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We present a combined experimental and theoretical study of phonon focusing phenomena in a pass
band above the complete band gap in a 3D phononic crystal. Wave propagation was found to depend
dramatically on both frequency and incident direction. This propagation anisotropy leads to very large
negative refraction, which can be used to focus a diverging ultrasonic beam into a narrow focal spot
with a large focal depth. The experimental field patterns are well explained using a Fourier imaging
technique, based on the 3D equifrequency surfaces calculated from multiple scattering theory.

DOI: 10.1103/PhysRevLett.93.024301 PACS numbers: 43.35.+d, 63.20.–e

The past decade has witnessed a rapid growth in the
study of phononic crystals [1–12], which are periodic
composite materials that are the elastic and acoustic
analogues of photonic crystals [13–21]. This growing
interest is fueled not only by potential applications as
novel acoustic devices [7,8,10–12], but also by the rich
physics governing elastic and acoustic wave propagation
in periodic media [1–12]. In addition, ultrasonic and
acoustic techniques, coupled with powerful theoretical
approaches, provide some unique advantages for directly
investigating wave phenomena in these systems. Most of
the studies until now have focused on the existence and
properties of phononic band gaps [1–7,9], which occur
due to Bragg scattering when the wavelength is compa-
rable with the lattice constants, leading to frequency
bands where wave propagation is forbidden. The result
has been considerable progress in understanding how to
achieve large complete band gaps in physically realizable
materials, and in elucidating the mechanism of wave
transport at gap frequencies, which has been shown to
occur by tunneling [9].

However, relatively little attention has been paid to
investigating how periodicity affects wave propagation
over a wide range of frequencies outside the band gaps,
where novel refractive, diffractive, and focusing effects
may all be possible. At low frequencies, an effective
medium or continuum approximation can be adopted to
study the wave properties and accurately predict the wave
speeds. In this frequency range, there is much in common
with the properties of low frequency phonons in atomic
crystals, where phonon focusing phenomena have been
systematically studied [22]. Recently, low frequency 2D
sonic crystal refractive acoustic devices for airborne
sound have been demonstrated [10] and theoretically an-
alyzed [11] at wavelengths well below the first acoustic
band gap. Also, a theory for tailoring sonic devices with
dimensions on the order of several wavelengths has been
investigated, where image formation was shown to occur
predominantly through a diffraction mechanism rather

than by refraction [12]. By contrast, much less is known
about the behavior at higher frequencies in pass bands
where the wavelengths can be much less than the lattice
constant. In this Letter, we address this question both
theoretically and experimentally by investigating the
characteristics of wave scattering and propagation in a
3D phononic crystal at frequencies above the first com-
plete band gap.We show how a dramatic variation in wave
propagation with both frequency and propagation direc-
tion leads to novel focusing phenomena associated with
large negative refraction. We study these effects experi-
mentally using ultrasonic techniques to image the trans-
mitted wave field, and demonstrate that a flat crystal can
focus a diverging incident beam into a sharp focal spot
that can be seen remarkably far from the crystal. The field
patterns are calculated theoretically using a Fourier
imaging technique, in which wave propagation through
the crystal is accurately described by the 3D equifre-
quency surfaces predicted from the multiple scattering
theory (MST) [4]. Our theoretical results give an excel-
lent explanation of the experimental data, showing how
wave physics in this regime can be accurately modeled
and allowing potential applications to be developed based
on the study of the equifrequency surfaces of phononic
crystals.

Our phononic crystals consist of 0.800-mm-diameter
tungsten carbide beads surrounded by water, with the
beads close packed in a face centered cubic crystal struc-
ture along the body diagonal or [111] crystal direction
(�L). The large acoustic mismatch for this combination
of materials gives rise to a complete band gap for fre-
quencies from 0.98 to 1.2 MHz [9]. Using the newly
developed MST [3,4], we calculated not only the band
structure [!�k�, where ! is the angular frequency, k is
the wave vector (k � !=vp) and vp is the phase velocity],
but also the 3D dispersion or equifrequency surface at
each frequency in the first Brillouin zone (BZ). The equi-
frequency surface, which is a graphical representation of
the variation in the magnitude of the wave vector with
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direction for a particular frequency, is the key to under-
standing the effect of anisotropy on wave propagation in
phononic crystals. In particular, the equifrequency sur-
face (frequently called the slowness surface in acoustics)
allows the direction of energy transport to be identified
for each k, since this direction is determined by the group
velocity vg, which is perpendicular to the surface [vg �
rk!�k�]. Figure 1(a) shows cross sections of the reduced
zone equifrequency surfaces in a crystal plane defined by
the high symmetry points �, X, L, K. This range of
frequencies near 1.6 MHz is interesting, since the equi-
frequency surfaces are strongly anisotropic and frequency
dependent, and there is only one branch in the band
structure [9]. Also, in the first Brillouin zone, the group
velocity is positive for directions near [111] only when k
and vp are negative; for isotropic equifrequency surfaces,
this condition has been taken to indicate left-handed
behavior in photonic crystals [19], by analogy to left-
handed materials in which both the permittivity and
permeability are negative [23]. An equivalent representa-
tion of the wave vector anisotropy, which may be more
physically appealing, can be obtained by translating the
equifrequency surfaces to the extended zone scheme
[Fig. 1(b)], in which the wave vector magnitudes corre-
spond to those measured from the cumulative phase shift
in a transmission experiment [24]. Near 1.6 MHz in
directions around the �L direction, the translation for-
mula is ~kk ! ~kk� 2 ~GG111, where ~GG111 is the shortest recip-
rocal vector along the �L direction. Note that, in the
extended zone scheme, both vg and k are positive. In
both the reduced and the extended zone schemes, the
anisotropy of the equifrequency surfaces causes the group
velocity to point back towards the �L direction as the
wave vector moves away from this direction, suggesting
that both novel focusing and large negative refraction
phenomena may occur.

To explore this question in detail, we measured wave
propagation through a 12-layer crystal with a thickness of
7.985 mm. Figure 2(a) gives a schematic diagram of the

experimental setup, showing the position of the phononic
crystal and its supporting substrate with respect to the
generating ultrasonic transducer and the detecting hydro-
phone. The entire assembly was immersed in water. As
the generating transducer, we used a pinducer, which has
a small cross sectional area (radius � wavelength, 	) and
is therefore a good approximation to a point source. The
pinducer was placed close to the sample surface (3 mm
away). The pulse transmitted through the sample and
substrate was detected using a miniature hydrophone,
which had a diameter much less than the ultrasonic wave-
length. The hydrophone was mounted on a 3D translation
stage, allowing the field to be detected at each point of a
square grid in the horizontal plane 3 mm below the
bottom of the substrate. The pulses were then transformed
into the frequency domain using a fast-Fourier transform
(FFT) technique, allowing the wave amplitude for each
frequency component to be plotted as a function of posi-
tion in the detecting plane.

To investigate the effect of the crystal on wave propa-
gation, we first recorded the reference wave field mea-
sured through the bare substrate. The results at 1.57 and
1.60 MHz are plotted in Figs. 3(a1) and 3(b1), respec-
tively. It can be seen that the amplitude of the reference
wave field diminishes gradually as the detecting point
moves away from the middle, as expected for the far field
radiation pattern of the small diameter disk-shaped trans-
ducer used in these experiments. By contrast, the mea-
sured field patterns with the crystal in place (at the same
two frequencies) are shown in Figs. 3(a2) and 3(b2); they
are seen to be completely different. At 1.57 MHz, the
wave is focused into a tight spot with a FWHM of 5 mm
(about five wavelengths). At 1.60 MHz, however, the
incident beam is spread out by the crystal; the field
pattern shows a ring structure and exhibits threefold
symmetry along the �L direction. Thus, the transmitted
field pattern changes completely with only a 2% change in
frequency.

FIG. 1. Cross sections of the equifrequency surfaces at fre-
quencies near 1.60 MHz in the reduced (a) and extended
Brillouin zones (b). The cross sections are shown in a plane
containing the [001], [111], and [110] directions, as shown in
the inset.
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FIG. 2. (a) Experimental setup, with rays indicating the
predicted directions of the group velocity at 1.6 MHz for angles
of incidence of 1:5� and 5�. (b) Diagram showing the focusing
condition in a medium with negative refraction.
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To interpret our data, we calculated the wave field
patterns using a Fourier imaging technique. For a given
frequency, the key to this calculation is to determine the
phase difference between all the waves arriving at each
point in the detecting plane after the waves have propa-
gated through the sample, substrate and water [Fig. 2(a)].
At the input surface of the sample, the incident wave field
was first Fourier transformed from real space into the
spatial frequency domain, essentially decomposing it into
plane waves at each frequency. This enabled the boundary
conditions at each interface to be readily implemented,
since it was then straightforward to ensure, for each
constituent plane wave, that the component of wave vec-
tor parallel to the interface be conserved (Snell’s law).
Propagation through the crystal was then described by
using the crystal’s 3D dispersion relation to determine the
resulting phase shift of each of the constituent plane
waves. The outgoing waves were then allowed to propa-
gate in a normal way through the substrate and water. At
the detection plane, the wave field was transformed back
to real space by taking the inverse FFT. The results at
frequencies of 1.60 and 1.63 MHz are plotted in

Figs. 3(a3) and 3(b3). We can see that the theory gives
an excellent prediction of the behavior observed ex-
perimentally, although the frequency is shifted up by
2% at both frequencies (1:57 ! 1:60 MHz and 1:60 !
1:63 MHz). A similar frequency shift is found between
theoretical predictions and experimental measure-
ments of the nearby band-edge frequency, indicating
that, relative to the band edge, there is excellent agree-
ment between theory and experiment. As seen in the
experimental data, the theory predicts the energy to be
strongly focused at the lower frequency. At the slightly
higher frequency, however, the energy is defocused and
the symmetry in the field pattern is clearly seen.

To further study the focusing effect at the lower fre-
quency, we also measured and calculated the cross section
of the field pattern in a plane perpendicular to the crystal
layers. The experimental and theoretical results are plot-
ted in Figs. 4(a1) and 4(a2), respectively, and show the
extension of the focal zone as a function of distance
(measured in wavelengths 	) away from the substrate.
The theory and data are in reasonable agreement. Because
of the thick substrate, we were not able to measure the
field pattern closer to the crystal surface, so we have used
our theoretical model to investigate the focusing behavior
in this region. These theoretical predictions are shown in
Fig. 4(b), where it can be seen that the distance from the
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FIG. 4 (color online). Measured (a1) and calculated (a2) cross
sections of the field pattern in a plane perpendicular to the
crystal layers for measurements at 1.57 MHz. The bottom
figure (b) shows the calculated focal pattern closer to the
crystal surface.

FIG. 3 (color online). Left side: Field patterns measured at
1.57 MHz without (a1) and with (a2) the crystal in place, along
with the theoretical prediction (a3). The x0 and y0 axes are in the
plane parallel to the sample surface, with x0 in the LK direc-
tion. Right side: Corresponding field patterns for measurements
at 1.60 MHz.
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surface of the crystal where the focal spot is sharpest
(the analogue of focal length) is 47	 (44 mm in water
at 1.60 MHz). There the diameter of the focal spot
(at 
6 dB) is 2:4	, close to the diffraction limit.
Figure 4(b) also shows that the average depth of the focal
zone is quite long (about 50	), but there is also a large
quasiperiodic modulation of the pattern as the distance
increases, with a periodicity of �15	. Near the sample
(z < 30	), the field pattern is quite complex, but still
shows the characteristic threefold symmetry expected
about the [111] direction.

Additional insight into the formation of the focusing
pattern shown in Figs. 3 and 4 can be obtained by tracing
ray diagrams that indicate the directions of the group
velocity for different angles of incidence. This is illus-
trated in Fig. 2(a) for two representative angles of
incidence, calculated at a frequency of 1.6 MHz. Inside
the crystal, the beam follows the direction of the group
velocity and bends the ‘‘wrong’’ way, appearing to
undergo negative refraction even though the wave vectors
of each plane wave component obey Snell’s law with
positive (normally refracted) angles of incidence and
refraction. As shown in the inset of Fig. 2(a), the apparent
angles of refraction �r are large and negative (e.g., for an
angle of incidence �i � 2:0�, �r � 
30�), leading to an
initial ray crossing just inside the crystal, and followed
by a second focus on the far side of the crystal. To
illustrate the physics of the focusing further, we have
drawn a ray diagram in Fig. 2(b) for the case where the
medium on either side of the crystal is the same. This
shows that a point source is imaged at the position d1 �
d2 � �L, where L is the thickness of the phononic crys-
tal, d1 and d2 are the distances from the source and
imaging points to the front and back interfaces, respec-
tively, and � � j tan�r= tan�ij is a parameter that is de-
termined by the magnitude of the apparent negative
refraction angle relative to the direction of the incident
wave vector. Thus, when the source is moved closer to the
crystal, the image on the other side moves further away,
but there is no central axis in the system: Moving the
source point parallel to the interface moves the image
point by the same amount.We note that � depends on both
frequency and incident angle in our case; thus, the imag-
ing depends on frequency, and the angular dependence
results in a shaped image with a long focal zone.

In summary, we have demonstrated both experimen-
tally and theoretically how phononic crystals can ‘‘bend’’
ultrasound beams in unusual ways due to the anisotropy
of the equifrequency surfaces in phononic crystals. The
crystal can be used to focus a diverging sound beam
without the curved interfaces used in conventional lenses,
with a focal length that can be varied by varying the
frequency. In addition to delineating the basic physics, the
excellent agreement between our theoretical model and
experiment lays a theoretical framework for engineering
phononic crystal lenses and prisms, ranging from acous-
tic superlenses with ideal focusing characteristics to

beam-shaping lenses with long focal zones, such as the
example considered above. As all the properties of pho-
nonic crystal are scalable, the study of such bending
effects may also provide new tools for improving sound
beams.
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