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THE FOKKER- PLANCK EQUATION FOR AN INVERSE-SQUARE FORCE 

Marshall N. Rosenbluth, William M. MacDonald, 
and David L. Judd 
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ABSTRACT 

The contribution to the Fokker- Planck eqttation. for the distribution 

function for gases, due to particle-particle interactions in which the 

fundamental two-body force obeys an inverse square law, is investigated. 

The coefficients in the equation, (~) (the average change in velocity 

in a short time) and f# ~), are obtained using the collision cross 

sections for such forces. These coefficients are obtained in terms of 

two fundamental integrals which are dependent on the distribution'function 

itself. The transformation of the equation to polar c.oordtnates in a case 

of axial symmetry is carried out. By expanding the distribution function 

in Legendre functions of the angle the equation is cast into the form of 

an infinite set of one dimensional coupled nonlinear integra-differential 

equations. If the distribution function is approximated by a finite series, 

the reaultant Fokker- ~lanck equation may be treated numerically using 

a compUting machine. Keeping only one or two terms in the series 

corresponds to the approximations of Chandrasekhar, and Cohen, Spitzer 

and McRoutly, respectively . 
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I. INTRODUCTION 

In dealing with the nonequilibrium ·properties of systems whose 

particles obey an inverse- square law of interaction, it is convenient to 

make use of the fact that under most circumstances small-angle.collisions 

are ·much more important than collisions resulting in large momentum 

changes. 
1 

This leads to the method often used for treating such systems 

· in which one expands the collision integrand of the Boltzmann equation in 

powers of the momentum change per collision. 

A more generally valid approach to the problem of treating changes 

in a distribution function resulting from frequently occurring "events, '' 

each of which produces a small change in .the momentum of a particle,. is 

to use the Fokker-Planck equation, which has been discussed by Chandrasekhar. 2. 

He has used the formalism of this equation to evalttate the collision terms 

of the Boltzmann equation under the assumptions that (a) the events produc-

ing changes in. particle momenta are two-body interactions described by 

the associated differential scattering cross sections, and (b) that the dis~ 

tribution function is isotropic in space and velocity space. Spitzer and 

collaborators~' 4 
have extended this calculation to the case in whi.ch the 

distribution function is of the form f(O) + ,...t<U, where f(O) and f(l) are 

isotropic and J.L is the direction cosine between the particle trajectory and 

some preferred direction in space, and f(l) is assumed to be small. 

This work was done under the auspices of the U. S. Atomic Energy 
Commission. 
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It is tht; parpo.ee o£ this paper 'to present the mechanics of two-
- ' 

~ l ' 

b.ody collisions in ~a somewhat atmplitied form., and to ~erlve the Fokker· 

, : .. ~~- ;>.'. •• ... ·. Pt4nck eq~tion lor· an arbit.rary .distribution function:. ~rom this general 

• r . :·', . ~ . ' .· ·> :eq~tion.~?UCh special eases ,.. tho.e of Chandrasekhar an-d Spit!:er may be 

.. . 

· .· '4aelly .obtained.. For more .complex altuaiions the equation is suitable for· 
•' 

-~iegratiou by an electronic C9JDputer. 
. ' . . ' 

. "' •. ~ ' 

'. 

. ;. 

' 8£ 
~·fl 8-f -~ &l 

~t;?) --..! + a +L a 
(1) - .. 

&t ax~' m . 8 V'p. 8t ' c. 

.· ~. _·_ .. :~~·:' .,w:h~l'~ fa is the number of sn~lecutes of type a per unit volume in the phase 

· ... ·. >.·- : __ -.··aj$.ee ~£ .e6uligupa.tionalld ~loeity', .· a'od.[ i_s an external foree field. The 
A• ~ • ' 

;,\:~ ,:· ~;~altlla.tion on repea\ed o~eek indices ie.-under·etood in thii: paper. while 

,, 

• . ... • ·~ -~ . 1 • . . ' , ;;._;; ;:.;:, ,ti ~""*"" on P.o'"'lt letters :de!lOtina molec"~'" species are explicitly lttdl.ca:ted .. · .. 

1 
. • , :.. ';i:h~. ~ualltity(h~ represents !lie cha.i>ae In the di1trlbutlon functloa pro• 

· · ·· :·ducec:t by .~oUiaiG.ft\, and·lt ia _this term with which we ate concerned. 

.. . · , · . 'Since :the interactions -tak •. placit: between rnot.cdes ).vtwn. the same small 

$ ':-. '· • :· regioft in apace.· we neecl.only consider ~be veioe:it{ d~pendence of the dis-
~. ·"' ' i ' 1-. ·"- .... ' -· ' ! J. - • 

l tributiO.n £unction in evaluating this term. 
-~~~~~:~"1·~ 'J(~J,~ ' ·~ t '. . ~ . ~ ' 

, 7•- .:. · , Tb.e F_91lker-Planck equatlGfl:• wbic~ is s:lmply a conservation equation, 

;.~~\?L~/? ~:;:··.~ .... 

. ' 

·' 

gives the ttme rate of change~of f dae to ~oUision.s aa 
1 . • l, 

' . . ~ ' ~ . ' 

{ll_\ = • .. ~~ (_fa 'fA ·ul1\_• • I .f t/z · _- · aZ , (( lA J' A.J'). ) • 
\at} . 8 vr- . '!"' '\ • I a & vP' & v v a \ a 

. . . ~ . ' - . . (l) 
- . ·. ' I 

where vi" is the.- component ·ot partieS.. velocity ltt Cartesian coordinates 

~a:d (AvP.) a is tile averaae increm~nt per uait time o! the J~.-th component 

,_·_of velocity of a molecule of type a. The de_ri~atlou of this equation rests 

on the approximation that .. mall ·chanaes in J" are the most pl"qbable and 

.. 

'., 

i 



. ,. :- . •.· ... ·~-· ..... ·~·. ; ' .. 

.. : .. 
. . ,····· ":" 

t' ' 

. . ~ • . ; ' •. 1 

. ' ~ ·. ,~ .. ·J~ ..... ' . 

UCRL-3375 

,. , .... 
' . •_. ~ 

that terms involv.iag higher powers of a..Ji contribute negligibly to .. 

f' : . (;t) c. 
2 

In the next secUo.n We 11ve a more ~r~dse statement of the 

.. 

·· _ approxima;tion made here. . 

·, , .. ' . · .. ln. caleulatint the ·a•eraa* va.luea· (AvP.) and· (Av~Av") !I.e make' th~ 
·ll-•ual assumption t.hat :fi:hangea in v~locity v~-' re,:ndt from two-particle · -'_;-. 

• ·.~ , inte,rac:ttons, or collisions 4uring w~teh epauat correlation. etfe~ts (pota~~ 

~· · ~aation effects or n1tlltiple collisions) are u;nbnporta.nt. ~o~ $any ~itba~ 

. . ~··- · · tiona .·this assumptioci' b believed to be justified, a~ ls indicated by the . 

. ~:'.~.·.~ · . . ~ork Of Chapman, Fe~tar&, ~nd :persi~~. 1 and more recent~y. Qlel'&row'icz, 

.. -- :~ . '" -~eilman,. ana ·Riddell. S The expresslo.n for (A·J'') a beeome.e 
·~} ....... 
I: ., . . ': :. ~ 

-<.·~·-. 

f ;· -.···. ,., .. (3) . . . (LliJ")a = ~ {.tt.' ~ (v 1 ~'){dncr (u, 0) uAv~', 
_< · .. .,;l\ere· u is the magnitude .ef the 'relative v':locityj ~~C .yf' 1. t1 .(u) is ~i 

. . ··: : ~. ...... 

· ·_the dlfierential sc;.,ttet-ln.g croae section., 0 ie_the ec:attering·soUd aftgle, :•.,,~·'if. 
·. ·a~~ ~:~..J'- is the cbana.e in vJl ~esliitin~ from the coliiisiort~ The in.crement ,. ·.. · ··': · 

" ;· > ·:· *vl' ha.'a been integr~ted crver au· seattertni angles~· aU' velocities v 'fl. ot' 
... ·~ .. . ' 

-~;~_~•''·f-~~ ·the scattering particle .• and hae 'b~en summed over all the. species of 

: .... · . ·;. ·:_particles. Similarly the average value (4.)1 Av11
) a i.s given by 

• · .. (a. vi' My>- a ~ ." ~ r ~~ £, (v'l') f d01 (U)u A ·J> Av" . (4). 

Tlte dU:ferentlal scattering cross eecti:OU·-that we U:se in Eqe. (3) and 
.• ' 

(4l it that for an i~verse- stuare law of £orce, 

.• .. · .. _:. 

(5) 
·, 

.. ma~ . . . 
'· . where mab !:: ·~ ; ~ is the rec.itJ,ced maes '4)£ 'the colliding particles 

and 9 is the s~atte:rin.g angle in the center-of-mas~ system •. 

. . 
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:~:: __ ,_. ~-:~·:.'·_~ :: .. -· Ul. DER.IV,A:TlON -QF THE EQUATlON 
•. . :''~- < l ·. ,. -~.~ 

_ -. · ::l.r);;~:~ ~-~ _ We_ fi~st di~t~uss the kinematics of the colli~ion between. a· m~lec\lle ,; ··-

-· _,:. -.~· -~. -. · i.~~ :·of' type a and vel9city ·.:t,. and a molecule -of type b and velocity _ v•. 

~: ·: .::: -_~·":.<>?·-;The reiaUC:)n. betwe~~.!a• -·the v~Jocity_ '!... of the center-of .. mas:s, =d-the 

-.:--_-·(,_~--if._.- :;-''Z.:~tative :\?eloe~ty u = v .. v•·is . , 

.~' · ):·:.~'~ :-~;~::}.:;X;;:i __ ·· · • · - -: ·=; +:···. _-!~;,_ -·u 
· · ·;.-_ -,..r · • • -a -· · m +-~ ....,. • 

. ··. :~ ·-:· --::;~:-~t~~:;< ''} - - - -· , - a-._. - -. 
, ... :~/::~ · _ .1'he."change in the f'•tn·compouent _ol v>Je &iven by 

'· .. ~.: ' ;~' .. :- . -~-' ~/~ .~ . . . . ' . :' .. m. ._~. . ...... 
.··.; . D 

,_., A-1' ·=- -- - - - ~>-u~'-
• • -·- ._, _ _ j £,~...- m :"'-.-M..- a . 

-~ ~:·,.,.~·\ ···~~." ·~ . .:. ,. . a ,.._._----Q-. 
~"" •( ·~~,.,.,~··. ·,. J.r 

~- · :· ···. --,.,:.;,~: ~;· · .. _ .. We .find it conveu.ien~ to lntroduce a local CaJ,"teeian eootclinate 

' . ~ ' 

(6). 
,, ' ... ' 

~ •• .I -, 

:_{,' ' : . '<'it ··: : ./ ... ' -· . ' . . 1 ' • '' - . ' . 

:;,_ .. :., ;-~~;r~;.:<: ;~system with uoit -vec~ors ..,!1 : .• .!.z ~ 3.3 whose re~tlon .tq tbe fixed system· 
. . • ·~. r ·:f .k .... r~ .... ' ..,,. i . t 

_, ' 

-:. --· (:.Nl·:·--:_:,__ e
1
• ea • .s

3 
is given by -

·-,:; · -j~{;::,f.:], ~) 
1 
~ · . 

1 
.s 1 ·~r~ 1 

t . , .... l 

.;:·~·:·,,·,~·}{:'."!;·_···..,sl =u • .Az =)·· "':(· .. 2 .. ~; =.$1 tc~z (7) ,, ·-;· 
• " > ·, ;r"· '·' ., . - ( 1 ' ~. ·. " 

'v .-.r:j\;.'' .-: __ · .. _ . . .. u) -+•(U). ··.. - -. _. ·•··· 

.. ' .... _ ·':~::ix-~-:~-' aft.ti··tfl whi~h the r'elative,velocitr has COmpO~n.ts UL.,.. The ebanaee '·it·r~< ,·, 
! . ·::,. /.:; _ ;·;· :: •• -·~~~ Ule comp&?nea.ts ot uLI': pr,Oduc•i by a collision a~e easily calculated. ki 

... :· •. >}·· 

.... ·..,~ ... , 

. . ::·?~· .. ~'-:}~ ~\,.tlte loca:l Cazotesian coordinates •. einc'e the relative velocity vector simply ;. · <•' 
·.·:~~~·~-~t~~\>::~ .,:~:: unde~goes, a":~otation. thro~gh an ~n1le 8, ·. . - .. · .· · · · .· · · 

_, 
-, 

. /\-

,,. 

"' 

/ ' ::.~: ;i'l·,):~.: ~: . . ·, . .. ' . . '' . . . 1 . . 2 
· ::; < · :;~ '"' '. : -·~:: · .Au = .. 2u ain · 6/2. 

:i·,;_~y~:;}~r?:-~:. { - L z . • 
:,, -;;· A"'t. · = 2u ein B/2 cos 8/2. cos ~ , 

·,.: '. . ... ; ~.'. 

: ... _ _' .···-_: -.. • ,~~·:.:~· . _ , Av.L 3 = au ein 6/2. cos 8/2. sin Cit 

i. ~ • :{ .. "'~t.. . q \,. "1. • : ' 

·'-. :'..- ~--~~ ·-IJ. diag.ra.m o£ the scattering is shown in Fig. t. 
• • . ' ' .:.: ; ~ .~. ' >:!'- • 

< "5;,;:: 6;~Jz•~-' :. ;; .. · 
.,·.· ..... 

.. :;;}J~·, 
: ~ . 

.... .· ... . :~ . ' 

'• ' .' ~ 

~ ::.~~ . . ~ . . 
•i ' . . . .· . 

JP . . 
. . .... .. 

u 
~ 

.e 

} 
.II ... 

.~, _"f-t.. .. '. 

"· ... ' 

t-

.-, 
., • J ,., • •:;. 

< .• ) ·•.· 
;. . 

"'~\. ' ' t~ " • •. 

' I • T . ~ 

(8)• 

. :'· . ;_ "-: .. 
~ •. < ' •••• _,. ....... 

. • ' .~ 

'~· . )-, ·f· . .... ' 

•. ; .. ' ·.~:· .~::~ ~ 
~ . : t . ,... lo 

' ' ···t .... ~- ... ; 

: ·.' ·~ I ',,.J .... • 

_, 
, ..... 
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; 

Th& changes in the· c:ompc)n~o~a o( the r.jilative velocity . ...!. in the fixed 

·- ., . ': _:·-.' .... ·.co~~inate system are related. to thflee chan.es in the local system by; 
. ~:,;: 

;:1 .. :::~ ~-: . A' -• 
ti. . 

., ' ,. 
-4 ' ' 

(9) 

.· :' .. ·., ., We can ne~t cal~~·te the change Of relative velocity itt.~e local 

.. ';·, > :t~· · :~ . ..,systei'l'i:· for all ~oUisions by· integrat_i~ ~v;er the scattering angie a 9, 4t, . i . . _ 

··:'·- · >'~ ':·- 1
· which wiU be denoted ae follows: 

• ,. nt.:~)-;,·:·._,,..,. .•. ~, ~- ' . . . . . r 
.... _~;:-·;~:: 1:·:~·.:. f 'pt . '·. '• . .... 
:~: .. ::.·./·> ... y:).~L f · .. ~ . . dO o-u (AuL ) . 

\.!, .~,'.-. · J • Using. E:qs. (S) and (8)~ we have 
.( ..... ~:~, ::: • ., '·(-f·,, - ..... w· 

'. (10) 
..··.'. 
' ' ~ 

. ··.: .. - ./:~ :' ' . '{Au •\ ~ "(·.;·~ .· ·f· ·~ eln-~ 9/Z. sin'S a~. (lll I/\~ 
~)-: ' •. r - -~.~,·,.·.. . ·_ . L ( \~U?.},.. . _llni ~/l.. ' <'::' 

. -'~ ~ .·( .. , . .. 0 .. --\· "l"! 

:t~- '•".'!?:>::::_:.: .. ··, ' . . . ' .· 
• '1 • · •. ·, -~:·: 1 .:;< · ~be.re:· we have performed the inteara.tion ove·r f. The integr.al diverges ' · .··. ~..-. 

·t·~ ·.,·:",_, -:.·~·\:· loa~t"ithmicaUya$ &mall angles'. and w~-therefore introduce a cutotf at·.·· ··:;.·_ 

;_ ·~,;;~ •. ;;".~"';:·~~~'~,:, Brnin ~·obtai~ . . .-.·~: 
~. -~~J ,.-\ • ,.,~ , j.~ .,, ~·-: ({:· -·; ""'r, .. 

:· , r 0,' ,'.'?: . 'c . . . { A~1.l} " • (41re '4 /"l!ua)ln (Z/ Smin) , . (lZ) "• 

. ·, ~. ·The etnall:..angle deflect-one eorrelporid to scatterings With very large 

.. 

· ;·.;' 'i.mPa.ct pa~ameters, a11d. the div~r,enc:e ariaee trom the lo~g-range nature 
. ;, 

. '· ~f the Coulomb torces .. · The divergence is eliminated_ however, when we .. 

· · . - ·: · ta~e into ac.eouGt the shleldlftg that arises from the polarbatton: of charge 

. ' ~_-,_ :'. · sui-r'oundina the scatter.er. ·o This polarizatioll screens the ec~ttering . 

· ::._ · pfl,rticle .and provides a tia.tural ¢tttoff on the maximum impac.t parameter 
,•, 

.. 
ot the order of a_ Debye lerigth x

0 
~-JkT/41r·o.e"l.' • and a value to, the 

logarithm i~ Eq. (12) of 

l n l - 1 D I. (1/Z m uz) 'e2./A.. ')"' 1 ~ ':!!L 'kT 
~'m - n, = n ab"·. ' - . l) ,. ]) j;ttne2 Zef£ 

. ,4' 

,l 

' 

!;.'• .. 
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" ; .. Q.; UCRL-337$ . ': :.;:- ··::~;~~~:·:··-:_·:; ·.·' 
.... "'.' ... 

• .. ·• ~·- -.:~ • ,· -.. ' •· . .~- ... :: "':~ ·.r . .. . "': • 

. :~. :·;:_~~~-~>:t:~·~-~:;·. In ~is ·~quation k.T is pro~ortion.al tQ the,· avel,"age kinetic energy:; n ·ia ··~< ·"~~:~~·: ._· : 1 

.:· ··::/:::·)\:).:'~- ; the~n_umber of i-rttc.les per ualt volume. and e l:e the ele~troaie ch~rg~,.;·-·~-~--~:c::_-~~·. · 
? ·~·' ........ '· "i'- .;< 't ' • • ' ~ t • . ~ • 

. '.:f~~~v~~:.i~_~;-~-:~~\. :Th~. quantity 0. .· .which iJ the ratio of ~he Oebye length Ao t~ the classic~~:~.- "<· .. , 
-.;.:,--·~ '~ril:~···\·~~·- .. ··.~-di~tance of closeet appr~ach·(l/Z)mu 2 /e 2 ) lor two particles .,'t relative -:: .<~:,·. __ : ~ > 
~:;~:-·· . ~ .. ~-·~- . ./•:· __ ._'.;·::-.... · ... -~--~ ·: .. ··. :• . ' ~ . . ·. . . . -~·· . . ~. \-.~ .... ~·~·'~, >·:.'· .. "t. 

iJ~; ;:·_, :.:-.::,;··:,;;'f;··v-elodty. u, lninoet ca111ee of inter-est Will be a very·latge nnmber ao that ·":.,.;'·'. : 

:·. ·t_):;,·-} ',~GJ,,f·~ D-.>> 1. From Eqa. (,h (S). an4 (9) one can easily aee thkt territ~ .. ~ }:}:' · 
....,..) \ "'' . '· ···-. . - . .. ' ~ .. 

·c ,·f:f·k· :~).> -~l bisher order in AJ'. like· lt:.J!' Avv Av(j)), -will not contain tn o, a~ta-;: - : -~.:_, · · 
._ t;. ..... 4';:. ~,~ ''• ~ .• •, •'A 1". I~ ~ • < - ' • ' .J..- '\ ·• \ • ' • } > • •' < .• ~ ' ~ ,\ ... ~ ' ' 

, . ,',/ ':;·~ .: .... :-.:,. ~t the aealedt o£ those term• in the Fokker-Pl&nck equation..ie therefore~ .... ·::"' . :.: · . 

.t: .. · ,,1-Jji*~·~:;};·)~~.tirted. T~e. in~ensitivity o£ ln D to. the precise value 'o£ u .means t~~~ · ·,·._. :·~:;t:_--: · -~ .: 

:~;-~ · ;, ·;~·_;);~1~~~(-.:.-'.~e ean sunpUfy o~ furth~r 4eve1opment by n~glectina the we~k de~~~n~:~.,;.·_;·:· · ~- ·.· ·. 
;· :·. >;f'~\:.;:J.:.:"'<~n: .·.·!1 &ftd··_..,,.tus the value -for~ -~~ell-Boltzmann dl•tributi~n of(l/Z~u --~- . -. ·, .. 

·~.· .·~:·~~tr.:;~ij:' -*'~;t~t,3/%)k1\· tt wouldpr~b~blY: aot beoJus~lf~ed in aa.y ev~~t to~en_ei-~e; .. >.;.;.; ... 
II,, ~· .... "' , <o" •! .. • • ; > • 0 .... ~ • - 0 ... .. ' o •. • • I ~ •' •'"Y ·~\ o 

,-~ .... / .•!,:_-..:,:~ :- ;. :-tb,e arau.Meot o! the loaarUhm ·a• better determined than thia. . . · · •~ ·. _,,-
~ ... ~~·hi,~···.. . w ' ,'.t ~. 

> · ~ 1 [h:{ '}: :Y ; ·: · . . The :r_etnaitli~J iotegra.ttona yield · - · ' · · :. ,·. ·. 

.; 

'· 
~~.~ 1· ... ; ~ ·: ~-:·~ :·/.·. • • .' 

-~\./'~>i!M,.;.,·:•• ... __ JA•·L·,.,}a JAUL3} :• . . f: .. ;. 
><''"?~ifc':~· -. ; . . )~... " = r~ = 0 US)V''' ,. ::~( :' .... 

:.;··:r~lrf'~:~···~d. {~A·~L·;z}- =- o. {(AuLz/·:}- ~ ·{fAuL 3 ~zr .1 •• e•;m~ut,,~ n. 11~, ·"J~~F.:~i 
.·:·,;;.:;;;r·\.\;- ·. ;.;,. ··- · - · · [ a. :_·r· .. ·.·:~·.:t •. ~r~_;.\,; __ ·_.:- ·.~ ... ·. · .. ! 

..., .. '(~~:;:~~.;:<-·~.-·~.;-. /·t ·~r -~ -~··1. '_ . .'.' ·"" .. .J" • - • .- - • • , • • - • > • • • ·• 

,4~ -·~ ; -:;~;~;:: ,'y : · ~th all otber second-order terms zero (<:ompa.red to .f 11 D). · · .: .: :.. . .. ': 
: 1;. . J.._··-':. ""' _r' } ,.. :_ • .,... .~ -~: ·~,. . . : . . . , .. - . . . . . . . . ·- - . . :. . , , ,.- '"' 

';. _ :::-;·-'~ :)~;,~,,~ .· '··: · Using these, results wi'th Eqs~ (6), (7), and (9), we can i~~diately -. ·:·_ ~ < >·:.. ., 

·~~- ::;.:,-~_,}~?i~~. · ·w.~lte.down ~e ir1tearala in the fixed coordinate' system, ·,-;::::. · 

:.;·_. ;i~;:;.;:·~'~:~~~·:.- .. ?: ,: :·,, {Avl"\ . = -{~~e\n D}'i.i5f1 u 3 )u.~', (lS').. ;:.~~¥:{ :>. . ; 

.. ~)i~/-~;~:~; <:r:_: ·. __ . . .' (a . . ·~ ·. ~ . ~:.'_'~ ~~-:::};,:.~ .. ~-: : 
-~:·:::;·_:;~·:::;· .. · · ·,; · {.6.~6.v_"} =. (4tre1'.tn~m 21

) {tf""- uP.u11/(u)2}. · . . ·>'~_'-.':·-~ ·:. }: ._: 
. ..: ,.. .. . _.,. . . .,. a . a . - . .JI/l ' , .. ·. ·· . -

.• _. ~-:: 1 _·_ ·:·.- . {~-~~ae 4Jqu.~uotA -~~tt-'be .e~plit.i~d by~ti~M that· u = '[<vP. - v '~'-) <v"' .. v~>j .. . -:~--~. (-./: ~ 

.. 
. •! 

·~::.;r~~ ~-~ '·' · .. so that we b,av• . . · · . . . . . <· ·. ,. •. 

;c• .·. ,,:>< , {~ --"} ~.~.t!~ II~ :; {lS ~ Avv} /~~J: .. ~~ (l6} -.:<i~i.;, , 

.. 
~ . " ' 

. · ~ c 4 .· ·. I z,. · · · ~~_ .... _~ .':~~---·.:~.~.~.:- ___ . __ :.·,::· .. .. "::~· ·- ... .tt~ :. ··~-. ~tl D m 4 . • .· .. :~ ·- .· < ... 
.. ; - . ...._'' .... - . ~ .. 

{ . . '· \ .. 
"' •,-
... - t 

. . ~ . - ' 

. ' ·~ " 

--~. 

0 • ~ • ~ ' . ' 
'' .. · 

. . '" .. - t . 0 

I• ,• . 

. • ..... • i ~ . '"' . . .... .~~ 
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.. ~. 

(.":.:· ...... ·; -.' 
..... . ~ '\ ·. ,, 

. ~:·:· ;,"\. 

. . .. 

:· · Finaily, from. Eqsj {l), (•). ·and (16), we obtain 

. I~,..,.)·.- ··= :Vf dv ~ !(~') ~Av~'} = ~-(3 h /8 -v~) 

. \ ' a. '- - - r • a ~ja a 
. . ~ b . ' 

. -~. ·~ ·..:. :il' 
_ft"t 

, '(.e.J" ~>"')a ~jf.(; 2 s/ebit~ .. 
. ·. ' ~ . 

t::~~~ ·, ·. \;;.. . :· 
-~ : 

,'>> \. • 

wher¢ 
.. · 

... 
' -_. '.._, 

•• .> .< -~:': • · ·lt i.s lntere.sting to not~ a formal similarity with ~t~ntial theory, 
.:!"-". .... • ' • ; • 

t~~~·<.·· ·'~ .· ::•~:: ·: ·-:·. ·-~_'; z h_.·.· ~ ~.zjaJI'avl"·)h = -~w \""' tna +.u;, ·f (.~) 
. . , . . . . · : .. 'Cf7v a . 'v . · · . a L ~ · b 

·' ._ 

~- , .. :. 

~ .. ' . . . ... ' 

.•' . . . . ~· ~ -.. ·_ 

·. -b . •. 

~v 4 
g = (8 

4/a J" a v ~ 8 Jla v v) g = - 8• Z ~. 
b 

. S,.stituting Eq~ (18) into -~. (Z). we obtain the Fokker-Planc:k 

·. eqUation. for an. arbi~rary distribut~on function: 

(17) .. 

118} 

·. 

(19) 

.. . •. 

(20) 

'· ... 
' ' 

1 · ·a (a£) .;.. ..• - . . t .... 

•, 

_ .. ''··· 
·{ff f'l . e 

.· .·In the aener-al ea.ae this fourtb-:-order, three-dimensional. tbne-dependent,.: 

·:: ·.a.nd.·noullnea~ partial differential.eqvation aeems."qu.ite diffieuU to handle~·· · 
. - . ' ' 

·In many cases,· bowe.V~r·i .there are eimpllfieatione which result when a 

· ,. ",~ : .. ·:co~.rdlnate system ls adopted that embo(tiea the natural syrnmetdes of a 

probl~. For examPle, in many problems there will be a preferred 

diredion·in. space, such as the direet.ion of an external applied field, with 

acirnuttUll ~ymmet~y abo~t t}Us dir~ctiori. Polar coordiaatee 'seem ea.pec:ially 

~nlitable for such· a problem. 

. 
·.' 

,· 

·,,:. 
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' . 
tv. TR.A.NSFOR:MA TlON OF THE EQUATI(JN . 

'' 

Althouah it is possible t~ tra~sform Eq. lZll by a straightforward 

. .. . . ·.:. chang~ of variables, the procedure is tedious and uanee~ss•rily involved. 

· ·· · ·· · ·: : :~,:;_:A mv.<:h ·simpler and more dir.~c:t p;rocedure ia to wr.ite the eqution in a · 

... 
. ,.., ·r 

.... \ .. • .. 
'· ·,. 

·'· ' . ~.· . . 

' :~~ : ~~: .. ', :. .. ~:" 
.l:_':.: _. ~ovari.ant form valid in a~y set of e~rvitinear coordinates q 1, q2

, and q:~. 
·--;\ ·-:. Let.the -~_:xpre&lion ·fol'· dletane_e b.etween twc)~ointe whOae coordinates. ··: .· . 

, ' ~ ·. ·' 
" 41\::,-: ;· ·:",· . . 1 . l . 3 - . . . . . 

·- differ by· clq • dq • and dq . be . -
I'' '• >-

-.. _ .'¢f~-:i- ;:,. • • • - z·-·. . .., . " 
·, ~~; 4 i~;:;i~·\l·~- ··· · (ds) . = af" ·dq -_ dq. • 

... 
-··, 

.i 

,_. -'.':where· a.pcv is a metric tel'leOr;,· andlet_a..,.~ det a be the cotac~or of 

·a .. in th• .mat rile a -= (a""), i. e. , atAoW a _ = -& foi.. · We obs-erve that the 
i'• ... r-· e»V V . . . 

<': 

-
'h\ : · ·• q..a;.titles ~ ... ~~l (Av~*'} and sal'~ ifl-\(A,...A•") 8 

'". J:' ' . · .. -;~;~·- : . 
. · ...... ;.. ..... transform like a co.nt~avarian.t voc:tor ·and tensor respectively betwee_tt ·. 

... •.' ,, 

. ' 

·:'.i:r ., clifferent Cartesian coor.inate systems. The appropriate tensor extension ·.: ,:· <: ~·· · 
''"> .'\' : ,i , ~ ~: - • j_ I ,, 

. v,,. 1
: : _ _ .,;_·(:·; of Eq. (2) is therefore · . . . . '(. .. ; ~ 

";:·.r;;: .r; ~ :' •. -. -· ;. 1 · · ' : ';. . { 

.<> <~ ... :·~- _ _ -~" (~ta/8.~~e. ~ .. <f Tap.) ,p. +{(f Sa~'") •P." (2'if :,': ·-~~ ;:·~·1 

··\_>-..:·,_· .. · ·> wbere the co~~. iacUeate covariant derivatives with r~apeet to .the qtl. . . :-. •>:· '' 

·:: .. ·.In. any.~ Cartesian coordinate system Eq .. · (ZZ) has precisely the form oi: ;·i:. 
. · · . E~'.' (2) •. We caa now: write ~·~ '(18)in a covariant form, . . . ' 

. - . 
~ . ; 
··' ,.. . . .. 

· ., . ·.':: -~- - :- 'T I' r= a~1i' <h ) · . $P.~; = a~ a VT (a ) . 
.-, ·. • ••• ··-"> - · a. · . a • v • -- .. _ . •, Cl)1' •. 

(23).- ,' "1\ • 

• ~ ~-·'II.' 

. ' ·:- ,.._."'~:.~,[~,.:-~- ....... :. ,. :· . ' . 

~'.:,·r. f », _·;
1
;:--·. · • ;Th~ two covariant -derivative • that appear in Eq. (2l) can be -found from 

; ' • ' . (hal,~ = ,& h~/& <1
11 

• 8, .. ., « & 
2 g/8<j~ & q T -{ .. ~ ,.} (& i/& '!U ), (a4) 

. :·":~ ··~ ~ ·.t . 
. !' .- •·. ' 

r'/• , '.: ·. ·:where ~a<t~ iS a Chrlatoftei ~~bol of• the second ldt111 defined by 

ll' • ,· f v t= a•~ [ ..... ·] = {. a•T (8a..,/8CJ" t &al',./&q"'- &a.,11/&q "I·) 
y • 1~ .. .r . . 
·- The covariant del'i.vati-ve (f T P.) <:aa be simply expressed 

. . . . . _· a_ • ·l' 

(f T
8
t')'"' = a"!'l/~(8/8_q~'-) (al/Z f T

8
r), a = det (ap.v ) , 

'-

'· 

(ZS) ' 

(Z6) 
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, ...... 

' . . .. .,.., . 

· and for (f S . ) • P." , 

. . . . ~ • . . . . l . ' . 

(f s"") •I'" = a .. ·~~a(& 2/a qP. & q"l (a.l/2. f st'") 

. .. , . + a -l/Z{./8 qv) fa l/Z kJ l S~n. ' (27) 

The. Wr.td~t.g of· Eq. ·(!i) in arbitrary cu:rvi.ll;ear ~oordi.nates now becomll s. 

a str~ightforward·applic.tiOcll:ofEq·;,;:· (~3),.· (24)p (~26). ·and (2.l), i~·tbat . . .. '. ' .. . . ·. . 

""· . order~ . . . . . . · · 

. ·::... . As a~ example ~e· can. easily w~ite down th. equation in.' sphedcal 

·.· '':polar' eo~tdinatea in velocity .pac~, r&&su~trig •• ;imu,thal symmetTy about 

the e :::: 'ci symmetry $Xi II,_ eo··'th~t we ha~e f(v • ..,; ~here 1£ = cos 8. In 

• < . 

.. ·~~-~\.i-",;; :'• -~~·.;)f. . 

"t. ' ~: ·, . ·: 

•·. > ' 

~>· 

... :-· 'I·: .. 

' . 

.-e ,.,. • '"'~ •• ' • • .. 

' '.. ' ~ 

these coordinates we ha.ve 
. t 

1 
q = r 

z .. 
q = .,. 

.· 
3 q. = ..• t 

. ' . . 

. _-aa2.: dr2. + r2(1 ~. ~Zfl(ct~)a + 'r2.U,• ~':.2);(cit:)2· ~. 

z . . z -1 . ' ... z . . 2 
a 12 ·= r -(1 .. t'J ) . , . · a 

33 
~ ~ r . (1 ... ,.. l , 

i + J. 

.11 
~ ·= 1. 

- 2..2. : · .. z 2 
-·a = r (1 "'~ h 

33 . ..z · z, .. r 
a· =r·U-J'· · * 

· a:U = .o · · .. t ·¢ J ; 
. 4 

a ·= det (a ) ·a r JI.V • 
. ' 

From Eqe. ·(23). (:t4), aod •Z6) we obtain· · 

Ta 1 .~· (& ha/8 r), Tai -= __ l".z(l .. ,t'i)·(8 bja~~) ·• -T~- 3 = o. 

(iS) 

If T/1,~' .. r" 2
(e/&rl(f ~z 8 h 1 /~ rl +r"z(& /81"1 [fil - JA

2l ah,j&fl]· . · 
. · · ... _ . . · . . {Z9) 

The sec:ond .. ~ank tensor st'" follows in the •ame way: 

.. 

• i 

. . .;-

·'' ,>('. • '. f •, it 
. . . '. ~' 

·. , . 
• -~".;-! ~# .... ' •'i 

.. ·'·' 



-.' ..... : :"· 
.. ···.·-''' 

'' i ·. F ,• 

_: .... :; ,;'" . 
• '"\1....,"": 

':~:-.:> ·. ':·-::·.'···~ 
~,·, ,.,~·-~ ..... : ·.::: .. 

I[ , •, 

' ... 

. : .\r·~ ;·~·~· .· ,· 
,• 

. , ,. .. 

'!l, . 

' . 

, sZZ = r· 4
(1- jr/)

2 
[a

2
g/81'Z + 'r(l'· l'~f 1 (&g/8r) 

··. . • ~&(1- .. zrillg/a~), 

..... 

.. 

. ' 

. · .. 
.i.,_~ ... 

- ',., 
. . . . ~-

~ ~, . -

... 
·. '"t 



'• . ··. 
... ~ . ' ·:. "\ .~-~ ... 

'-~ ' w ':·· 

. I .. · ~ . 

··,.·, 

.. ' 
-.. · 

· .. ·,. 

'' 
' ,' 

.. 1 

; . ~ 
' ..... 

.... ";. ·:, -. • .. 

,. 
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'. 

{32) 

.. "· :· 

~:~ ~ [i ~ ;: z_ 2 V:y' (~~' - /(J -!'2)(}- <) • r2 

--~· -~:4-~v·r /(C~~-;z}{~ - ~~ 2 )' ··-'--· ..___ ___ , ) ... 

;·, E .. . . . 

·.• . : . .. _-- ~·· ~v 2 
+ v

12
- 2·v ~~ {~~~ }o.- ~ 2 ) {l- Jl!

2
) . (33) 

The '·sJ)atiaJly homoge,11.epus t.wo- dimensiona:l time -dependent Bq. {31} is 
..... . ... ' . . ' . . . . . 

.... no~· too complex for -electronic digital computer$ .. Moreover, Eq. {31) 

·. ,.·- : ·.for~'s ·a·u.seftil •starting :poi·nt'for dev~i~ping an ~pproximate distribution 

.' . fun:c_tion ~heri ax,i;1· s~m~try'exists. · A meth6d for reduCing the Eq. . 

:(Bl) to ft. ~oupled. set of one-dime11-~ional nonlinear ,integr_odifferential 

.equatiort~ which.can be treated qu:i,te s_imply numerically will be giVen. 
~ '. 

-. 

'-"' 
.•-' 

·' 

;,t _J •.• 

. ... '-

. ·' 

· .. 

· ... 
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,.·~. ··- •' • ·~, • 1\'~ 

The solution to~~· tll) can be expanded _in a series of .Legen<ire 
.. . 

polynorniala: 

.. · 
·•. ~ ~ . . 
·t :, ... • 

' -. , ~ 
,! 'ct>' •• 

. QO . . 
· .. 

, fa (v. J'l-= ~ . · a
11 

(a} (-v).P rl Cil) •. 

. ·.,,.~- ·· , ·. . . .• n=O ~- . . . 
,· ~ . , . . _:_ · ~<. · This e"xpanslon provides an expan~ion of the tw0 functions· ha (v, tA-) and "" · :-' ~-

·, 

\ . 

.. g~v, ·ll)• which· can be obtained from _Eq. U9l. We first evaluate t4e 

'· itttegral; appearing itt tbe··definition of haC.• tf.). Let- us de.fine 
. . . 

. P.,IJol A.,(a I (v, t>l=f ~· a,. {ill 1¥'1 p n (Jo' I I.! . Y: j·l 0 

. i . ·' :_; '( · .. Then. inserting · · 

.. 
. (3S) 

:.· '; .· · · . . I.! ·Y: 1·1 = (z•h" 1 fg·aJBI!.· ~·. 1 
k.z 

. ;~:;_, ,._ <:.: .. ~·- into Eq. (35). we have · 
· .rtt . · _ ... ':. ~--' . 

_.-... , ... 
,; _ .... 

: ; P~(Jo) A
11

(a) (v; t>l = (ZwZ.f '[ ~· a
11 

(11.) (Y') ~~ ~.!}of!_. !.\ ·Zp 
11 

'(p.') . (36 I 

.. 
~. . 

tt.; .. -: .;~ '-· .... ~ 
• > 

. . 
~t~··." :!. :"~::~; ~~ 

·~here ~"=cos ~ ~z ), ll' ~ cos (t,:, .Sz)• _and+ is the angle'between 

· · the plane of~· and ,.s._. and t_he plane of·~ and ..!z • w~ have 

·. _;_··,_· · j .. iktv' ·. · 
. ~ ~ _, J> n(V.~~t· ·c~+' = 

' . ' 

i'y"~f. , .. 

.:.:...., 

' f -tkv'I'"P.' j . . 
. Zw e " . J

0
(kv' (1 ... ~ 2 )(1 - .,.~z))P 

0
(JI.')dlf.'.. (37). 

Uting a lor~ula given by Wat,otl7 (11.14) we can tlnally integrate this to· ' 

J.-~:!!P 0 Jir.'ldt>' ~\ ~ Zw(Z•/l:J) 1 /~ 14P
0

(Jo")J
11 

filkv') o ;3a)• 
~-. 
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If we write k· v = kv (tJ.t£ 11 + j'(l - t£Z) (1 - il''i) cos y) • where 
.,.. -

il = cos (v, e ) and y is the ·angle between the plane of k, e ·and v, ._El , 
... ~"'Z - -z """ z 

we can employ the same formula to integrate Eq. (36) with respect to 

k, obtaining 

A ~)(v, t£) = 
n 

j co Z (a) . jco -1 -1/Z 
4 'I' dv'v' a (v') dk J ~ (kv) J ~ (kv')k (vv') . (39) 

n n+G n+~ 
. 0 g 

The integral over k is found in Watson 
7 

(13.4Z) also: 

where v <is the smaller of v, v' and v> is the greater. Thus the 

final result is 

f dv' _v_n-..--...... ~~".'(a) (v')]. 
(vif - 1 u 

The expansion for h (v, J.l) follows from Eqs. (19) and (35): 
a 

ha (v, JA) = L ~~~ 'f (rna + mb) ~ -1 an (b) (v, JA) p n (t£): 

n=O ~ 
.. The.expansion·for-g (v, ll) can be found in the same way by first using 

I I -zj ~· <t - .Y' > -4 
. ! - :!' = -v ~ e k . 

If we define 

P (}1) B (a) (v) ~Jdv' a (a) (v') (dk et!· (;!- ,!.')p {v.')k-4 , 
n n ._. n .,..,.')' n 

(40) 

(41) 

(4Z) 
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the same steps followed above give 

B (a) (v) = ' 
n 

UCRL-3375 

(kv) J
11 

+ t (kv') k-
3 

(v v•r 
1
/Z. 

- (43) 

The k integral can be evaluated in terms of the hype'rgeometric 

function zF 
1 

(a, b; c; 1'.} (Reference 7, section 13.4) : 

r _ _ 
3 1 

n + 1/2 n -- S/2: 
2 1 

• 1 

dk Jn +! (kv) Jn +! (b')k = 'S' (v <) (v,.) - (n - 4 ) x 

1 3 v< 0 2) 
x zF 1 ( n - "l , - 1; n + 'Z"; ;;: • 

The hypergeometric function appearing here is actually a polynomial, 

and the result for Bn (a) (v) is 

(44) 

(a)(v) = -411' (4 n2 -1,- 11 rv dv' a fa) (v') 
Bn u. n 

0 

(v') n + 2 ( 1 - n: - 1/2 (vv ~ 2) ) 
n-1 ~ 

v 

{ 
dv' a (a)~') vn (1- n - l[a 

n (vl)n - 3 · · n + 3/2 
v 

The expansion for g (v, p.) follows from Eq. (19) and (42): 

z \ 

,:.,2 ~. 
(45) 

(46) 

The procedure for obtaining an approximlitll~""fJ'olution'·to 'Eq~ (31) 

is to retain terme in f (v, IJ.) to· some order N. 
a 

N 

fa (v • iJ.) ':' :L an (a) (v) p n (t~o) • 
. n .. O 

(47) 
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-., . ·· .... ,,·, ..,.· 
: ~- '<to' '. •' - :., • ~ , , I . , 

. '"-: · a~d obtain the/ corresponding expansions of .it ·;(v. p.) and 1 (v, · fi.). which 
:: · ... ._. ... ·.· . . · ·a a 

.:, ·. • · ·· .. · - also a.~• to. order_ N. Thete up~eas.ion.s. are riow, _in.se.rted in Eq. (~ 1) · 

' ' .:~ ·~.' '· . -~ th~ ~e•~u exprelaed as a eaeriea· i.n t.eaendre polyo.omiale. Of use 
~ ~ ... ·> }~:~~ .. ·>· :~ .'/~~ ... ~ • ' ' • I 

, .. "' · .. •· ·.:<:;:.'' . !f?r .this purpose is· · '· 

':~~ f;;:". \ : . .., i 

;.•.;;, ~·:{-.:-. · --~--· , Pt • fti) P": ,.,.> = 2: . · o~, •lt· Ptt(tl; · · 
:. ·r,. : . ~ "-:o· 

. . .... ; ' - ' 

>;; : ... '' ·: '' •·. ~h~re the c t .t •k. ' are glven in ·co.nd.on. and Shortley. 8 .AssWm.na 'spatial' 

~~~.·.·~ •• ~.•., • • : < • :· • • ·ho~~geneity, we find that the velocity ... dej,ettdent term v.,. (I fa/&'V.,.) 

. _of the ~oltzmann differential ope.:rator Eq. (1) eao. also be expanded iri 
~}-~~' ~ 

,.. . . ., ,.. . Leaend.re potynomtais. Equating·. coefficients of Legectcire pC)lynobiiala · . 
•' -. 

~ ... 
;>+' 

,'1: I ::''.' .·.of the :•arne order in the e1tpae.sione of xq~ (l) aad (31). ,,one now obtains .. 
'·. -t ~ • • • .. . ~ • ' • 

·. . · .. ~···a !IYat~~ of coupled one-~e~-sioual nonlinear iniesrodifferea:tial 
r . - '~ . . . • ~ • 

.. ·. . . equatloaa. 
-~- . ' . 
. > .: · __ . :. ·' ·/ :The two simplest a.pproximations are the followittg: 

.:· _ .i:; '. :· ·:'·: : <. )~l -f~(v, ~~in ha (v, t~o) and .g(v, p) i• t'a.ott'epie aod Eq~ ·. (31) is the equation 

... · • . ,· .:.: .. ·givenby Ctiaadra_aeltdU..r~ (b) fa(·•• .. fA.)=· a
0

(v) + a 1(v)P
1

(a.L). and Eq. (31) is 

•· ·- - · . : :.:-· ·t).te equation used by Spit&er and collaborator's. 3, 4 · . 
,'. . . 

This wo·rk was begun whUe the first two authors were at the 

:- Univeiaity of Caltforn.ia ~diatiori -Laboratory. . . 
··~- . 
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