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Focusing of spatially inhomogeneous partially
coherent, partially polarized electromagnetic fields
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We report a general framework capable of describing the focusing of electromagnetic waves with spatially vary-
ing coherence and polarization properties in optical systems of arbitrary numerical aperture and Fresnel num-
ber. We also investigate the reduction of the dimensionality of the requisite integrals by use of a coherent mode
expansion. We find that coherent mode expansions treating each component of the electric field vector indi-
vidually are unsuitable for describing focusing systems because of the inter-component mixing that can occur
in high numerical aperture systems. In addition, we show that the assumption of harmonic angular depen-
dence allows the azimuthal integration to be performed analytically, providing further simplification of the
analysis. We also find that the effective degree of spectral coherence of an electromagnetic beam is unchanged
upon focusing. Finally, as an illustration of the developed framework, we calculate the transverse and axial
focal distributions for a partially coherent source formed by incoherent superposition of radially and azimuth-
ally polarized Laguerre–Gauss modes. © 2009 Optical Society of America
OCIS codes: 030.1640, 260.5430.
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. INTRODUCTION
ocusing in optical systems has been researched in ear-
est for myriad different scenarios. Focusing of coherent

ight under a scalar approximation has been well under-
tood for many years (see, for example, [1]), while even as
arly as 1919 focusing of coherent, fully polarized electro-
agnetic waves could be described by what is now known

s the Debye–Wolf diffraction integral [2–5]. In more re-
ent years attention has slowly turned toward focusing of
artially coherent light in both scalar [6–9] and vectorial
10,11] regimes due to its potential use in lithography, la-
er fusion, and microscopy [12–15]. Consideration of the
ull electromagnetic problem has, however, been limited
o homogeneous (partial) polarization across the pupil of
he focusing lens. A full and general treatment of the fo-
using of inhomogeneous, partially coherent, partially po-
arized waves is therefore lacking, an omission that is ad-
ressed in this article.
In Section 2 we first introduce the scaled Debye–Wolf

iffraction integral, which describes focusing in systems
f arbitrary numerical aperture and Fresnel number. The
caled Debye–Wolf integral is then applied to focusing of
rbitrary partially coherent, partially polarized light in
ection 3. The general result derived in Section 3 requires
valuation of a fourfold integral; however, by using a co-
erent mode expansion the dimensionality of the problem
an be reduced, as discussed in Section 4 for both scalar-
nd vector-based mode expansions. Further simplifica-
ions can be made when the coherent modes possess a
armonic angular dependence, since the azimuthal inte-
ration can be evaluated analytically, as shall be demon-
trated in Section 5. Finally, in Section 6 we give numeri-
1084-7529/09/112470-10/$15.00 © 2
al results for two examples of practical importance,
amely, radially and azimuthally polarized beams formed
rom Laguerre–Gauss modes.

. SCALED DEBYE–WOLF DIFFRACTION
NTEGRAL
he scaled Debye–Wolf diffraction integral can be used to
escribe focusing of quasi-monochromatic, coherent light
n optical systems with an arbitrary, albeit finite, Fresnel
umber and arbitrary numerical aperture and is given by
16]

E�r� = −
if2 exp�ik�0�

��f + z� � �
sx
2+sy

2�1

e�sx,sy�

�exp�iks · P�
dsxdsy

sz
, �1�

here P= �R cos � ,R sin � ,Z� represents the position vec-
or r= �� cos � ,� sin � ,z� of a point of observation in the fo-
al region, in a transformed coordinate system with

R =
f

f + z
�, �2�

Z =
f

f + z
z. �3�

= �sx ,sy ,sz�= �sin � cos � ,sin � sin � , cos �� is a unit vector
escribing the direction of a ray (see Fig. 1), f is the focal
ength of the lens, k=2	 /�=
 /c is the wavenumber of
009 Optical Society of America
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ight of wavelength � and frequency 
,

�0 = f + z +
�2 − 2fz

2�f + z�
, �4�

nd e�sx ,sy� describes the field distribution on the Gauss-
an reference sphere located in the exit pupil of the sys-
em centered on the geometrical focus of the lens. Noting
hat an element of solid angle over the reference sphere is
iven by

dsxdsy

sz
= sin �d�d�, �5�

he scaled Debye–Wolf integral can be rewritten as

E��,�,z� = −
if2 exp�ik�0�

��f + z� �
0

2	�
0

�

e��,��

�exp�ikR sin � cos�� − ���eikZ cos � sin �d�d�,

�6�

here � is the semi-angle of convergence of the lens. For
ystems of large Fresnel numbers (whereby R�� and Z
z) the scaled Debye–Wolf integral reduces to the more

amiliar Debye–Wolf integral [4,5]

E��,�,z� = −
if

�
�

0

2	�
0

�

e��,��

�exp�ik� sin � cos�� − ���eikz cos � sin �d�d�.

�7�

ig. 1. (Color online) Coordinate system and geometry of the
caled Debye–Wolf diffraction integral.

Table 1. Sum

Gaussian Refere
Sphere

oordinates 
� ,��
lectric field vector e�� ,��

ross-spectral density matrix w��1 ,�1 ,�2 ,�2

calar-based coherent mode 
n
�i��� ,��

ector-based coherent mode �n�� ,��
. FOCUSING OF PARTIALLY COHERENT,
ARTIALLY POLARIZED LIGHT
artially coherent light is generally described by using its
econd-order statistical properties. For example, when
onsidering scalar fields, one may use either the mutual
oherency function or the cross-spectral density function
17]. For electromagnetic fields the natural treatment is a
atrix formulation, with the second-order properties in

he space–time domain being described by a mutual co-
erency matrix, first introduced by Wiener [18,19], al-
hough also independently later introduced by Wolf [20].
ore recently an alternative space-frequency domain for-
alism has been developed. The correlation matrix of in-

erest is then often referred to as the cross-spectral den-
ity matrix (CSDM), which is itself a Fourier transform of
mutual coherency matrix [21]. It is worth noting that

ot only does the CSDM describe spatial coherence prop-
rties of a stochastic field (i.e., correlations between the
eld at two different points in space), but it also describes
artial polarization as encapsulated in the off-diagonal el-
ments, which measure the correlation between orthogo-
al field components. Consequently the work that follows
pplies to focusing of stochastic electromagnetic fields
ith arbitrary coherence and polarization properties.
Throughout this work we shall denote the CSDM in the

ocal region of a lens as

W�r1,r2,
� � �E�r1,
�E†�r2,
�	, �8�

here † denotes the Hermitian adjoint operator and �¯	
enotes the ensemble average over many monochromatic
tatistical realisations, E�r ,
�, of the electromagnetic
eld. For brevity the frequency dependence of all quanti-
ies will be dropped for the remainder of this article. The
SDM over other domains in the optical system, e.g., over

he reference sphere, can be expressed in a similar man-
er. Table 1 gives a summary of the notation used for the
SDM and other related quantities at different points in

he focusing system.
Given Eq. (8) and the scaled Debye–Wolf integral [Eq.

6)] it is a simple matter to determine the CSDM for light
ocused by a lens. By substitution we have

W�r1,r2� = K1K2
*�

0

2	�
0

2	�
0

��
0

�

�e��1,�1�e†��2,�2�	

�exp�ik�12�exp�ik�Z1 cos �1 − Z2 cos �2��

�sin �1 sin �2d�1d�2d�1d�2, �9�

of Notation

Back Focal Plane Focal Region


� ,�� r= 
� ,� ,z�

Ẽ�� ,�� E�r�

W̃��1 ,�1 ,�2 ,�2� W�r1 ,r2�


̃n
�i��� ,�� Cn

�i��r�

�̃n�� ,�� Ĉn�r�
mary

nce

�
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here Kl=−��ikf2� /2	�f+zl��exp�ik�0� and �12
R1 sin �1 cos��1−�1�−R2 sin �2 cos��2−�2�. Knowledge
f the CSDM in a single transverse plane is sufficient to
alculate the CSDM on any transverse plane in the focal
egion via, for example, the Wolf equations [21]. Hence-
orth we shall thus make the simplifying assumption that
1=Z2=Z; i.e., we restrict attention to a single plane in

he focal region. Consequently we also have K1=K2=K.
Finally, defining the CSDM on the Gaussian reference

phere in a way analogous to Eq. (8) such that
��1 ,�1 ,�2 ,�2�= �e��1 ,�1�e†��2 ,�2�	 gives

W�r1,r2� = �K�2�
0

2	�
0

2	�
0

��
0

�

w��1,�1,�2,�2�

�exp�ik�12�exp�ikZ�cos �1 − cos �2��

�sin �1 sin �2d�1d�2d�1d�2. �10�

In some applications it may be more useful to define
he focused CSDM in terms of the CSDM in the back focal
lane of the lens, which we denote W̃��1 ,�1 ,�2 ,�2�
�Ẽ��1 ,�1�Ẽ†��2 ,�2�	. Since the exit pupil of the focusing

ens is located at infinity when viewed from the second
rincipal focal plane, it is legitimate to use an infinite
oundary condition to relate the electric field vectors on
he reference sphere and in the back focal plane and
ence also the associated CSDMs. An infinite boundary
ondition is equivalent to a geometrical ��→0� boundary
ondition, and hence it is possible to use the generalized
ones matrix formalism [22,23] to give (assuming an ideal
ens and neglecting skew rays)

e��,�� = a���R−1��� · L��� · R��� · Ẽ��,�� = P��,�� · Ẽ��,��,

�11�

here P��,��=a���R−1��� ·L��� ·R���,

R��� = 

cos � sin � 0

− sin � cos � 0

0 0 1
� �12�

ecomposes the field into s and p field components that lie
erpendicular and parallel to the meridional plane, re-
pectively, (see Fig. 1), while

L��� = 

cos � 0 sin �

0 1 0

− sin � 0 cos �
� �13�

escribes the deflection of a ray by the lens. The scalar
actor a��� is an apodization factor that ensures that en-
rgy is conserved when projecting from the reference
phere to a plane. For example a���=�cos � or a���=1 if
he lens satisfies the sine or Herschel condition respec-
ively [24]. Hence

w��1,�1,�2,�2� = P��1,�1� · W̃��1,�1,�2,�2� · P†��2,�2�.

�14�

ubstituting Eq. (14) in Eq. (10) yields
W�r1,r2� = �K�2�
0

2	�
0

2	�
0

��
0

�

exp�ik�12�

�P��1,�1� · W̃��1,�1,�2,�2� · P†��2,�2�

� exp�ikZ�cos �1 − cos �2��

�sin �1 sin �2d�1d�2d�1d�2. �15�

quations (10) and (15) are the key results for this paper.
n what follows we consider various cases under which
he integrals simplify from the fourfold integrals given to
eparable twofold integrals (Section 4) or, even under cer-
ain symmetry assumptions, single integrals (Section 5).

. COHERENT MODE REPRESENTATIONS
calar coherent mode expansions in optical coherence
heory (see e.g., [21] for a fuller discussion) were perhaps
rst pioneered by Wolf [25] but have seen fervent use by
ther authors, e.g., [12,26,27]. It should, however, be
oted that all such theories derive from Karhunen–Loève
heory [28,29] which has been employed in statistics since
he 1940s. Karhunen–Loève theory tells us that given a
Hermitian, nonnegative definite, square integrable) sca-
ar correlation function over a closed domain D, such as
he cross-spectral density function W�r1 ,r2 ,
�, it is pos-
ible to expand it in terms of an infinite, orthonormal set
f coherent modes, 
n�r ,
�, viz.

W�r1,r2� = �
n=0

�

�n
n
*�r1�
n�r2�, �16�

here the coherent modes and associated expansion coef-
cients �n�
� are found by solution of the Fredholm inte-
ral equation:

�
D

W�r1,r2�
n�r1�dr1 = �n
n�r2�. �17�

Extension of existing scalar results to a treatment of
he full electromagnetic problem is, however, more contro-
ersial, with two opposing schools of thought debating the
ppropriate form of coherent mode expansions for (two-
nd) three-dimensional fields. In what follows we shall
onsider both of the alternative formalisms in turn and
hall denote them the scalar- and vector-based formal-
sms.

The first, scalar-based, interpretation applies the sca-
ar formulation described above to each field component
ndividually, hence requiring the solution of (two) three
ncoupled Fredholm integral equations of the form of Eq.
17). Accordingly, the individual elements of a general
SDM are expressed in the form [21]

Wij�r1,r2� = ��
n=0

�

�n
�i�
n

�i�*�r1�
n
�i��r2� for i = j,

�
n=0

�

�
m=0

�

�nm
�ij� 
n

�i�*�r1�
m
�j��r2� for i � j,�

�18�

here Wij�r1 ,r2� is the �i , j�th element of W�r1 ,r2� and the
xpansion coefficients for off-diagonal terms, �nm

�ij� , are
ound according to the integral
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�nm
�ij� =�

D
�

D


n
�i��r1�Wij�r1,r2�
m

�j�*�r2�dr1dr2. �19�

Alternatively, the vector-based formalism solves the
redholm integral equation with matrix-valued kernel

�
D

W�r1,r2��n�r1�dr1 = �n�n�r2� �20�

o find vectorial coherent modes [30,31], such that

W�r1,r2� = �
n=0

�

�n�n�r1��n
†�r2�. �21�

lthough this approach is more mathematically involved,
ince it requires the solution of (two) three coupled scalar
redholm integral equations, it does express the off-
iagonal elements more concisely.
Motivated by the analytic advantages frequently af-

orded by use of coherent mode expansions, we now use
hem in our description of focusing of partially polarized,
artially coherent light. Furthermore, we shall consider
xpansions of the CSDMs w��1 ,�1 ,�2 ,�2� on the reference
phere and W̃��1 ,�1 ,�2 ,�2� in the back focal plane.

Consider first the scalar-based expansion of
��1 ,�1 ,�2 ,�2�. Using Eq. (10) we immediately have

Wij�r1,r2� = �K�2�
n=0

�

�n
�i�

��
0

2	�
0

2	�
0

��
0

�


n
�i�*��1,�1�
n

�i���2,�2�

�exp�ik�12�exp�ikZ�cos �1 − cos �2��

�sin �1 sin �2d�1d�2d�1d�2.

or i= j and

Wij�r1,r2� = �K�2�
n=0

�

�
m=0

�

�nm
�ij�

��
0

2	�
0

2	�
0

��
0

�


n
�i�*��1,�1�
m

�j���2,�2�

�exp�ik�12�exp�ikZ�cos �1 − cos �2��

�sin �1 sin �2d�1d�2d�1d�2.

or i� j. Letting

Cn
�i��rl� = K�

0

2	�
0

�


n
�i�*��l,�l�exp�ikRl sin �l cos��l − �l��

�eikZ cos �l sin �ld�ld�l �22�

ives

Wij�r1,r2� = ��
n=0

�

�n
�i�Cn

�i�*�r1�Cn
�i��r2� for i = j,

�
n=0

�

�
m=0

�

�nm
�ij�Cn

�i�*�r1�Cm
�j��r2� for i � j.�

�23�
For a vector-based expansion of w��1 ,�1 ,�2 ,�2� in
erms of the set of coherent modes �n�� ,��, we similarly
nd

W�r1,r2� = �
n=0

�

�nCn�r1�Cn
†�r2�, �24�

here

Cn�rl� = K�
0

2	�
0

�

�n��l,�l�exp�ikRl sin �l cos��l − �l��

�eikZ cos �l sin �ld�ld�l. �25�

Comparing Eqs. (23) and (25) to the definition of the
calar- and vector-based expansions given by Eqs. (23)
nd (24), respectively, it is apparent that the scalar (vec-
or) coherent modes in the focal region can be found by fo-
using the coherent modes on the reference sphere by use
f the scaled Debye–Wolf integral with scalar (vector) ker-
el. This result is expected, because by construction the
odes are fully spatially and temporally coherent in ad-

ition to being statistically independent. Consequently,
ach coherent mode can be propagated independently us-
ng more familiar ideas from coherent optical theories. It
hould, however, be noted that

�
0

2	�
0

�

Cn
†�rl�Cm�rl�RldRld�l = �K�2�nm, �26�

here �nm is the Kronecker delta, meaning that to main-
ain orthonormality it is necessary to normalize the co-
erent modes by the factor �K�, which yields the alterna-
ive, albeit equivalent, expansion

W�r1,r2� = �
n=0

�

�n�K�2Ĉn�r1�Ĉn
†�r2�, �27�

here Ĉn�r� denotes a renormalized coherent mode.
Finally, we consider coherent mode expansions of the

ross-spectral density W̃��1 ,�1 ,�2 ,�2� in the back focal
lane. The scalar- and vector-based coherent modes are
enoted 
̃n

�i��� ,�� and �̃n�� ,��, respectively. To formulate
his problem we need only relate the coherent modes on
he reference sphere to those in the back focal plane. For
he vector-based expansion Eq. (14) gives �n�� ,��
P��,�� ·�̃n�� ,��. When considering the scalar-based ex-
ansion, however, the mixing of the elements of the
SDM caused by the transformation of Eq. (14) means

hat the focused CSDM cannot be expressed in the form of
q. (23). The lack of a simple, analytic correspondence be-

ween the coherent modes in the back focal plane and
hose in the focal region hence suggests that a scalar-
ased coherent mode expansion is unsuitable for focusing
n electromagnetic problems. Consequently, we shall con-
ider only vector-based expansions in the derivations of
ection 5.
At this juncture it is convenient to define a number of

ifferent metrics that are commonly used to describe par-
ially coherent light. There is again much dispute regard-
ng the appropriateness and meaning of these quantities;
owever, here we refrain from such discussions but in-
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tead examine the implications of focusing in terms of
ach metric. In particular, we consider the degree of spec-
ral coherence defined in [32] as

�2�r1,r2� =
tr�W�r1,r2��2

tr�W�r1,r1��tr�W�r2,r2��
�28�

nd the degree of spectral coherence defined in [31] as

�2�r1,r2� =
�W�r1,r2��F

2

tr�W�r1,r1��tr�W�r2,r2��
, �29�

here tr�¯ � and �¯ �F denote the matrix trace and the
robenius norm respectively. Analogous definitions hold

or the light before focusing. Since the CSDM will in gen-
ral change upon focusing, then so too will the associated
egrees of spectral coherence � and �. Numerical ex-
mples of this will be given in Section 6; however, it is in-
ormative to consider the effective degree of coherence, �̄,
ver the domain D for a general CSDM, as defined in [31]
y

�̄2 =

�
D
�

D

�W�r1,r2��F
2dr1dr2

�
D

tr�W�r1,r1��dr1�
D

tr�W�r2,r2��dr2

. �30�

efore and after focusing, �̄2 evaluates to

n=0
� �n

2 / ��n=0
� �n�2, and it is therefore possible to conclude

hat the effective degree of spectral coherence �̄ is un-
hanged upon focusing. Unfortunately, no conservation
ule holds for �̄2 that could be defined in an analogous
ay.

. HARMONIC ANGULAR DEPENDENCE
urther simplifications of the focusing integrals of Eqs.

10) and (15) can be made if certain symmetry conditions
old. In particular we shall analytically evaluate the azi-
uthal integration when the coherent modes (on either

he reference sphere or the back focal plane) have a har-
onic angular dependence, i.e., �n�� ,��=�n���sin m� or

n���cos m� and similarly for �̃n�� ,��, where m�Z0
+.

To consider the assertion of harmonic angular depen-
ence on the reference sphere, it is sufficient to consider

he Cn�rl� integrals of Eq. (25) such that �
Cn
I �rl� = K�

0

2	�
0

�

�n��l��sin m�l

cos m�l
�exp�ikRl sin �l

�cos��l − �l��eikZ cos �l sin �ld�ld�l. �31�

mploying the well-known identity [33]

�
0

2	 �sin m�

cos m��exp�ia cos�� − ���d� = 2	im�sin m�

cos m��Jm�a�,

�32�

here Jm�a� is the Bessel function of the first kind of or-
er m, yields

Cn
I �rl� = 2	imK�sin m�l

cos m�l
�

��
0

�

�n��l�Jm�kRl sin �l�eikZ cos �l sin �ld�l.

�33�

lternatively, when considering coherent modes on the
ack focal plane we have

n
II�rl� = K�

0

2	�
0

�

P��l,�l��̃n��l�

��sin m�l

cos m�l
�eikRl sin �l cos��l−�l�eikZ cos �l sin �ld�ld�l.

�34�

xpanding P�� ,�� gives

P��,�� =
a���

2 

p1 + p2 cos 2� p2 sin 2� p3 cos �

p2 sin 2� p1 − p2 cos 2� p3 sin �

− p3 cos � − p3 sin � p4
� ,

�35�

here

p1 = cos � + 1, �36a�

p2 = cos � − 1, �36b�

p3 = 2 sin �, �36c�

p4 = 2 cos �. �36d�

gain using Eq. (32) we can perform the integration over

l to give
Cn
II�rl� =

K

2 

�2,−m,2

n,x,s − �2,−m,2
n,y,c − i�1,−m,3

n,z,s + 2�0,m,1
n,x,s + i�1,m,3

n,z,s − �2,m,2
n,x,s + �2,m,2

n,y,c

− �2,−m,2
n,x,c − �2,−m,2

n,y,s + i�1,−m,3
n,z,c + 2�0,m,1

n,y,s − i�1,m,3
n,z,c + �2,m,2

n,x,c + �2,m,2
n,y,s

i�1,−m,3
n,x,s − i�1,−m,3

n,y,c + 2�0,m,4
n,z,s − i�1,m,3

n,x,s + i�1,m,3
n,y,c � �37�

or a sinusoidal angular dependence or
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or a cosinusoidal angular dependence, where

�q,±m,u
n,v,t �rl� = 2	i±m�sin�q ± m��l

cos�q ± m��l
��

0

�

a��l��̃n
v��l�pu

�sin �lJq±m�kRl sin �l�eikZ cos �ld�l, �39�

here �̃n
v denotes the vth component of �̃n and the sin

cos) term is taken for t=s �c�. Evaluation of the single in-
egrals of Eq. (39) is all that is necessary to calculate the
SDM of focused, inhomogeneous, partially polarized,
artially coherent light for which the coherent modes
ave a harmonic angular dependence.
In coherence calculations the assumption of a circularly

ymmetric CSDM is often made (whereby either
��1 ,�1 ,�2 ,�2�=w��1 ,�2� or W̃��1 ,�1 ,�2 ,�2�=W̃��1 ,�2�) be-
ause it allows the dimensionality of analysis to be re-
uced. Circularly symmetry in the CSDM is inherited by
he coherent modes, and hence this frequently considered
cenario is given as a special case �m=0� of the preceding
nalysis. We have demonstrated that even under less
tringent assumptions the dimensionality of the problem
an still be reduced. Finally, it should be noted that in the
receding analysis it was assumed that each field compo-
ent of the vector-based coherent modes had the same
armonic behaviour. This assumption is, however, not re-
uired since Eq. (32) can still be used to form a family of
ntegrals similar to that defined by Eq. (39). An example
f this type is considered in the next section.

. NUMERICAL EXAMPLES
. Radially Polarized Laguerre–Gauss Modes
y way of example we consider a beamlike source formed
y the superposition of mutually uncorrelated, radially
olarized Laguerre–Gauss modes located in the back focal
lane of a lens. Radially polarized beams are becoming in-
reasingly popular for two reasons: first, upon focusing
hey give a focal spot narrower than the Rayleigh
iffraction limit [34], and second, Laguerre–Gauss modes
re obtained for typical laser cavities with circular
eometries. In this scenario the CSDM in the back
ocal plane is of the form W̃��1 ,�1 ,�2 ,�2�
�n=0

� �n�̃n��1 ,�1��̃n
†��2 ,�2�, where

�̃n��,�� = �̃n���

cos �

sin �

0
� �40�
nd

�̃n��� = � 2

	�2�1/2

Ln�2 sin2 �

�2 �exp�−
sin2 �

�2 � . �41�

n represents the nth-order Laguerre polynomial and � is
frequency-dependent parameter. We further consider

he case discussed in [35] for which �n=	�1−q2�q2n /2�2

or 0�q�1. The parameter � is a measure of the beam
iameter measured in focal lengths, while q determines
he effective degree of spectral coherence via �̄2= �1
q2� / �1+q2�, with the limits q→0 �q→1� giving a fully
patially (un)correlated source. The beam diameter as
pecified by � will be held constant throughout the re-
ainder of this work to avoid extraneous effects resulting

rom a different apodization of the beam.
Following the analysis given in Section 5, the focused

oherent modes are found to be

Cn
II�rl� = K
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n − �2,−1,2

n �cos �

��0,1,1
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n �sin �
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n � , �42�

here
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ig. 2. (Color online) Radial line scans ��=0� and full trans-
erse focused intensity distributions for a radially polarized
eam source for (a) �̄=0 (q=0, coherent), (b) �̄=1/3 �q=0.62�, and
c) �̄=2/3 �q=0.89�. (d), (e), (f) Similar line scans for an azimuth-
lly polarized beam. For numerical calculations we assumed an
planatic lens of numerical aperture 0.97. Furthermore, the val-
es �=1 and �=405 nm were used. Note that peak intensity has
een normalized to unity in all cases for easy comparison.
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�2,−1,2
n �rl� = − 2	i�

0

�

a��l��̃n��l��cos �l − 1�

�sin �lJ1�kRl sin �l�eikZ cos �ld�l, �43b�

�1,−1,3
n �rl� = − 4	i�

0

�

a��l��̃n��l�

�sin2 �lJ0�kRl sin �l�eikZ cos �ld�l. �43c�

sing these coherent modes it is possible to calculate the
ocal intensity distribution for sources of differing effec-
ive degree of spectral coherence �̄. In Fig. 2 we have plot-
ed transverse line scans (�=0, Z=0) for sources with
=0, 1/3 and 2/3. Although there is little effect on the
idth of the transverse profile, we note with reference to
ig. 3 that there is a modest extension in the depth of
eld as the source becomes more incoherent. There is also
slight increase in the energy density in the wings of the
ransverse profile. We note that due to the apodization
ver the pupil, the focal spot is broader than that for uni-
orm intensity since the contribution from the longitudi-
al field component, responsible for the narrow spot for
he unapodized case, is reduced.

Figures 4(a) and 4(c) show plots of the degrees of spec-
ral coherence, � and �, between points located along the
ositive x axis ��1=�2=0� in the focal plane. Unity degree
f coherence between two points implies that were the
eld from these points brought together, the resulting in-
erference fringes would have a visibility of unity. Conse-
uently if r1=r2 (dashed line) then � automatically evalu-
tes to unity, as can be seen in Fig. 4(a). However, this is
ot in general true for the �, since this also measures the
orrelations between individual components of the elec-
ric field. The rotation of the electric field vector by a lens
an introduce differing stochastic behavior in orthogonal
eld components, hence resulting in the possibility of
�r ,r��1 as can be seen along the diagonal in Fig. 4. The
ifferences between the two metrics are more fully dis-
ussed in [32].
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. Azimuthally Polarized Laguerre–Gauss Modes
zimuthally polarized beams are equally seeing attention

n the literature and upon focusing produce a focal ring
seful, for example, in STED microscopy [36]. In this case
he vectorial coherent modes are of the form

�̃n��,�� = �̃n���

sin �

− cos �

0
� , �44�

hich in the focal region yields

Cn
II�rl� = K


��0,1,1
n + �2,−1,2

n �sin �

− ��0,1,1
n + �2,−1,2

n �cos �

0
� . �45�

gain, transverse line scans of the focal intensity distri-
ution are shown in Fig. 2, while the axial intensity dis-
ribution is shown in Fig. 5. Conclusions similar to those
ade for the radially polarized source can be drawn for

n azimuthally polarized source; however, the augmenta-
ion of the wings of the transverse intensity profile is
ore pronounced.
Figures 4(b) and 4(d) again show plots of the degrees of

pectral coherence, � and �, between points located along
he positive x axis in the focal plane. For azimuthally po-
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. CONCLUSIONS
his work was undertaken with a view to developing a
eneral description of focusing of partially polarized, par-
ially coherent electromagnetic waves capable of handling
patially inhomogeneous statistical properties across the
upil of the focusing lens(es). This objective has been
chieved by use of the scaled Debye–Wolf diffraction inte-
ral, which places few constraints on the system geom-
try since it is valid for high numerical aperture lenses of
rbitrary Fresnel number. Furthermore, we have shown
hat by employing a coherent mode representation of the
SDM it is possible to reduce the four-dimensional inte-
rals to two-dimensional ones. This allows substantial
omputational gains to be made. Analysis of the focusing
peration has been performed in terms of the CSDM
cross both the Gaussian reference sphere and the back
ocal plane in terms of scalar- and vector-based coherent
odes, since both are frequently used in optical calcula-

ions. It was found, however, that due to mixing of differ-
nt components of the electric field that occurs in high-
umerical-aperture optical systems, scalar-based
oherent mode expansions can be unsuitable. We were
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lso able to show that the effective degree of spectral co-
erence �̄ of an electromagnetic beam is unchanged upon
ocusing.

In addition, although the imposition of circular symme-
ry is often made in the analysis of optical systems to
ake calculations more mathematically tractable and to

educe the dimensionality of the problem, we have shown
hat these benefits are still realizable with the less strin-
ent requirement of a harmonic angular dependence of
he coherent modes. A couple of examples were also
riefly discussed to highlight our mathematical method.
As a final comment we are mindful that we have con-

entrated solely on the second-order statistical properties
s encapsulated by the CSDM. That said, it is in principle
ossible to extend Eqs. (10) and (15) to calculate higher-
rder statistical moments of focused light. Since knowl-
dge of all the moments of a random process, provides a
ull description of the process, it is thus possible to fully
ccount for the effect of focusing on randomly fluctuating
lectromagnetic waves within the framework discussed.
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