * denotes the
renormalised mass). We are interested in interpolating between these two cases.

We consider possible behaviours near the symmetric point, and find that
flavour blindness is particularly helpful if we approach the physical point, denoted
by (m;*,m5*), along a path in the (m/~mf) plane starting at a point on the
SU(3) flavour symmetric line (m/ = mf) and holding the sum of the quark
masses my + mp +mf = 2m;* + m% = 3m constant, [1], as sketched in Fig. [Il
The usual procedure (path) is to estimate the physical strange quark mass and
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Figure 1: Sketch of the path (red, solid line) in the (m;*, m%) plane to the physical
point denoted by (m;**, mZ*). The dashed diagonal line is the SU(3)-symmetric line.

then try to keep it fixed, i.e. mY = constant, as the light quark mass is reduced
to its physical value. However the problem is that the kaon mass is always larger
than its physical value. By choosing instead a path such that the singlet quark
mass is kept fixed, this has the advantage that we can vary both quark masses
over a wide range, with the kaon mass always being lighter than its physical value
along the entire trajectory. Starting from the symmetric point when masses are



degenerate is particularly useful for strange quark physics as we can track the
development of the strange quark mass. Also if we extend our measurements
beyond the symmetric point we can investigate a world with heavy up-down
quarks and a lighter strange quark.

The plan of this article is as follows. Before considering the 2 + 1 quark
flavour case, we consider the more general 1 + 1 + 1 case in section Pl This
also includes a discussion of the renormalisation of quark masses for non-chiral
fermions. Keeping the singlet quark mass constant constrains the extrapolation
and in particular it is shown in this section that flavour singlet quantities remain
constant to leading order when extrapolating from a flavour symmetric point.
This motivates investigating possible quark mass polynomials — we are able to
classify them here to third order in the quark masses under the SU(3) and S5
(flavour) groups.

In section [3] we specialise to 2 + 1 flavours and give quark mass expansions
to second order in the quark masses for the pseudoscalar and vector octets and
baryon octet and decuplet. The relation of this expansion to chiral perturbation
theory is discussed in section [l In section [ we extend the formalism to the
partially quenched case (when the valence quarks of a hadron do not have to have
the same mass as the sea quarks). This is potentially useful as the same expansion
coefficients occur, which could allow a cheaper determination of them. We then
turn to more specific lattice considerations in section [7] with emphasis on clover
fermions (i.e. non-chiral fermions) used here. This is followed by section [§, which
first gives numerical results for the constant singlet quark mass results used here.
Flavour singlet quantities prove to be a good way of defining the scale and the
consistency of some choices is discussed. We also investigate possible finite size
effects. Finally in section [ the numerical results for the hadron mass spectrum
are presented in the form of a series of ‘fan’ plots where the various masses fan
out from their common value at the symmetric point. Some conclusions are given
in section [I0. Several Appendices provide some group theory background for this
article, discuss the action used here and give tables of the hadron masses found.

2 Theory: 1+ 1+ 1 flavours

Our strategy is to start from a point with all 3 sea quark masses equal,
R:mf;:mgzmga (1)

and extrapolate towards the physical point, (m*, m&* mf*), keeping the average
sea quark mass
m" = L(my +my +my) (2)

constant. For this trajectory to reach the physical point we have to start at a
point where m{ ~ %mfj* As we approach the physical point, the u and d quarks



become lighter, but the s quark becomes heavier. Pions are decreasing in mass,
but K and 7 increase in mass as we approach the physical point.

2.1 Singlet and non-singlet renormalisation

Before developing the theory, we first briefly comment on the renormalisation
of the quark mass. While for chiral fermions the renormalised quark mass is
directly proportional to the bare quark mass, m; = Z,,m,, the problem, at least
for Wilson-like fermions which have no chiral symmetry, is that singlet and non-

singlet quark mass can renormalise differently [2] 3]

my = Zy(mg —m) + Zym, g=u,d,s, (3)
where m, are the bare quark masses,
m:%(mu+md+ms)> (4)

7} is the non-singlet renormalisation constant, and Z9 is the singlet renormal-
isation constant (both in scheme R). It is often convenient to re-write eq. (3]
as

mg = ZM(mg + azm), (5)
where
Z
oz =Tm—1, m = (6)

represents the fractional difference between the renormalisation constants. (Nu-
merically we later see that this factor az is ~ O(1), and is thus non-negligible.)
This then gives

mt =271+ az)m. (7)

This means that even for Wilson-type actions it does not matter whether we keep
the bare or renormalised average sea quark mass constant. Obviously this also
holds for a reference point on the flavour symmetric line, i.e.

mg = Zymo = Zp'(1+ az)my. (8)
Furthermore introducing the notation
omg =m; —my , dmy =my, —myg, q=u,d,s, (9)

for both renormalised and bare quark masses, we find that

dmlt = Z)° 5my. (10)

IPerturbative computations showing this effect, which starts at the two-loop order, are given
in [4, [].



So by keeping the singlet mass constant we avoid the need to use two different
Zs and as we will be considering expansions about the flavour symmetric point,
they will be similar using either the renormalised or bare quark masses. (Of
course the value of the expansion parameters will be different, but the structure
of the expansion will be the same. We shall discuss this point a little further in
section 2.41)

So in the following we need not usually distinguish between bare and renor-
malised quark masses.

Note that

omy, + omg + oms =0, (11)

so we could eliminate one of these symbols. However we shall keep all three
symbols as we can then write some expressions in a more obviously symmetrical
form.

2.2 General strategy

With this notation, the quark mass matrix is

m, 0 O
M: Ome
0 0 ms,
100
=m| 010
00 1
1 0 0 -1 0 0
+3(6my, —0mg) | 0 =1 0 | +doms[ 0O -1 0 |. (12
0 0 0 0 0 2

The mass matrix M has a singlet part (proportional to ) and an octet part,
proportional to A3, Ag. We argue here that the theoretically cleanest way to
approach the physical point is to keep the singlet part of M constant, and vary
only the non-singlet parts.

An important advantage of our strategy is that it strongly constrains the pos-
sible mass dependence of physical quantities, and so simplifies the extrapolation
towards the physical point. Consider a flavour singlet quantity, which we shall
denote by Xg, at the symmetric point (mg, mg,mg). Examples are the scald
X, =1y, or the plaquette P (this will soon be generalised to other singlet quan-
tities). If we make small changes in the quark masses, symmetry requires that

the derivatives at the symmetric point are equal
0X, 0X, 0X,

om,, - omy - omg (13)

1

2There is no significance here to using ro or ry L. however defining X, = rg  is more

consistent with later definitions.



If we keep m, + mg + mg constant, dm, = —dm, — dmy SO

0X, 0X, 0X,
Omy, + ——dmg +

x. = YA
0%, om., omy Om

oms =0. (14)

The effect of making the strange quark heavier exactly cancels the effect of making
the light quarks lighter, so we know that X, must be stationary at the symmet-
rical point. This makes extrapolations towards the physical point much easier,
especially since we find that in practice quadratic terms in the quark mass ex-
pansion are very small. Any permutation of the quarks, such as an interchange
u <> s, or a cyclic permutation v — d — s — u doesn’t change the physics, it
just renames the quarks. Any quantity unchanged by all permutations will be
flat at the symmetric point, like X,.

We can also construct permutation-symmetric combinations of hadrons. For
orientation in Fig. [2] we give the octet multiplets for spin 0 (pseudoscalar) and

Y Y
K{ds) K(us) Kts) K(Us)
-1 n 8 +1 | s -1 ws +1 | .
n(du) m° m(ud) p(da) p° p*(ud)
K(s0) K&d) K(&0) K(d)

Figure 2: The octets for spin 0 (pseudoscalar) and spin 1 (vector) mesons.

spin 1 (vector) mesons and in Fig. [ the lowest octet and decuplet multiplets for
the spin 1 and for the 2 baryons (all plotted in the I3~} plane).

For example, for the decuplet, any permutation of the quark labels will leave
the ¥*0(uds) unchanged, so the ¥*0 is shown by a single black point in Fig. @
On the other hand, a permutation (such as u — d — s) can change a AT (uuu)
into a A~ (ddd) or (if repeated) into an Q™ (sss), so these three particles form a
set of baryons which is closed under quark permutations, and are all given the
same colour (red) in Fig.[dl Finally the 6 baryons consisting of two quarks of one
flavour, and one quark of a different flavour, form an invariant set, shown in blue
in Fig. @

If we sum the masses in any of these sets, we get a flavour symmetric quan-
tity, which will obey the same argument we gave in eq. (I4]) for the quark
mass (in)dependence of the scale ry. We therefore expect that the X% mass
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Figure 3: The lowest octet and decuplets for the spin % and for the % baryons (plotted
in the I3-Y plane.

must be flat at the symmetric point, and furthermore that the combinations
(Ma++ + Ma- + Mg) and (Ma+ + Mao + Mss+ + My + Mzwo + Mz.—) will
also be flat. Technically these symmetrical combinations are in the A; singlet
representation of the permutation group Ss;. This is the symmetry group of an
equilateral triangle, C3,. This group has 3 irreducible representations, [6], two
different singlets, A; and A, and a doublet E, with elements £, E~. Some de-
tails of this group and its representations are given in Appendix [Al while Table[I]
gives a summary of the transformations.

Ay E A

Op Et E-
Identity + + +  +
u > d +  + - =
U > S + mix —
d<+ s + mix -
u—d—s—>u + mix +
u—>s—>d—u + mix +

Table 1: A simplified table showing how the group operations of S3 act in the different
representations: + refers to unchanged; — to reflection.

We list some of these invariant mass combinations in Table 2 The per-
mutation group Sz yields a lot of useful relationships, but cannot capture the
entire structure. For example, there is no way to make a connection between the



Figure 4: The behaviour of the octet and decuplet under the permutation group Sj3.
The colours denote sets of particles which are invariant under permutations of the quark
flavours (red or filled triangles, blue or open diamonds and black or filled squares).

Pseudoscalar X2 = #(Mp, + Mpo + M2, + M2 + M%o + M) blue
mesons X2 = (M2 + M) black
Vector Xp = (Mg + MK*O + Myt + My + Mo + Mg+—)  blue
mesons Xy, = 3(2M 0 + M,,) black
Octet Xy = +(M, + M, + Ms+ + Ms- + M=o + Mz-) blue
baryons Xp = L(Mpo + Msp) black

Decuplet ~ XA = %(MAH + Ma- + Mg-) red
baryons Xzv = 3(Ma+ + Mpo + Msyr + Mye— + Mzwo + Mz--)  blue
Xy = ME*O black

Table 2: Permutation invariant mass combinations, see Fig. [l ¢ is a fictitious s3
particle; ng a pure octet meson. The colours in the third column correspond to Fig. [l

AT*(uuu) and the A*(uud) by permuting quarks. To go further, we need to
classify physical quantities by SU(3) (containing the permutation group Ss as a
subgroup), which we shall now consider.

2.3 Taylor expansion

We will Taylor expand about a symmetric reference point
(mu7md7ms) = (m07m07m0> . (15)

Our results will be polynomials in the quark masses, we will express them in terms
of the dm, of eq. ([@). The main idea is to classify all possible mass polynomials
by their transformation properties under the permutation group S3 and under
the full flavour group SU(3), and classify hadronic observables the same way.
The Taylor expansion of a given observable can only include the polynomials of



the same symmetry. The Taylor expansions of hadronic quantities in the same
SU(3) multiplet but in different S5 representations will have related expansion
coefficients.

We can always arrange polynomials to be in definite permutation group states.
When we get to polynomials of O(5m2) we find that a polynomial may be a
mixture of several SU(3) representations, but the classification is still useful. In
Table [3] we classify all the polynomials which could occur in a Taylor expansion

Polynomial Ss SU(3)
1 v oA 1
(m — m(]) Al
omg v ET 8
(0my, — omyg) v BT 8
(m — m0)2 Al 1
(T — mg)dm Et 8
(M — mg)(dmy, — Imy) E- 8
om? + dm? + dm? v A1 27
30m?2 — (dm, — dmy)? v ET 8 27
dms(dmg — dmy,) v B 8 27
(m — m0)3 Al 1
(M — my)?om; E* 8
(m — mg)?(dm,, — dmy) E~- 8
(M — mg)(dm?2 + om? + dm?) A 1 27
(m — my) [36m?2 — (dm,, — dmy)?] E* 8 27
(m — mg)dms(dmg — dmy,) E~ 8 27
Omy,omgdms v A 1 27 64
dms(dm?2 4+ dm2 + dm?) v Ef 8 27 64
(61 — Omg)(dm2 + dm2 + dm?) v E- 8 27 64
(0ms — dmy)(dms — dmg)(0m, — dmyg) v A 10 10 64

Table 3: All the quark-mass polynomials up to O(mg), classified by symmetry prop-
erties. A tick (v') marks the polynomials relevant on a constant 7 surface. These
polynomials are plotted in Fig. [6l

about the symmetric point, eq. (I5)), up to O(émg). Many of the polynomials
in the table have factors of (Tm — my), these polynomials drop out if we restrict
ourselves to the surface of constant m = my, leaving only the polynomials marked
with a tick (v') in Table B

Since we are keeping m constant, we are only changing the octet part of the
mass matrix in eq. (I2). Therefore, to first order in the mass change, only octet
quantities can be affected. SU(3) singlets have no linear dependence on the quark
mass, as we have already seen by the symmetry argument eq. (I4]), but we now
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see that all quantities in SU(3) multiplets higher than the octet cannot have
linear terms. This provides a constraint on the hadron masses within a multiplet
and leads (as we shall see) to the Gell-Mann Okubo mass relations [10, [11].

When we proceed to quadratic polynomials we can construct polynomials
which transform like mixtures of the 1, 8 and 27 multiplets of SU(3), Table Bl
This covers all the structures that can arise in the octet mass matrix, but the
decuplet mass matrix can include terms with the symmetries 10, 10, and 64, which
first occur when we look at cubic polynomials in the quark masses, Table [Bl

In a little more detail constructing polynomials with a definite S3 classifi-
cation is fairly straightforward, we simply have to see what happens to each
polynomial under simple interchanges (e.g. u <> d) and cyclic permutations (e.g.
u— s, s = d, d— u). The S3 column of Table B is easy to check by hand.
The SU(3) assignment of polynomials is less straightforward. Only the simplest
polynomials belong purely to a single SU(3) multiplet; most polynomials contain
mixtures of several multiplets. The non-singlet mass is an octet of SU(3), so
quadratic polynomials in dm, can contain representations which occur in 8 ® 8,
cubic polynomials representations which occur in 8 ® 8 ® 8. We can find out what
representations are present in a given polynomial by using the Casimir operators
of SU(3) [12] 13]. That operator was programmed in Mathematica, and used to
analyse our polynomial basis. Some more details are presented in Appendix [B.2l
The results of the calculation are recorded in the SU(3) section of Table Bl

The allowed quark mass region on the m = const. surface is an equilateral tri-
angle, as shown in Fig. Bl Plotting the polynomials of Table[3 then gives the plots
in Fig. [@] where the colour coding indicates whether the polynomial is positive
(red) or negative (blue). As a first example of the use of these tables, consider
the Taylor expansion for the scale r9/a. As discussed previously, this is a gluonic
quantity, blind to flavour, so it has symmetry A; under the S5 permutation group.
Therefore its Taylor expansion only contains polynomials of symmetry A;. If we
keep 1, the average quark mass, fixed, the expansion of ry/a must take the form

%0 = a + B(0m2 4 6m3 4 6m?) + v dmydmadms + . . . (16)

with just 3 coefficients. Interestingly, we could find all 3 coefficients from 2 + 1
data, so we would be able to predict 1 + 1 4+ 1 flavour results from fits to 2 + 1
data. This is common. If we are not on a constant m surface, we would need
7 coefficients to give a cubic fit for ry; if we did not have any information on
the symmetry of ry we would need 20 coefficients. If we additionally use ry data
from the equal mass calculations we also have a good estimate of the coefficient
of (m — myg), which we can use to estimate the effect of shifting from one value
of m to another.

11
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Figure 5: The allowed quark mass region on the m = const. surface is an equilateral
triangle. The black point at the center is the symmetric point, the red star is the
physical point. 24 1 simulations lie on the vertical symmetry axis. The physical point
is slightly off the 2 + 1 axis because mg > m,,.

Ay E* E™ As
o 4
A
A A
SArAvAY

Figure 6: Contour plots of the polynomials relevant for the constant m Taylor ex-
pansion, see Table Bl A red(dish) colour denotes a positive number while a blue(ish)
colour indicates a negative number. If m, = mg (the 2+ 1 case), only the polynomials
in the A; and ET columns contribute.



2.4 Of(a)-improvement of quark masses

Before classifying the hadron mass matrix, we pause and consider the O(a) im-
provement of quark masses. (If we are considering chiral fermions, we have ‘au-
tomatic O(a) improvement’, see eg [7] for a discussion.) In writing down expres-
sions for bare and improved quark masses, it is natural to expand about the chiral
point, all three quarks massless, which means setting my = 0 in the expressions
in Table 3l Later, when we consider lattice results, we want our expansion point
to be a point where we can run simulations, so we will normally have a non-zero
my.

Improving the quark masses requires us to add improvement terms of the
type amg to the bare mass. We can add SU(3)-singlet improvement terms to
the singlet quark mass, SU(3)-octet improvement terms to the non-singlet quark
mass. We are led to the following expressions for the improved and renormalised
quark masses

m" = ZJ [m+ a{bim® + by(dm? + dm?2 + dm3) }|
oml = ZN [6my+ a{bsmom, + by(36m> — (0m, — oma)*)}] . (17)

S

together with Z5 = Z¥5r,, eqs. (B, (@). We have improved m by adding the two
possible singlet terms from the quadratic section of Table B, and improved dmy
by adding the two possible ET octet polynomials. These 4 improvement terms
match the 4 terms introduced in [8]@ We get expressions for the v and d quark
mass improvement by flavour-permuting eq. (7))

omy = Z) [6my + a {bsmdm, + by(36m — (dmg — dmy,)?)}]

omf = Z» [6ma+ a {bsmdmg + by(36m} — (dm, — dma)®)}] (18)
dmyi —omy = ZN[dmy, — dmg + a{bsm(dm, — dmg) + 6bsdoms(dmg — omy,)}] .

The improvement terms for dm, — dmy are proportional to the two E~, SU(3)-

3Ref. [8] gives the O(a) improved quark mass as

mf = zZNS [mq +(rm—1)m

+a {bmmg + 35mmqm + (rmdm — bm)m + 3(rmdm — I;m)WQH ,

where m?2 = 2(m2+m3+m?2). This is an expansion around the chiral point (mg = 0) while we

have an expansion about a flavour symmetric point, mg (mg = 0 here). So we have to match
the expansions, which gives the results

b 6b4 bi = 3dm+dn
b = b —4by by = id,

or -
dm = 3bo ’ by = 3bm+ 2bm
dm by — by bi = &bm

13



octet, quadratic polynomials@.

Table [3] is based purely on flavour arguments, we would hope that all the
results are true whether we use bare or renormalised quantities, and also in-
dependently of whether we work with a naive bare mass, or a bare mass with
O(a) improvement terms. Let us check if this is true. The first thing we need
to know is whether the zero-sum identity eq. (II]) survives renormalisation and
improvement. Using the previous equations we find

dml 4+ omli +oml = ZX[(0my + dmg + oms) + byam(dm,, + omg + dmy)
+bsa(dm, + omg + 5m5)2}
- 0. (19)

showing that eq. ([{I]) is not violated by improvement or renormalisation.

The next point we want to check is whether the symmetry of a polynomial
depends on whether we expand in terms of improved masses or unimproved. As
an example, let us look at the quadratic polynomial

omg(dmg — omy;), (20)

which has permutation symmetry E—, and SU(3) content octet and 27-plet.
Expanding to first order in lattice spacing a we find

SmE(dmE —omE) = (ZX)? [0ms(dmg — dmy,)
+a (2bsmoms(0mg — dmy,) (21)
+ 2b4(dm, — dmg)(dm2 + dm3 + dm?))] .

The mass improvement terms have generated two extra cubic polynomials, but
they are both polynomials with the same symmetry as the initial polynomial,
showing that Table Bl applies both to improved and unimproved masses.

Thus our conclusion is that the flavour expansion results are true whether we
use bare or renormalised quantities, and also independently of whether we work
with a naive bare mass, or a bare mass with O(a) improvement terms.

2.5 SU(3) and Sj classification of hadron mass matrices

In eq. (I2)) we split the quark mass matrix into a singlet part and two octet parts.
We want to make a similar decomposition of the hadron mass matrices. We start
with the decuplet mass matrix because it is simpler than the octet mass matrix.

4We have to use the identity, eq. (), to bring the result to the desired form — which will
often be the case in what follows.

14



2.5.1 The decuplet mass matrix

The decuplet mass matrix is a 10x 10 diagonal matrix. From SU(3) group algebra
we know
1010=168627¢064. (22)

The singlet matrix is the identity matrix, the octet representation contains 2
diagonal matrices (A3 and \g), the 27-plet has 3 diagonal matrices, and the 64-
plet includes 4 diagonal matrices, see Fig.[fl This gives us a basis of 10 diagonal

Figure 7: The octet, 27-plet and 64-plet representations of SU(3). The number of
spots in the central location gives the number of flavour-conserving operators in each
multiplet. In the octet, the 2 operators form an E doublet of the permutation group.
In the 27-plet the 3 operators are an A; singlet and an F doublet. In the 64-plet the
centre operators are an Ay singlet, an F doublet and an As singlet.

matrices, into which we can decompose the decuplet mass matrix.

We can use the Casimir operator to project out the diagonal matrices in a
particular SU(3) representation. We find, for example, that the octet matrix
with S5 symmetry £~ is:

AT A AT AT 0 et = =0 (23)
-3 0 00 0 00 0 00
0 -1 0 0 0 00 0 00
0 0 1 0 0 00 0 00O -3 -1 L 3
0 0 03 0 00 0 00
0 0 00 =200 0 00| _ - o2
0 0 00 0 00 O0 00| ~ . )
0 0 00 0 02 0 00
0 0 00 0 0O0-100 0
0 0 00 0 00 O 10
0 0 00 0 00 0 00

—_
(S8



where we have used a more compact notation to record the diagonal elements
on the right-hand side. The entry in the A~ column of the matrix is —3, so on
the right-hand side we put a —3 in the position of the A~ in the usual decuplet
diagram, and so on. In Fig. 8 we show all 10 diagonal matrices, in this compact

+ _
A, E E Az
1 1 1 1
1 1 1 1
1 1
1
-1 -1-1-1 -3-1 1 3
8 0 0O -2 0 2
11 -1 1
2 0
3-1-1 3 -3 7 7 -3 -3-1 1 3
27 -1 -3 -1 -5 0 -5 3 0 -3
-1 -1 -2 -2 4 -4
3 8 0
2-3-3 2 -1 0 0 -1 -1 2-2 1 0-110
64 -3 12 -3 3 0 3 1 0-1 1 0-1
-3 -3 -3 -3 -1 1 -1 1
2 2 0 0

Figure 8: The matrices for projecting out decuplet mass contributions of known
symmetry — see eq. (23] for an explanation of the notation.

notation. These matrices are orthogonal, in the sense
Tr[r,m) =0 if a#b, (24)

so they can be used to project out mass combinations which have simple quark
mass dependencies, see Fig.[8 and Tabledl As an example of a mass formula we
look at the singlet of the decuplet mass matrix. This gives from Table @]

Ma-+ Mpo + Ma+ + Ma++
+M2*— —|— ME*O —|— ME*+ + ME** —|— ME*O —|— Mﬂf
= 10My + By (0m2 + 0m2 + 6m?) + Cy dm,dmagdm, + ... . (25)

As a further example for the 27-plet component of the decuplet mass matrix,
we see from Table [ that there are three mass combinations which transform as
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A= AD AT AT T B0 e T 200 05§ SU(3)
1 1 1 1 1 1 1 1 1 1 4 1
1 -1 -1 -1 0 0 0 1 1 2 EF 38
3 -1 1 3 -2 0 2 -1 1 0 E- 8
3 -1 -1 3 -1 -3 -1 -1 -1 3 A 27
3 7 7 -3 -5 0 -5 -2 -2 6 E* 21
-3 -1 1 3 3 0 -3 4 -4 0 E- 21
2 -3 —3 2 -3 12 -3 -3 -3 2 A 64
-1 0 0 -1 3 0 3 -3 -3 2 E* 64
1 2 -2 1 1 0 -1 -1 1 0 E- 64
o -1 1 0 1 0 -1 -1 1 0 A 64

Table 4: Decuplet mass matrix contributions, classified by permutation and SU(3)
symmetry, see Fig. ]

27-plets, giving three related mass relations

SMa- — Mpo — Ma+ 4+ 3Ma++
—My— — 3Msw0 — Myt — M=+ — M=o + 3Mq-
= boy [57”5 + om3 + 5m§] + 9¢o70m, dmgdmg + . ..
—3Mp- 4+ TMpo + TMa+ — 3Ma++
—5Mye — 5Msges — 2Mze- — 2Mzeo + 6 M,
= byr [30m? — (6my — 6mg)?] + 3cardmy (Om2 + 6mj + om?) + ...
—3Mp- — Mpao + Mp+ + 3Ma++
+3Ms— — 3Msr + dMzs— — 4M=o
= 2ba7(6mq — 6y )y + car(dmy, — dmy) (dmi, + om 4+ om?) + ... (26)

Note that we can find all the coefficients in these equations from a 241 simulation,
and use them to (fully) predict the results of a 1 + 1 4 1 simulation.

2.5.2 The octet mass matrix

We can analyse the possible terms in the octet mass matrix in the same way as
we did for the decuplet. However there is a complication in the octet case which
we do not have in the decuplet, caused by the fact that we have two particles
(the A and ¥°) with the same Y and I3 quantum numbers. If m, # my these
states mix. There are interesting connections between the elements of the A/3°
mixing matrix and the splittings of the other baryons, but since in this article we
are concerned with 2 + 1 simulations, where this mixing does not arise, we will
not discuss this further here.
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We can however pick out several useful mass relations which are unaffected
by A/¥° mixing.
= 8My + by (6m?2 + m?2 + 0m?) + c1dmydmadmg + . . . .
M, + M, — 3Mp + My~ — 3Mso0 + My+ + Mz- + M=o
= byr(dm2 + dm7 + om?2). (27)
At order 5m2 we meet some quantities in the baryon octet masses (the 10 and
10 combinations) which can not be deduced from 2 + 1 flavour measurements —

though valence 1 + 1+ 1 on a 2 + 1 background would be a possible method of
estimating these quantities. (We also do not pursue this further here.)

2.6 The Coleman-Glashow mass relation

One early prediction concerning hyperon masses was the Coleman-Glashow rela-
tion [9]
Mn—Mp—sz‘l‘MZJr‘l—MEf—MEO%O. (28)

Deviations from this relation are barely detectable. This mass combination ap-
pear in Table[d as one of the A, quantities. We can understand the success of the

n p ¥ X A XL = 20§ SU®)
1 1 1 1 1 1 1 1 4 1
“1 -1 0 0 o0 1 1 EF 84
-1 1 -2 0 0 2 -1 1 E- 84
1 1 —2 —2 2 —2 1 1 Ef 8
-1 1 0 mix 0 1 -1 E- 8
1 1 1 -3 -3 1 1 1 4 27
1 1 -2 3 -3 -2 1 1 E* 27
-1 1 0 mix 0 1 -1 E- 27
1 -1 -1 0 o0 1 1 -1 A, 10710
0 0 0 mix 0 0 0 A, 1010

Table 5: Mass matrix contributions for octet baryons, classified by permutation and
SU(3) symmetry. Note that the first two octet quantities (the 8,) are proportional to
the hypercharge Y and to isospin I3 respectively.

Coleman-Glashow relation by noting that the only polynomial in Table [3 with
Ay symmetry is O(5mg’), so that the predicted violation of the Coleman-Glashow
relation is

M, — M, — My~ + Myt + M=- — M=o
= c10(0ms — 0my,) (dmg — dmg)(dm,, — omy) . (29)

18



The polynomial is zero if any pair of quarks have the same mass, so we would
need to measure the masses of baryons in a 1+ 1+ 1 setting to determine ¢y and
predict the violation of the Coleman-Glashow relation.

3 Theory: 2+ 1 flavours

If we take any mass relation from the 1 4+ 1 + 1 section, and put m, = mg = my
we will get a valid mass relation for the 2 + 1 case. In the 2 + 1 case only one
parameter is needed to measure the symmetry breaking, because of eq. (1),

omg = —206my , (30)
where
omy =my; —my. (31)

In the 2 4+ 1 limit the decuplet baryons have 4 different masses (for the A, ¥*
=*, and ). Similarly, for the octet baryons there are also 4 distinct masses,
(N,A,%,Z); and for octet mesons, 3 masses. In the meson octet the K and
K must have the same mass, but there is no reason why the N and = (which
occupy the corresponding places in the baryon octet), should have equal masses
once flavour SU(3) is broken.

Again we have the singlet quantities Xg which are stationary at the symmetry
point as given in Table 2l but which now simplify to give Table[6l In the notation

Pseudoscalar X2 = £(2M7 + M?Z) blue
mesons X2 = 3(M2+ M) black
Vector X, =1+(2Mg-+ M,) blue
mesons Xy, = 1(2M, + M) black
Octet Xy =1(My + My, + M=) blue
baryons Xp = 1(Ms + My) black

Decuplet Xa = 2(2Ma + M) red
baryons Xzv = {(Ma + My + M=)  blue
Xsv = M- black

Table 6: Permutation invariant mass combinations, see Fig. [l ¢, is a fictitious s3
particle; ng a pure octet meson. The colours in the third column correspond to Fig. [l

we have now assumed isospin invariance, so that for example Max = Ma++ =
Ma- = Ma+ = Mpo. (The corresponding mass values we use in this article are
given in section Q)

Furthermore this can obviously be generalised. Let us first define m,, = (m; +
2my)/3 and mg = (my + ms)/2. Then my +m, = 2m and m; + 2my = 3m are
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constants on our trajectory and so dm; + dm, = 0 and also dm; + 26mg = 0. For
example, this means that any functions of the form

2f(mg) + f(mu) or g(ms) +2g(my) or  h(my) + h(m), (32)

will also have zero derivative at the symmetric point.

The corresponding results to Table [ or eq. (20) are given in Tables [7 [§ and
O  We can see how well this works in practice by looking, for example at the
physical masses of the decuplet baryons. If we look at the physical values of the 4
decuplet mass combinations in Table [0l and using mass values given in section [0}
we get

AMA + 3Mys« + 2Mz« + Mg = 13.82 GeV singlet o< (6my)°
—2MA + Mz« + Mg = 0.742 GeV octet x omy

AMp — 5Myge — 2M=- +3Mg = —0.044 GeV 27plet o< 6m]

—Mna + 3Ms+ —3Mz=+ + Mg = —0.006 GeV 64plet oc om}, (33)

with a strong hierarchy in values, corresponding to the leading term in the Taylor
expansion. Fach additional factor of dm; reduces the value by about an order
of magnitude, the 64-plet combination is more than 2000 times smaller than the
singlet combination. This suggests that the Taylor expansion converges well all
the way from the symmetric point to the physical point. (Though of course it is
possible that the singlet and octet curvature terms are larger than those in the
27 and 64.) Unfortunately, even with noise reduction techniques, it may be very
difficult to see a signal in the 64-plet channel.

We can now ‘invert’ the results in Tables 8 [ to give the expansion for each
hadron mass from the symmetry point (mg, mg, mg). This leads to the constrained
fit formulae

M? = M2+ 2admy + (Bo + 26,)6m;
My = M7 —adm+ (Bo+ 561 + 9B2)om]
M? = Mg —4admy+ (B + 851)0m7 (34)

M, = Mg+ 2adm; + (B + 281)dm;
My = My— admy+ (Bo + 561 + 96a)om;
My, = My — 4admy + (o + 861)0m? , (35)
My = My+3A16m; + (By+ 3B1)om]
My = Mg+ 3A0my + (By+ 6B; — 3By + 9By)om}
My = My —3As6my + (By + 6B + 3By + 9B3)om?
Mz = My —3(A; — Ay)émy + (By + 9By — 3By + 9B3)om},  (36)
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SU(3) Mass Combination Expansion

1 3M? +4My + My 1, om?,  om3, ...

—3M?2 + 2M3 + M dmy, dmi, oml3, ---
27 —M? + 4Mj — 3M;, omi, omj, .-
1 3M, + 4AMg+ + My, 1, omi, omj, ---
8 —3M, + 2Mc + My, dmy, dmi, omjP, .-
27 —M, +4My~ — 3My, om?,  om}, -

Table 7: Meson mass combinations classified by SU(3) representation, in the 2 + 1
case. Octet-singlet mixing is not taken into account.

SU(3) Mass Combination Expansion

1, 27 2M3z + M? 1, om?, om3, ...
8, 27 M3 — M? dmy, omi, omp, ...
1, 27 2Mp~ + M, 1, om?, om3, ...
8, 27 My« — M, dmy, om?, omd, ...

Table 8: Meson mass combinations free from mixing problems, classified by SU(3)
representation. These combinations have been chosen to eliminate the n/n" and w/¢
states, so they now contain mixtures of different SU(3) representations.

SU(3) Mass Combination Expansion
1 2My + 3Ms, + My + 2Mz 1, om?, om3, ...
8 ME - MN 5ml, 5ml2, 5m§’, e
8 —MN—FSMZ—MA—ME 5ml, (Sm%, 5m?,
27 2Mpy — My, — 3M) + 2M= om?, om3, ...
1 AMa + 3Ms« + 2Mz+ + Mg 1, 5ml2, 5m?, o
8 —2Mp + M=« + Mg dmy, omi, om3, ...
27 4MA - 5M2* — 2ME* + 3MQ 5ml2, 5m?, e
64 —Ma + 3Ms+ — 3M=- + Mg om3, - -

Table 9: Baryon mass combinations classified by SU(3) representation, in the 2 + 1
case.
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Max = My+ 3A6my + (By + 3B;)dom?

My = My+0+ (B +6B; + 9By)ém;}

Mz = My —3A5m; + (By + 9B + 9By)ém;

Mg = My —6Aém; + (By+ 12B;)dm; . (37)

(The values of the constants are obviously different for each octet or decuplet.)
We see that the linear terms are highly constrained. The decuplet baryons have
only one slope parameter, while the octet baryons have two slope parameters.
Mesons have fewer slope parameters than baryons because of constraints due to
charge conjugation, again giving one slope parameter. The quadratic terms are
much less constrained; indeed only for the baryon octet is there any constraint.

Note also that for the pseudoscalar octet, M, is a fictitious s3 particle. In the
real world there is no pure Ss meson (i.e. the ‘strange pion’) because its quarks
can annihilate and mix with @u and dd to form the 7, but lattice simulations can
observe this 1, meson. While for the pseudoscalar octet we have non-perfect n-n’
mixing, for the vector octet the situation is different. Due to near perfect mixing
between the ¢ and w the M, is (almost) a perfect s35 state, so that My, ~ M.
Note also that for lattice simulations, even these fictitious particles still contain
useful information, due to the constrained fit.

As egs. (34)-(B37) have been derived using only group theoretic arguments,
they will be valid for results derived on any lattice volume (though the coefficients
are still functions of the volume).

Finally there is the practical question of whether fits should be against the
(light) quark mass or alternatively against the pseusoscalar pion mass. In Ap-
pendix [C] we argue that ‘internally’ at least the fits should be made against the
quark mass. Of course this is only a useful observation when quadratic or higher
terms are involved. To leading order eqs. (B5)—(37) can be written as

oM =M — Mo = cMéml, (38)

(together with §M? = M? — M2 = cpdmy in the case of pseudoscalar mesons,
eq. (34))). The coefficients cj; can be found from these equations. Thus an
expansion in dm; is equivalent to an expansion in dM or §M?2.

4 Applications to chiral perturbation theory

Almost all leading order xPT results follow simply from flavour blindness, without
any input from chiral symmetry. The linear terms in mg, which are usually called

>The coefficients of the dm? terms appear complicated; indeed there seem to be too many
for the baryon octet, eq. ([B]). In section [}l we generalise these formulae to the case of different
valence quark masses to sea quark masses or ‘partially quenching’ when this choice of coefficients
becomes relevant.
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LO xPT results, were originally discovered by Gell-Mann and Okubo [10, 1],
using the (non-chiral) SU(3) argument we are using in this article.

The only case where we need to invoke chiral symmetry is for the pseudoscalar
meson mass formula, where it is chiral symmetry which tells us that we have
massless Goldstone bosons if 2 or more quark masses vanish.

Beyond leading order we cannot derive the xPT result in full solely from
flavour blindness, but we can still make useful statements about the form that
higher order contributions must take.

4.1 Decuplet baryon masses at O(M?3/2)

O(M?>/?) xPT is based on one-loop graphs, all with a pseudo-Goldstone boson. So
we should expect that the individual terms in the YPT answer will be functions
of M, or of My or of M,, with no mixed terms (such as M2M}), which can only
arise at the two-loop level.

As an example, let us examine the NLO results for the decuplet baryon masses,
[15]. Taking the formulae for individual masses, and grouping them into the
multiplets of Table @ we know that in each case we are only allowed chiral
perturbation theory expressions in the corresponding multiplet:

AMpa + 3Mss +2Mz« + Mg = 10My + 20(yy — 300)T0 (39)
2
—% g [3M + 4Mj; + M|
c? 5
NIk [BF_(Mz) +4F_(Mg) + F_(M,)]
—2MA + ME* + MQ = —10’)/M(5ml (40)
5H? 1 3 3 3
“Tanfia [—3M; + 2Mj, + M|
c? 1
SH? 7 3 3 3
4Mp — 5Ms — 2M=- + 3Mq = 277 9 [— M3+ 4Mj — 3M;] (41)
c? 7
_(47Tf)2 § [_‘F_(Mﬂ) + 4F—(MK) - 3'F—(M77)]
—Mn 4+ 3Ms — 3Mz« + Mg = 0, (42)

where F_(M;) is short-hand for the function F(M;, —A, ) defined in [15]. We
see that on the right-hand side we only get meson combinations of the same
symmetry as we have on the left-hand side, for example in the 27-plet case,
eq. (), all the terms on the right-hand side have the structure of the mesonic
27-plet of Table [1
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We proved a weaker version of this result in [I], using the permutation group
instead of full SU(3).

The meson mass matrix, 8 ® 8, contains no 64, there are no possible 1-loop
terms to place on the right-hand side of eq. ([2), so this mass combination must
be zero in NLO xPT. We have already noted in Table [ that this combination
has a Taylor expansion beginning at O(dm}) and is very small experimentally,

eq. (33).

4.2 Relationships between expansion coeflicients

Finally we show that there is a relation between the parameters of yPT and the
Taylor coefficients in our approach, egs. (34]) — (37).

For example for the pseudoscalar octet, using the results in [18] and assuming
their validity up to the point on the flavour symmetric line, we find

16X Y X
ME = y{l——x(3L4+L5—6L6—2L8)+ X lnx]

73 T
a = Q {1 . %(3L4+2L5 —6Lg —ALg) + %zf@ln/\zi]
b _67?231%2
B = ?—; [—32 (Ls — 2Lg) + 2417T2 <7+41n A%)}
By = ?—5) [16(L5—2L8)—ﬁ<3+21n%)} | (43)
with Qo = B{Z)°, X = 2Qo(1+ «,)m, where the L;s are appropriate Low Energy

Constants or LECs.

We first note that when expanding the xPT about a point on the SU(3)
flavour symmetry line gives, as expected, to leading order only one parameter,
a. (This means, in particular, that flavour singlet combinations, Xg, vanish to
leading order, as discussed previously.) Secondly, while we can fit to o and Sy,
51 and [, it will be difficult to determine the individual LECs. The best we can
probably hope for are these combinations.

5 Partial quenching

In Partial Quenching (PQ) measurements are made with the mass of the valence
quarks different from the sea quarks. In this case the sea quark masses my,
m, remain constrained by m = const., but the valence quark masses p;, us are
unconstrained. We define

5luq::uq_m07 q:l78' (44)
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When g — m (i.e. return to the ‘unitary line’) then the following results collapse
to the previous results of eqs. (84]) — (B7). In the following we sketch some results,
see [17] for more details.

5.1 PQ decuplet baryons

In the partially quenched case we know that the hadron mass formulae should
have an SU(3) symmetry for interchanging the sea quarks, and another SU(3)
symmetry for operations on the valence quarks. The sea quark symmetry will
always be singlet, the valence quark terms for a hadron in the irreducible repre-
sentation N can be in any representation which occurs in N ® N.

Let us see what sort of mass relations symmetry allows us, taking the decuplet
baryons as our example. Starting with linear terms in the quark masses, we can
form two polynomials of the valence masses, a singlet combination (25p; + dpus)
and an octet combination with E* symmetry, (dpus — o). (A first-order term
in the sea quark masses is ruled out because we are keeping 2m,; + mg constant.)
We can read off the coefficients each polynomial must have from Fig. Bl So, at
first sight we would expect

Max = My+ o126 + dps) —
My = Mo+ ai(26p + 0ps)

Mz« = Mo+ a1(20p + dps) + co(dps — dpu)
Mo = Mo+ oq(20p + 0ps) + 202 (dpes — Opuy) (45)

p(Oprs — Sp17)

with no connection between «; and ay. However, it is clear that the A mass
can not know anything about the strange valence mass, and the {2 mass must
similarly be independent of dyu;. These constraints are both satisfied if

] = (g = A, (46)

giving us a leading-order formula

My = My+ 3Ad6u

My = Mo+ A(20p + dpus)

Mz« = My + A(dpy + 20415)

Mg = My+ 3Adu,. (47)
We can continue this procedure to the quadratic level. Again, the number of
terms is reduced by keeping the sum of the sea quark masses fixed; and we again
find the number of coefficients reduced by the constraint that the A mass is

independent of du,, and the €2 mass independent of §u;. We obtain the quadratic
results

Ma = My +3Adu + Bodmi + 3B16u?
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My = Mg+ A(20p + Sj1s) + Bodmi + By (2017 + 6u2) + By(Sps — dpuy)?
Mz = Mo+ A(0u + 26ps) + Bodmj + By (043 + 2043) + Ba(Spus — 0pu)?

These formulae apply when the sum of the sea quark masses are held constant,
$(2my 4+ my) = my, but the valence quark masses are completely free, because at
this level (terms up to second order) a restriction on valence masses would not
lead to any reduction in the number of free parameters.

Let us use these formulae to illustrate how partially quenched measurements
might help us fit masses on the constant sea-quark line. In these equations,
Ma and Mg are fully unquenched baryon masses along the constant sea-quark
line 1(2my + ms) = mp, and M? is a partially quenched A, measured on the
symmetric configuration m; = ms; = my. From eq. (48) we can read off the
relevant mass relations

Ma = My +3Adm; + (B + 3B,)dm; —mf < om < tmf
Mg = Mo+ 3Adms+ (3Bo + 3B;)0m? —m§ < oml < 2mf
M® = My+ 3Adu + 3B16u7 —mg < out. (49)

The unquenched quark masses can only be varied through a rather small range,
but the partially quenched quark mass can be varied much further, giving us a
better lever-arm to measure curvatures. Data on the partially quenched A could
give the parameters A and B;, which would predict the Q-A splitting and the
=-3 splitting in the fan plot. We could also find the parameter B, by looking at
mixed-mass partially quenched decuplet baryons.

There are some combinations of the partially quenched masses, eqgs. ([@8]) which
have simpler dependences on the valence quark masses. Examples include

— Ma + My + Mz — Mg = 2By(0ps — dj17)*
Mz — My = A(Sps — o) + By(0p? — 6p?)
Mg — Max = 3A(0ps — 0py) + 3B, (62 — o). (50)

5.2 PQ octet mesons

The mass formulae for mesons takes the form:

M? = M3+ 2adu; + Bodmi + 28,0}
My = Mg+ a(bp + 0ps) + Podmi + Bu(0pi + 0p2) + Bo(0ps — 6u)?
M} = Mg+ 2abps + Bodmi + 231645 . (51)

Again the 7, is the meson made of a partially quenched 3., s, quarks, (i.e.
the ‘strange pion’) which in the partially quenched framework can be observed

26



and can yield useful information about the extrapolation constants. Some useful
combinations, which avoid the delicate n sector, are

My — M7 = a(0us — ) + Br(0p — ouf) + Ba(Ops — pu)”
2M7 + M? = 3M7+ (46 + 26p,) + 3Bodm;
+ 01 (4047 + 2003) + 262 (Opas — Spu)” - (52)

M2% — M? is useful as a measure of the quark mass splitting, 2M% + M? as a
quantity which is nearly constant along our trajectory.

The same form, mutatis mutandis, applies to the other meson octets, e.g. the
p, K*, ¢ system. We thus have

M, = Mo+ 2adu; + Bodm] + 26157
My« = Mo+ a(0p + Sps) + Bodmi + Br(Sp? + 6p?) + Bo(Ops — dpug)?
My = Mo+ 2adps + Bodmi + 261642, (53)

following the pattern of eq. (GII).

5.3 PQ octet baryons

The number of free coefficients in the meson case was reduced by the requirement
that K and K have the same masses, there is no similar constraint linking N and

=, so more coefficients are allowed, both at the linear and quadratic levels. We
find

My = My +3A16u + Bodm] + 3B,6u7
My = Mo+ A(20p + dps) — Ag(Sps — Opy) + Bodms
+B1(2047 + 0p13) — Bo(0pis — ) + Ba(Ops — dpur)”
Ms, = Mg+ A(28u; + 6ps) + As(Spis — Spy) + Bodm?
+B1(20447 + 0p13) + Ba(ps3 — 0p1) + B (Sps — dyu)’?
Mz = M+ A (26 + Sps) — Aa(Spus — dp1) + Bodm}
+B1 (04 + 2013) — Bo(Spi — 0p1f) + Bs(dps — opu)* . (54)

As usual, the nucleon mass has been made independent of dus. Some useful
combinations, which only depend on a few parameters, are

2Mpy — My, — 3My +2Mz = (Bs — 3By)(6s — dp11)* (55)
=— My = (A1 —2A45)(0ps — 0p) + (Br — 2Bo)(6p3 — 0psf) -

As mentioned previously, we can check that when y — m (i.e. return to the
‘unitary line’) then these results return to the previous results of eqs. (34]) — (37).
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5.4 The potential usefullness of PQ

There are several possible advantages to considering PQ results.

1. The coefficients that appear in the expansions about the flavour symmetric
line in the PQ case are the same as those that appear on the ‘unitary’ case.
Hence this may be a computationally cheaper way of obtaining them.

2. PQ results can be helpful in choosing the next point to simulate, because
the meson masses measured in the partially quenched approximation are
very close to those found in a full calculation, giving us a preview of results
on the next simulation point. We understand theoretically why this works
well on our trajectory, with m held fixed. The reason is that the effect
on the sea of making the u and d quarks lighter is largely cancelled by
the effect of making the s quark heavier (the cancellation is perfect at the
flavour symmetric point). Therefore partially quenching works best when
only the non-singlet part of the quark mass matrix is varied (as is the case
here). If the singlet part (the average sea-quark mass) is changed, there is
no compensation, and the partial quenched results are less reliable.

3. We can use partial quenching to get a good estimate of results at the phys-
ical point, by taking configurations generated with quark masses some dis-
tance short of the physical point, and then at the measurement stage using
valence quarks chosen to give the physical 7 and K masses. Important
physical effects, such as the light pion cloud, would be incorporated in the
results. The effects of partially quenching can be further reduced by repeat-
ing the calculation with several choices of sea-quark masses, and making an
extrapolation towards the physical sea-quark mass values.

We can also show that on this trajectory the errors of the partially quenched
approximation are much smaller than on other trajectories. In leading order yPT
(terms linear in the quark mass), the suggested procedure (valence quarks at the
physical value, sea quarks anywhere on the physical constant 7,.,) is exact. See
Table VIII of [16] for the leading order formulae for both octet and decuplet
baryon masses. At this order partial quenching moves all the octet baryons by
the same amount, and all decuplets also move together. The leading order partial
quenching errors are

PQ phys . —lat ——phys
MOCt - MOCt - 6UM (msea - msea )
PQ _ phys _ ~— Falat _ 5phys
Mdec Mdec - 6UM(msea Meeq ) ’ (56)

(using [16] notation for quark masses and the o coefficients). Since we have tuned
m to be equal to the physical value, the partial quenching error vanishes on

our trajectory, but not on other trajectories, which vary m'* .
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We can give a partial derivative argument, like that of section [ or [I], which
explains why this is so. Take the proton mass as an example, but any quantity
will work the same way. The proton mass will depend on the valence quark
masses and the sea quark masses, so we can write

MI}:Q (mzal’ méal; m.;ea’ mzlea’ m:ea) . (57)
The dependence on the three sea masses must be completely symmetrical, unlike
the dependence on valence masses. At the symmetric point
oM™ oM™  OM™

p — p — p 58
Omgee Omye  Omge’ (58)

so if the sea quark masses are changed in a way which preserves m***, while the
valence masses are held constant, M;? will not change (to leading order).

6 The path to the physical point

In section [I] the proposed path to the physical point was introduced. We shall
now discuss this a little further.
For the simulation it is easiest to keep the (bare) singlet quark mass fixed,

m = %(2my + my) = mo = const. , (59)

starting from some reference point (mg, mg) on the flavour symmetric line. We
can use the singlet combinations from Table [6] to locate the starting point of our
path to the physical point by fixing a dimensionless ratio such as

2
~—5 = physical value. (60)
Xy

Note also that X, = m,|o at the flavour symmetric point so this determines our
starting pion mass from Table [[1] to be ~ 410 MeV.

However this is only strictly true at lowest order. While at this order it does
not matter whether we kept the quark mass singlet constant, eq. (59)), or a particle
mass singlet constant, eq. (60), higher order terms mean that it now does. If we
make different choices of the quantity we keep constant at the experimentally
measured physical value, for example

X2 X2 X2

e T 1
X]2V7 Xi? Xg? ) (6)

we get slightly different trajectories. The different trajectories begin at slightly
different points along the flavour SU(3) symmetric line. Initially they are all
parallel with slope —2, but away from the symmetry line they can curve, and will
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all meet at the physical point. (Numerically we shall later see that this seems to
be a small effect.)

An additional effect comes from the choice of Wilson lattice fermions (for
chiral fermions there is no effect). The physical domain is defined by

m;i > 0
my > 0, (62)
which using eq. (B translates to
1 2
T 2
m > -2, om, > -2y, (63)

— (1+2ay) (1+2az)
leading to non-orthogonal axes and possibly negative bare quark mass. (These
features disappear of course for chiral fermions when oy = 0.)

These two features are sketched in Fig. [ which shows possible paths in the

Figure 9: Sketch of some possible paths (red lines) in the (m;,ms) plane to the
physical point (m;, m}).

(my, mg) plane starting from the flavour symmetric line.

7 'The lattice — generalities

After the general discussion of SU(3) flavour expansions described in sections 2Hol
(which are lattice independent) we now turn to more specific lattice considera-
tions.
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7.1 Lattice simulations

We use a clover action for 2+1 flavours with a single iterated mild stout smearing
as described in Appendix[Dl Further details are given in [19] together with a non-
perturbative determination of the improvement coefficient for the clover term,
using the Schrodinger functional method.

The bare quark masses are defined as

1/1 1
=—|— - 64
M 2 (Kq “0;0) ’ (64

where vanishing of the quark mass along the SU(3) flavour symmetric line deter-
mines Ko... We then keep m = const. = m, which gives

1
Rg = 372 . (65)

ko A

So once we decide on a k; this then determines k.

Furthermore note that we are not expanding about the chiral limit, but have
expansions around a flavour symmetric point which does not require a knowledge
of Ko,.. This follows as

dmg = mg—my

HMC and RHMC were used for the 2 and 1 fermion flavours respectively, [20],
to generate the gauge configurations. We note the following in connection with
the simulations and our path choice:

e HMC simulations should equilibriate quickly from one point to another
along this path.

e The HMC cost change should be moderate for this path. This may be
motivated by the following crude cost argument. Modelling the HMC cost,

C, as
1 k
C 67
> amf * am®’ (67)
gives on the line am = const = amy
1 k
C + , 68
OCOéZ—Ff (34—042)—25 ( )
with
my
=", 69
o (69)

This is plotted in Fig.[I0l There is little change in a reasonably large range
of £ starting from & = 1.

Both these points are indeed found in practice (at least approximately).
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Figure 10: Simulation cost C(§) against & where £ = m;/mg (with, for example,
az =1and k = 2).

7.2 O(a)-improvement of the coupling constant

O(a)-improvement leads to a change in the coupling constant (or 5) via
9 = 9o = 9o (1 + byamm), (70)

where b, is some function of g2. In general when we vary a quark mass then go
must be changed to keep go constant. However for our choice of path (7 = const.)
the relation between gy and gq is fized, so only a small overall shift of results might
be necessary — nothing else changes as we traverse our path.

Not much is known about the value of b,. For Wilson glue and a = 0 (i.e. no-
stout smeared links) Wilson-Dirac fermions the lowest order perturbative result
is b, = 0.01200n;g5 + O(g;), [21], which is small but increasing with n; (here
ng =3). A crude estimate was made in [22] and indicated a possible 1-2% effect
(but with considerable uncertainty). In the following we shall not consider the
effect of b, any further.

7.3 Hadron ‘wavefunctions’

The operators (wave functions) used to determine the hadron masses are uni-
formly taken to be Jacobi smeared ([23] and [24] (Appendix C)) and to be non-
relativistic, NR, ([25], [26] and [27] (Appendix C)). Specifically, we consider the
following hadron wave functions:

e Pseudoscalar meson octet

Mq(z) = d(z)ysu(z)
Mg (z) = 3(z)ysu(z)
My, (x) = 3(x)ss(x) (71)



e Vector meson octet

e Baryon octet

BNa(SL’)
BAa(SL’) =

Bga(l’)
BEQ(SL’) =

e Baryon decuplet

7
—
Nak
Il
V2]
8
2
g
8
~—

€apctig () [u® ()P Cryd? ()]
Eabc( Sa(T) [ub TDC%dC(x)]

—l—d‘;(:v ) [u’(z TDC%S ()] — ul(z) [d*(z)"" Cy35°(z)])

€abctl (T [u (z)TP Cry55° }

€abeSa(T [sb (z)' Crysul(z ]

(73)

Baial@) = o (202(2) (@) Cr_d*(a)] + d2(a) [u?(@)™ C-u"(a)))
Bsio(z) = €ae (2ul(z) [u’(2)PCy_s(2)] + s&(x) [u’(2)™ Cy_u‘(z)])
Bzeo(z) = € (25%(2) [8"(2)PCy_u(2)] + ul(z) [$"(2)PCy_s(z)])
Boo(r) = e€uwest(z) [$"(x)PCy_s(z)] (74)
where C' = y5y4 and v = %(72 +147;) and TP is a transpose in Dirac space. The

u and d quarks are considered as distinct, but of degenerate mass.
The correlation functions (on a lattice of temporal extension 7') we use are

given by

. <Z My (5.0) 3 M (7, o>>

A (e‘l‘j”ot + e_M”O(;f_t)) ; To =7, K, 1s
T3 <Z Mo i(7.6) 3 My (3, o>>

A (e7Meo! —l—ye_M”O (T_t)) ; po = p, K*, ¢,
% Tt pTnpo <Z Bo (5:1) Y B (& 0)>

Ae Mot 4 Be_;;’lvo(T_t) : xNO = N,%,=

%Tl"prpol <ZBNA ZBNA >
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x  Ae Muat 4 BemMu, (171 ,

1
Cap(t) = v TpLpor <Z Bao(§#.1) Y Ba, (&, 0)>
S g» "H

x Ae Maot 4 BemMaoTY ; Ao =A X" E5Q (75)

with Typpor = %(1 + 1) and Tpoy = Cupnpor(1 + i9375). M’ is the lowest excited
state with opposite parity to M.

8 The lattice — results

All the results given in this article will be at 8 = 10/¢2 = 5.50, a = 0.1, together
with ¢, = 2.65, see Appendix (This 8 value was located by an initial series of
short degenerate quark mass runs, to give a rough idea of the associated scale.)

8.1 Locating ko and the m{—myJ plane

From the discussion in section [@l for our path choice, we must first determine the
starting value on the flavour symmetric line. A series of runs along the SU(3)
flavour line determines this point, g, by looking when X2/X% S = N, A, p
are equal to their physical values, see eqs. (60), (€1)). (This would also include
S = r if we have previously determined the physical value of ry.) On the flavour
symmetric line obviously all the particles in the multiplet are mass degenerate,
so for example taking S = N means that

(amz)*  X? *

amn ~ 53| ”6’

where, to emphasise that the left-hand side are the lattice measurements, we
temporarily include the lattice spacing.

Once we have located a promising ko (or better a small range of kgs) then
we keep T = const. and pick appropriate (k;, ks) values, using eq. (63). Again
setting X2/X% = physical value eq. (60) can be re-written as

2M% — M? M? X21"
™ 2 s _ s
X% N Xz ey =3 X217 (77)

considering for the present only lowest order in the flavour expansion. In Fig. [l
we plot (2m?% — m2)/X% versus M?/X%. This is equivalent to a plot of the
mf-mf plane. (The runs on 243 x 48 lattices have O(2000) trajectories, while the
runs on 323 x 64 lattices have O(1500) trajectories.) Note that simulations with
a ‘light’ strange quark mass and heavy ‘light’ quark mass are possible — here the
right most points. In this inverted strange world we would expect p — ¥ or A
decays.
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Figure 11: (2m% —m2)/X% versus M2 /X2 for ro = 0.12090 (left panel) and 0.12092,
0.12095 (right panel). The dashed black line, y = x represents the SU(3) flavour
symmetric line. Filled points are on 323 x 64 lattices while open points are on a
243 x 48 sized lattice. Shown are points on the flavour symmetric line (orange) followed
by results with ™ = const. The fits are from eq. (7)) with ¢y a free parameter. Physical
values are denoted by stars.

Also shown in Fig. [[1] are fits using eq. (77) leaving cy as a free parameter
starting from the flavour symmetric points

ko = 0.12090, Ko = 0.12092, kKo = 0.12095, (78)

(the latter two points are reference points.) It is seen from the figure that this
range covers the possible paths to the physical point. There are two observations
to be made. Firstly we note that there does not seem to be much non-linearity in
the data, i.e. the leading order in the expansion about the flavour symmetric line
already seems sufficient. So if cy = 3(X2/X%)|* then the lines would go exactly
through the physical point. Also this means from the discussion in section [6] that
using other singlet scale choices should lead to a similar result. Secondly, as noted
before at the end of section [3 as the expansions have been derived using only
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group theoretic arguments, they will be valid for results derived on any lattice
volume (though the coefficients of the expansion are still functions of the volume).
So here, to test this, we have made separate fits for the two volumes — 243 x 48
and 323 x 64. Indeed this shows that finite size effects are present but small.

Thus our present conclusion is that kappa in the range 0.12090 — 0.12095 is
within a few percent of the reference ky. Most of the results reported here will
be at ko = 0.12090.

8.2 Determination of ko, oz

Although not strictly necessary, we briefly indicate here the determination of ko,
ay to illustrate some of the discussion in section [6l Using lowest order xPT (i.e.
the fact that the pion mass vanishes if the light quarks vanish) and

(amy)? oc amy + azamm, (79)

where the constant of proportionality from eq. [ 3) is 2aa = 2aQy = 2aBfZ)?,
we first determine ko.. (the critical hopping parameter on the flavour symmetric
line) as defined in eq. (64). In Fig. 02 we show the plot of (am,)?* versus 1/k;

0.06 e T 7
 k,=0.12090 248
[ K,=0.12090 364
0.05  °%
0.04
v 0.03 |
[ L
IS
8 i
0.02 |
0.01
0.00 }*****0/7777777777777 ”f*f*f*f*f*f””f*f{
8.24 8.25 8.26 8.27 8.28

Figure 12: (am,)? versus 1/k; for both the flavour symmetric case (blue points) and
for the ko = 0.12090 case.

together with linear fits. From the blue points we find

=8.25977(21),  or kge = 0.121069(25), (80)
Ro;ce
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which is in good agreement with the Schrodinger functional determination, see
Appendix [Dl This gives in turn for ko = 0.12090,

am = E (i 1 ) = 0.00576(21) . (81)
Ko Ro;c
Note that for x; < kg, then the bare am, is negative (but the renormalised m;’
is always positive).

az can then be estimated using the ™ = const. line as here (am,;)?* vanishes
at k., giving

1 _ 1
gy = _amq‘_,@:,{c — <H0;c KC) . (82)
am 1 1
(HO KO;c)

Using the 32% x 64 data only (green points) gives

1
— =8.24753(19) , or k.= 0.121248(23). (83)

Ke
Hence this gives here

0.01224(28)

~ 001530 1.062(31).. (84)

Qz
Note that the determination is quite sensitive to small changes in x¢.. and k.. We
conclude that for clover fermions at present day lattice spacings a is substantial

~ O(1).

8.3 Singlet quantities and the scale

We take Fig. [l as a sign that singlet quantities are very flat and the fluctuations
are due to low statistics. We now investigate this further. In Fig. [13] we show
aXs for S = A, N, p and 7 against M2/X?2 for o = 0.12090, 0.12092, together
with constant fits. This indicates that other singlet quantities are also rather flat
(we interpret variations in X to be due statistical fluctuations). Again fits are
made for each lattice volume separately.

8.3.1 Finite size effects

In Fig.[I3lthere are again indications of relatively small finite size effects. We now
briefly investigate this a little more. While we do not attempt to formally derive
a formula here, we do have the obvious constraint that the finite size Xg must
also be flat at the symmetry point. Thus from eq. (82]) and as we shall consider
only the lowest order term from eq. (38]), we expect the finite size functional form
to be

Xs(L) = Xs (1 + cs[fro(My) + 2fr(Mk)]) , (85)
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Figure 13: aXgs for S = A, N, p and 7 versus M2/X?2 for ko = 0.12090 (left panel)
and 0.12092, 0.12095 (right panel) together with constant fits. Filled points and lines
are for 323 x 64 lattices, while opaque points and dashed lines are for 243 x 48 lattices.
In the right panel the lower filled points and lines are for kg = 0.12095.

To lowest order yPT indicates that a suitable form for fr (M) is

—ML

S (86)
(ML)2

fu(M) = (aM)*

In Fig. @4l we plot (fL(M,)+2fL(Mk))/3 against aXg for S = A, N, p, m and r
on 323 x 64, 243 x 48 and 163 x 32 lattices for ko = 0.12090. The fits are linear. A
reasonable agreement is seen. (The noisiest signal is for S = A.) We see that the
extrapolated (i.e. L — o0) results are very close to the largest lattice results (i.e.
323 x 64), so we conclude that using the largest lattice size available should only
introduce small errors. We shall also go a little further and assume that finite
size effects for masses are similar to those of Xg for each mass of the appropriate
multiplet. Thus we shall later consider ratios M/Xg for all the available lattice
data; finite size results then tend to cancel in the ratio.
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follow 243 x 48 and finally 163 x 32 lattices. The dashed lines are linear fits.

8.3.2 Scale estimation

The result of section 8.3.1lis that the largest volumes available seem to have small
finite size effects, so we now simply take the largest volume available. In Fig.
we plot aXg/Xs = (aXg) /X5, for S = N, A, p, 7 using the largest volume
fitted results from Fig. (together with smaller data sets for ko = 0.12080,
ko = 0.12095). This ratio gives estimates for the lattice spacing a for the various
scales. We expect convergence to a common scale where the lines cross, assuming
all O(a?) corrections are negligible. We would expect most variation of the ratio
with X ;. This appears to be the case, with the exception of the decuplet scale.
However this is the channel with the worst signal, so presently we just consider
the approximate crossing of the other lines giving a ~ 0.075 — 0.078 fm with
ko ~ 0.12092.

As discussed in section R3] we expect a (partial) cancellation of finite size
effects (and also statistical fluctuations) within the same multiplet so we shall
adopt the philosophy when considering the hadron spectrum of first finding the
ratio of the mass to the singlet quantity from the same multiplet. For example,
we can take as our base singlet quantity the baryon octet Xy (not only are these
stable particles under QCD interactions and so might physically be considered a
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Figure 15: aXg/Xg against 1/kg for S = N, A, p, 7 and ko = 0.12080, 0.12090,
0.12092 and 0.12095.

good choice, but Xy also has smaller numerical errors than XA). To translate
from one scale to another we then need the ratio Xg/Xy. In Fig. we plot
Xg/ Xy for various Xg (with S = A, p, m). Also shown are constant fits to the
two volumes — 242 x 48 and 323 x 64. The change in the ratios between the two
volumes is seen to be small. Note also that all ratios are close to their physical
values. We use the results of the largest volume, which are given in Table [I0l
In the last column of this table we have used the experimental values of Xg (as

Ratio Ko = 0.12090 xXy/Xg
aX,/aXy  0.3766(13)  1.054(4)
aX,/aXy ~0.7211(37)  0.972(5)
aXa/aXy 1.2350(110)  1.030(10)

Table 10: Lattice ratios of singlet quantities aXs/aXy, S = 7, p, A from 323 x 64
lattices. In the last column we have multiplied by the experimental inverse ratio, taken
from Table [I11

given in Table [IT]) to form the ratio aXg/aXy X Xy /Xgs. This should be one. As
can be seen from Fig. [16 this is the case and Table [I0 confirms that the ratios
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Figure 16: Xg/Xy versus M2/X2 for S = N, A and p for kg = 0.12090. The dashed
vertical line represents the physical value, while the dotted line gives the SU(3) flavour
symmetric point. Filled points are on 322 x 64 lattices while open points are on 243 x 48
sized lattice. Dashed horizontal lines represent constant fits to either the 323 x 64 or
243 x 48 results. For illustration, we also show physical values — denoted by stars.

are one within a few percent.

9 Spectrum results for ny = 2 + 1 flavours

9.1 Experimental values

To minimise u—d quark mass differences (and also electromagnetic effects) for
the experimental data, we average the particle masses as given in the Particle
Data Group tables [29] over isospin I3 (i.e. horizontally in Figs. 2 [B)). This gives
the experimental values (which we give later together with the measured lattice
values) in Table 2l Using these experimental numbers, the experimental values
for the hadron singlet quantities used here are then given in Table [Ll

9.2 Mass hierarchy

We now consider the lattice results for the mass spectrum. First we check whether
there is a strong hierarchy due to the SU(3) flavour symmetry as found in eq. (33).
In Fig. IIZ] we plOt (4MA + 3mg* + QME* + MQ)/XA, (—QMA + ME* + MQ)/XA,
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Singlet GeV
X, =+/(M2+2M2%)/3 0.4109

X, = (M, + 2Mx)/3 0.8530
Xy = (My + My, + M=)/3  1.1501
Xa = (2Mx + Mg)/3 1.3788

Table 11: Experimental values for the Xg singlet quantities, S = m, N, A.

(4MA — 5M2* —2 = + MQ)/XA and (—MA +3ME* -3 =* —FMg)/XA against
M?/X?2 for kg = 0.12090. Also shown are the experimental values. There is
reasonable agreement with these numbers. Well reproduced, as expected, is the
order of magnitude drop in the hadron mass contributions with each additional
power of dmy. (See [28] for a similar investigation of octet baryons.) It is also
seen that while (—2Ma + M=+ + Mgq)/Xa has a linear gradient in the pion mass,
in the other fits any gradient is negligible as expected. To check for possible finite
size effects we also plot a run at the same (k;, k) but using 24 x 48 lattice rather
than 323 x 64. There is little difference and so it appears that considering ratios
of quantities within the same multiplet leads to (effective) cancellation of finite
size effects.

9.3 ‘Fan’ plots

We now show a series of plots of the hadron masses from a light quark mass
just above the flavour symmetric line down to the physical point. As the masses
(of a particular octet or decuplet) are all degenerate from a point on the flavour
symmetric line, then we would expect a ‘fanning’ out of masses from this point.
We consider second order fits in the quark mass, but show plots using the pseu-
doscalar mass on the z-axis, i.e. from eq. (34]). Thus we are using the quark mass
as an ‘internal parameter’.

In Fig. 08 we show M2 /X2 (mo = m, K, n,) against M?/X? together with
the combined fit. A typical ‘fan’ structure is seen with results radiating from the
common point on the symmetric line. Note that one point has a light strange
quark and a heavy ‘light” quark. There is however little real content in this plot
— the mp = 7 line is trivial, for the mp = K line the chiral limit and gradient are
known. However the graph does tell us that for the fictitious ns particle, there
is very little curvature, which as this is a constrained fit, must hold for all the
pseudoscalar octet particles, including the fictitious one. We also note that ratios
within the same multiplet do indeed tend to give cancellation of finite size effects.

In Fig. I3 we plot the vector octet multiplet M,, /X, against M2/ X2 for po =
p, K*, ¢s. Again finite volume effects tend to cancel in the ratio (normalising with
the singlet quantity from the same octet) and so both volumes have again been
used in the fit. The combined fit uses eqs. (33), (B4) again with the bare quark
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Figure 17: (4Ma + 3My« 4+ 2M=« + Mq)/Xa, (—2Ma + M=« + Mq)/Xa, (4Ma —
SMsyx —2Mz« + Mgq)/ XA and (—Ma + 3My+ —3Mz=- + Mq)/Xa (filled circles) against
M2/X2 together with a fit of constant, linear quadratic and cubic term in dm; re-
spectively. Extrapolated values are shown as opaque circles. Experimental values are
denoted by stars. The opaque triangle is a run at the same (k;, £), but on a 243 x 48
lattice rather than a 323 x 64 lattice.

mass being an ‘internal’ parameter. Some moderate curvature is now seen in the
extrapolations. Note that as mg, ~ m, then we have almost perfect mixing.

Continuing in Fig. 20l we plot the nucleon octet My, /Xy (for No = N, A,
¥, 2) against M?/X? and similarly in Fig. 2T we plot the corresponding baryon
decuplet Ma, /XA for Ap = A, ¥* =% Q against M?/X?2. Although we have
included quadratic terms in the fit, there is really very little curvature in the
results.

All these figures illustrate the ‘fanning’ of the results. The correct ordering of
the particle spectrum has been achieved (also behind the symmetric point when
we have heavy u quark masses and a light s quark mass). The masses (using the
scale determined by the appropriate Xg) are given in Table The results are
already within a few percent of their experimental values. If we wish to convert
these numbers to a base scale, say Xy, then these numbers can be converted
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(‘sym. pt.”) when ko = 0.12090 is denoted as a red point. Experimental values are
denoted by stars. The opaque triangle is a run at the same mass but on a 243 x 48
lattice rather than 323 x 64.
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particle expt[GeV] M/Xg result[GeV]
M, = (My+ + Mo + M,_)/3 I 0.1380

My = (Mys + My )/2 Is  0.4937

M, ss 2.778(18)  1.141(7)

M, = (M,+ + M,)/2 0 0.7755 0.9119(30) _ 0.778(7)(22)
My = (Mg + M) /2 Is  0.8917 1.044(4)  0.891(3)(25)
My, ~ M, ss  1.0195 1.195(12)  1.019(10)(29)
My = (M, + M,)/2 0l 0.9389 0.8276(130) 0.952(15)
My = Myo s 11157 0.9783(196)  1.125(22)
My = (Mgt + Myo + Ms-)/3 s 1.1932 1.036(12)  1.192(14)
Mz = (Mzo + Mz )/2 lss 13183 1.137(8) 1.308(9)

Ma 0 1.232 0.9100(108)  1.255(15)(38)
My = (Mgt + Mo + My )/3  lls  1.3846 1.007(8) 1.388(11)(41)
Mz+ = (Mzwo + Mz--)/2 Iss  1.5334 1.097(12)  1.513(17)(45)
Mg = M, sss  1.6725 1.180(22)  1.627(30)(49)

Table 12: The hadron masses. The third column, ‘expt’, gives the isospin averaged
masses. The fourth column, ‘results’ gives the numerical results from Figs. [I8]-2I1 The
first error is from these fits, while the second is from scale uncertainties as discussed in
section 8.3.2] and the text here.

using the numbers in the last column of Table [10] as

= () (28

© aX N aX S
where the second factor is given in this table. These numbers are all ~ 1 (within
a few percent) and we shall just regard them here as a possible additional source
of error (the second error in the last column). It is to be noted that the largest
source of error appears to come from the uncertainty, not in the determination of
the scale itself, but in the consistency with the use of a different flavour singlet
quantity to determine the scale.

(87)

9.4 Partially quenched results

We illustrate partially quenching using baryon splittings as an example. The
splittings depend mainly on m?* — m?® and only weakly (at second order) on
other quark combinations. In the PQ data shown here, we have points with a
large splitting between m, and m; reaching up to points where m,; — m; is equal
to its physical value. We can therefore make partially quenched splitting plots
reaching down to the physical point.

We have generated partially quenched results on an ensemble with ky =
0.12090 and lattice volume 243 x 48. The first octet splitting diagram, Fig. 22
shows just the PQ data. The second, Fig. 23] shows the PQ data in grey,

46



0.2

o
=
T
It
[
[l
5 3l
S
£ 2l
1

My)/Xy

T
[igl]
*

o]

(My
=
*
=
=
= 3]
e
-
-
e
e 3
= 3
[
=
H
= 3]
=]
= =

I %
! P4

o

2 2 2
(M'rr 7MK )/XN

Figure 22: Partially quenched data, (My, — Mx)/Xy versus (M2 — M2)/X%,. The
experimental points are denoted by a red stars.

0.2
o1F * -
o
N % "
- 3
= -
o 02 * .
=4
E] T
A dlx "
Ly
0.1 —
N *
| L L L L | L L L L | L L L L | L L L L |
—-0.2 -0.1 0.1 0.2

0
2 2 2
(M;"—My") /Xy

Figure 23: A comparison between partially quenched and full data from 243 x 48
lattices, (My, — Myx)/Xn versus (M2 — M%)/X%. Same notation as in Fig22l

47



compared with the 243 x 48 data in colour. While only to be taken as an an
illustration, it shows that the P(Q) data has the potential to be a good predictor
of real data.

10 Conclusions

We have outlined a programme to systematically approach the physical point
starting from a point on the SU(3) flavour symmetric line by keeping the singlet
quark mass constant. This leads to highly constrained extrapolations (i.e. fits).
Exploratory results for the hadron mass spectrum show that indeed this occurs,
with all fits for the pseudoscalar, vector and baryon octets and baryon decuplet
being highly linear. This is also seen when considering flavour singlet quantities,
which remain constant as we approach the physical point. This enables the lattice
spacing to be determined, and indeed allows the consistency of various definitions
to be discussed. We have also extended these results to the partially quenched
case and illustrated that they contain useful information. (We plan to discuss
this further in [I7].) We are also applying this method to the computation of
matrix elements, some initial results are given in [32] [33].
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Appendix

A The permutation group Sj

If we have three quarks u, d, s with different masses, physics should be unchanged
if we simply permute the names we give to the quarks. The permutation group
is not the complete symmetry group - for example we could also perform U(1)
phase rotations on any particular quark flavour — but it is already enough to tell
us something useful.

The permutation group of 3 objects, Sz, is the same as the symmetry group
of an equilateral triangle, C'5,. There are 6 group operations

1. The identity

u—u,d—>d, s—s. (88)

2. Two cyclic permutations
u—d,d—s, s—u and u—s, s—>d, d—u, (89)

which correspond to rotations of the triangle through £120°, and rotations
of the (I3,Y) diagram through +120°.

3. Three pair interchanges
u<<rd, s—s; u<r s, d—d; d< s, u—u, (90)

which correspond to the 3 reflection symmetries of the triangle, and reflec-
tions in the I3-Y plane.

If an equation is to respect flavour blindness, both sides of the equation should
transform the same way under all 6 operations. The representations of the group
allow us to arrange for this to hold.

The permutation group Ss is a subgroup of SU(3) and has 3 irreducible rep-
resentations [6], two different singlets, A; and As; and a doublet E.

A.1 Singlet representation A,

The representation A; includes objects which are invariant under all 6 group
operations. Examples include gluonic quantities, such as glueball masses, rg,
V(r),...as well as certain averages over hadron multiplets. (We shall collectively
denote these objects by X.) A;j is a singlet representation. Examples of quark
masses with A; symmetry (complete up to O(m})) are

1

mu_l_md_l_ms (91)
(my +mg +mg)?, m2+m2+m?
(Mo +ma+ms)*, (Mg +ma +mg)(mi +mi+m3),  my+mi+m]
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and linear combinations of these.

A.2 Singlet representation A,

This consists of objects which are invariant under the cyclic quark permutations,
(triangle rotations), but which change sign under the pair exchanges, (reflections).
Ay quantities automatically vanish if any two quark masses are the same. The
lowest As quantity for quark masses is O(mg),

2 2 2 2 2
My, M, — MgMmy + myms — M, Mg + M, Mg — My,

= (dmgs — 0my)(dms — dmg)(dm, — omy) . (92)

2
U

Baryon mass combinations with Ay symmetry are
M, — M, + My- — Ms+ + Mzo — M=-, (93)

and the corresponding decuplet quantity, with the p and n replaced by A™ and
AP, Because particle and antiparticle have the same mass, the mesonic analogue
of eq. ([@3)) vanishes.

Group theory tells us that in a 1 + 1 4+ 1 flavour world, the splitting eq. (Q3)
would be proportional to eq. ([92]) and terms of even higher order in m,, (neglecting
electromagnetic effects).

A.3 Doublet representation E

By considering A, we have found a fairly useless mass splitting formula, but by
looking at the doublet E we are able to find some more useful formulae.

The E representation has two states, which mix under the cyclic permutations.
We can choose to make one state of the doublet even under the reflection u < d ,
and the other state odd. (We could just as well choose any interchange to classify
our states, but it makes best sense to choose u <> d, because the hadronic universe
is almost invariant under that operation.) We have called the even member of
the doublet ET, the odd member E~. (There does not appear to be a standard
notation.)

An example of an E doublet would be the states

1 1
% (2|s) — |u) —|d)) and ﬁ (Ju)y = [d)) , (94)

It is easily checked that under any group operation they just mix with each other,
for example under the cyclic operation u — d, d — s, s — u:

—2fs) — ) — |d)) - (2lu) —[d) = s)) (95)

V6

o5 5
5~

(lu) = 1d)) = (2ls) = |u) —1d))

T
Sl
>

20



and so on. In other words, the matrix for a cyclic permutation has the form

_ cost) Fsind
r= < +sinf  cosf ) (96)

with 6 = 120°.
Quark mass terms with £ doublet symmetry are

%(27"15 — My — Myg) , %(mu —my)
(2 = — ) L (m2—m)
%(mums + mams — 2my,my) , %(mums — mdms)}
L5 2m? — m3 — m3) - Lt -}

2 2 2
m,m? + mgm? — m2mg — m,m2)

{

N[
—

1 2 2 2 2 2 2
ﬁ(mums + mams + 2mims — 2mims + mimg + mumd)}

{ (mum?2 +mgm? — 2m2m, — 2m2m, + m2mg + m,m?)
1

, (=mum? +mgm?2 + mimg — m,m3)}

ﬁ‘h‘
no

The normalisations and phases have been chosen so that each pair transforms
in the same way as eq. (04) under all group operations i.e. the matrices which
represent the group operations are the same for every pair.

B Some group theory

If the three quarks have equal masses, the QCD Lagrangian is invariant under a
global U(1) transformation of the quark fields

v, e, (98)

(corresponding to baryon number conservation) and a global SU(3) flavour trans-
formation

Y= Uy, Y= gUl, (99)

with U a unitary matrix with determinant 1.

If the quarks are all given different masses we still have the freedom to change
the phase of each flavour separately, without changing the action, so we have
conserved currents for each of the three flavours, and three independent U(1)
symmetries.

When the quarks have different masses, flavour SU(3) is no longer a symmetry
of the action, a global SU(3) rotation no longer leaves the action unchanged, but
we can still use SU(3) to understand the action. Consider the transformation

M= UMU =M (100)

o1
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(the flavour analogue of a global gauge rotation in colour). If the quarks have
different masses, M’ # M, but they are physically equivalent in the sense that
the two matrices have the same eigenvalues as each other, but the eigenvectors
are rotated

W =Uyp, ¢ =yUt. (101)
B.1 Flavour permutations, S3, as a subgroup of SU(3)

We want to concentrate initially on a set of SU(3) matrices which map a diagonal
mass matrix to another diagonal matrix when used in eq.(I00). These are

e the identity matrix,

1
I=120
0

o~ O

0
0 (102)
1

e the cyclic permutations of the quark flavours,

0 0 1 o 0 2 —1
1 00 = expt——= | —t 0 1
010 3 VE I
010 9 0 7 —1
. ™ . .
001 = exp —t——= | —1 0 i (103)
100 VB i i
e pair interchanges,
0 -1 0 - 11 0
-1 0 0 = exp{ 5 11 0
-1 0 0 -2
-1 - 1 0 1
0O -1 0 = exp i 3 0 -2 0
—1 1 0 1
-1 0 0 - -2 00
0O 0 -1 = exp i 5 0 1 1 (104)
0 -1 0 0 1 1

Note that when we interchange a quark pair, we also have to change the sign
of the quarks, to keep the determinant equal to 1, as required for a matrix in
SU(3). These six matrices are all unitary with determinant 1, so they are all
members of SU(3). We have also shown that all the matrices can be written
in the canonical SU(3) form exp{i>_ a;\;}. These matrices form a closed set
under multiplication, with a multiplication table matching that of the group Ss,
showing that the symmetries of the equilateral triangle are a subgroup of SU(3).
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B.2 Group classification of quark mass polynomials

This subsection explains how the final column of Table Bl was calculated.

We can establish many useful results from the S3 subgroup, but it has its
limitations, it does not connect particles in different permutation sets, see Fig. [4l.
By considering S3 alone we cannot write down a formula for the mass difference
between the ¥° and ¥, we cannot even show that the two particles have the
same mass in the 2 + 1 case. To go further we need to consider the full SU(3)
group, even though this will involve operations which make the mass matrix
non-diagonal.

We can write any SU(3) rotation as a matrix of the form

8
U = exp {ZZ ajxj} : (105)
j=1

where the A; are the 8 Gell-Man matrices (and «; are real parameters). We only
need to consider infinitesimal transformations

8 8
M= UMUT =M+ oy (MM —MN) =M+i> a; (A, M] . (106)

j=1 j=1
We write
O = Ay
Opp = =i
OM = M), (107)

to represent the action of the eight generators of SU(3) on spinors and on matri-
ces. The eight operators O; are analogous to the three operators J; in angular
momentum.

In SU(2) we use the eigenvalues of the operator

=37 (108)

to identify the irreducible representations of angular momentum. Similarly in
SU(3) we can use the eigenvalues of the quadratic Casimir operator [12, [13]

8
C= i > o3, (109)
j=1

to identify irreducible representations of SU(3). (The factor + is a conventional

1
normalisation.) Acting on a matrix
1o 1o
CM = > gy M) = 1 D (MM = 20MN + M) (110)

j=1 j=1

23



We can now begin classifying polynomial functions of M. At first order, linear
functions of mass, it is simple,

Tr[M] = My + May + Mas, (111)

doesn’t change under SU(3) transformations, so it is singlet.

The other elements of M can be assigned quantum numbers. For example
My takes a u quark and changes it to a d, so it has I3 = —1 and hypercharge
0. The 6 off-diagonal elements of M form the outer ring of the octet. The two
central elements of the octet are the combinations

2M33 - Mll - Mgg 0.8 Tr[)\g./\/l]
MH - M22 X Tl”[)\g./\/l] . (112)

We can check that both are eigenstates of the Casimir operator, with eigenvalue
3, showing that both are pure octet quantities.
If we make the substitutions

My —=my, Mo —mg, Mszz = msg, (113)

we see that the quantities eqs. (ITI)—(I12) are proportional to the three linear
polynomials in Table B with the SU(3) assignments given from their behaviour
when operated on by the Casimir operator.

It gets more interesting at second order. (Tr[M])* and Tr[M?] are both
flavour-singlet functions of the mass matrix. It is more convenient to work with
the linear combinations

(Tr[M])”
3Te[M?) — (Te[M])? (114)

where we have chosen the coefficients so that the second combination will be zero
at the SU(3) symmetric point. At second order we should be able to construct
functions of the mass matrix that are in the 1, 8 and 27 representations. One way
of constructing a quantity that is purely 27-plet is by using the Casimir operator.
If we take an arbitrary quadratic function of M it will usually be a mixture of
all three representations. If we multiply by

(€ —=3)C, (115)

C will cancel the singlet part, (C — 3) will kill the octet part, (see Table [[3)), so
the operator eq. (II3]) leaves a pure 27-plet function of M. Using the eigenvalues
in Table [I3 we can construct similar operators to project out objects in the other
representations of SU(3). Of course it would be tedious to do this by hand: we
have programmed the group operations in Mathematica so that the group theory
can be done more easily and rapidly.
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10 10 27 64
6 6 8 15

Representation

1 8
Casimir eigenvalue 0 3

Table 13: The eigenvalues of the quadratic Casimir operator, C, eq. (I09), for the
SU(3) representations needed in this article.

Another useful technique is to use the raising and lowering operators I, Uy,
V. [14] to move around within a multiplet. Once we have one state in a multi-
plet, these operators allow us to make all the other states. Because infinitesimal
SU (3) operations do not preserve diagonality, a typical eigenstate of the Casimir
operator will involve all nine elements of the quark mass matrix M, not just the
three diagonal elements. For example, if we explicitly write out the SU(3) singlet

quantity eq. (II4) it is
P = 2MpMyy + 2Maa Moy 4 2M33 M3
+6 M 19 Moy + 6 M3 M3y + 6 Mo M, (116)
—2M11 Moy — 2M13 M3z — 2 Mo Mss .

We can use the techniques discussed in this section to write down a pure SU(3)
27-plet quantity, with the same S3 properties as eq. (I16]); the result is

szél = MM+ Mo Moy + Mgz Mss
—Mia Mo — M1zMszp — Mas Mo (117)
— MMy — M1t Mszz — MaaMss .
Expressed this way, the 27-plet and singlet are clearly different functions of the
full 9-element mass matrix. However, if we just consider a diagonal mass matrix,
M;; =0if @ # 7, My = my, Moy = my, Msz = m, then the quantities become
indistiguishable:

Py — 2(m2 4+ m3+m? — mymg — myms — mgmy) = 3(6m?2 + m? + om?)
3
Py’ = mi, 4 mg -+ mE — mumg — mymg — mam, = 5(5mi + dm3 + dm?).
(118)

Both collapse to the same quark mass polynomial, dm? + dm?2 + dm?, so this
polynomial is allowed to appear in equations for singlet and 27-plet physical
quantities, but not in equations for any other SU(3) representation.

We have used the methods of this subsection to classify all polynomials up to
cubic order, the results are recorded in Table [Bl

B.3 Group analysis of hadron mass matrices

To construct hadron mass matrices for octet and decuplet hadrons we need to
analyse 8 x 8 and 10 x 10 matrices by their S5 and SU(3) properties.
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To get started we need to construct 8 x 8 and 10 x 10 representations of the
SU(3) generators. We can do this by considering the known behaviour of the
hadron multiplets under the SU(2) subgroups, isospin I, U-spin and V-spin, and
the hypercharge, Y, [14]:

M=2 N=2L A3=2L
M=2Vi )\ =2V, (119)
e =2U1 Ay =20,

ds =V3Y

These 8 x 8 or 10 x 10 A matrices have the same commutation relations as the
usual 3 x 3 matrices

[Nis Aj] = 2ifijndg (120)
Once we have the eight A matrices for our hadron multiplet we can use eq. (I10)
to classify any other matrices. For the hadron mass matrices, we need all the
flavour-conserving matrices. For the decuplet mass matrix these are all diago-
nal matrices; but for the octet mass matrix they can include some off-diagonal
elements, because the X° and A have the same flavour quantum numbers. Our
results for the decuplet and octet matrices are given in Tables (] and

C Coordinate choice for partially quenched for-
mulae

It is often convenient to plot quantities against the pseudoscalar meson mass
squared, because then we know better the location of the physical point and the
chiral limit. If we do want to use pseudoscalar mesons, the best choice is to
replace the light sea quark by the full (non partially quenched) pion, the light
valence quark by the partially quenched pion, and to replace the valence strange
quark mass by the partially quenched 3,8, meson (the ‘strange pion’), which
we are calling the n,. This is a particle that doesn’t exist in the real world,
but which we can measure in the partially quenched channel. Determining the
valence s quark mass from the kaon has disadvantages, as we shall shortly see.

We introduce the mesonic variables

= M2 — Mﬁ;o = 2admy + Bodm} + 2B10m]
y= Mg — Mz, = 2adu + Bodmi + 26107
z=M2— M2, = 2adp,+ Bodm; + 261642, (121)

keeping terms up to second order in quark mass. In terms of these variables the
decuplet mass formulae eq. [A8]) become

Mx = My+3Ay+ Byz® + 3B1y?
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Mg = My+ A2y + 2) + Boaz® + B1(2y? + 2%) + By(z — y)?
= = M+ Ay + 22) + Boz? + Bi(y* + 22%) + By(z — y)?

MQ = M(] + BAZ + B(]Slfz + 33122 y (122)
with
~ A
A = —
2x
B _ (2OKBO — BAB())
0 = a3
Bl — (OéBl — Aﬁl)
4o
- B
B, = 4722 . (123)

The form of eq. (122]) exactly repeats the form of eq. (@8], but the new constants
involve a combination of curvature terms from the pion mass equation and from
the baryon mass equation.

Suppose instead we use the PQ kaon mass (instead of the strange pion) to
represent the strange quark mass, i.e. we replace z defined in eq.(I21]) by

w = 2MI2{PQ - Mﬁp@ - Mﬁfull
= 2005 + Sodm] + 26167 + 282 (Spus — Opur)” . (124)

At first order, w is just as good as z, but if we are interested in curvature, it is less
suitable, because at second order it involves both the valence s and the valence
[, unlike eq.(I2I]). Using w instead of z, the decuplet mass formulae become

Mx = My + 3Ay + Byz? + 3B,y?
Mg = My+ A2y +w) + Boa® + Bi(2y* + w?) + By(w — y)* + Bx (w — y)°
Mz. = My+ Ay + 2w) + Boz® + By(y* 4 2w?) + By(w — y)* + 2Bx(w — y)?

Mg = My+ 3Aw + Byx? + 3Byw? 4+ 3Bx(w — y)?, (125)
with A, By, By, B, defined as in eq. [I23), but with an extra curvature coefficient

~ ApBy
Bx = —rfg , (126)
so one fit constraint is lost (or deeply hidden) if we use the kaon mass to represent
the strange mass.
Finally, we want to relate the partially quenched fit to the unitary results, on
our trajectory %(2m; +m,) = mg. If we use bare masses as our coordinates, we
do this by using the substitutions

Oy — omy , Ops — —206my , (127)
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giving
Ma = M+ 3Aémy + [By + 3B1|6m]

Mz* = MO + [B() + 631 + 932]577%2
Mz« = My — 3Admy + [Bo + 9By + 9By)om;}
Mq = My— 6Adm; + [By + 12B)dm; . (128)

However, if we use meson-based coordinates, such as eq. (I21]), the mapping back
to the unitary result is more complicated,

y — T

3(6o + 454
z — —2r+ %ﬁ : (129)
The mapping from z, our measure of the strange quark mass, back to x is com-
plicated by a second order term. The reason is clear. On our trajectory, the
relation 20m; + dm, = 0 is made exactly true for bare lattice quark masses, while
the meson mass relations 2M?2 4+ M2 = const. or 2M}-+ M? ~ const. are only true
to leading order. Thus in conclusion if we are considering the curvature terms it

is definitely better to use (bare) lattice quark masses as the coordinates.

D The action

The particular clover action used here has a single iterated mild stout smearing,
[30] for the hopping terms together with thin links for the clover term (this is
an attempt to ensure that the fermion matrix does not become too extended).
Together with the (tree level) Symanzik improved gluon action this gives

S:SG+SFU+SFd+SFS? (130)

with the gluon action

6 1 1
SG = ? {CO Z gR,e Tl"(l - UPlaquette) _'_ Cl Z gRe Tr(l - URectangle)} 9
0

Plaquette Rectangle
(131)
and 6co 10 20 1
Co
-V _ d = =_——, 132
b=pg=g od a=gp a=—3 (132)
For each flavour the Wilson—Dirac fermion action is
Spq =



where F'is the ‘clover’ field strength, necessary for O(a)-improvement. As the up
and down quarks are always taken here as mass degenerate we have k, = kg = K.

To to keep the action highly local, the hopping terms use a stout smeared link
(‘fat link’) with @ = 0.1 ‘mild smearing’ for the Dirac kinetic term and Wilson
mass term,

Uu(x) = exp{iQu(z)} U,(z)
Q. = %[VMU;—UNVJ—%Tr(VMUJ—UuVJ)}, (134)

where V() is the sum of all staples around U, (z). The clover term is built from
thin links as it is already of length 4a and, as previously mentioned, we do not
want the fermion matrix to become too extended. Stout smearing is analytic and
so a derivative can be taken (so the HMC force is well defined) and also allows
for perturbative expansions [31].

The clover coefficient, cy,, has recently been non-perturbatively (NP) found,
[19], by requiring that the axial Ward identity (WI) quark mass determined
in several different ways is the same. A sensitive way of achieving this is the
Schrodinger functional, or SF, formalism. Further details of our results may be
found in [19]. ¢, is determined for 3 mass degenerate or SU(3) flavour symmetric
quarks (where x; = K, = k) in the chiral limit. A 5th order polynomial in g2
interpolating between the numerically determined cq,,(go) points was found to be,
[19]

¢t (g0) = 1+ 0.269041 g3 + 0.29910 g5 — 0.11491 g5 — 0.20003 g5 + 0.15359 g5° .
(135)
(This interpolation function is constrained to reproduce the O(g2) perturbative
results, [31], in the 8 — oo limit and therefore has four free fit parameters.) We
take this result to define ¢y, for a given /.
Improving one on-shell quantity to O(a?) (here the axial WI quark mass) fixes
Csw(g?) and then all masses are automatically improved to O(a?),

mpy

2
o = #+0(@), (136)
rather than just to O(a). Operators in general require further O(a) operators
together with associated improvement coefficients to ensure O(a)-improvement
for physical on-shell quantities.

This determination of ¢y, via the Schrodinger Functional formalism also pro-
vides an estimate for the critical ko, [19], of

[1+0.002391 g5 4 0.0122470 g5 — 0.0525676 g§
+0.0668197 g§ — 0.0242800 g,"] . (137)

KO;C(%) =

| —
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(Again this interpolation function is constrained to reproduce the O(g3) pertur-
bative results, [31], in the § — oo limit.) The errors are estimated to be about
0.4% at § = 14.0 rising to 0.15% at g = 5.10.

The simulations only need knowledge of ¢, to proceed; however it is useful to
check consistency between different determinations of ko, (via the Schrodinger
functional or the pseudoscalar mass). For f = 5.50 then using eq. (I37) we find
Ko.e = 0.120996 (the direct simulation result is xo. = 0.121125(330), [19]). This
is to be compared with the estimation in section 8.2 of ko.. = 0.121069(25), which
is quite close. (It should also be noted that different determinations should only
agree up to O(a) effects.)

E Hadron masses

We collect here in Tables [14] - [18] and [19] - 2] values of the pseudoscalar octet,
vector octet, baryon octet and baryon decuplet masses for ko = 0.12090 and
ko = 0.12092 respectively. In Tables 23 — 25 we give the ratios (i.e. hadron
octet or decuplet masses normalised with their centre of mass). The data sets are
roughly ~ O(2000) trajectories for the 243 x 48 lattices and ~ O(1500) trajectories
for the 323 x 64 lattices for the results based on ky = 0.12090 and lower for the
comparison results. The errors are all taken from a bootstrap analysis of the
ratio (which often enables a smaller error to be given for the ratios than simply
using error propagation).

Ko N2 x Nr aM, aM, aMy aMa
0.12000 16° x 32 0.4908(17) 0.6427(23) 0.9612(42) 1.048(6)
0.12030 16% x 32 0.4026(19) 0.5635(38) 0.8374(74) 0.9414(107)
0.12050 243 x 48  0.3375(24) 0.4953(47) 0.7201(83) 0.8216(89)
0.12080 243 x 48  0.2260(10) 0.3903(55) 0.5417(68) 0.6415(99)
0.12090 243 x 48 see Tables [15] - [I8
0.12090 323 x 64 see Tables [15] - [I8
0.12092 243 x 48 see Tables -

0.12095 32%x 64 0.1506(9)  0.3095(54) 0.4321(75) 0.5539(110)

Table 14: The results for the hadrons on the symmetric line, aMy, aM,, aMy and
aMn for (S, csw, @) = (5.50,2.65,0.1).
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(K1, Ks) alM, aMy abM,,

243 x 48

(0.120830, 0.121040) 0.1933(6) 0.1688(7) 0.1391(11)

(0.120900, 0.120900) 0.1779(6)  0.1779(6) 0.1779(6)

(0.120950, 0.120800) 0.1661(8)  0.1845(7) 0.2011(7)

(0.121000, 0.120700)  0.1515(10)  0.1898(8) 0.2209(6)

(0.121040, 0.120620) 0.1406(8)  0.1949(6) 0.2361(5)
323 x 64

(0.120900, 0.120900) 0.1768(7) __ 0.1768(7) 0.1768(7)

(0.121040, 0.120620) 0.1349(5)  0.1896(4) 0.2320(4)

(0.121095, 0.120512)  0.1165(7)  0.1962(4) 0.2518(3)

(0.121145, 0.120413)  0.09698(93) 0.2017(5) 0.2684(3)

Table 15: The results for the pseudoscalar octet mesons: aMy, aMy and aM, for

(5763111704) =

Table 16: The results for the vector octet mesons:

(B, csw, @) = (5.50,2.65,0.1) where rkg = 0.12090.

(5.50,2.65,0.1) where ko = 0.12090.

(K1, Ks) aM, aM g~ alMy,

243 x 48

(0.120830, 0.121040) 0.3460(22) 0.3335(30) 0.3198(48)

(0.120900, 0.120900) 0.3494(25) 0.3494(25) 0.3494(25)

(0.120950, 0.120800)  0.3400(40) 0.3473(32) 0.3546(27)

(0.121000, 0.120700)  0.3364(43) 0.3517(30) 0.3663(20)

(0.121040, 0.120620)  0.3270(50) 0.3484(28) 0.3701(18)
323 x 64

(0.120900, 0.120900) 0.3401(58) 0.3401(58) 0.3401(58)

(0.121040, 0.120620) 0.3125(41) 0.3379(23) 0.3632(16)

(0.121095, 0.120512) 03130( 0) 03433(22) 0.3749(13)

(0.121145, 0.120413)  0.3152(63) 0.3487(22) 0.3880(12)
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(Ki, Ks) aMy alMy aMs, aM=

243 x 48

(0.120830, 0.121040) 0.4076(25) _ 0.4850(43) 0.4791(31) 0.4679(39)

(0.120900, 0.120900) 0.4811(33)  0.4811(33) 0.4811(33) 0.4811(33)

(0.120950, 0.120800) 0.4737(68)  0.4794(58) 0.4871(55) 0.4938(48)

(0.121000, 0.120700) 0.4648(46)  0.4815(49) 0.4910(36) 0.5055(28)

(0.121040, 0.120620) 0.4466(66)  0.4810(57) 0.4843(42) 0.5068(32)
323 x 64

(0.120900, 0.120000) 0.4746(66) _ 0.4746(66) 0.4746(66) 0.4746(60)

(0.121040, 0.120620) 0.4271(52)  0.4524(44) 0.4710(35) 0.4910(24)

(0.121095, 0.120512)  0.4062(61)  0.4498(62) 0.4667(37) 0.4971(22)

(0.121145, 0.120413)  0.4022(115) 0.4582(77) 0.4755(45) 0.5105(22)

Table 17: The results for the octet baryons:

aMpy, aMy, aMy and aMz for

(B, csw, @) = (5.50,2.65,0.1) where rg = 0.12090.
(K1, Ks) alMa aMs aMz- alMq
243 x 48
(0.120830, 0.121040) 0.5906(73)  0.5801(89)  0.5685(114) 0.5548(151)
(0.120900, 0.120900) 0.5933(88)  0.5933(88)  0.5933(88)  0.5933(88)
(0.120950, 0.120800) 0.5817(55)  0.5895(48)  0.5973(43)  0.6050(38)
(0.121000, 0.120700) 0.5883(101) 0.6006(77)  0.6133(61)  0.6262(51)
(0.121040, 0.120620) 0.5483(137) 0.5679(90)  0.5902(64)  0.6108(48)
323 x 64
(0.120900, 0.120900) 0.5895(169) 0.5895(169) 0.5895(169) 0.5895(169)
(0.121040, 0.120620) 0.5552(85)  0.5775(57)  0.5991(42)  0.6210(34)
(0.121095, 0.120512)  0.5288(193) 0.5610(105) 0.5838(63)  0.6115(40)
(0.121145, 0.120413)  0.5047(219) 0.5551(98)  0.6019(50)  0.6421(29)
Table 18: The results for the decuplet baryons: aMa, aMs+, aMz+ and aMgq for

(5763111704) =

(5.50,2.65,0.1) where ko = 0.12090.

62



(K1, Ks) alMl, aMy aM,,
243 x 48

(0.120920, 0.120920) 0.1694(9) 0.1694(9) 0.1694(9)
323 x 64

(0.120500, 0.120661) 0.1280(6) 0.1813(5) 0.2221(4)

Table 19: The results for the pseudoscalar octet mesons: alM,, aMy and aM,, for
(B, csw, @) = (5.50,2.65,0.1) where rky = 0.12092.

(K1, Ks) aM, aM g aMy,
243 x 48
(0.120920, 0.120920) 0.3404(44) 0.3404(44) 0.3404(44)
323 x 64

(0.120900, 0.120661) 0.3161(38) 0.3354(22) 0.3564(16)

Table 20: The results for the vector octet mesons: aM,, aMg~ and aMy, for
(B, csw, @) = (5.50,2.65,0.1) where rkg = 0.12092.

(K1, Ks) aMy alMy aMs, aM=
243 x 48
(0.120920, 0.120920) 0.4725(30) 0.4725(39) 0.4725(39) 0.4725(39)
323 x 64

(0.120500, 0.120661) 0.4127(42) 0.4444(35) 0.4580(31) 0.4798(22)

Table 21: The results for the octet baryons: aMpy, aMpy, aMys and aM= for
(B, csw, @) = (5.50,2.65,0.1) where rkg = 0.12092.

(K1, Ks) alMa aMs- alM=- aMq
243 x 48
(0.120920, 0.120920) 0.5790(97) _ 0.5790(97) 0.5790(97) 0.5790(97)
323 x 64

(0.120500, 0.120661) 0.5457(108) 0.5607(72) 0.5800(51) 0.6005(40)

Table 22: The results for the decuplet baryons: aMa, aMys«, aM=+ and aMgq for
(B, csw, ) = (5.50,2.65,0.1) where ko = 0.12092.
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(1, ) My/ X, Mg /X, My /X,

247 % 48

(0.120830, 0.121040) 1.025(2) 0.9877(12) 0.9470(155)

(0.120900, 0.120900) 1.0 1.0 1.0

(0.120950, 0.120800)  0.9859(22)  1.007(1)  1.028(6)

(0.121000, 0.120700)  0.9706(34)  1.015(2)  1.057(12)

(0.121040, 0.120620)  0.9488(50)  1.026(3)  1.102(6)
325 x 64

(0.120900, 0.120900) 1.0 1.0 1.0

(0.121040, 0.120620)  0.9485(54)  1.026(3)  1.102(7)

( )

( )

0.121095, 0.120512) 0.9394(79)  1.030(4)  1.125(8)
0.121145, 0.120413) 0.9338(111) 1.033(6)  1.149(9)

Table 23: Ratio results for the vector octet mesons: M,/X,, Mg+/X, and My /X,
for (B, csw, ) = (5.50,2.65,0.1) where xo = 0.12090.

(i, Ks) My/Xy — My/Xy — Ms/Xy  Mz/Xy
247 % 48
(0.120830, 0.121040) 1.033(2) 1.009(6)  0.9949(13) 0.9717(26)
(0.120900, 0.120900) 1.0 1.0 1.0 1.0
(0.120950, 0.120800) 0.9769(33)  0.9887(84)  1.005(1)  1.018(3)
(0.121000, 0.120700) 0.9543(32)  0.9885(77)  1.008(2)  1.038(3)
(0.121040, 0.120620) 0.9319(56)  1.004(7) 1.011(2)  1.058(4)
325 x 64
(0.120900, 0.120900) 1.0 1.0 1.0 1.0
(0.121040, 0.120620)  0.9224(48)  0.9770(73)  1.017(3)  1.060(4)
(0.121095, 0.120512)  0.8949(92)  0.9863(113) 1.020(4)  1.085(9)
(0.121145, 0.120413)  0.8691(154) 0.9902(154) 1.028(7)  1.103(10)

Table 24: Ratio results for the octet baryons: Mpy/Xy, Mpy/Xy, My/Xy and
M=/Xn for (B, csw, ) = (5.50,2.65,0.1) where ko = 0.12090.
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(Ki, Ks) Ma/ XA Ms/Xa  Mz/Xa Mq /XA

247 % 48
0.120830, 0.121040) 1.021(6) 1.003(2)  0.9824(44) 0.9588(121)
0.120900, 0.120900) 1.0 1.0 1.0 1.0

( )
( )
(0.120950, 0.120800) 0.9868(14)  1.000(0)  1.013(2)  1.026(3)
(0.121000, 0.120700) 0.9790(42)  0.9993(24) 1.020(6)  1.042(8)
(0.121040, 0.120620)  0.9634(72)  0.9978(53) 1.037(11)  1.073(14)

323 x 64

(0.120900, 0.120900) 1.0 1.0 1.0 1.0
(0.121040, 0.120620) 0.9620(43)  1.001(3)  1.038(6)  1.076(9)
(0.121095, 0.120512)  0.9538(130) 1.008(11)  1.045(21)  1.092(26)
(0.121145, 0.120413)  0.9168(153) 1.008(16)  1.093(26)  1.166(31)

Table 25: Ratio results for the decuplet baryons: Ma/Xa, My«/Xa, Mz«/Xa and

Maq /X for (B, csw, @) = (5.50,2.65,0.1) where ko = 0.12090.
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