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Hall conductivity o, in the fluctuating dirty superconductors is examined microscopically
above the critical temperature T, where fluctuation effects are important.
In weak field limit, i.e., DeH/T < 3 (D: diffusion constant, y=(T—7T,)/T,), the Hall
angle in thin films with thickness d is given by
__ omy 14+ 9o/ (7—9)) In 3/0+na /18- 70/ 7?

S e T 1+ @/ (=) u/otm/n
where w,=eH/mc, py=e%/16doy, oo= (ne?/m)t (r: relaxation time) and e¢= 2/zgN) (9: BCS
coupling constant, N: state density at the Fermi energy) and ¢ is a pair-breaking parameter.
The second term in the numerator comes from the Maki process, whereas the last is due to
the AL process, which shows that the gigantic Meissner currents contribute to Hall effect in
the fluctuating region. The sign of the contributions from such diamagnetic currents depends
on the sign of energy derivative of the density of state function at the Fermi energy.

§ 1. Introduction

In recent years the thermodynamic fluctuations of the order parameters in
superconductors near the critical temperature attracted many investigators both
experimentally® and theoretically.? As regards the electrical conductivity, which
has been in the center of these discussions, there exist two physically distinct
processes, the one pointed out by Aslamazov and Larkin (AL)® and the other by
Maki.? The former takes account of the currents carried by superconducting
fluctuations, whereas the latter takes account of the additional scattering by fluc-
tuations and thus these result in different temperature dependences of 0,,. More-
over the Maki process has remarkable properties that the static conductivity is
divergent in one- and two-dimensional systems. Theoretically this fact is very
important and Takayama and Maki® have performed detailed examinations of this
singularity. Practically, on the other hand, the additional pair-breaking effects
first explicitly taken into account by Thompson® removes this difficulty and thus
the theory predicts an excess conductivity ¢7 in a film with thickness 4 much
smaller than the coherence length as follows:
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Fluctuation of the Order Parameter and Hall Effect 1029

A/ W (1-1)
0o 7—0 0 7
where 7,=¢€*/16d0,(0,= (ne’/m)t, v: relaxation time) and ¢ is the above-men-
tioned pair-breaking parameter. The first and second terms in Eq. (1-1) come
from the Maki and the AL processes, respectively. The relation (1-1) is quanti-
tatively ascertained by the experiments on Al alloys.”

In order to understand more fully the physical implications of the fluctuations
of the order parameter near the phase transition, other physical quantities such
as orbital diamagnetism have been investigated both theoretically® and experi-
mentally.”

We shall add here one more theoretical prediction. It is on the Hall effect,
a phenomenon that reflects the mixed effects of electrical transport and orbital
diamagnetism. The discussions are confined to the temperature region above the
critical point with the perturbational treatments of the fluctuations.

The Hall effect in normal metals with a long mean free path'® is mainly
determined by the kinematical effect of Lorentz force that curves the electron
orbits. This force yields transverse currents represented by the relation ¢, =
— w0, where w,=eH/mc is the cyclotron frequency. The process that results
in the above relation can be interpreted purely classically. Concerning the fluctu-

ating superconductors the additional scattering mechanism due to fluctuations cor-

responding to the Maki process modifies this relation. However, as was pointed
out by Kubo,™'? the presence of a static magnetic field has other physical effects
different from the above-mentioned kinematical ones. That is, the magnetic fields
disturb the electronic distributions in energy space quantum-mechanically. This
is the origin of the finite diamagnetism'®
Bohr.van Leeuwen theorem. Thus the deviations of the electronic distributions
due to the magnetic field yield diamagnetic currents which contribute to the Hall
effect, if the scattering mechanism of electrons is present. This contribution

of "the electron gas contrary to the

arises, formally speaking, from the expansion of the density matrix in terms of
the magnetic fields in the Kubo formula,” and not from the magnetic field de-
pendent time evolution of the current operators. Such extra quantum mechanical
contributions are, however, negligible in normal metals to the order of (gpr)™!
(ex: the Fermi energy) compared with the Lorentz force effect, because these
diamagnetic currents have no transverse component if the external perturbing
force is absent.

In superconductors, however, the existence of the complete diamagnetism is
the most essential property. Thus the quantum mechanical effects for ¢,, from
the diamagnetic currents, neglected in normal metals, are expected to play some
important roles in superconductors not only below the critical temperature but
also in the fluctuating regions above T..

The usual approximation for the fluctuation propagator & is insufficient be-
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1030 H. Fukuyama, H. Ebisawa and T. Tsuzuki

cause in such treatments no contributions come from the fluctuating supercurrents
represented by the AL process. This is in part obvious from the fact that negli-
gible contributions come from the diamagnetic currents in normal metals. For
this reason we must proceed one step further to the order of (ept)™ or 71/ep,
which has been fully discussed elsewhere.” Thus we get excess Hall conductivity
in a weak magnetic field due to fluctuating supercurrents,

AL
Adwz_wcz_naﬂ, (1-2)
0o 18 772

where 9y=(T—T,)/T. and a=2/7gN (g9: BCS coupling constant). Note that,
although the parameter (ept)™ or 7/ep is itself small, large currents carried
by fluctuations yield important contributions for 0, in the end. Equation (1-2)
is valid for nearly free electrons. For general Bloch electrons, the sign of 40y
changes in accordance with the sign of energy derivative of the density of states
at the Fermi surface. This dependence on the surface structure is different from
0z In normal metals.
Microscopic treatments of the Maki process, on the other hand, show

M
Aoay o AT 1y 0 (1-3)
O 7—0 0

which is less singular than the contributions from the AL process.

In §2 Hall angle in weak field limit DeH/T<y (D=vl/3; v is Fermi
velocity, [ is mean free path) is calculated, whereas in § 3 the contributions from
the fluctuating supercurrents are discussed in detail for all values of the magnetic

field.

§ 2. Hall conductivity and Hall angles

The model we discuss in this section is the BCS effective Hamiltonian for
nearly free electrons.

H = jﬁ“ <§};P2 + ; U(r—Ry) ) ¢dr—g j%wﬂ&%d" ) (2-1)

where U is the impurity potential with short force-range. Cases for arbitrary
Bloch electrons are discussed in § 3. -

Hall conductivity 0, in the limit of weak magnetic fields is given by the
general formula® for ¢, in terms of the vector potential A4g to its first order.
As will be shown in § 3, the expansion parameter in this case is DeH/yT, and
“the weak magnetic field”” means that DeH/T<(3.

G,au = ._1—K:yAqa > . (2 : 2)
0]

w—>0
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ng(iwx) :%6;«1 [EEF» (qy Zw)w) - Iﬂ-(qa 0)] + %‘[eﬁ'jv (qzv th) - QE;C!ZV (l], O):l,
' (2-3)

o 10, [ . .
L, (qy ivn) = — §£ drj; de’ explion (e =) (T (g, P (—q. ), (2:4)

‘,Euz o 1 Bd Bd/ ﬁd//
ﬂv(‘]:zwk)"‘g\fo Tj; T J; T

X explion (¢ — ") XTI (q, ) Ju(—q, ) (0, ")>, (2-5)
where

Fe) = 22 (dre gt O PgF @) =g ()90}, 2-6)

o) = [are gt (9@, | @-7)

We take electronic charge as —e (e>>0) in this paper.

As we are concerned with the uniform magnetic fields, only the linear parts
of g in K, are necessary. Applying similar procedures developed in Ref. 16),
we get, after straightforward manipulations, the following expressions:

K/?v (q: i0n) EK/TV(M) (q, i) + K/?U(AL) (q: iwh) > @- 8)
M e’ |
K/‘zzv( )= — 2 (Qﬁua —'Qva;&w)
. mc
Eu b 1 1
k k’ sn ‘ v
Epo=Ep— , y
<rpng e - - ) +
AL (Y1) —(k+Q) . 4
- (Sn-‘f‘wp) - (En+wﬂ) .
! ! b B (2:9a)
eS
- 2—2 (Q/baua - Quamx)
m-c
Z, ' 'k, o
k, &, y
N v k, &,
SUADID DS [_ 4 v ] (2-9b)
n u kQ u 2
- (F+Q)
- (En-+wy)
k)’ %4
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1032 H. Fukuyama, H. Ebisawa and T. Tsuzuki

3
P e
K/w(AL) =—4 . (Qﬂauu - Qué‘lm)
m°c

(2-10)

In these expressions, the wavy lines and dotted lines represent the fluctuation
propagators and impurity potentials, respectively. The vertex 4 or y on a propa-
gator means that this propagator should be partially differentiated with respect
to the g-th or the y-th component of the wave vector. K2™ and KZ2“™ come
from the Maki process and the AL process, respectively. The fluctuation propa-
gator D (Q,iw,) that carries the momentum —@Q and the energy —iw, is given
by Maki® as follows:

DQ, iw) = —N[y+ Aol + 207, (2-11)
where N is the density of states at the Fermi energy and 9= (1-7%,)/T.,
l=n/8T, A=nD/8T.

The calculations of K™ are performed as follows. In K2 we can safely
set »,=0 from the first as far as we are concerned with the dominant contri-
butions near 7,. As the third term in the curly bracket in Eq. (2:9a) is equal
to the first of the linear order of w,, we get v

3 .
Eq. (2'93.) = —2%(%,6”0;'“%6”) T2 Z ‘g) (Qa O)
m-c . Q .

X3 5 kG (ki) Gk, ie, ) Er T Qo G (1 Q, —is) Gk +Q, —ie,.)
& m

—~Gk+Q, —ie,) G*(k+Q, —ic,-) ] A(iey, icn; Q) A(ien—, ign—; Q)

s 4
=X (gda—000) 2T 3 D (Q, 0)
m’c 3 Q
X223 ; A(en, ien; Q) A(fen-, t€n—; Q) G (k, ie,) G (K, ie,-)
X [G*(k, —ie,) G(k, —it,) —G(k, —ig,) G*(k, —ign-) ], (2-12)
where ep=~%%/2m is the Fermi energy,
l§n+§n+vl
5 €nnt+s >0,
AGien, itney; @) = 1 |26a+0,]+DQ? * (2-13)

1 2 6n6ﬂ+u<0 2
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Fluctuation of the Order Parameter and Hall Effect 1033

~ ' 1
( 27|e,]

i =2rn;u’N ,

where 7; and « are the number density of impurities and the Fourier transform
of U, respectively.

Retaining only the singular terms that result from the interval w,>¢,>>0 in
the summation in Eq. (2-12), we have

3
Eq. (2:12) = = (@0~ 0.00) 4§F '3 DQ.0)
2§n lzgn—l | ; J(§n+ gnv>2+ 3(gn—gn—)2}
X . 47N
w5026, + DO (26, + D@’ Grit) | ey (26,7 28,y

3
= —2% (0010 — 0.00e) 268 T 4N’
mc

FO@0 b (b 202 (122

DQ* 4zT " \2 ' 4zT " 27T 2 4nT
_ 63 37Z . @( ) O)
=~ @00 @) TS T —D%T . (2-14)
That is
Kd(M, a) 37Z Q(Q O)
405y =" Age= — 0% =, 2-15
! v 7 ‘4 %‘—‘ DQ* (2-15)

where 0%,= — w.T0,, w.=eH/mec.
Next we calculate Eq. (2-9b).

3
Eq. (2:9b) = =25, (g,0ua— @.0ua) 728’ 23 D(Q, 0)
m’c []

W TS Aiey, is,) A(isn.., den.) [— )3 B Rt Qe Gk, i)

n . . m
% G (k, is, ) G (k +Q, —is.) > bR TG0 40, —ie)

, —~ _
XGU +Q, —is, )G (W, ity ) + T b 22T Lo Gk, i)
m
X Gk, ity )G (k+Q, —i50) T re B Q1 —iey)
’ m

X Gk +Q, —iea )G (K, isn)] |

- —% %(qpﬁya —@,0u) 72’ T 33 D(Q, 0)
mic 2
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1034 H. Fukuyama, H. Ebisawa and T. Tsuzuki

X Im D I(ie,, ien ) I(—ie,_, —ic,) A (Z&n, 260) A(ien—, t€4-), (2-16)

where
2
I(iens,ian—) - Ekj %G (k, Zan) G (k: ien—-) Gz (k, - ien—) . (2 : 17)

As is evident from Eq. (2:16), we need the imaginary part of Eq. (2-17) for
€, that satisfies v,>e,>0. Integrating over k in Eq. (2-17), and expanding the
results in terms of (eyr)™', we have

3 . '
I(iey ign)=— .1 1 [} . 32}. (2-18)

47 CD),“!']./T gn 28F
Thus we get
4 2,.3; 3
Eq. (2-16)=4mk§‘“ﬁ?” C(qu0ra— @0 a) matt?
m’c
1
X229(Q,0
_ %: @ )ml>;n>0 &, (2e,+ DQ* (— 2¢,+ DQ%
- wa “Q(Q O)
i —q, mz DQ'
or in other words,
1 o 7 v D(Q,0)
AO'.lz\;d’bE v—Kw(M’b)A azdg' _ — 2-19
YT e “ R Dg @19

Combining Egs. (2-15) and (2:19), we have the total contribution to ¢, from
the Maki process,

. DQ.0
d03y=A403%3"+ 405" = a'; : 2-20
y | Y ¥ y% D@ ( )
Next we will discuss AL process, Eq. (2-10).
K/?D(AL) =—4 —’Qvaﬂa) c? Z QFTZ
Q on
[ag D(Q, iv, + ivy) D(Q, iw,) —D(Q, za),ﬁza)x) Q(Q, z’u),,)],
(2-21)
where
C= TZ (k, —ig,),

‘and it is equal to —2NmA. Summations over w, in Eq. (2 21) are performed
as follows to the first order of w(=iw,):

220z 1snBny 9|, uo Jesn soisnr Jo Juswiiedaq 'S'N Aq 81L¥S681/820 L /7/9r/o10ne/did/woo dno-oiwapese)/:sdpy woly papeojumoq



Fluctuation of the Order Parameter and Hall Effect 1035

Tﬁ‘:[ 0 D(Q, iw,,+icox)£D(Q,’iw,L)—@('Q, i, + i) 0

o R z‘w,a]

9 1m e \" 22N [ﬁ_ig)R@Rﬁ_@_QE_a#g)R
7 J_ @@ oz 00, oz 00,

—QA£;6@R+%QR%QA], (2-22)

where the principal part of the integration is to be taken and
N(x) = [ =117,
D*(Q, 2)=D(Q, 2 +i0).
Writing
[DF(Q. )] = — N[y + Q" —ikz],
[94(Q, ©)]"' = — N[y +2Q* +il*z],

we can calculate Eq. (2:22), retaining the most singular terms in 7 as follows:

. _ 120, Ao )
Eq. (2-22) o Im N T3 107 . (2-23)
We see from Eq. (2-23) that the simple form of the fluctuation propagator,
Eq. (2-11), which gives real 1, results in no contributions from the AL process.
This result corresponds to the fact that the diamagnetic currents in normal metals
are negligible for the Hall effect. Then we need 9 exactly up to this order,
which is given as follows™ for any Bloch electrons with density of states V.

[@R(Q, o] t= ——N‘{ln £ +¢ <_;_+C> —¢ <L>

T, 2
SISO
where ¢(2) is the digamma function and
C:M%(—iw+DQ2)<l——% ). B
D= e, > (2-25)
a=3 5(€F-'e(k))<az#e(k))>2. /

In Eqgs. (2-24) and (2-25), N’ is the derivative of N with respect to the Fermi
energy. In Eq. (2-25), ¢(k) is the band energy of the Bloch band. It is assumed
to be of cubic symmetry and then a is independent of the vector component g.
For weak magnetic fields, i.e., DeH/T<7, we can expand ¢(z) and get
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1036 H. Fukuyama, H. Ebisawa and T. Tsuzuki

[D2(Q, )] = ~N[ln YT 7 <1+a8lzi> +/1Q2], (2-26)

where
46}? N 1
4= — ———— 2' 27
7 N gN ( )
For nearly free electron systems under consideration, D=vl/3 and
2 1
o= ———, 2-28
e (2-28)
From Eqgs. (2:23) and (2-26), we obtain
3 2
Ko =40 (00— a.00) C- L dtar L 31— 2 2-29
* mzc(qﬁ 20re) N EFZQ:(WJrZQz)" ( )
or
2 2 2
doE=0% T a3 A (2-30)

12 @ ND(y+21Q°*

Consequently, the excess Hall conductivity 40,, due to fluctuations is given by

—gt, |- E5n 2Q.0) , 7 20, .
40 5 Jmt[ 2 % DQ* + 12 %] ND('I]—F/{Q?)“:I' (2-31)

For bulk samples,

343 T\72 1 1 7 1
40$) = n® 2< ) o [ +——an ], 2-32
4 2 ep (PFZ 32 ®Y ,}71/2 144 773/2 ( )

and for a thin film with thickness d much smaller than coherence length

268 =p0t |2 1n L4 T2 L], (2-33)
7—0 0 18 o
where 7,=¢’/16d0,.

In (2-33), we introduce a pair-breaking parameter first adopted by Thompson®
to avoid the difficulty of divergence in the static conductivity from the Maki
process. '

By use of Eq. (2-32) or (2-33) and the excess conductivity 40,, obtained
formerly,

33 T\ 1 1
do@ =0 m 2( > ’ 2-34
16 er /' (pel)'? 4 ( )
7—0 0 7 :

we finally get Hall angles as follows:
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Fluctuation of the Order Parameter and Hall Effect 1037

G, sy3/ T\ 1 (1 .7 1
oahz—c{w ( > ( + 1 >}
I 2 \ep/ (pelyP\g7 144 " P
-1
{1+3¢3 w(T)l” 1 1} (2-36)
16 e (pFl)s/a Wlﬂ

for bulk cases and

0= —w.r {1+ /LI P R {22 ’7°} {1+—2’7—°1ni+179}*1 (2-37)
7—0 ¢ 18 7 7—0 0 7
for films.

Note that, although the Maki process and the AL process yield contributions
to 04, with the same temperature dependence (for bulk samples), they give different
temperature dependence for 0,. Even for bulk samples, the Hall effect due to
superconducting fluctuations is to be observed if we get 7~107? ggr~10, t7'~10"*
and w,c~10"% 1In thin films if epr~10% ¢7~107" and w.r~107* then the con-
dition of weak field limit is satisfied for 7~10"! and we expect deviation of the
Hall angle due to fluctuations.

§ 3. Discussion of contributions from diamagnetic currents

We examined the Hall conductivity ¢, microscopically not only from the
Maki process but also from the AL process, indicating large contributions from
the fluctuating supercurrent (AL process). The latter contribution comes from
small modifications of the fluctuation propagators of the order of 7'/ey.

The sign of this contribution depends on that of (N’/N). In normal metals
the sign of the Hall angle is determined by that of

Za(eF—a(k))R % 9s 0 0% ]

3-1
0k, ) 0k,’ Ok, 0k, 0k,0k, (3-1)

which is not necessarily equal to that of (IN’/N). Thus it can occur that the
fluctuations decrease the Hall angle in normal state.

Let us now examine in this section the properties of the effect of fluctuating
diamagnetic currents on 0, including the cases of high magnetic fields, i.e.,
DeH/T =%. Moreover the electrons are assumed to be any Bloch electrons.
By use of the formulations developed by Mikeska and Schmidt'™ and Usadel,'®
we have for a film with thickness d,

27: (2¢H) n+1
40y = —45 2ND)? A
y 2 eNDy B

X T Z [-Qn—H (Za)p) @'n (Zwﬂ -+ th) - 9@11 (Zw,w) °@n+1 (2’:(1),4 =+ Za)h) ]iwﬂ%m+i5

7,nt+l

182 N*D* (e H)* Z(n F1) A%
T
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xIm@Ide(x)[ 2.2 0 L gr 920 0 9z,

+°@nA 0 n4l ﬁ+li=@n1{l’ (32)
0x 0x

where 9,7 is equal to D*(Q, w), Eq. (2-26), with replacement of Q*=4e¢H (n+1),
and A, .41 is given by Eq. (A-13) of Ref. 18),

w9 (34 o7 0 3)) 0 (340 0 )] e

Here D is given by Eq. (2-25). In order to evaluate Eq. (3:3), the expansion
of [D,E(x)]™" in terms of z is sufficient,

(D7 = =Nt = Z 0], | (3-4)

where

t,=

(z *en>f¢<%>’

= ¢"><l +en> <1 + ilan>,
4z 2 Er

comr o e Tl v+ ()
DeH< l)
2/

By use of ¢, and a,, we get

32¢°

 (DeH) Im S+ 1) A 20" . (3-6)

Agxy - —
tntn-{-l (an*tn-i-l + an+1tn)

In the weak field limit, we can replace

An,n+1 - 8_77:7: ’
nDeH< 1
=7+ + =], 3.7
e\ 2,> (3-7)
A= _7_z_<1 -1——7;6(1),
8 Ex
and then
* DeH T nDeH -2
I I Gavs T ac[ + n+1] : (3-8)
" an*tn+1+an+1tn 64T Er T ( )
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Fluctuation of the Order Parameter and Hall Effect 1039

If H is weak enough, y>DeH/T, we can transform the summation over 7 into
integral in Eq. (3-6) and get the same result as Eq. (2-30).

On the other hand, if the magnetic field is strong enough, DeH/T>=7, only
the term corresponding =0 is relevant to the singularity. In this case

1 { < 3DeH> (1 DeH)}
A —“+ ]
w= e P\ T 2T “l' 2 22T

L T=T(H) _
’ T(H)

3DeH < DeH >
+
2rT > d 2T

1 < ( . T )
= ¢ (=+e)(1+ :
0 4 €0> z 8F C}fo

<1 +el><1—{-z r 041>,

77H"

2 ex
“ { +eo)gN}
1 1  3DeH 1  DeH\
i 2l o e (2]
“EIN ¢<1>(1+e1> & N5 e )t (5 5y
(3-9)
where T,(H) is the root of the equation
1 DeH> / ) T
—+ — +1In =0.
¢<2 2r’T (/)(2 A

We, in this paper, fix the strength of the magnetic field and vary the temperature.
Substitution of Eq. (3-9) into Eq. (3:6) yields

oo e o () e el

—16L N Ging (3-10)
T N 3z .
In this limit, singularity with respect to the temperature deviation differs from
that in the weak field limit.
In the similar situation as in Eq. (3-10), 0., is given as™

40 5= 4047, , (3-11)
Nu
and then
Jooy=— BT N5 (3-12)
A N
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1040 * H. Fukuyama, H. Ebisawa and T. Tsuzuki

The singularity in this case with respect to 9z is similar for ¢,, and Oz. More-
over the Maki process and other processes besides the AL process yield contri-
butions with the same singularity. But, for nearly free electrons and in such a
temperature range as

Tas— <1, (3-13)

4057 = 0L = o, (3-14)

whereas the one from the Maki process is,®

Aoy, = — wcr%(fo . (3-15)

N

Thus Eq. (3-14) is a major contribution to the nearly free electron systems, but
this relation may hold for any Bloch electrons. Thus, using'®:*

do8y = to% = — Lhog, (3-16)
UR:s
in this region, we obtain
(4
A6y = —27% Qde., . (3-17)

§4. Summary of results

The Hall angle for a film with thickness d in the weak field limit of magnetic
fields, 9>DeH/T, is given

-1
0= —w,.r 1+£ﬂ1ni+ﬂﬂ}{1+ﬂ_ln:’7_+ﬂ} ,

where 7,=¢*/16d0,, 7= (T—T,)/T,, a=2n""(1/9N) (g: coupling constant, N:
density of states at the Fermi energy) and ¢ is the pair-breaking parameter.
The second and third terms in the numerator come from the Maki and the AL
processes, respectively. The latter contribution due to fluctuating supercurrents
has very strong singularity with respect to % and emerges from the small cor-
rections of the fluctuation propagators of the order of 7/er. The sign of this
contribution is dependent on the sign of the curvature of N near the Fermi energy,
and then the fluctuations can either increase or decrease the Hall angle near 7.
In this respect the experiments on the Hall effect in fluctuating superconductors
are expected to afford detailed information on the Fermi surface.
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