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⇒ ◗✉❛❞r❛t✐❝ ❆ss✐❣♥♠❡♥t Pr♦❜❧❡♠

• ❢✉♥❞❛♠❡♥t❛❧ ♣r♦❜❧❡♠ ✐♥ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣t✐♠✐③❛t✐♦♥

• st❛♥❞❛r❞ ❢♦r♠✉❧❛t✐♦♥ ✐s ◆P✲❤❛r❞

• s❡❡♠s t♦ ❡①♣❧♦✐t ♣♦ss✐❜❧❡ ❛❞✈❛♥t❛❣❡s
♦❢ t❤❡ ❉✲❲❛✈❡ ♠❛❝❤✐♥❡



✇✇✇✳❉▲❘✳❞❡ • ❈❤❛rt ✺ ❃ ❏✉❧② ✶✸✱ ✷✵✶✽ ❃ ❚✳ ❙t♦❧❧❡♥✇❡r❦ ❃ ❋❧✐❣❤t ●❛t❡ ❆ss✐❣♥♠❡♥t ✇✐t❤ ❛ ◗✉❛♥t✉♠ ❆♥♥❡❛❧❡r
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γ

α

β☛j ☛k

❞❡♣ ❞❡♣❞❡♣ ❞❡♣ ❛rr ❛rr❛rr ❛rr

❱❛r✐❛❜❧❡s x ∈ {✵, ✶}F×G ✇✐t❤

xiα =

{

✶, ✐❢ ✢✐❣❤t i t❛❦❡s ❣❛t❡ α,

✵, ♦t❤❡r✇✐s❡

▼✐♥✐♠✐③✐♥❣ t❤❡ t♦t❛❧ tr❛♥s❢❡r t✐♠❡ ✇✐t❤ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥

❛rr ❞❡♣ tr❛♥s❢❡r

❛rr ❛rr ❞❡♣ ❞❡♣❛rr ❛rr ❞❡♣ ❞❡♣

❧✐♥❡❛r q✉❛❞r❛t✐❝
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γ

α

β

æ �

☛j ☛k

❞❡♣ ❞❡♣❞❡♣ ❞❡♣ ❛rr ❛rr❛rr ❛rr

❱❛r✐❛❜❧❡s x ∈ {✵, ✶}F×G ✇✐t❤

xiα =

{

✶, ✐❢ ✢✐❣❤t i t❛❦❡s ❣❛t❡ α,

✵, ♦t❤❡r✇✐s❡

▼✐♥✐♠✐③✐♥❣ t❤❡ t♦t❛❧ tr❛♥s❢❡r t✐♠❡ ✇✐t❤ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥

O(x)

❛rr ❞❡♣ tr❛♥s❢❡r

❛rr ❛rr ❞❡♣ ❞❡♣❛rr ❛rr ❞❡♣ ❞❡♣

❧✐♥❡❛r q✉❛❞r❛t✐❝
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γ

α

β

æ �

☛j ☛k

❞❡♣ ❞❡♣❞❡♣ ❞❡♣

n❛rri ·t❛rrα

❛rr ❛rr

❱❛r✐❛❜❧❡s x ∈ {✵, ✶}F×G ✇✐t❤

xiα =

{

✶, ✐❢ ✢✐❣❤t i t❛❦❡s ❣❛t❡ α,

✵, ♦t❤❡r✇✐s❡

▼✐♥✐♠✐③✐♥❣ t❤❡ t♦t❛❧ tr❛♥s❢❡r t✐♠❡ ✇✐t❤ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥

O(x) = O❛rr(x)

❞❡♣ tr❛♥s❢❡r

=
∑

iα

n
❛rr
i t

❛rr
α xiα

❞❡♣ ❞❡♣❛rr ❛rr ❞❡♣ ❞❡♣

❧✐♥❡❛r q✉❛❞r❛t✐❝
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γ

α

β

æ �

☛j ☛k

t❞❡♣α ·n
❞❡♣
i

❞❡♣ ❞❡♣ ❛rr ❛rr

n❛rri ·t❛rrα

❱❛r✐❛❜❧❡s x ∈ {✵, ✶}F×G ✇✐t❤

xiα =

{

✶, ✐❢ ✢✐❣❤t i t❛❦❡s ❣❛t❡ α,

✵, ♦t❤❡r✇✐s❡

▼✐♥✐♠✐③✐♥❣ t❤❡ t♦t❛❧ tr❛♥s❢❡r t✐♠❡ ✇✐t❤ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥

O(x) = O❛rr(x) + O❞❡♣(x)

tr❛♥s❢❡r

=
∑

iα

n
❛rr
i t

❛rr
α xiα +

∑

iα

n
❞❡♣
i t

❞❡♣
α xiα

❛rr ❛rr ❞❡♣ ❞❡♣

❧✐♥❡❛r q✉❛❞r❛t✐❝
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γ

Nji ·Tαγ

α

Tαβ ·Nik

β

æ �

☛j ☛k

❞❡♣ ❞❡♣

t❞❡♣α ·n
❞❡♣
i

❛rr ❛rr

n❛rri ·t❛rrα

❱❛r✐❛❜❧❡s x ∈ {✵, ✶}F×G ✇✐t❤

xiα =

{

✶, ✐❢ ✢✐❣❤t i t❛❦❡s ❣❛t❡ α,

✵, ♦t❤❡r✇✐s❡

▼✐♥✐♠✐③✐♥❣ t❤❡ t♦t❛❧ tr❛♥s❢❡r t✐♠❡ ✇✐t❤ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥

O(x) = O❛rr(x) + O❞❡♣(x) + Otr❛♥s❢❡r(x)

=
∑

iα

n
❛rr
i t

❛rr
α xiα +

∑

iα

n
❞❡♣
i t

❞❡♣
α xiα +

∑

ijαβ

NijTαβ xiα xjβ

❛rr ❛rr ❞❡♣ ❞❡♣

❧✐♥❡❛r q✉❛❞r❛t✐❝
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γ

Nji ·Tαγ

α

Tαβ ·Nik

β

æ �

☛j ☛k

❞❡♣ ❞❡♣

t❞❡♣α ·n
❞❡♣
i

❛rr ❛rr

n❛rri ·t❛rrα

❱❛r✐❛❜❧❡s x ∈ {✵, ✶}F×G ✇✐t❤

xiα =

{

✶, ✐❢ ✢✐❣❤t i t❛❦❡s ❣❛t❡ α,

✵, ♦t❤❡r✇✐s❡

▼✐♥✐♠✐③✐♥❣ t❤❡ t♦t❛❧ tr❛♥s❢❡r t✐♠❡ ✇✐t❤ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥

O(x) = O❛rr(x) + O❞❡♣(x) + Otr❛♥s❢❡r(x)

❛rr ❛rr ❞❡♣ ❞❡♣

=
∑

iα

n
❛rr
i t

❛rr
α xiα +

∑

iα

n
❞❡♣
i t

❞❡♣
α xiα

︸ ︷︷ ︸

❧✐♥❡❛r

+
∑

ijαβ

NijTαβ xiα xjβ

︸ ︷︷ ︸

q✉❛❞r❛t✐❝
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✶✳ ❖♥❡ ❣❛t❡ ♣❡r ✢✐❣❤t

✶

✷✳ ❉✐✛❡r❡♥t ❣❛t❡s ✐❢ st❛♥❞✐♥❣ t✐♠❡s ♦❢ t✇♦ ✢✐❣❤ts ♦✈❡r❧❛♣

❢♦r❜✐❞❞❡♥ ♣❛✐rs

✷ ✐♥ ✐♥ ♦✉t ❜✉✛

✶

✵
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✶✳ ❖♥❡ ❣❛t❡ ♣❡r ✢✐❣❤t

∑

α

xiα = ✶ ∀i ∈ F

✷✳ ❉✐✛❡r❡♥t ❣❛t❡s ✐❢ st❛♥❞✐♥❣ t✐♠❡s ♦❢ t✇♦ ✢✐❣❤ts ♦✈❡r❧❛♣

❢♦r❜✐❞❞❡♥ ♣❛✐rs

✷ ✐♥ ✐♥ ♦✉t ❜✉✛

✶

✵
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✶✳ ❖♥❡ ❣❛t❡ ♣❡r ✢✐❣❤t

∑

α

xiα = ✶ ∀i ∈ F

✷✳ ❉✐✛❡r❡♥t ❣❛t❡s ✐❢ st❛♥❞✐♥❣ t✐♠❡s ♦❢ t✇♦ ✢✐❣❤ts ♦✈❡r❧❛♣

❢♦r❜✐❞❞❡♥ ♣❛✐rs

✷ ✐♥ ✐♥ ♦✉t ❜✉✛

✶

✵
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❋●❆ ❇P ❈♦♥str❛✐♥ts

✶✳ ❖♥❡ ❣❛t❡ ♣❡r ✢✐❣❤t

∑

α

xiα = ✶ ∀i ∈ F

✷✳ ❉✐✛❡r❡♥t ❣❛t❡s ✐❢ st❛♥❞✐♥❣ t✐♠❡s ♦❢ t✇♦ ✢✐❣❤ts ♦✈❡r❧❛♣

❢♦r❜✐❞❞❡♥ ♣❛✐rs

P =
{

(i , j) ∈ F
✷ : t ✐♥i < t

✐♥
j < t

♦✉t
i + t

❜✉✛
}

✶

✵
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✶✳ ❖♥❡ ❣❛t❡ ♣❡r ✢✐❣❤t

∑

α

xiα = ✶ ∀i ∈ F

✷✳ ❉✐✛❡r❡♥t ❣❛t❡s ✐❢ st❛♥❞✐♥❣ t✐♠❡s ♦❢ t✇♦ ✢✐❣❤ts ♦✈❡r❧❛♣

❢♦r❜✐❞❞❡♥ ♣❛✐rs

P =
{

(i , j) ∈ F
✷ : t ✐♥i < t

✐♥
j < t

♦✉t
i + t

❜✉✛
}

xiα + xjα ≤ ✶ ∀(i , j) ∈ P ∀α ∈ G

✵
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✶✳ ❖♥❡ ❣❛t❡ ♣❡r ✢✐❣❤t

∑

α

xiα = ✶ ∀i ∈ F

✷✳ ❉✐✛❡r❡♥t ❣❛t❡s ✐❢ st❛♥❞✐♥❣ t✐♠❡s ♦❢ t✇♦ ✢✐❣❤ts ♦✈❡r❧❛♣

❢♦r❜✐❞❞❡♥ ♣❛✐rs

P =
{

(i , j) ∈ F
✷ : t ✐♥i < t

✐♥
j < t

♦✉t
i + t

❜✉✛
}

xiα + xjα ≤ ✶ ∀(i , j) ∈ P ∀α ∈ G

m

xiα · xjα = ✵
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◗❯❇❖ ❋♦r♠✉❧❛t✐♦♥

Q(x) = O(x) + λ♦♥❡C♦♥❡(x) + λ♥♦tC♥♦t(x)

✇✐t❤ ♣❡♥❛❧t② t❡r♠s ♦♥❡ ✶
✷

♥♦t

✇❤❡r❡ ♦♥❡ ♥♦t

✵ ✐❢ ❝♦♥str❛✐♥t ✐s ✈✐♦❧❛t❡❞

✵ ✐❢ ❝♦♥str❛✐♥t ✐s ❢✉❧✜❧❧❡❞

❈♦♥tr✐❜✉t✐♦♥ ♦❢ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ s❤♦✉❧❞ ♥♦t ❡①❝❡❡❞ ♣❡♥❛❧t②✦
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◗❯❇❖ ❋♦r♠✉❧❛t✐♦♥

Q(x) = O(x) + λ♦♥❡C♦♥❡(x) + λ♥♦tC♥♦t(x)

✇✐t❤ ♣❡♥❛❧t② t❡r♠s

♦♥❡ ✶
✷

♥♦t

✇❤❡r❡ ♦♥❡ ♥♦t

✵ ✐❢ ❝♦♥str❛✐♥t ✐s ✈✐♦❧❛t❡❞

✵ ✐❢ ❝♦♥str❛✐♥t ✐s ❢✉❧✜❧❧❡❞

❈♦♥tr✐❜✉t✐♦♥ ♦❢ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ s❤♦✉❧❞ ♥♦t ❡①❝❡❡❞ ♣❡♥❛❧t②✦
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◗❯❇❖ ❋♦r♠✉❧❛t✐♦♥

Q(x) = O(x) + λ♦♥❡C♦♥❡(x) + λ♥♦tC♥♦t(x)

✇✐t❤ ♣❡♥❛❧t② t❡r♠s C♦♥❡(x) =
∑

i

(
∑

α

xiα − ✶

)✷

♥♦t

✇❤❡r❡ ♦♥❡ ♥♦t

✵ ✐❢ ❝♦♥str❛✐♥t ✐s ✈✐♦❧❛t❡❞

✵ ✐❢ ❝♦♥str❛✐♥t ✐s ❢✉❧✜❧❧❡❞

❈♦♥tr✐❜✉t✐♦♥ ♦❢ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ s❤♦✉❧❞ ♥♦t ❡①❝❡❡❞ ♣❡♥❛❧t②✦
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◗❯❇❖ ❋♦r♠✉❧❛t✐♦♥

Q(x) = O(x) + λ♦♥❡C♦♥❡(x) + λ♥♦tC♥♦t(x)

✇✐t❤ ♣❡♥❛❧t② t❡r♠s C♦♥❡(x) =
∑

i

(
∑

α

xiα − ✶

)✷

C♥♦t(x) =
∑

α

∑

(i,j)∈P

xiαxjα

✇❤❡r❡ ♦♥❡ ♥♦t

✵ ✐❢ ❝♦♥str❛✐♥t ✐s ✈✐♦❧❛t❡❞

✵ ✐❢ ❝♦♥str❛✐♥t ✐s ❢✉❧✜❧❧❡❞

❈♦♥tr✐❜✉t✐♦♥ ♦❢ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ s❤♦✉❧❞ ♥♦t ❡①❝❡❡❞ ♣❡♥❛❧t②✦
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◗❯❇❖ ❋♦r♠✉❧❛t✐♦♥

Q(x) = O(x) + λ♦♥❡C♦♥❡(x) + λ♥♦tC♥♦t(x)

✇✐t❤ ♣❡♥❛❧t② t❡r♠s C♦♥❡(x) =
∑

i

(
∑

α

xiα − ✶

)✷

C♥♦t(x) =
∑

α

∑

(i,j)∈P

xiαxjα

✇❤❡r❡ C♦♥❡/♥♦t

{

> ✵, ✐❢ ❝♦♥str❛✐♥t ✐s ✈✐♦❧❛t❡❞

= ✵, ✐❢ ❝♦♥str❛✐♥t ✐s ❢✉❧✜❧❧❡❞

❈♦♥tr✐❜✉t✐♦♥ ♦❢ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ s❤♦✉❧❞ ♥♦t ❡①❝❡❡❞ ♣❡♥❛❧t②✦
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◗❯❇❖ ❋♦r♠✉❧❛t✐♦♥

Q(x) = O(x) + λ♦♥❡C♦♥❡(x) + λ♥♦tC♥♦t(x)

✇✐t❤ ♣❡♥❛❧t② t❡r♠s C♦♥❡(x) =
∑

i

(
∑

α

xiα − ✶

)✷

C♥♦t(x) =
∑

α

∑

(i,j)∈P

xiαxjα

✇❤❡r❡ C♦♥❡/♥♦t

{

> ✵, ✐❢ ❝♦♥str❛✐♥t ✐s ✈✐♦❧❛t❡❞

= ✵, ✐❢ ❝♦♥str❛✐♥t ✐s ❢✉❧✜❧❧❡❞

❈♦♥tr✐❜✉t✐♦♥ ♦❢ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ s❤♦✉❧❞ ♥♦t ❡①❝❡❡❞ ♣❡♥❛❧t②✦
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❈❤♦✐❝❡ ♦❢ P❡♥❛❧t② ❲❡✐❣❤ts

◆❡❡❞ t♦ ❡♥s✉r❡ t❤❛t ❛ s♦❧✉t✐♦♥ ❛❧✇❛②s ❢✉❧✜❧❧s ❝♦♥str❛✐♥ts✱ ❤❡♥❝❡

∆C > ∆O

❈♦♠♣❛r✐♥❣ ❝♦❡✣❝✐❡♥ts ✐♥ ✇♦rst ❝❛s❡s ❢♦r

♥♦t ❛ss✐❣♥✐♥❣ ❛ ✢✐❣❤t t♦ ❛♥② ❣❛t❡

♦♥❡ ♠❛①
❞❡♣ ❞❡♣ ❛rr ❛rr

♠❛①

❛ss✐❣♥✐♥❣ ❛ ♣❛✐r ♦❢ ❢♦r❜✐❞❞❡♥ ✢✐❣❤ts t♦ t❤❡ s❛♠❡ ❣❛t❡

♥♦t ♠❛①
❞❡♣ ❞❡♣ ❞❡♣ ❞❡♣ ❛rr ❛rr ❛rr ❛rr

♠❛①
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❈❤♦✐❝❡ ♦❢ P❡♥❛❧t② ❲❡✐❣❤ts

◆❡❡❞ t♦ ❡♥s✉r❡ t❤❛t ❛ s♦❧✉t✐♦♥ ❛❧✇❛②s ❢✉❧✜❧❧s ❝♦♥str❛✐♥ts✱ ❤❡♥❝❡

∆C > ∆O

❈♦♠♣❛r✐♥❣ ❝♦❡✣❝✐❡♥ts ✐♥ ✇♦rst ❝❛s❡s ❢♦r

♥♦t ❛ss✐❣♥✐♥❣ ❛ ✢✐❣❤t t♦ ❛♥② ❣❛t❡

♦♥❡ ♠❛①
❞❡♣ ❞❡♣ ❛rr ❛rr

♠❛①

❛ss✐❣♥✐♥❣ ❛ ♣❛✐r ♦❢ ❢♦r❜✐❞❞❡♥ ✢✐❣❤ts t♦ t❤❡ s❛♠❡ ❣❛t❡

♥♦t ♠❛①
❞❡♣ ❞❡♣ ❞❡♣ ❞❡♣ ❛rr ❛rr ❛rr ❛rr

♠❛①
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❈❤♦✐❝❡ ♦❢ P❡♥❛❧t② ❲❡✐❣❤ts

◆❡❡❞ t♦ ❡♥s✉r❡ t❤❛t ❛ s♦❧✉t✐♦♥ ❛❧✇❛②s ❢✉❧✜❧❧s ❝♦♥str❛✐♥ts✱ ❤❡♥❝❡

∆C > ∆O

❈♦♠♣❛r✐♥❣ ❝♦❡✣❝✐❡♥ts ✐♥ ✇♦rst ❝❛s❡s ❢♦r

• ♥♦t ❛ss✐❣♥✐♥❣ ❛ ✢✐❣❤t t♦ ❛♥② ❣❛t❡

λ♦♥❡ > ♠❛①

i,α

(

n
❞❡♣
i t

❞❡♣
α + n

❛rr
i t

❛rr
α +♠❛①

β
Tαβ

∑

j

Nij

)

❛ss✐❣♥✐♥❣ ❛ ♣❛✐r ♦❢ ❢♦r❜✐❞❞❡♥ ✢✐❣❤ts t♦ t❤❡ s❛♠❡ ❣❛t❡

♥♦t ♠❛①
❞❡♣ ❞❡♣ ❞❡♣ ❞❡♣ ❛rr ❛rr ❛rr ❛rr

♠❛①
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❈❤♦✐❝❡ ♦❢ P❡♥❛❧t② ❲❡✐❣❤ts

◆❡❡❞ t♦ ❡♥s✉r❡ t❤❛t ❛ s♦❧✉t✐♦♥ ❛❧✇❛②s ❢✉❧✜❧❧s ❝♦♥str❛✐♥ts✱ ❤❡♥❝❡

∆C > ∆O

❈♦♠♣❛r✐♥❣ ❝♦❡✣❝✐❡♥ts ✐♥ ✇♦rst ❝❛s❡s ❢♦r

• ♥♦t ❛ss✐❣♥✐♥❣ ❛ ✢✐❣❤t t♦ ❛♥② ❣❛t❡

λ♦♥❡ > ♠❛①

i,α

(

n
❞❡♣
i t

❞❡♣
α + n

❛rr
i t

❛rr
α +♠❛①

β
Tαβ

∑

j

Nij

)

• ❛ss✐❣♥✐♥❣ ❛ ♣❛✐r ♦❢ ❢♦r❜✐❞❞❡♥ ✢✐❣❤ts t♦ t❤❡ s❛♠❡ ❣❛t❡

λ♥♦t > ♠❛①

i,α,γ

(

(

n
❞❡♣
i t

❞❡♣
α − n

❞❡♣
i t

❞❡♣
γ

)

+
(

n
❛rr
i t

❛rr
α − n

❛rr
i t

❛rr
γ

)

+♠❛①

β

(

Tαβ − Tγβ

)

∑

j

Nij

)
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❆✐r♣♦rt ❉❛t❛

❙✐♠✉❧❛t✐♥❣ ❛ ♠✉❧t✐✲❛✐r♣♦rt r❡❣✐♦♥ t♦ ❢♦st❡r ✐♥❞✐✈✐❞✉❛❧ ❞♦♦r✲t♦✲❞♦♦r tr❛✈❡❧✱ ▼✳ ❏✉♥❣ ❡t ❛❧✳

• ❋❧✐❣❤t s❝❤❡❞✉❧❡ ❢♦r ♦♥❡ ❞❛② ❢r♦♠ ❛ ♠✐❞✲s✐③❡❞ ❊✉r♦♣❡❛♥ ❛✐r♣♦rt
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• ❯s❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢
tr❛♥s❢❡r ♣❛ss❡♥❣❡r ❣r❛♣❤ t♦ ✜♥❞ s♠❛❧❧
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♥✉♠❜❡r ♦❢ ♠❛①✐♠❛❧ ❝❧✐q✉❡

❙♣❧✐t ❧❛r❣❡st ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢
t❤❡ tr❛♥s❢❡r ♣❛ss❡♥❣❡r ❣r❛♣❤
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tr❛♥s❢❡r ♣❛ss❡♥❣❡r ❣r❛♣❤ t♦ ✜♥❞ s♠❛❧❧
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• ❈❤♦♦s❡ ♥✉♠❜❡r ♦❢ ❣❛t❡s ❝❧♦s❡
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• ❙♣❧✐t ❧❛r❣❡st ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢
t❤❡ tr❛♥s❢❡r ♣❛ss❡♥❣❡r ❣r❛♣❤
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(#❱❛r✐❛❜❧❡s = #❋❧✐❣❤ts ·#●❛t❡s)
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❘❛t✐♦ ♦❢ ♠❛①✐♠❛❧ t♦ ♠✐♥✐♠❛❧ ❝♦❡✣❝✐❡♥t t♦♦ ❧❛r❣❡✦

❙✉❝❝❡ss ♣r♦❜❛❜✐❧✐t② ❝❧♦s❡ t♦ ✵
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❘❛t✐♦ ♦❢ ♠❛①✐♠❛❧ t♦ ♠✐♥✐♠❛❧ ❝♦❡✣❝✐❡♥t t♦♦ ❧❛r❣❡✦
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r❛t✐♦ ♥❡❡❞s t♦ ❜❡ ❁✸✵

✇✐❞❡ ❞✐str✐❜✉t✐♦♥

❞✉❡ t♦ ♦t❤❡r ♣❛r❛♠❡t❡rs
❧✐❦❡ ✐♥tr❛ ❝❤❛✐♥ ❝♦✉♣❧✐♥❣
♦❢ ❡♠❜❡❞❞✐♥❣
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