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Fluid queue driven by a birth and death process (BDP) with only one negative effective
input rate has been considered in the literature. As an alternative, here we consider a fluid
queue in which the input is characterized by a BDP with alternating positive and negative
flow rates on a finite state space. Also, the BDP has two alternating arrival rates and two
alternating service rates. Explicit expression for the distribution function of the buffer
occupancy is obtained. The case where the state space is infinite is also discussed. Graphs
are presented to visualize the buffer content distribution.

1. Introduction

Recent measurements have revealed that in high-speed telecommunication networks, like
the ATM-based broadband ISDN, traffic conditions exhibit long-range dependence and
burstiness over a wide range of time scales. Fluid models characterize such a traffic as
a continuous stream with a parameterized flow rate. Whitt [6] establishes heavy-traffic
stochastic process limits for fluid queue models with multiple on-off sources.

A fluid model that is typically used to model such a traffic is a Markov Modulated
Fluid Model wherein the current state of the underlying Markov process determines the
flow rate. Fluid models driven by finite state Markov processes that modulate the input
rate in the fluid buffer have been analyzed by many authors. Lenin and Parthasarathy
[2] provide closed-form expressions for the eigenvalues and eigenvectors for fluid queues
driven by an M/M/1/N queue. The case where the state space is infinite has been analyzed
by van Doorn and Scheinhardt [5] for a birth and death process (BDP).

In most studies dealing with Markov modulated fluid queues, a single negative
effective flow rate is assumed. Here, we consider a more general setting of a fluid queue
driven by a BDP on a finite state space in which the flow rates are alternatively positive
and negative. Our aim is to obtain the stationary distribution function of the buffer oc-
cupancy for this fluid model which is modulated by a BDP with two alternating arrival
rates and two alternating service rates. This modulating Markov process can be visualized
as a simple case of a two-state Markov Modulated Poisson Process which is characterized
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by a Markov process with an infinitesimal generator Q = [ jé ! f\iz ] and a diagonal matrix

A= [)3 /{)2 ] of arrival probabilities, where A; and A, denote the rates of arrival when the
traffic is bursty and slow, respectively. The case where the state space of the BDP is infinite
is also discussed. Some interesting identities of tridiagonal determinants are used for the
finite state space, and continued fraction methodology is employed for the infinite state
space. Graphs are presented to visualize the buffer content distribution.

The model under consideration finds a wide range of application in modelling a com-
munication switch as a fluid stochastic petri net in which two streams of traffic arrive
(Horton et al. [1]). One stream is bursty with a high flow rate when the server is busy and
the other stream is slow with a low flow rate when the workload of the server is less. We
will designate the fluid commodity accumulating in the infinite capacity buffer as credit.
It may be helpful to think of credit as the energy which the server gathers during lean
traffic period and consumes when the traffic is bursty.

2. Model description

We consider an infinite capacity buffer which receives and releases fluid flows modulated
by a BDP evolving in the background. We denote the background birth-death process by
& := {X(t), t > 0} taking values in the state space ¥, where X(¢) denotes the state of the
process at time t. Let A, and p, denote the mean arrival and service rates, respectively,
when there are # units in the system.

The flow rates of the fluid into and out of an infinite capacity buffer are determined by
the actual state of the background process. Let r; denote the flow rate of the fluid when
the background process is in state j. The rate of change of content of the buffer C(¢) when
X(t) = j is given by

dc(t) _ {rj if C(t) >0, o

dt o ifct)=0,r;<o.

Clearly, the two-dimensional process {(X(¢),C(#)), t = 0} constitutes a Markov process
which possesses a unique stationary distribution under a suitable stability condition.
The stationary state probabilities p;, i € &, of the BDP can be represented as

T
= >
Z.jefl’ TTj

Di icd, (2.2)

where m; = ApAy -+ - Aic1/ppa - - - pi i = 1,2,3,..., and 7y = 1 are called the potential coef-
ficients. In order that a limit distribution for C(#) exists as t — oo, the stationary net input
rate should be negative, that is,

> miri < 0. (2.3)
i=0
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Letting
Fi(tbtu)=P(X(t)=j, C(t) <u), je t,u=0, (2.4)

the Kolmogorov forward equations for the Markov process {X(t),C(t)} are given by

0F(t, oF,(t,
Oégt Li) =—19 Oa(u LI) _/\()Fo(t,u) +/41F1(t,1/l),

oF;(t,u) OF;(t,u) 25
Jat =T ]au — (Aj+uj)Fj(t,u) (

+Aj1Fji(tu) + i Fin(tu), jeF\{0}, Lu=0.

(See van Doorn and Scheinhardt [5]). When the process is in equilibrium, oF;(t,u)/dt =
0, and let lim;.  F;(t,u) = F;(u).

3. Finite state space

This section deals with a fluid queue modulated by a finite BDP with state space ¥ =
{0,1,2,...,N}. The system of equations governing the two-dimensional process {(X(t),
C(1)), t = 0} in equilibrium is

dF,
1o ;(u) = —AoFo(u) +ui Fr(u),
u
(3.1)
dF;(u) .
gy AjrFjo1(u) — (Aj + ) Fj(u) + pjs1 Fja(u),  for je S\ {0}, u=0.
In matrix notation (3.1) can be written as
dEW) _ p1QTRw), w0, (3.2)
du
where F(u) = [Fo(u),Fy(u),...,Fx(u)]T, R = diag(ro,71,...,7n), and
—Ao Ao
wmo —(hitm) A
Q = '.. . (3.3)

UN-1 _(AN—1+[JN—1) AN-1

UN THN L (N+)x(N+1)
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Hence
__’E m _
1o o
/E _ (A +,bl1) H2
8} 8} 8}
R'Q" = .
M2 (Wwoirtuw-1) g
N-1 N-1 N-1
AN-1 kN
L N N 4 (N+1)x(N+1)

(3.4)

Mitra [3] has shown that R"'Q” has exactly N, negative eigenvalues, N_ — 1 positive
eigenvalues, and one zero-eigenvalue, where N, is the cardinality of the set

Fr={jeS:r;>0} (3.5)
and N~ is that of
Fi={jeF:rj<0}. (3.6)
Let&;, j =0,1,2,...,N, be the eigenvalues of the matrix R!QT such that
£<0, j=0,1,2,..,Ny=1, &=0, &>0, j=N;+1,..,N. (3.7)

Since the content of the buffer increases when the net input rate of fluid flow into the
buffer is positive, it follows that F;(u) must satisfy the boundary condition

Fi(0)=0 forjed". (3.8)
Also, we have
Ll{i_{?on(u) =p; forjed, (3.9)

where the p;’s are the stationary state probabilities of the background BDP. The solution
to the matrix equation (3.2) is given by

N; -1

Fiwy=pj+ > et je, (3.10)
1=0
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where

B;(& Y
s = UL (o= a2 by (3.11)
cjo Tory == -Tj-1

The constants k; are obtained by solving

N+-1 B
pi+ S ki &) o forje g (3.12)
=0 cjo

The polynomials B;(s) are defined recursively as

Bo(s)=1,  Bi(s)=s+ 1,
To

/lj—l‘f'ﬂj—l
ijl

Aj-attj1
Tji-2Tj-1

Bj(s):(s+ )B]-,l(s)— Bis(s) j=234...N,  (3.13)

An_
Basi(s) = (s+ “—N)BN@ _ANEN (o).
N 'N-1TN

Also By;1(s) = det(sI = R7!QT) and B ;(s) is the determinant obtained by considering the
first j rows and columns of By.1(s). More specifically, we consider a fluid queue model
with effective input rates r,; < 0 and 541 >0 for j =0,1,2,...,(N — 1)/2. Under this as-
sumption, the system of equations involved in the determination of the constant k; is
given in matrix form as

Bi(&%) Bi(&)  Bil§wne) |
c10 C10 C10 ko p1
Bs(§%) Bs(&)  Bs(&wm) ky 3
C30 C30 C30 = . 3.14
Bs(§%) Bs(&)  Bs(&wn) o b o
Cs0 Cs0 Cs0
i } . (N/2] (N/2]
L . - dv

Hence the problem of determining the stationary distribution of the content in the fluid
buffer is reduced to that of solving the above matrix equation via Cramer’s rule.
We now give three examples to illustrate the above discussion.
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Example 3.1 (N = 1). The steady state probabilities for this two-state Markov process are
given by po = p1/(Ao + 1) and p; = Ao/(Ao + p1). It follows from (2.3) that the condition
p1ro +Agry < 0 ensures the stability of the Markov process {(X(t),C(t)), t = 0}.

The matrix R-1Q takes the form

_hoom
RIQT=| O T 3.15
= (3.15)
L 1
with eigenvalues § = —(Ao/ro + p1/71) and & = 0. The system has one negative root pro-

vided Ao/ro + p1/r1 > 0 (which follows from the stability condition). Further, 1 = ko,
o1 = —koro/r1, and from p; +ko(B1(&)/c10) = 0, we obtain kg = (r1/rp) p1. Therefore the
final solution is given by

" _
Fo(u) — P0+ r*Pl@ (/lg/rgﬂu/r])u)
0

(3.16)
Fi(u) = p; — pre”Mo/motm/nu,
Observe that
n Ao\ ot/
P(C(t)<u):FO(U)+F1(M):1— 1—— — e o/Tfo+h /T )u. (317)
ro/ \ Ao + 1

Example 3.2 (N = 2). The steady state probabilities of the modulating Markov process
are given by

Ppo = Hik
0 Aodr + Aoy + papiz ’
_ /\o[lz
p1= )to)tl‘f'/\o,uzﬂ«ll#z’ (3.18)
AoA
P o1

N oAy + Aoy +pips”

It follows from (2.3) that the stability condition for the Markov process {(X(t),C(t)), t >
0} is Uiparo +/\0[121’1 +/1()/117‘2 < 0.
The matrix R~1Q takes the form

oM
o 1o
_ A M+
RIQT=| 22 - — 1
Q &t 1 81 (3 9)
Al &

] ]
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with eigenvalues given by

Ao M+&+&>
rnh 1 n 1

2

rnn n 1 ] ror rr ror

& =0, (3.20)

2
+%J@g+&+&+&ﬂ_4(&h+&&+@&>

rnn 1 1 ] ror rnr; ror

The constant kg is determined as ko = — p1p1/70B1 (&), where

BO(S) = 1,
— AO
Bi(s) = (S’LTO)’ (3.21)
By(s) = (s+ /E) <s+ hipm +y1> - M
1o 1 rori

Therefore, the stationary distribution of the buffer content is given by

. 1 Sou
R0 = PP &)
Fi(u) = py — p1e*", (3.22)
r Ba(%o)
Fy(u) = py— p1 - o,
Z(u) PZ Pl i Bl(f())e

Observe that

P(C(t) <u) = Fo(u) + F(u) + F>(u)

2R r By(&) )e&m (3.23)
roB1 (&) w2 Bi(&o) '

=1p1<1+
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In the above discussion, we considered two examples in the general case. The forth-
coming example deals with the model in which the birth and death rates alternate be-
tween two constant values, with even number of states. The case with odd number of
states does not lead to explicit expression for eigenvalues.

Example 3.3 (alternating rates). Consider a fluid queue driven by a single server queuing
model with state space ¥ = {0, 1,2,...,2n — 1} whose birth and death rates are given by

/121‘:/\1, Wi = U2 fori=1,2,...,n—1,
. (3.24)
Aiv1 = Ay, i =p fori=0,1,...,n—2,

with Ay = A1, gan—1 = p1, and the effective input rates are r;; = r; <0 and 241 = 7, > 0 for
i=0,1,2,...,n— 1.If p = M1A/u1 42 < 1, the steady state probabilities are given by

k

Dok = (W‘Z> poy k=123,...,n-1,
Hita ) (3.25)
M )Ll/b)
A (M) k=0,1,2,..n—1,
P2k+1 " (/%“2 Po n

with po = (/A +p1))((1 = p)/(1 — p™)). From (2.3), it is observed that the condition
r141 + 1A < 0 ensures the stability of the Markov process {(X(¢),C(t)), t = 0}.
For this specific model, the matrix R-'Q” takes the form

Aol
8t 1
Mo _htm
] ] r
RleT: .
ho bt o
r 1 r
Al
r 2 l2n
(3.26)
Aol
L8t r
Mo _htm g
1 ] 8}
ho bt o
] r )
Al
r 2 12n




Therefore,
[sSI-R7'Q"|
A
s+t M
/\1’1 /\1’2
+
_h Lt m
1 ] 1
A A
sttt A
1 1 T
-1 s+)£+&
] 1
=sX

+ A+ 2
1 1
%1
_hn
r
-1
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H1
p)
s+ &
72 12n
A
S L
@) 11 Ty
-1 s+ M + #1
o T2 lap-1
(3.27)

Using the Identities A.2, A.1, and A.3 given in the appendix in succession, with 6 = s +
M/r1+ /12, ¢ = s+ da/ry + pa/r1, and @ = O¢ — Aapir /13 — Ay pa/rE, we obtain

BZn(S) =

op - Mite Mt
1 1 5}
2U1
3 ¢
S A
— X _M
¢ 2
_hap
ry
M#z
s T2
= X 0¢ x 5]
s ¢

)
7
A1,142
w _7’—12
Az[ll AZ//‘]
g %,
_/\2/41
IRATC)
r12 n—1




478  Fluid queues

n—1
_ hua daw AAop pho rm
=s0 % ,:1_[1 [ng ” 2 2 72 cos il

(3.28)
Substituting for 6 and ¢, we obtain
Bou(s) = s(s+ M + ﬂ)
o n
n—1
M &) ( A &) _hp
XH[(S+ r +7’2 st 1’2+r1 re (3.29)
o 2\/1112/41#2 c0s!
r nr;

We observe that By, (s) is zero when —s is the eigenvalue of the tridiagonal matrix R-'QT.
Therefore, the eigenvalues of R-'QT are given by

f():—(&-{-&),

1 ]

fj:1[_(W+W)_(<W+W)z_4M_4mm

2 I8l 1 T 1 rry rr;
T ‘ 1/2
+8—“1Wcosﬂ) ] i=1,2...n-1,

mr n

En:())

1 ] L8t r rnr; nr;

2
gj:;[_(W+W)+((W+W) M mm

rnr;

12
leAz 142 i
+8icos% , j=Entln+2,...,2n—1.

(3.30)
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We give below closed-form expressions for the terms By (s) and By (s) fork =0,...,n —
1, using the well-known identities of continuants given in the appendix. Consider

Bak(s) =

A 1
s+ =
1 L]
A /12+
UL T o B
1 ] 1
A
]
A+
el
1 r
A /12+
! s 2T
r ] r
A+
ol
] r
A A+
e sy Mt
] 1
12
r

]

L]

M+ o
s+ T2
8}

r

] 8}

M S+A2+,M1

2k

“
]

)

2k

2%-1
(3.31)
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Using Identities A.2 and A.4,

Aapt Mph
o 4 2t M
rr; rr;
Aot Mph
L T
rr; rnr;
Bak(s) =
M
ol
rr
Aap
L
rr
12 f
Aot M
Ll
nr; nr;
At A
L
rr; rr;
__ .,
1’1$+A1+[42 ’
Mph
o M
rnr;
Aot Aot
ot et
rnr; rnr;

where w; = (s+ (A1 + p2)/m1) (s + Ay + p1)/r2) — Ay /1112 — Aapia/7172. Now, expanding
the first determinant and using Identity A.1 for the second, we obtain

A
W, 141
rnr;
A A
2U2 w1 141
rr; rnr;
Byi(s) =
A
" 141
rnr
)tz,blz
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M
w,
rnr;
Ao M
bl
1 nr; rnr
2M2
LA
rr;
Mph
w
rr;
Aatt
e
rnr; k-1
Ao
w,
nr;
)h,ul A2/42
rnr rnr;
2 A+
_&(S+7ﬂ>
L8} ]
Ao
w, 22
nr;
M
il
rr k-1

(3.33)

Therefore, from Identity A.3, the quantity By (s) can be expressed in closed form as fol-

lows:
) k/2 A 172
- (22" (5] (22) " )
i 2 M 2
(3.34)
U2 ( Ax+ ) (11/\2#1#2)(’(1)/2 (x)
— s+ 3 5 U1l 5 )s
71 7 rir; 2
where
x=2 [ (ris+A +#2)(”25+A2 +,bl1) — A —Az,uz] (3.35)
wMMz[th

and Uy (x) is the Chebyshev polynomial of the second kind. Similarly, Bax+1(s) can also be
expressed as

A+ ) k/2
B9 = (o0 ) () 5

e rirs

-t (Rt ) g (2) 4 (2) e (3)
r1< rirs Uik 2) " Aoz Uit 2) |

(3.36)
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Further,

k
(M) if j = 2k,

(3.37)
k
ﬂ(”l‘”) if j =2k +1.

Having determined B;(s) and the roots of R"'QT explicitly, the constants k;, and hence
the buffer occupancy distributions, are obtained using (3.10) and (3.14).

Remark 3.4. From the above discussion, we observe that, without loss of generality, r; and
1, can be taken as —1 and +1, respectively. This is because the solution remains unaltered
when A, (42) and A, (1) are replaced by —A 7 (—par1) and Ayra (u112), respectively.

4. Infinite state space

In the previous section, we discussed the fluid queue model on a finite state space with
alternating positive and negative flow rates. Similar analysis on an infinite state space
does not lead to explicit expression for the buffer content distribution. Hence we analyze
the fluid queue driven by an infinite state BDP with a single negative effective flow rate,
say 79 (< 0). We employ the continued fraction methodology to obtain the stationary
distribution of the content of the buffer. Let F;(t,u) represent the probability that there
are j units in the system and the content of the buffer does not exceed u at time ¢, and let
jal i(t,s) denote the corresponding Laplace transform. If lim; ., Fj(t,u) = F;(u), then the
governing system of differential-difference equations is

roFo(u) = =AoFo(u) +p1 Fr(u),

(4.1)
er;(u) = /\j,le,l(u) - (A] +;4j)Fj(u) +/,tj+1Fj+1(u), ] =1,2,....
Using the initial condition F,(0) = 4, the Laplace transform of (4.1) yields
~ a
Fo(s) = ————,
’ Ao uiFi(s)
s+ ———=
ro 1o Fy(s)
@ (4.2)

ﬁj(s) _ rj
ijl(s) S+/1j+ﬂj_@Fj+l(5)
rj 1 Ej(s)

. j=1,23,....
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This leads to the continued fractions

/\0/11 )h,blz
o) a o rr
FO(S): )
A A+ A+
S+r_0_ s+ lrm s+ 2rﬂz
’ : ? (4.3)
Aj-1 Ajtjn Ajr1phj
Fi(s) 7] sun Ti1Tj+2
Fii(s)  Aj+u; A1 + 4 Ao + i)
]1(5) ot j T HUj . j+1 T Hj+l + j+2 [/l]+2_
rj Tj+1 Tj+2
Define
Aj-1 Aj#jﬂ /1;'+1[4j+2
T riris1 rit1Vi+2
$i(s):= Avi . A"f' Af* ;; (4.4)
s+ j [/4] s+ jt+1 [’l]‘f’l_ s+ j+2 jt+2
Tj Tj+1 Tj+2
Then,
N a Aj(S)
Fo(s) = ———, ~ = ¢;(s).
’ 0o M i-1(s) 2 (4.5)
s+———¢1(s)
rn to
After certain algebra, we obtain
9] k k
~ Ui (¢1(5))
R =ad (M) S
s ()
S+
to (4.6)
j
Fj(s) = (Hqsk(s)) Fo(s), j=1,23,....
k=1
On inversion, we get
F (Z/l) ai (Abll )k<uke()tu/r0)u) % ¢*(k)(u)
olu) = — — 1 )
ko \ 10 k! (4.7)

Fj(u) = ¢1(u) k (bz(ll) ko--e 3k gbj(u) *Fo(u), ] =1,2,3,....

In the following argument we consider a specific nature of birth and death rates.
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M A2 M A2 A
# H2 “ p2 p1

Figure 4.1. State-transition diagram of the background Markov process.

Example 4.1. Consider a fluid queue driven by an M/M/1 queue with two alternating
arrival rates and two alternating service rates as shown in Figure 4.1.

We assume the net input rate of fluid to be o <0, r,; =7 >0 for j = 1,2,3,... and
r2j+1 =12 >0 for j =0,1,2,.... The steady state probabilities are given by (3.25) with
po = (g2 — MA2)/u2(Ay + py). From (2.3), the condition y; (1o + 1) + A2 < 0 ensures
the stability of the process {(X(t),C(t)), t = 0}. For the model under consideration,

f(s), if jis odd,
@®={ o -
g(s), if jiseven,
where
A hattx hue
f(s) = ) ULy o
A+ At ks
s+2‘ul S+1/42 S+2P‘1
r r & (49)
— Al
= Az,UZ
+Ar+p —
rs+Axt+ ris+ AL +ps — i f(s)
Or
(12542 ) (£(5))°
(4.10)

— [(7’15+/\1 +[42) (7‘2$+/\2 +[/t1) *)Lzluz +/\1‘Lll]f(5) +/11(7’1$+Al +[42) =0.

Using Rouches theorem, considering the root that lies inside the unit circle, we get

1
f(S) = m[(7’15+/11 +‘blz)(f’25+lz +‘bl1) +/\1‘b£1 —/12#2

+ ([(7’15-1—/\1 +[12) (7’25+/\2 +y1) +A2‘uz —/\1H1]2 (4.11)

_4/\1[,{1 (1‘15+/\1 +‘Mz) (1’25+/\2 +[11))1/2].
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g(s) is obtained from f(s) by interchanging r; and r,, A, and A,, and y; and y,. The
expression for f(s) can be written as

o) = rnrl(s+a)? - \/rlrz ((s+a) —b2)2—4/11y1r1r2((5+a)2 —c2) (4.12)
s , .
2uiry((s+a)—c)
where
- 1(&@@)
2 1 ¥ ’
b= gt — </11/12 +‘1/l1‘1/l2+2/11[41) (4 13)
rry ’ ’

:1(/11+M2_A2+M1)
S\ )

1 r

On inversion, we get

f<u):z(ﬂ)eau{f2<u)*2( by z ULLLZEL M (”/2"‘“)13*“‘)(@},

1 _
(4.14)
where
41
f) = () (i o),
fi(u) = coshbu + %sinh bu, (4.15)
fo(u) = coshbu — gsinh bu,
and A*®) (1) is the k-fold convolution of h(u) with itself. Also, from (4.5),
Fogesi (s) For(s)
= = f(s), = =g(s), (4.16)
Fak(s) / Fak-1(s) £
which on solving yield
k+1 ko
Foa1(s) = (f(s))" (g(s)) Fo(s),
(4.17)
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10°

102

1074

10-°

log,, P(C > u)

1078

10710

10-12 . . . . .
0 50 100 150 200 250 300 350 400 450

Buffer content u

Figure 5.1. Buffer content distribution on a finite state space with N = 21,7 = —1,and r, = 1.

On inversion

Fair(w) = %D () % g* O () % Fy(u), k=0,1,2,...,

4.18
Fo(u) = f*®(u) % g* O () % Fo(u), k=1,2,3,..., (4.18)
where Fy(u) is obtained from (4.7) as
© k k —(Ag/?’o)u
R =ay (B) (5 ) ) (4.19)
=0 1) .

5. Numerical illustrations

In this section, we provide numerical examples for the fluid queue driven by the finite
and infinite queuing model discussed in the earlier sections.

In Figure 5.1 the buffer overflow probability corresponding to the varying values of
the parameters A;, A5, y1, and y; is plotted against buffer size for finite state space with
N =21, = -1, and r, = 1 (see Remark 3.4). The overflow probabilities are found to
decrease rapidly with increase in ;. The graphs are plotted for two sets of parameters by
considering the three different cases wherein the ratio A,/p; is equal to one, less than one,
and greater then one, respectively.

Figure 5.2 depicts an analogous setting on an infinite state space with N truncated at
25,19 =—1,and r; = 1 for i > 1. For constant values of A, and A,, the overflow probabili-
ties decrease rapidly with increase in y;. The overflow probability is in the range of 10710
to 107!> and hence becomes a rare event.
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100
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1074
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Figure 5.2. Buffer content distribution on an infinite state space with N truncated at 25, r, = —1, and
r = 1= 1.

Appendix

Some identities of tridiagonal determinants

Here we give some identities of tridiagonal determinants (Muir [4]), which are useful in
determining the stationary buffer content distribution of the model under consideration.

Identity A.1.
A+ ao ao

bl A+a1+b1

A+an71+bn71 an-1
b, A+b,

n+1

(A.1)
& b
a £ b,

an-2  Zn-1 b1

An-1 n

wheregi = A+a; 1 +bj, j=1,2,...,n.
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Identity A.2.
61 d] )}1 dl
-1 ¢ d> d; Y2 ds
-1 6, d3 1 dy V&) dS
= - X N
¢
-1 ¢ dop_» dan-a Yn-1 dan—3
-1 6 dop
n - 2n—2 VYn ;
(A.2)
where y; =dyj 2 +0;¢+dzj1, j=1,2,...,n,withdy = 0and d, 1 = 0.
Identity A.3.
A a
b A a
_ _ T " i)
. —l_ll(A 2@C05<n+1)) (\/E) Un<\/% .
b A a !
b
nxn
(A.3)
Identity A.4.
0, d; Y1 d
-1 (/5 d, d, V2 ds
-1 6, d3 ds Y3 dS
= ) ,  (A4)
-1 0, duw don—a Yno1 don-s
-1 ¢ , dan—2 Vn

where yi = dzj_2+9j¢+d2j_1, ] =1,2,...,n,withdy = 0.
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