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Abstract
Subject-specific computational and experimental models of hemodynamics in cerebral aneurysms
require the specification of physiologic flow conditions. Because patient-specific flow data is not
always available, researchers have used “typical” or population average flow rates and waveforms.
However, in order to be able to compare the magnitude of hemodynamic variables between different
aneurysms or groups of aneurysms (e.g. ruptured vs. unruptured) it is necessary to scale the flow
rates to the area of the inflow artery. In this work, a relationship between flow rates and vessel areas
is derived from phase-contrast magnetic resonance measurements in the internal carotid arteries and
vertebral arteries of normal subjects.
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1. Introduction
Intracranial aneurysms are focalized dilatations of the cerebral arteries, typically located in the
major vessels of the circle of Willis (Stehbens, 1972; Weir, 2002; Foutrakis et al., 1999).
Cerebral aneurysm rupture is a major cause of hemorrhagic stroke and has high mortality and
morbidity rates (Tomasello et al., 1998; Winn et al., 2002; Linn et al., 1996; Kaminogo et
al., 2003). The initiation, growth and rupture of cerebral aneurysms are complex multi-factorial
processes that are not well understood. However, it is widely believed that hemodynamics
plays a fundamental role since it has been linked to mechano-biological processes such as
growth, remodeling and degeneration of the arterial wall (Kayembe et al., 1984). The
hemodynamics in the major cerebral arteries has recently been studied using 4D phasecontrast
magnetic resonance techniques (Wetzel et al., 2007; Bammer et al., 2007; Yamashita et al.,
2007). In addition, many researchers have used computational and experimental models
constructed from patient-specific anatomical images to study the hemodynamics of cerebral
aneurysms (Cebral et al., 2005; Steinman et al., 2003; Jou et al., 2003; Tateshima et al.,
2003a; Shojima et al., 2004).

The two main ingredients required for realistic modeling of the hemodynamics in cerebral
aneurysms are the patient-specific geometry and the physiologic flow conditions. Subject-
specific geometrical models can be constructed from 3D anatomical images. Both
computational and in vitro models have been constructed from different imaging modalities
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such as rotational angiography (3DRA), computed tomography angiography (CTA) or
magnetic resonance angiography (MRA). Models of intracranial aneurysms have used patient-
specific flow conditions derived from phase-contrast magnetic resonance (PC-MR)
measurements of flow rates (Jou et al., 2003). Unfortunately, patient-specific flow conditions
are not always available because they are not part of the routine clinical examinations. Thus,
authors have used “typical” flow conditions for computational (Shojima et al., 2004; Cebral
et al., 2005) and experimental models (Tateshima et al., 2001; Tateshima et al., 2003a;
Tateshima et al., 2003b). These “typical” flow conditions were derived from measurements
performed on normal subjects in different arteries. In order to assign flow rates for an individual
patient specific model, the differences between the arterial anatomy of the normal volunteer
and patient/subject must be considered. Sizes of arteries vary between individual and therefore
flow rates are affected. To compare hemodynamic variables such as wall shear stress between
different patients, it is necessary to use the appropriate flow rates for each individual.

The internal carotid arteries (ICAs) and vertebral arteries (VAs) are the major arteries feeding
the circle of Willis. Therefore, most models of intracranial aneurysms have their inlet
boundaries along these arteries, requiring knowledge about the flow conditions in these arteries.
ICAs and VAs vary in size between individuals because of developmental, age related and
disease conditions. The size and geometry of these vessels can be accurately determined with
imaging techniques. Thus, the aim of this work was to quantify the flow rates and areas of
ICAs and VAs, and to establish an empirical relationship between area and flow that can be
used to estimate the flow rate for a given patient when flow measurements are not available.
To the best of our knowledge, such relationship has not been presented.

2. Methods
2.1 Subjects and Imaging

A total of 11 normal subjects were imaged with phase-contrast magnetic resonance (PC-MR)
using 1.5 T (7 subjects) and 3.0 T (4 subjects) scanners (GE Healthcare, Waukesha, WI) to
study the relationship between cerebral blood flow and intracranial pressure (Alperin et al.,
2005). The imaging protocol was approved by the institutional review board and informed
consent was obtained from all subjects. A measurement slice was placed above the carotid
bifurcation at about mid-C2 level and oriented perpendicularly to the nominal flow direction.
Both left and right internal carotid arteries (ICA) and left and right vertebral arteries (VA) were
imaged simultaneously with the same slice plane. The images were acquired with a field of
view of 14 cm, a 256×128 matrix, a 6 mm slice thickness, a 15° flip angle and a 70-80 cm/s
velocity encoding. For each 2D cine phase-contrast sequence, a total of 32 frames during the
cardiac cycle were obtained.

2.2 Flow and Area Quantification
Volumetric flow waveforms and cross-sectional areas were quantified in both ICAs and VAs
of each subject (Ford et al., 2005). For each of the 44 arteries, the time-dependent flow rate
was obtained by integrating the through-plane velocity over the lumen cross-sectional area at
every frame. An automated lumen segmentation technique called pulsatility-based
segmentation or PUBS was used to delineate the boundary of the lumens for improved accuracy
and reproducibility (Alperin and Lee, 2003). Assuming a constant cardiac output for each
patient, the flow rates (Q) of all subjects were scaled to a nominal heart rate (HR) of 60 beats
per minute: Qscaled = Qmeasured (HRMno min al/HRmeasured) in order to compare flows at the
same hear rate.
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2.3 Data Analysis
According to Poiseuille law (steady flow of a Newtonian fluid in a rigid straight cylinder of
circular cross section), the flow rate and the area are related by the following formula (Kundu
and Cohen, 2004):

(1)

where Q is the volumetric flow rate, A is the cross-sectional area, μ is the viscosity, and τ is
the wall shear stress (WSS). This formula was used to estimate the wall shear stress for given
values of the flow rate and vessel area.

Motivated by the fact that a Poiseuille flow implies a power law relationship between the flow
rate Q and the cross-sectional area A, a curve of the form:

(2)

was fitted to the data using a Least Squares Method (Press et al., 1992). This was carried out
for both the mean flow rate (time average over the cardiac cycle) as well as for the peak flow
rate (flow rate at peak systole).

3. Results
The cross-sectional areas as well as the mean and peak volumetric flow rates were computed
for each artery of each patient. The mean and standard deviations of these variables for each
artery group and the entire sample are listed in Table 1. This table lists both the measured and
scaled mean and peak flow rates.

Using the Least Square Method, a curve of the form (2) was fitted to both the mean and peak
flow rates for all arteries. The optimum values of n and k together with the correlation
coefficients (R) are listed in the top row of Table 2. Assuming a Poiseuille flow (fixing n=1.5),
the Least Squares Method yields the values of k and correlation coefficients (R) listed in the
bottom row of Table 2.

The mean and peak flow rates for all arteries are plotted against the cross-sectional area in
Figure 1, left and right panels, respectively. The corresponding optimal curves (top row of
Table 2) are plotted with solid lines and the curves corresponding to Poiseuille flows (n=1.5,
bottom row of Table 2) are shown with dashed lines.

The ratios between measured mean flow rates in the right and left ICA's and right and left VA's
of each subject were computed and plotted in Figure 2 (open squares). These ratios were also
calculated from the corresponding areas using the formula Q = k · An (with n=1.84 and k=48.21)
and plotted in Figure 2 (crosses). The average relative error between the predicted and the
measured ratios was 20% and the maximum relative error reached 50% for both the ICA's and
the VA's. Although dispersion in the predicted ratios is large, for the majority of the subjects
the fitted curve yields a flow asymmetry ratio close to the actual ratio (relative difference less
than 10%), especially for the vertebral arteries.

Finally, the wall shear stress was calculated for each vessel using Equation (1), for both the
mean flow and peak flow rates. The blood viscosity was set to μ=0.04 dyne sec/cm. The average
values of WSS for each artery group and the entire sample are presented in Table 3 along with
their standard deviations.
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4. Discussion
Previous studies have focused on measuring blood flow rates and wall shear stress in different
arteries using Doppler ultrasound (DUS) and PC-MR techniques. Several researchers have
reported on blood flow rates measured on normal subjects in common carotid arteries
(Reneman et al., 2006; Shaaban and Duerinckx, 2000; Gnasso et al., 1996; Hoeks et al.,
1995; Oyre et al., 1998; Shamijo et al., 1997) and internal carotid arteries (Marshall et al.,
2004; Deane and Markus, 1997). Flow waveforms have been characterized in common carotid
arteries from DUS measurements (Holdsworth et al., 1999) and in internal carotid arteries and
vertebral arteries from PC-MR measurements (Ford et al., 2005). Others have calculated WSS
from measurements of flow and area in common carotid arteries (Wu et al., 2004; Oshinski et
al., 2006), brachial arteries (Dammers et al., 2003) and internal carotid arteries (Box et al.,
2007).

In this paper the average mean flow rate measured in the ICA was 4.05 ml/s or 243 ml/min
(see Table 1). This value is consistent with the measurements of 4.14 ml/s and 4.25 ml/s
reported by Marshall et al. and Deane and Markus, respectively (Marshall et al., 2004;Deane
and Markus, 1997). This value is also slightly higher than the 3.2 ml/s reported by Box et al.
(Box et al., 2007) for elder subjects, and in between the values reported by Buijs et al. (Buijs
et al., 1998) for elder subjects (215 ml/min) and younger subjects (290 ml/min). It must also
be noted that most subjects in our sample had heart rates higher than 60 bpm, therefore the
flow rates were in general reduced by the scaling to 60 bpm.

The mean wall shear stress in the ICA presented in Table 3 is slightly higher than the value
reported by Box et al. (Box et al., 2007) for elderly patients. This is to be expected since elderly
patients tend to have lower flow rates and thus lower wall shear stress. The peak WSS was
computed using the area measurements obtained with the PUBS method. This technique yields
the diastolic area, therefore the peak WSS values reported may be overestimations of the actual
WSS at peak systole when the area is expected to enlarge as the vessels distend.

These previous studies did not investigate the relationship between flow rate and vessel area.
A relationship between flow rate and vessel area is to be expected because alterations in wall
shear stress values secondary to increased or decreased blood flow velocity elicit acute and
long-term compensatory responses in arteries that ultimately result in normalization of the
WSS, which in turn results in normalization of blood flow (Kamiya et al., 1988). In the short
term, vessels either dilate or constrict in order to accommodate changes in blood flow velocity,
usually owing to the local release of vasoactive peptides. However, in the case of a persistent
increase or decrease in blood flow, a different process occurs involving the adaptive remodeling
of the vessel wall with concomitant reorganization of cellular and extra-cellular components.
Indeed, clinical findings indicate that chronic changes in blood flow rates through larger arteries
induce corresponding adjustments of arterial diameter, and this has been confirmed in a number
of in vivo experimental studies (Tronc et al., 2000; Tronc et al., 1996; Tulis et al., 1998).

To the best of our knowledge, this relationship has not been reported for ICA or VAs. The
relation between flow rate and vessel area in 64 retinal arteries has been investigated using a
combination of Laser Doppler Velocimeter (LDV) and monochromatic fundus photographs
(Riva et al., 1985). In this study, the flow rate correlated with area to a power 1.38. The authors
concluded that these values were in close agreement with Murray's law, which states that an
optimal arterial network that achieves flow with the minimum biological work should have a
constant wall shear stress throughout the whole vascular system (Sherman, 1981). Assuming
a Poiseuille flow, this implies a power-law relation between flow rate and area with n=1.5.

In this paper, a power-law function was fitted to flow rate and cross-sectional PC-MR
measurements performed on 44 intracranial arteries (22 internal carotids and 22 vertebral
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arteries) of 11 subjects. The optimal correlation coefficients for the mean flow and peak flow
rate against area were both above 0.9. The optimal curves fitted to the data slightly deviated
from the n=1.5 value predicted by Murray's law at n=1.84 for the mean flow and n=1.70 for
the peak flow. However, the difference between these curves is smaller than the dispersion in
the data, suggesting that the difference between the optimal curves and n=1.5 is not significant.
In fact, an F-test can be used to test whether the two formulas produce significantly different
results (Lomax, 2007). The measured data and the two curves (statistical models) yield an F-
value of 1.255 which is smaller than the critical value of the F distribution at 5% significance
level. Therefore, this test shows that the difference between the two formulas is not statistically
significant. A significant difference would imply that the in vivo conditions are different from
an idealized Poiseuille flow. This would be understandable since cerebral arteries have curved
geometries, non-uniform cross sections, blood flow is pulsatile and non-Newtonian, and vessel
walls are compliant (Reneman et al., 2006). The wall shear stress is a complex function of the
arterial geometry, blood rheology, vessel compliance and flow conditions. The distribution of
WSS along a cerebral artery typically exhibits zones of elevated and decreased WSS near
arterial bifurcations and in regions of high vessel curvature (Cebral et al., 2003; Ferrandez et
al., 2000; Alnaes et al., 2007; Oshima et al., 2001). Therefore, the estimations of wall shear
stress from Poiseuille's formula may differ from the in vivo values. In spite of this fact, the
flow rates and areas follow a relationship remarkably close to the ideal relation predicted by
Murray's law and Poiseuille flows (see Figure 1). This suggests that most likely, the arterial
system is designed to transport blood with the least amount of work.

Holdsworth et al. showed a strong and significant correlation between the mean and peak flow
rates in the ICA and VA (Holdsworth et al., 1999), therefore it is not surprising that both the
mean and peak flows correlate with the vessel area. The difference between the optimal curves
fitted to the mean and peak flow rates may be due to the fact that a single value of the vessel
area was used for both fittings, the diastolic area given by the PUBS method.

Interestingly, the values of the average wall shear stress computed for the ICA and VA groups
differ by a small amount (see Table 3). In a previous study, Dammers et al. (Dammers et al.,
2003) presented data showing that carotid arteries and brachial arteries have different wall
shear stress values. They suggested that although both systems are likely at an optimal design
point (similar to Murray's principle) their structures may be different because of the different
characteristics of the brain and peripheral vascular beds fed by these arteries. According to this
argument the ICA and VA systems are expected to have similar wall shear stress values since
they are feeding vascular beds with similar characteristics. The small differences we observe
may be related to inaccuracies in the flow rate and area estimations or from deviations of the
in vivo conditions from the idealized Poiseuille flow. Therefore, we cannot conclude that the
two systems have adapted to a different baseline values of wall shear stress.

In most subject-specific computational and experimental models of cerebral hemodynamics,
data about the physiologic flow conditions necessary to prescribe inflow boundary conditions
is not available. Therefore, researchers have used “typical” or “average” flow waveforms and
flow rates derived from population studies. There is a large variability in sizes of arteries
between individuals. Because arteries remodel to accommodate flow (Reneman et al., 2006),
it is to be expected that larger arteries will have larger flows and vice versa. The question is
then, how to scale these “typical” flow rates for a given artery cross-sectional area. This study
provides an empirical relationship that allows scaling of flow rates from cross-sectional areas
of internal carotid arteries and vertebral arteries, which are the main vessels supplying blood
to the circle of Willis. A recent study showed that modeling a long segment of the parent artery
is important for a realistic representation of the hemodynamics in cerebral aneurysms (Castro
et al., 2006). For most models of intracranial aneurysms their inlet boundaries will therefore
be either in the cervical internal carotid arteries or in the vertebral arteries, depending on
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whether the aneurysm is located in the anterior or posterior circulation. Thus this study provides
a relationship between vessel area and flow rate that can be used as a guideline to derive flow
boundary conditions for these models. However, different patients can have a significant
deviation from these baseline conditions and sensitivity analyses around these values should
be conducted in order to properly characterize the aneurysmal hemodynamics. With reasonable
inflow conditions, researchers can move from a qualitative to a more quantitative analysis of
hemodynamic variables and compare the variability of these variables across different
populations (e.g. ruptured vs. unruptured aneurysms, etc.). This will further improve our ability
to link hemodynamics data to clinical information and consequently may enhance our
understanding of the processes which cause aneurysms to grow and rupture.

This study has several limitations. First, the measurements of flow rates and vessel luminal
area are affected by imaging parameters and resolution. A recent study by Jiang et al. (Jiang
et al., 2007) showed that when the ratio of vessel diameter to the resolution of MR images is
about 8 the cross-sectional areas have an error less than 5%. The flow measurements reported
by Alperin et al. (Alperin et al., 2005; Alperin and Lee, 2003) indicate that a resolution ratio
of 8 mm vessel diameter to 0.78 mm pixel size provides a 3% accuracy for lumen area and
flow, and a 5/0.78 ratio translates to about 5%. This translates to a vessel diameter of about
3mm in the current case, thus, except for small vessels the measurements should be well within
3% accuracy and possibly within 10% accuracy for smaller ones (less than 6 mm2 area). The
second limitation is the use of data from young healthy volunteers. The flow-area relationship
presented in this paper was derived from direct measurements of both area and flow rates in
normal subjects using PC-MR techniques. However, this relationship may be affected by other
physiological factors such as systemic blood pressure or heart rate. In diseased arteries these
factors can influence the vessel area (e.g. modifying the arterial lumen or its compliance) or
the blood flow rate (e.g. changing the resistance of the artery and its vascular bed). In addition,
daily variations of the physiologic conditions with subject activity can also cause changes in
the flow conditions and deviation from the flow-area relation derived in this study. Thus, the
flow-area relation described in this study can be used to scale flow rate curves to individual
vessel areas for CFD simulation, but it is recommended that sensitivity or variability analysis
of the CFD results should be conducted in order to account for daily variations in the
physiologic conditions and deviations from the flow-area relation and properly characterize
the hemodynamic patterns. The third limitation is the use of the Poiseuille flow to estimate
wall shear stresses. As discussed before, the WSS in arteries depends on geometrical and
physiologic parameters and differs from Poiseuille's formula. However, the estimations of
WSS presented in this study were used only to discuss the implications of the empirical
relationship between flow rate and vessel area, namely that this relationship seems to imply
that the arterial systems obeys the principle of optimal work described by Murray's law.

5. Conclusions
An empirical relation between mean flow rate and peak flow rate with the cross-sectional area
of internal carotid arteries and vertebral arteries was derived from flow and area measurements
performed with phase-contrast magnetic resonance techniques in normal subjects. This
relationship can be used to scale flow rate waveforms with vessel areas in order to guide
computational and experimental models of hemodynamics. In the case of cerebral aneurysms,
this is useful, for instance, to compare hemodynamic variables such as the wall shear stress
between ruptured and unruptured aneurysms in order to search for rupture risk indices.
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Figure 1.
Plots of mean (left panel) and peak (right panel) flow rate against area. The dots represent the
measurement data for each artery, the solid lines the optimal curves (top row of Table 2) and
the dashed lines the n=1.5 lines (bottom row of Table 2).
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Figure 2.
Plots of the ratio between left and right mean flow rates in the ICA's (left panel) and VA's (right
panel) of each subject.
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Table 3
Values of wall shear stress computed for each artery group for both the mean and peak flow rates.

Artery Mean flow WSS (dyne/cm2) Peak flow WSS (dyne/cm2)

ALL 7.98 ± 2.66 16.46 ± 4.84

VA 6.35 ± 1.94 13.65 ± 3.44

ICA 9.61 ± 2.28 19.26 ± 4.42
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