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Abstract

Algorithms for data-driven learning of domain-specific overcomplete dictionaries are developed to obtain maxi-
mum likelihood and maximum a posteriori dictionary estimates based on the use of Bayesian model s with concave/Schur-
concave (CSC) negative log-priors. Such priors are appropriate for obtaining sparse representations of environmental
signals within an appropriately chosen (environmentally matched) dictionary. The elements of the dictionary can be
interpreted as ‘concepts,’ ‘features’ or ‘words capable of succinct expression of events encountered in the environ-
ment (the source of the measured signals). This is a generalization of vector quantization in that one is interested
in a description involving afew dictionary entries (the proverbial ‘25 words or less'), but not necessarily as succinct
as one entry. To learn an environmentally-adapted dictionary capable of concise expression of signals generated
by the environment, we develop algorithms that iterate between a representative set of sparse representations found
by variants of FOCUSS, an affine scaling transformation (AST)-like sparse signal representation algorithm recently
developed at UCSD, and an update of the dictionary using these sparse representations.

1 INTRODUCTION

FOCUSY[1, 2, 3, 4,5, 6, 7] standsfor “FOCal Underdetermined System Solver” and is an algorithm designed to obtain
suboptimally (and, at times, maximally') sparse solutionsto the m x n, underdetermined linear inverse problem?

Az =y. )

Since our initial investigations into its properties as a algorithm for providing sparse solutions to linear inverse prob-
lemsin relatively noise-free environments,[ 1, 2, 3, 4, 5, 6] we now better understand the behavior of FOCUSS in noisy
environments[9, 10] and as an interior point-like optimization algorithm for optimizing concave functionals subject
to linear constraints[11, 12, 13, 14, 15, 16, 17] In this paper, we will briefly discuss how the use of concave (and
Schur concave) functionals enforces sparse solutions to (1). We also discuss the choice of the matrix, A4, in (1) and its
relationship to the set of signal vectorsy for which we hope to obtain sparse representations. In this vein, we present
algorithms capable of learning an environmentally adapted dictionary, A, given a sufficiently large and statistically
representative sample of signal vectors, y.[18, 19, 20]

* Authors can be contacted at {kreutz,brao} @ece.ucsd.edu. Research supported by National Science Foundation Grant No. CCR-9902961
1A measure of sparseness (equivalently, succinctness or concentration) is provided by the so-called numerosity[8],

#(x) = number of nonzero elements of x.

A maximally sparse solution is one for which the sparsity is a minimum as measured by the numerosity.
2For notational simplicity, in this paper we consider the real case only. The extension to the complex case is straightforward.



We refer to the columns of the full row-rank m x n matrix A,
A:[ala"'aan]eRmxna n x> m, (2)

as a dictionary and they are assumed to be a set of vectors capable of providing a highly succinct representation
for most (and, idedlly, all) statistically representative signal vectorsy € R™. Note, that with the assumption that
rank(A) = m, every vector y has a representation; the question at hand is whether this representation is likely to be
sparse. We call the statistical generating mechanism for signals, y, the environment and a dictionary, A, within which
such signals can be sparsely represented an environmentally adapted dictionary.

Environmentally generated signals typically have significant statistical structure, and can be represented by a set
of basis vectors spanning a lower dimensional submanifold of meaningful signals [21, 22]. These environmentally-
meaningful representation vectors can be obtained by maximizing the mutual information between the set of these
vectors (the dictionary) and the signals generated by the environment [23, 24, 25, 26, 27, 28]. This procedure can be
viewed as a natural generalization of Independent Component Analysis (ICA) [23, 25]. Asinitially developed, this
procedure usually results in obtaining a minimal spanning set of spanning vectors (i.e., atrue basis). More recently,
the desirability of obtaining “overcomplete” sets of vectors (or “dictionaries’) has been noted [26, 29, 30, 31, 8, 6].
For example, projecting measured noisy signals onto the signal submanifold spanned by a set of dictionary vectors
results in noise reduction and data compression [8, 32]. These dictionaries can be structured as a set of true bases from
which asingle basisis to be selected to represent the measured signal(s) of interest [30], or as alarge set of individual
vectors[31], perhaps even unorganized in any particular way [26, 29, 6].

The problem of determining a representation from an overcomplete dictionary, A = [a 1, ...,a,], n >> m, fora
specific signal measurement, ¥, is equivalent to solving an underdetermined inverse problem, Az ~ y. The standard
least squares solution to this problem has the (at times) undesirable feature of involving all the dictionary vectorsin
the solution® (the “ spurious artifact” problem), and does not allow for the extraction of a categorically or physically
meaningful solution. That is, it is not generally the case that a least-squares solution yields a concise representation
alowing for a precise semantic meaning®. If the dictionary is large and rich enough in representational power, a
measured signal can be matched to avery few (perhaps even just one) dictionary words. In this manner we can obtain
concise semantic content about objects or situations encountered in natural environments[21]. Thus, there has been a
significant interest in finding “ sparse” solutions, z, (solutions having a minimum number of nonzero elements) to the
signal representation problem. Interestingly, matching a specific signal to a sparse set of dictionary words/vectors can
be related to entropy minimization as a means of elucidating statistical structure [33]. Finding a sparse representation
(based on the use of a “few” code/dictionary words) can also be viewed as a generalization of vector quantization
where a match to asingle “ code vector” (word) is always sought (taking “ code book” = *“dictionary”). Indeed, we can
refer to a sparse solution, x, as a sparse coding of the signal instantiation, .

1.1 Stochastic Models
Itiswell known[34] that the stochastic generative model
Yy = Az +v s (3)

can be used to develop agorithms enabling coding of y € R™ via solving the inverse problem for a sparse solution
z € R™ for the undercomplete (n < m) and complete (n = m) cases. In recent years there has been a great deal of
interest in obtaining sparse codings of y viathis procedure for the overcomplete (n > m) case [31, 21]. In our earlier
work we have shown that given an overcomplete dictionary, A, (with the columns of A comprising the dictionary

3This fact comes as no surprise when the solution is interpreted within a Bayesian framework, using a gaussian (maximum entropy) prior.
4Taking “semantic” here to mean categorically or physically interpretable.



vectors) a MAP estimate of the source vector, z, will yield a sparse coding of y in the low-noise limit if the negative
log-prior, —log(P(z)), is Concave/Schur-Concave (CSC)[7, 16]. For P(z) factorizable into a product of margina
probabilities, the resulting code is also known to provide an Independent Component Analysis (ICA) representation
of y. More generally, a CSC prior results in a sparse representation even in the non-factorizable case (with z then
forming a“ Dependent Component Analysis,” or DCA, representation) [12, 17].

Giveniiddata, Y = Y~ = (y1, ..., yn), whichis assumed to be generated by the model (3), amaximum likelihood
estimate, A,,., of the unknown (but nonrandom) dictionary A can be determined ag[26, 29]

A, = arg max P(Y;A).

This requires integrating out the unobservable iid source vectors, X = XV = (z1,...,zx), in order to compute
P(Y; A) from the (assumed) known probabilities P(z) and P(v). In essence X is formally treated as a set of nui-
sance parameters which, in principle, can be removed viaintegration. However, because the prior P(z) is generally

taken to be supergaussian, this integration is intractable or computationally unreasonable. Thus approximations to

this integration are performed which result in an approximation to P(Y"; A) which is then maximized with respect

to Y. A new, better, approximation to the integration can then be made and this process is iterated until the estimate
of the dictionary A has (hopefully) converged [26]. We refer to the resulting estimate as an Approximate Maximum

Likelihood (AML) estimate of the dictionary A (denoted here by EAML). No formal proof of the convergenceof thisal-
gorithm to the true maximum likelihood estimate, A .1, has been givenin the prior literature, but it appearsto perform
well in various test cases [26]. Below, we discuss the problem of dictionary learning within the framework of our re-

cently developed CSC log-prior model-based sparse source vector learning approach which for aknown overcomplete
dictionary can be used to obtain sparse codes, both for the ICA (factorial code) and DCA (nonfactorial code) cases
[7, 12, 13, 14, 11, 16]. Such sparse codes can be found using FOCUSS, an affine scaling transformation (AST)-like
iterative algorithm which finds a sparse locally optimal MAP estimate of the source vector  for an observationy. Us-

ing these results, we can develop dictionary learning algorithms, both within the Approximate Maximum Likelihood

framework mentioned above and for obtaining a MAP-like estimate, Aype, Of the (now assumed random) dictionary,
A, assuming in the latter case that the dictionary belongs to a compact submanifold corresponding to unit Frobenius
norm. Under certain conditions, convergenceto alocal minimum of a MAP-loss function which combines functions

of the discrepancy e = (y — Ax) and the degree of sparsity in x can be rigorously proved.

2 FOCUSS:. Sparse Solutions for Known Dictionaries

2.1 Known Dictionary Model.

A Bayesian interpretation is obtained from the generative signal model (3) by assuming that = has the parameterized
(generally nongaussian) pdf,

P,(z) = Zp—le—% dp () . Zy= /e—vp dp(w)dx, (4)

with parameter vector p. Similarly, the noise v is assumed to have a parameterized (possibly nongaussian) density
P,(v) of the same form as (4) with parameter vector ¢. It is assume that z and v have zero means and that their
densities obey the property d(z) = d(|z|), for | - | defined component-wise. Thisis equivalent to assuming that the
densities are symmetric with respect to sign changes in the components of z, z[i] +- —z[¢], and therefore that the
skews of these densities are zero. We aso assume that d(0) = 0. With a dlight abuse of notation, we allow the
differing subscripts ¢ and p to indicate that d, and d,, may be functionally different as well as parametrically different.
We refer to densitieslike (4), for suitable additional constraintson d ,, (), as Hypergeneralized Gaussian Distributions
[16, 17].



If we treat A, p, and ¢ as known parameters, then = and y are jointly distributed as P(z,y) = P(z,y;p,q, A).
Bayes' ruleyields,

P@mnA)Z%PMMEA%PWWJDZ%%@—A@-%@) (5

Bzﬂsz@anZ/fwﬂiﬂﬂﬂ- ®)

Usually the dependenceon p and ¢ is notationally suppressed and we write 5 = P(y; A), etc. Given an observation, y,
maximizing (5) with respect to z yieldsthe MAP estimate z. Thisideally resultsin a sparse coding of the observation,
arequirement which places functional constraints on the probability density functions. Note that 3 is independent of
2 and can be ignored when optimizing (5) with respect to the unknown source vector z.

The MAP estimate equivalently is obtained from minimizing the the negative logarithm of P(z|y), whichis,

Z =argmind,(y — Az) + Ad,(x), @)

where X = v, /74, and dy(y — Az) = d,(Az — y) by our assumption of symmetry. The quantity § isinterpretable as
asignal-to-noiseratio (SNR). Furthermore, assuming that d, and d,, are CSC, theterm d, (y — Az) in (7) encourages
sparseresiduas, e = y — Az, whilethe term d,, (x) encourages sparse source-vector estimates, . A given value of A
then determines a trade-off between residual and source vector sparseness.

Note that A — 0 as~, — 0 which (consistent with the generative mode! (3)) we refer to as the low noise limit.
Because the mapping A is assumed to be onto, in the low noise limit the optimization (7) is equivalent to the linearly
constrained problem,

Z = argmind,(z) subjectto Az =y. (8

In the low-noiselimit, no sparseness constraint is placed on theresidualse = y — AZ. It isevident that the structure of
d,(-) iscritical for obtaining asparse coding, z, of the observation y[12, 11]. The quantity d ,(x) is aways assumed to
be CSC (enforcing sparse solutions to the inverse problem (3)). Later, during the development of dictionary learning
algorithms, v will be assumed to be Gaussian (¢ = 2).

2.2 TheFOCUSSAlgorithm.

Locally optimal solutions to the problems (8) and (7) are given by the FOCUSS agorithm. Thisis an Affine-Scaling
Transformation (AST)-like (interior point) algorithm originally proposed for thelow noise case[6, 12, 11] and extended
viaregularizationto the non-trivial noise case[9, 20]. For aknown dictionary estimate, A, asolution to the optimization
problemis provided by repeated iteration of the form,

o O7N@) T e P

T <« AU (B@)I + AL (@R)AY) e, (9)
k =1,---,N. The diagonal positive-definite matrix, I(z), is defined as in equation (28) given below and comes
from afactorization of the gradient of the sparsity-inducing regularizing function d , (x). This factorization is key to
understanding FOCUSS as a sparsity-inducing interior-point (AST-like) optimization algorithm[12, 13, 11]. Taking
B = 0yieldsthe original low-noise FOCUSS agorithm. The case 8 # 0 yieldsthe regularized FOCUSS a gorithm[7,
20]. More computationally robust variants of (9) are discussed elsewhere[4, 9].

For regularized FOCUSS, 5(z) = Aa(zx), where ) is the regularization parameter in (7), which in general is a
function of xzy,, y; and the iteration number. Methods for choosing A include the quality-of-fit criteria, the sparsity
critera, and the L-curve [35]. The quality-of-fit criteria attempts to minimize the residual error y — Ax [2] which can
be shown to convergeto a sparse solution [11]. The sparsity criterarequires that a certain number of elements of each
x, be non-zero.



The L-curve method adjusts A to optimize the trade-off between the residual and sparsity of « ;. Theplot of d,(z},)
versusd, (y, — Azy,) hasan L-shape, the corner of which providesthe best trade-off. The corner of the L-curveisthe
point of maximum curvature, and can be found by a one-dimensional maximization of the curvature function [36].

A hybrid approach known as the modified L-curve method combines the L-curve method on a linear scale and
the quality-of-fit critera, which is used to place limits on the range of A\ that can be choosen by the L-curve [35].
The modified L-curve method was shown to have good performance, but it requires a one-dimensional numerical
optimization step for each x;, at each iteration, which can be computationally expensive for large vectors.

2.3 Independent Component Analysis (ICA) and Sparsity Inducing Priors.

An important class of densitiesis given by the generalized gaussians for which
dy(z) = ||=|lb =Y |«[k]|”, (10)
k=1

forp > 0[37]. Thisisaspecial case of thelarger ¢,, class (the “p-class’) of functionswhich alows p to be negativein
value[11, 12]. Note that this function has the special property of separability,

n

dp(z) = Z dyp(z[k])

k=1

which corresponds to factorizability of the density P, (z),

and hence to independence of the components of z. It is now well-known that the assumption of independent com-
ponents allows the problem of solving the generative model (3) for z to be interpreted as an Independent Component
Analysis (ICA) problem [23, 38, 26, 39]. It is of interest, then, to consider the development of a large class of pa
rameterizable separable functions d,, (=) consistent with the ICA assumption[11, 12]. Note that given such aclass, it
is natural to examine the issue of finding a best fit within this class to the “true” underlying prior density of z. This
is a problem of parametric density estimation of the true prior where one attempts to find an optimal choice of the
model density P, (z) by an optimization over the parameters p which define the choice of aprior from within the class.
Thisis, in general, a difficult problem which may require the use of Monte-Carlo, evolutionary programming, and/or
stochastic search techniques.

Can the belief that supergaussian priors, Py(z), are appropriate for finding sparse solutions to (3)[21, 26] be
clarified or maderigorous? It iswell known that the generalized gaussian distribution arising fromthe use of (10) yields
supergaussian distributions (positive kurtosis) for p < 2 and subgaussian (negative kurtosis) for p > 2. However, one
can argue that the condition for obtaining sparse solutions in the low noise limit is the stronger requirement that
p < 1, inwhich case the separable function d, () is concave and Schur-concave. Thisindicatesthat supergaussianess
(positive kurtosis) alone is necessary but not sufficient for inducing sparse solutions. Rather, sufficiency is given by
the requirement that — log P, (z) =~ d,(x) be Concave/Schur-Concave(CSC).

We have seen that the function d,(z) has an interpretation as a (negative logarithm of) a Bayesian prior or as a
penalty function enforcing sparsity in (7) where d , () should serve as a “relaxed counting function” on the nonzero
elements of z. Our perspective emphasizes the fact that d,(x) serves both of these goals simultaneously. Thus, good
regularizing functions, d, (z), should be flexibly parameterizable so that P,(z) can be optimized over the parameter
vector p to provide a good parametric fit to the underlying environmental probability density function, and the func-
tions should also have analytical properties consistent with the goal of enforcing sparse solutions. Such properties are
discussed in the next section.



24 Majorization and Schur-Concavity [40]

Schur-Concave Functions. A measure of the sparsity of the elements of a solution vector 2 (or the lack thereof,
which we refer to as the diversity of x) is given by a partial ordering on vectors known as the Lorentz order. For any
vector in the positive orthant, z € R, define the decreasing rearrangement

= (T)), T n))s Ty 2 2T 20
and the partial sums[40, 41],
Sw[k]:iwlnb k=1,---,n.
i=1
We say that y majorizesx, y = z,ifffork =1,---,n,
Sylk] > Su[k];  Sy[n] = Si[n].

The vector y is more concentrated, or less diverse, than . This partial order defined by majorization then defines the
L orentz order.

We are interested in scalar-valued functions of z which are consistent with majorization. Such functions are
known as Schur-Concave functions, d(-) : R’} — R. They are defined to be precisely the class of functionswhich are
consistent with the Lorentz order,

y=x = dy) <d).

Inwords, if y isless diverse than x (according to the Lorentz order) then d(y) islessthan d(z) for d(-) Schur-concave.
We assume that Schur-Concavity is a necessary condition for d(-) to be agood measure of diversity (anti-sparsity).
Concavity yields spar se solutions. Recall that afunction d(-) is concave on the positive orthant R iff [42]

d((1 =)z +vy) > (1 —y)d(z) +vd(y),

Va,y € R} ,Vvy,0 <~ < 1. Inaddition, ascalar functionis said to be permutationinvariant if its valueisindependent
of rearrangements of its components. An important fact is that for permutation invariant functions concavity is a
sufficient condition for Schur-Concavity:

Concavity + Permutation Invariance = Schur-Concavity.

Now consider thelow-noise sparseinverse problem (8). Itiswell known that subject to linear constraints, aconcave
functionon R’} takesits minimaon the boundary of R”} [42], and as a consequence these minimaare therefore sparse.
We take concavity to be asufficient conditionfor d(-) to be ameasure of diversity and we obtain sparsity as constrained
minimaof d(-). Moregenerally, adiversity measure should be somewhere between Schur-concaveand concave. Inthis
spirit, one can define almost concave functions,[12] which are Schur-concave and (locally) concavein al n directions
but one, which also are good measures of diversity.

Separ ability, Schur-Concavity, and | CA. The simplest way to ensurethat d(x) be permutation invariant (anecessary

condition for Schur-concavity) is to use functions that are separable. Recall that separability of d ,(z) corresponds
to factorizability of P,(z). Thus separability of d(z) corresponds to the assumption of independent components of

x under the model (3). We see that from a Bayesian perspective, separability of d(xz) corresponds to a generative
model for y that assumes a source, x, with independent components. With this assumption, we are working within

the framework of Independent Component Analysis (ICA) [43, 38, 39]. We have developed effective algorithms for

solving the optimization problem (8) for sparse solutionswhen d , () is separable and concave [12, 11].

It is now evident that relaxing the restriction of separability generalizes the generative model to the case were
the source vector, x, has dependent components. We can reasonably call an approach based on a non-separable



diversity measure d(x) a Dependent Component Analysis (DCA). Unless careistaken, this relaxation can significantly
complicate the analysis and development of optimization algorithms. However, one can solve the low-noise DCA
problem provided appropriate choices of hon-separable diversity functions are made.[12, 11]

2.5 Supergaussian Priorsand Sparse Coding

The P-class of diversity measuresfor 0 < p < 1 result in sparse solutions to the low-noise coding problem (8). These
separable and concave (and thus Schur-concave) diversity measures correspond to supergaussian priors, consistent
with the “folk theorem” that supergaussian priors are sparsity enforcing priors. However, taking 1 < p < 2 results
in supergaussian priors which are not sparsity enforcing. Taking p to be between 1 and 2 yields ad ,(z) which is
convex, and therefore not concave. This is consistent with the well-known fact that for this range of p, the p t*-root
of d,(z) isanorm. Minimizing d,(z) in this case drives z towards the origin, favoring “concentrated” rather than
“gparse” solutions. We see that if a sparse coding is to be found based on obtaining a MAP estimate to the low-
noise generative model (3) then, in a sense, supergaussianess is a necessary but not sufficient condition for a prior
to be sparsity enforcing. A sufficient condition for obtaining a sparse MAP coding is that the negative log-prior be
Concave/Schur-concave (CSC).

3 Dictionary Learning

3.1 Unknown, Nonrandom Dictionaries.

The Maximum Likelihood Estimation framework treats parameters to be estimated as unknown but deterministic. In
this spirit we take the dictionary, A, to be the set of unknown parametersto be estimated from the observationset Y =
YN, In particular, given YV the maximum likelihood estimate A, isfound from maximizi ng the likelihood function
L(A|YN) = P(Y¥; A). Under the assumption that the observations areiid, this correspondsto the optimization,

N
Ay = arg mgxkli[l P(yg; A), (12)
Plyi; A) = / Py, a; A)de = / Plyilz; A) - Py(x)dz = / Py(yi — Ax) - Py(a)d. (12)

Defining the sample average of afunction f(y) over thesampleset YV = (y1,---,yn) by

1 N
s =5 2 ),
k=1

the optimization (11) can be equivalently written as

Ay = argmin — (log(P(y; A))) y - (13)
Note that P(y; A) is equal to the normalization factor 3 encountered earlier above, but now with the dependence
of 5 on A and the particular sample, y;, made explicit. The integration in (12) in general is intractable, and various
approximations have been proposed to obtain an Approximate Maximum Likelihood estimate, A, [26, 29].
Recently the following approximation has been proposed:[ 26]

Py(z) ~ 8(z — Tx(A)), (14)

where

-~ -~

Zr(A) = argmax P(yg,x; A) , (15)



fork = 1,---, N, assuming a current estimate, A, for A. This approximation corresponds to assuming that x ;. for
which y, = Az isknown and equal to z, (fT). With this approximation, the optimization (13) becomes,

Ay, = argmin <dq (y — A7) + A dp(§)>N : (16)
which is an optimization over the sample average of the functional (7) encountered earlier. Updating our estimate for
the dictionary,

A Ay, 17

we can iterate the procedure (15)—(16) until A, has converged, hopefully (at least in the limit of large N) to A, =
EML (Y'V) as the maximum likelihood estimate QML(YN) has well-known desirable asymptotic propertiesin the limit
N — oo.

Performing the optimization in (16) for the ¢ = 2 iid gaussian measurement noise case (v gaussian with known
covariance o2 - I) corresponds to taking

~ 1 ~
d(y - 42) = 55 Iy — 43|, (18)
in (16). Inthe Appendix it is shown that we can readily obtain the unique ‘batch’ solution,

A\AML = Eya‘:zjl (19)

TE

1 & 1 &
k=1 k=1
The Appendix actually derivesthe maximum likelihood estimate of A for theideal case of known source vectors X,

Known Source Vector Case: A, = %, %71

T

which is, of course, actually not computable since the source vectors X = (z4,---, zx) are assumed to be ‘hidden.’
Instead, as mentioned earlier, we pretend we know X by making the approximation X ~ X (/T).

As an dternative to using the explicit solution (19), which requires an often prohibitive n x n inversion, we can
obtain A,y iteratively via gradient descent on (16)/(18),

N

—~ ~ 1 -

Awe  — Aa — ,U/N E ekm{, (21)
k=1

€ = A\i}k_yka k:]-a"'aNa

for an appropriate choi ce of the (possibly adaptive) positive step-size parameter 1. Notethe distinctionin (21) between
Aand A, the latter hopefully converging to the batch estimate (19). Theiteration (21) can be initialized as A =
A

A general iterative dictionary learning procedure is obtained by nesting the iteration (21) entirely within the itera-
tion defined by repeatedly solving (15) every time anew estimate, A,,, , of the dictionary becomes available. However
performing the optimization required in (15) is generally nontrivial.[26, 29] Recently we have shown how the use
of FOCUSS results in an effective algorithm for performing the optimization required in (15) for the case when v is
gaussian.[9, 20] This approach solves (15) using the Affine-Scaling Transformation (AST)-like algorithms recently
proposed for the low noise case[6, 12, 11] and extended via regularization to the non-trivial noise case[9, 20]. For a
current dictionary estimate, A, a solution to the optimization problem is provided by repeated iteration of the form,

&y I 1(3y) AT (ﬁ(afk)f + EH*(@)ET) ", (22)



k=1,---,N,with II(z) defined asin equation (28) given below. This is the regularized FOCUSS a gorithm[7, 20]
which hasaninterpretation as an A ST-like concave function minimization algorithm. The proposed dictionary learning
algorithm alternates between the iteration (22) and the iteration (21) (or the direct batch solution given by (19), if the
inversion is tractable). Extensive simulations show the ability of the AST-based algorithm to completely recover an
unknown 20 x 30 dictionary matrix A[20].

3.2 Unknown, Random Dictionaries.

We now generalizeto the case where the dictionary, A, and the sourcevector set X = X V = (zy,-- -, zx) arejointly
random. We add the requirement that the dictionary is known to obey the constraint,

A € A = compact submanifold of R™*",

A compact submanifold of R™*™ is necessarily closed and bounded. On the constraint submanifold the dictionary A
has the prior probability density function P(A), which in the sequel we assume has the simple (uniform on .4) form,

P(A)=cX(Ac A, (23)
where X' (-) isthe indicator function and ¢ is a positive constant chosen to ensure that
P(A) = / P(A)dA=1.
A
Thedictionary A and the elements of the set X are also all assumed to be mutually independent,
P(A,X) = P(A) P(X) = P(A)Py(21) - -~ Pp(zn) -

With the set of iid noise vectors, (v1, - - -, viy) aso taken to be jointly random with, and independent of, A and X, the
observationset Y = YV = (y;,---yn) is assumed to be generated via the model (3). With these assumptions we
have

P(A, X|Y)

P(Y|4,X) P(4,X)/P(Y) (24)
= cX(A€ A)P(Y|4,X)P(X)/P(Y)

cX(Ae A

) N
= W gp(y”Aaxk)Pp(xk)

_ cX(Ae A N
= ngq(y_Axk)Pp(-rk)a

using the facts that the observations are conditionally independent and P(y 1| A, X) = P(yk|A, zx).
Thejointly Maximum A Posteriori (MAP) estimates

(AMAP7 XMAP) = (AMAP7 ZU\LMAP; e 7&:\1,MAP)

are found by maximizing a posteriori probability density P(A, X|Y") simultaneously with respect to A € 4 and X.
Thisis equivalent to minimizing the negative logarithm of P(A, X |Y"), yielding the optimization problem,

(Aypry Xuse) = arg Arerljnx (do(y — Ax) + Xdp(x)) v - (25)

gl

Notethat thisis ajoint minimization of the sample average of the functional (7), and as suchisanatural generalization
of the single (with respect to the set of source vectors) optimization previously encountered in (16). By finding joint



MAP estimates of A and X, we obtain a problem that is much more tractable than the one of finding the single MAP
estimate of A (which involves maximizing the marginal posterior density P(A|Y")).

The requirement that A € A, where A is a compact and hence bounded subset of R™*" is sufficient for the
optimization problem (25) to avoid the degenerate solution, °

for k=1,---,N, yp = Az, with||A|| = oo and ||z]| = 0. (26)

Thissolution is possiblefor unbounded A becausey = Ax isamost always solvable for 2 since learned overcomplete
A’s are (generically) onto and for any solution pair (4, z) the pair (1 A, a z) is also asolution. This fact shows that
the inverse problem of finding a solution pair (A, z) is generally ill-posed unless A is constrained to be bounded (as
we've explicitly done here) or the cost functional is chosen to ensure that bounded A’s are learned (e.g., by adding a
term monotonic in the matrix norm || A|| to the cost function in (25)).

For theiid ¢ = 2 gaussian measurement noise case of (18), algorithmsthat provably converge (in the low step-size
limit) to alocal minimum of (25) can be readily developed for the case,

A={A|||Allr =1} cR™", (27)
where || A|| » denotes the Frobenius norm of the matrix A,
|| A7 = trace (AT 4),

and it is assumed that the prior P(A) is uniformly distributed on A as per condition (23).
Following the gradient factorization procedure{12, 11], we factor the gradient of d(z) as

Vd(z) = a(x)I(z)x, «ax) >0, (28)

where it is assumed that II(z) is diagonal and positive-definite for all nonzero . We also define 8(z) = Aa(z). A
learning law which provably convergesto a minimum of (25) on the manifold (27) is then given by,

Sa = 0 {(ATA+pEONGN) B - ATui)
%z = (52~ wace (A5 D)A) , p>0, (29)

fork =1,--- N, where 4 isinitialized to ||fT||F =1, Qy, aren x n positive definite matrices, and the “error” § 4 is

N
~ A 1 A ~ ~
SA=(e@)z")\ = N Y e@)a;, e(@x) = ATy -y, (30)
k=1

and which can be rewritten in the perhaps more illuminating form (cf. equations (19) and (20)),

SA=A%s — T, (31
A formal convergence proof is given in the Appendix, where it is also shown that the right-hand-side of the second
equation in (29) corresponds to projecting the error term ¢ A onto the tangent space of A thereby ensuring that the
derivative of A liesin the tangent space. Convergence of the algorithm to alocal optimum of (25) isformally proved
by interpreting the loss functional as a Lyapunov function whose time derivative along the trajectories of the adapted
parameters (ﬁ, X ) is guaranteed to be negative-definite by the choice of parameter time derivatives shown in (29). As
a consequence of the La Salle invariance principle, the loss functional will decrease in value and the parameters will
convergeto the largest invariant set for which the time derivative of the loss functional isidentically zero [44].

5)|AJ| isany suitable matrix norm on A.
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Note that (except for the trace term) the dictionary learning update in (29) is of the same form as for the AML
update law given earlier in (21). The key differenceis the additional trace term in (29). This difference corresponds
to aprojection of the update onto the tangent space of the manifold (27), thereby ensuring a unit Frobenius norm (and
hence boundedness) of the dictionary estimate at all times and avoiding the ill-posedness problem indicated in (26). It
isalso of interest to note that choosing €24, to be

0 = (AT 4 B@EONGE))  me >0 (@)

in (29), followed by some matrix manipulations, yields the aternative algorithm,

= {i’“ ~ I @) AT ($@0T + A @A) yk} (33)

with n, > 0. In any event (regardless of the specific choice of the positive definite matrices €2, as shown in the
Appendix), the proposed algorithm outlined here converges to a solution which satisfies the implicit and nonlinear
relationships,

~ ~ -1
Bo= N7 @)AT (8@ + AU @)AT) o,
1T T -1
A = Zyi,(Zm—cI) E.A, (34)

fork=1,.--, N andscalar c = trace (IZT&Z) . When implemented in discretetime, the Bayesian learning algorithm
has the form of a combined iteration where we loop over the operations,

~ ~ —1
B T@E)AT (8@ + AN @)AT) e,
1,---,N and

2—7(52—trace(2T52)fT) v>0. (35)

ey o

This merged procedure should be compared to the separate iterations involved in the maximum likelihood ap-
proach given in (21)-(22) above. The projection in (35) of the dictionary update onto the tangent plane of A (see the
discussion in the Appendix) can be crucia for ensuring the well-behavedness of the MAP algorithm 6. Comparison
with (21) shows that (35)/(30) corresponds to performing gradient descent on the manifold .A. The first equation in
(35) corresponds to a specific step-size choice in the discrete-time algorithm[11]. Further analysis and discrete-time
variants of the algorithms proposed in this subsection will be presented in the near future.

4 Experimental Results

To test the algorithm for learning an unknown, random dictionary (35) simulated data were created following the
method in the references [20, 35]. The generating matrix A of size 20 x 30 is created by drawing each element from
anormal distribution with = 0, 02 = 1 (written as A/(0, 1)) and normalizing such that || A|| = 1. Sparse source
vectors zy, k = 1...1000 are created with » = 4 non-zero elements. The magnitudes of each non-zero element are
also drawn from A(0, 1) and limited so that z4; > 0.1. The y;, are generated using (1) and no noise is added.

For the first iteration of the algorithm, the columns of A ;,;; are the first n = 30 training vectors y;,. Theinitial
x vectors are set to the pseudoinverse solution 7, = AT(AAT)~1y,. Constant parameters are set as follows: v =

6Because of the discrete-time approximation in (35), and even more generally because of numerical round-off effects in (29), arenormalization,
A A/Alr,

isusually performed at regular intervals.
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Figure 1: The average sparsity of 7', at each iteration. At iteration 500 the average sparsity is 5.068.

1.0, a(z) = 0.8, p = 1.0. The regularization parameter X is a monotonically increasing function of the iteration
number, with a maximum of 0.004. While this choice of A does not have the optimality properties of the modified
L-curve method (see Section 2.2), it does not require a one-dimensional optimization for each 7 ;, and so is much less
computationally expensive.
The algorithm runsfor 500 iterations, each iteration containing updates of A after every 100 updates of 7. Figure
1 shows the average sparsity of the learned vectors, which is found by counting the number of elements greater than
10~* in each ;.. By adjusting the parameters A and p the algorithm can be tuned to converge to different values of
average sparsity, although aiming for the generated sparsity (inthiscaser = 4) givesthe best results for reconstructing
A. Figure 2 shows the sparsity of each learned vector z , after the final iteration. Most of the vectors have sparsity 4,
while afew have higher numbers of high-magnitude elements. Figure 3 shows the number of columnsa ; of A that
match a column a; in the origina generating matrix A. The A matrix can only be learned to within sign and scale
changes and column permutations. Before comparison the columns are normalized so that |[a ;|| = ||a;|] = 1. A
match occurs if
1—|ald;| < 0.01. (36)

Theresultsin Figure 3 represent a best-case trial. When the same experiment is run repeatedly with different random
data, the average number of learned columns of A is 27.3 (standard deviation, o = 2.11, over 20 trials). In four of
thetrials all 30 columns were learned to within the tolerance. In comparison, the algorithm [20, 35] which allows the
FOCUSS iterations to converge for each z, (and without using the L-curve, see Section 2.2) averages 26.9, o = 2.38,
essentially equivalent performance.

In the case where A is square (size 30 x 30), the algorithm (35) learns on average 29.6 (o = 0.99) of the columns,
with 16 of the 20 trials matching all 30 columns.

5 APPENDIX —CONVERGENCE OF THE LEARNING ALGORITHM

Here we provide a formal proof that the algorithm (29)-(30) convergesto alocal minimum of (25) on the manifold

(27).
First we consider the form of admissible derivatives, A = %A for matrices belonging to (27). Towards this end,
we view (27) as embedded in the finite dimensional Hilbert space of matrices, R™*"™, with inner product

< A,B >=trace(A” B) = trace(B* A) = trace(AB”) = trace(BA™).

12
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Figure 2: The sparsity of each 7}, at iteration 500. The data was generated with sparsity 4.
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Figure 3: Number of columnsin A that match acolumnin A ;.
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The corresponding matrix norm is the Frobenius norm,

|A|| = ||Al|r = Virace AT A = Virace AAT .

We will call this space the Frobenius Space and the associated inner product the Frobenius inner product. It is useful
to note the isometry,
AeR™"™ <= A =vec(4) e R™",

where A isthe mn-vector formed by “stacking” the columns of A. Henceforth, bolding represents the stacked version
of amatrix (e.g.,, B = vec(B)). The stacked vector A belongs to the standard Hilbert space R ™", which we shall
henceforth refer to as the Sacked Space. This space has the standard Euclidean inner product and norm,

<A,B>=ATB, |A||=VATA.
Itis straightforward to show that
<A,B>=<A,B> and |4 =]A|.

In particular, we have
Ae A= ||A|| =|A|]|=1.

Thus, the manifold (27) corresponds to the unit sphere in the Stacked Space, R ™" (which, with a dight abuse of
notation, we will continue to denote by .4). Determining the form of admissible derivations on (27) is equivaent to
determining the form of admissible derivatives on the unit R ™"*—sphere.

Note, then, that on the unit sphere, we have the well-known fact that

d, .. . :
AEA:>E||A||Z:2ATA:0:>ALA.

This shows that the general form of A is A = AQ, where Q is arbitrary and

T
:<I AA

- W) = (I-AAT) (37)

is the Stacked Space projection operator onto the tangent space of the unit R ™"*—sphere at the point A.. (Note that we
used the fact that || A|| = 1.) This projection can be easily rewritten in the Frobenius Space,

AQ=Q-<AQ>A=AQ=Q-<A,Q>A=Q —trace(ATQ)A. (38)
Of course this result can be derived directly in the Frobenius Space using the fact that
Ace A= %HAH? =2< A A>=2trace(ATA) =0,

from which it is directly evident that A must be of the form’

trace (AT Q)

mfl - Q - tra:e(ATQ)A, (39)

A=10Q=Q-

but we have found it useful to work in the Stacked Space where one can more readily motivate the derivations for
those readers who have not had an introduction to abstract Hilbert spaces. In the Stacked Space (with some additional
abuse of notation) we represent the quadratic form for a positive semidefinite symmetric matrices W as

1Al = ATWA.

[A><A|

7l.e., it must bethe casethat A = T — RTE

=TI — |A >< A|, using the physicist's “bra-ket” notation.
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Note that thisis a weighted norm if, and only if, W is positive definite, which might not be the case by definition.
Finally, note from (39) that VA € A,

AQ=0+=Q=cA, with ¢ =trace(41Q). (40)
Consider the Lyapunov function,
VN(X,A) = (dg(y — Az) + Adp(x))y, , A€ A, (41)

which is precisely the loss function to be minimized in (25). If we can determine smooth parameter trajectories (i.e.,
a parameter-vector adaptation rule) (X, A) such that along these trajectories V (X, A) < 0, then as a consequence of
the La Salle invariance principle[44] the parameter values will converge to the largest invariant set (of the adaptation
rule viewed as a nonlinear dynamical system) contained in the set

F:{(X,A)|VN(X,A)EOandA€A}. (42)

The set I' contains the local minima of V. With some additiona technical assumptions (generally dependent upon
the choice of adaptation rule), the elements of I" will contain only local minimaof V.

Assuming theiid ¢ = 2 gaussian measurement noise case of (18),8 the loss (Lyapunov) function to be minimized
isthen, .
Va(X, A) = (5142~ gl + Ady(a)) A€, @)
N

which is essentially the loss function to be minimized in (25).°
Suppose for the moment, as in (14)—19), that X is assumed to be known and note that then (ignoring constant
terms dependingon X and Y') Vv can berewritten as

Vn(A4) = trace {AX,, AT — 24%,,},

for ¥,, and X, = X7 defined asin (20). Using standard results from matrix calculus[45], we can show that V v (A)
is minimized by the solution (18). Thisis done by setting,

P .
V() =0,

and using the identities (valid for W symmetric),
itraceAWAT =2AW and itraceAB =BT
0A N 0A N '

Thisyields,
%VN(/T) —24%,, —2x7 =2 (22” _ zw) —0,
which (assuming that .. is invertible) results in (19) as claimed. For ¥, non-singular, the solution is unique and
globally optimal. Thisis, of course, awell-known result.
Now return to the general case (43), where both X and A are unknown. For the dataindexedby k = 1,---, N,
define the quantities

di, =d(xy), dx) = Az —y, and e = Az — yi -

8Note that in the appendix, unlike the notation used in equation (18) et seq., the “hat” notation has been dropped. Nonetheless, it should be
understood that the quantities A and X are unknown parameters to be optimized over in (25), while the measured signal-vectors Y are known.
9The factor % is added for notational convenience and does not materially affect the derivation.
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Then, to determine an appropriate adaptation rule, note that

V=T +Ts, (44)
where N
1
Ty = (" (@) A+ AV d@) i)y = = D (ef A+ AVTdy) iy (45)
k=1
and
N
. 1 .
_ /T - =
T, = <e (x)Am>N =N 2231 T Az . (46)

Enforcing the separate conditions
T, <0andT> <0

(as well as the additional condition that A € .A4) will be sufficient to ensure that Vv < 0. In this case the solution-
containing set I" of (42) is given by
F={(X,A)|T1(X,4) =0, T5(X,A)=0and A € A} . 47)

To force the condition 77, < 0 and derive the first adaptation rule given in (29), we note that we can factor
Vd; = Vd(l’k) as
de = OékaJL'k
with ay = ay, > 0andII,, = II; positive definite and diagonal for all nonzero x ;. Then, defining 8, = Aay, > 0
and selecting an arbitrary set of (adaptable) symmetric positive-definite matrices €2 5, we choose the learning rule

i = - {ATer + AVd } = —Qp {(ATA+ Belly) @ — ATy}, k=1,---,N, (48)

which is the adaptation rule for the state estimates :;, = Z;, given in thefirst line of (29). With this choice we obtain

N
1 1
T = — (| ATe(z) + AVd(2)l3) = N D AT er + AV, = Nl (ATA + Billy) oy, — ATy[3, <0,

(49)
asdesired. Assuming convergenceto the set (47) (which will be seen to be the case after we show below how to ensure
that we also have 7> < 0), we will asymptotically obtain (reintroducing the “hat” notation to now denote converged
parameter estimates)

I (ETE+Bka)§k — ATy3, =0, k=1,---,N,

which isequivalent to
PN -1
= (ATA+p0y) ATy, k=1,-,N, (50)

at convergence.
Exploiting the fact that 2, in (48) are arbitrary (subject to the symmetry and positive-definiteness constraint), let
us make the specific choice shown in (32),

Q=i (AAT + BT1) ", e >0, k=1,---,N. (51)
Also note the (trivial) identity,

(ATA+pm)m AT = AT (A 'AT + 81)
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which can be recast nontrivialy as
(ATA+8m) " AT = AT (B + AT AT) ! (52)
With (51) and (52), the learning rule (48) can be recast as
By = —Mg {mk — I, P AT (BeI + Al’[,;lAT)i1 yk} , k=1,--- N, (53)

which is the alternative learning algorithm (33). At convergence (when 7', = 0) we have the condition shown in the
first line of (34),

Ty = A7 (6k1+ﬁﬂ_1ﬂ) Yk - (>4

Thisalso follows from the convergence condition (50) and the identity (52), showing that the result (54) isindependent
of the specific choice of 2, > 0. Notefrom (48) and (49) that T'; = 0 alsoresultsinz, =0fork=1,---, N, sothat
we will have converged to constant values, z ., which satisfy (54).

We now turn to the enforcement of the second convergencecondition, 7' < 0 and the devel opment of the dictionary
adaptation rule shown in (29). First, asin (30) we definethe error term § A as

1
0A = <e(x)mT>N =N Ze(mk)m{ =AY, — 3y, (55)
k=1

using thefact that e(xz) = Az — y. Then, from (46), we have

T, = <eT(x)Ax>N = <trace (meT(x)A)>

= trace ((xeT(x»N

N A) = trace (6ATA) =6ATA. (56)
Thus, to ensurethat 7, < 0 and that A is in the tangent space of the unit spherein R™", we take

A= —pASA < A= —pASA = —pu (6A —trace(ATGA)A) , u>0, (57)
which is the adaptation rule given in (29). With this choice, we have

T = —pll6A[[3 <0,

asrequired. Note that at convergence, the condition T', = 0, yields A = 0, so that we will have converged to constant
values for the dictionary elements, and

0= A(SA\ =A (A\ij — Ey@) — (SA\ = (A\E@j — Zy@) = szl\, (58)
from (40), where ¢ = trace (jng)_ Thus, the steady-state solution is
A=3,:(Ss—cl) ' e A. (59)

Note that (54) and (59) are the steady state values given earlier in (34).
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