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Abstract In this work, we examine a quasi-2D silo that

clogs due to the spontaneous formation of stable arches. We

validate a numerical scheme comparing the morphology of

clogging arches with previous experimental findings. Addi-

tionally, we inspect the forces that act on particles, both on

those in the bulk of the silo as well as those belonging to the

arches formed above the outlet. In the silo, we have found

that normal forces are higher close to the wall, in contrast to

the central part of the silo, where normal forces are notably

lower. Besides, it is revealed that normal forces on particles

belonging to the clogging arches are significantly larger than

in their surroundings. In a particle of the arch, the magnitude

of the force strongly depends on the angle subtended from its

center to the contact points with its two neighbors in the arch.

Indeed, for angles exceeding 180◦, the larger the angle, the

lower the normal force and the higher the tangential one. On

the contrary, for smaller angles the behavior is reversed, so

the normal forces increase with the angle. Finally, we present

a comparison of the normal and tangential force distributions

for the particles within the arch and in the bulk. All this shows

the special nature of the forces developed in clogging arches,

which suggests that direct extrapolations of bulk properties

should not be taken for granted.

Keywords Arch · Bridge · Clogging · Jamming · Silo

1 Introduction

Arches (or bridges) are usually found in particulated materi-

als such as granular media, colloids, suspensions or crowds.
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They can be defined as an assembly of elements which are

mutually stabilized under gravity or any other external field

[1–4].

Two different approaches have been used to describe the

complex structure of arches. On one hand, several groups

have explored the nature of arches within the bulk of granu-

lar media [1–7] or colloidal samples [7,8]. This course has

led to useful analogies between the properties of arches and

those of the force chains. Interestingly, it has been found that

the nature of two dimensional and three dimensional arches

differs. Indeed, in three dimensions two different kind of

bridges are found, namely, simple linear arches and complex

3D backbones with loops and/or branches [1–4].

On the other hand, several authors have focused their

attention on the arches that arise at a bottleneck. These

arches seem to be crucial to understand clogging, which is

a major problem when a particulated material is forced to

pass through an stranglement. Familiar examples of clog-

ging appear in crowd stampedes [9,10], fluid-driven particle

flows [11,12], and granular materials. In this later case, abun-

dant research has been carried out covering 2D [13,14] and

3D [15,16] silos, inclined outpouring [17,18], silos with an

obstacle above the outlet [19], anisometric (wedge) hoppers

[20], and piles discharged through an orifice at their bot-

tom [21]. In all these systems clogging arches withstand the

weight of the particles above them just as architectural arches

do. For the case of silos, a link has been sought between

the properties of the arches and the clogging probability

[13,14,22,23]. Although the relationship is not fully under-

stood, the knowledge about the properties of these assemblies

has been notably improved.

To et al. [13], To and Lai [14] reported that clogging arches

have a semi-circular convex shape, which can be reproduced

by a restricted random walk model. Note that a convex shape

is, indeed, a necessary condition for the static equilibrium of
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Fig. 1 Sketch of the simulated silo. At the left the silo is represented,

with an indication at the top of the different regions in which forces have

been analyzed (W, wall; I, intermediate; and C, central). The big white

square marks the zone that has been considered as the bulk region,

as justified in the text. At the bottom right, a close up of the outlet

neighborhood is displayed with an arch. Particles belonging to the arch

(to the base of the arch) are marked with crosses (dots). The angle

associated to one of the particles in the arch (φ) is also drawn. The

outlet is formed by two particles whose centers are 4d apart, giving an

outlet size of R = 3. At the top right, a sketch of the interaction among

two particles is shown

frictionless particles. If friction is the case, Garcimartín et al.

[24] showed that the convex condition is not always fulfilled

locally. They measured the angle φ formed by each particle

and its two neighbors (as shown in Fig. 1), and reported a

substantial amount of cases where this angle was above 180◦.

These cases were named defects and they are only possible on

account of particle friction. In a recent article, we revealed

that the stability of arches against vibrations is related to

these defects: the larger the defect, the lower the intensity of

the vibration needed to break the arch [25]. In line with this

result, Pournin et al. [26] showed the crucial role of friction

for the clogging propensity of a granular material.

Apart from the applied interest of studying arches as pro-

moters of clogging, it is desirable to clarify whether or not

the properties of particles within these arches resemble the

ones found in particles within the bulk of a granular sample.

In this work, we perform numerical simulations that are com-

pared to and validated against previous experimental results.

Subsequently, we exploit the potential of the numerical simu-

lations to analyze the forces acting on the particles belonging

to the clogging arches and compare them with the forces tak-

ing place among particles in the silo bulk.

2 Model

To simulate clogging arches like the ones obtained experi-

mentally in [24,25], we have performed a discrete element

modeling (DEM) [27] of a system of monodisperse spheres

with diameter d = 1/32 m. The particles are confined within

a quasi-2D rectangular container of rigid walls, which have

the same mechanical properties as the particles. On the per-

pendicular direction y (off-plane), the gap between the two

walls is 1.2 × d, and on the horizontal direction x the silo is

32×d wide (see Fig. 1). At the bottom of the silo, an aperture

is created using two particles whose centers are a distance

4 × d apart. Hence the outlet size R, measured in particles

diameters, is R = 3 as depicted in Fig. 1.

The experimental scenario of spontaneous development

of stable arches is captured by generating a random granular

gas within the container, and letting the particles fall down

under the action of gravity. The lateral and bottom boundaries

are built of fixed particles with similar mechanical proper-

ties. The particles flow through the orifice, where periodic

boundary conditions are applied. The eventual formation of

an stable arch stops the flow. The system is let to relax until

the mean kinetic energy of the grains is several orders of mag-

nitude smaller than the potential energy, i.e. Ec

E p
< 10−4.

In the simulation, each particle i (i = 1, . . . , N ) has three

translational degrees of freedom and the rotational movement

is described by a quaternion formalism [28]. The interaction

between particle i and particle j, Fi j , is decomposed as:

Fi j = FN
i j + FT

i j (1)

where FN
i j is the component on the normal direction to the

contact plane. In the same way, FT
i j is the component acting on

the tangential direction. In our approach, the elastic normal

interaction FN
i j , is defined by a linear contact. Moreover, to

introduce dissipation, a velocity dependent viscous damping

is assumed. Hence, the total normal force reads as:

FN
i j = −k N δ · n̂ − γ N me f f · vN

rel , (2)

where k N is the spring constant on the normal direction,

mr = mi m j/(mi +m j ) = m/2 stands for the pair’s reduced

mass, γ N is the damping coefficient in the normal direc-

tion and vN
rel is the normal relative velocity between i and j .

Moreover, the tangential force FT
i j also includes an elastic

term and a tangential frictional term accounting for static fric-

tion between the grains. This takes into account the Coulomb

friction constraint as:

FT
i j = min

{

| − kT ξ − γ T mr vT
rel |, µ|FN

i j |
}

, (3)

where γ T is the damping coefficient in the tangential direc-

tion, vT
rel is the tangential component of the relative contact

velocity of the overlapping pair, µ is the friction coefficient

of the particles, and |ξ | accounts for the elongation of an
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imaginary spring with elastic constant kT . As long as there

is an overlap between the interacting particles, ξ increases as

dξ/dt = vT
rel [27]. Moreover, the tangential spring is trun-

cated and renormalized as necessary to be orthogonal to the

normal vector [29].

The Newton’s equations of motion are integrated using a

Fincham’s leap-frog algorithm (rotational) [30] and a Ver-

let Velocity algorithm (translational) [31]. The kinematic

tangential relative displacement, ξ(t), is updated using an

Euler’s algorithm. The value of the normal elastic con-

stant is k N = 107 N/m and the density of the particles

ρ = 7580 kg/m3. The particles stiffness has been chosen

guaranteeing that the particle overlapping is less than the

2 % of the particle radius. The tangential elastic constant was

kt = 2/7 kN and dissipation parameters γ N = 725 s−1 and

γ T = 72.5 s−1 were used. The gravity is set to g = 10 m/s2

and the time step to ∆t = 10−6 s. In the simulations, we

have kept constant the previous set of parameters modifying

only the friction coefficient. To get good statistics, the results

presented below correspond to at least eight hundred stable

arches for each case.

3 Spatial morphology of clogging arches

Clogging arches are multi-particle structures found just

above the orifice. To identify those arches we consider the

same protocol used in previous studies [24,25,32]. The

method was formulated with a goal of being consistent with

previous definitions of arches [1–8] where it is stated that

the beads that effectively belong to an arch are those that are

mutually stabilized. In other words, particles belonging to an

arch are those that would collapse if any other bead in the

arch is removed.

The experimental procedure used to define the particles

belonging to a clogging arch is based in the identification of

the first line of beads in mutual contact that are just above the

orifice. To this end, first, the silo base at the left and right of

the orifice is identified. Departing from one side, the bead in

contact with the base which is closer to the orifice is tagged.

Beginning from it, the beads in contact with it are listed, and

the angles to the centers of the beads are calculated; the first

angle among them (starting from the downward direction) is

selected, and the corresponding bead is labeled as the next

one in the arch. The procedure is repeated until the bead is in

contact with the base at the other side. Finally, the particles

in contact with the bottom of the silo are not considered to

be members of the bridge as they indeed are conforming the

base of the arch (see Fig. 1). Some subtleties concerning the

procedure are discussed in [24].

Once the clogging arches are identified, we have analyzed

the number of beads η belonging to each arch. In Fig. 2 we

show the probability density function (PDF) found in experi-
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Fig. 2 (Color online) Probability density function (PDF) of the num-

ber of beads η in the clogging arches. Symbols are used to display

numerical results obtained for R = 3 with different friction coefficients

as indicated in the legend. Solid (dashed) line represents experimental

data, previously reported in [24] using steel particles and R = 3.03

(R = 3.61)

ments [24] using steel particles and outlet sizes R = 3.03 and

R = 3.61. Clearly, the number of particles depends on the

orifice size, because the bigger the outlet, the larger the num-

ber of particles needed to form a blocking arch. Along with

those experimental data, we present results from simulations

performed with an orifice size R = 3.00 and different val-

ues of µ. It seems that the friction coefficient does not have a

significant effect, even though larger arches (with more parti-

cles) are formed as µ increases. The comparison of numerical

and experimental results suggests the same qualitative behav-

ior. Nevertheless, slightly larger arches are found using the

numerical scheme. We attribute this to the fact that the shape

of the orifice in the numerical simulations is different from

the experimental one. Experimental arches were all obtained

using an orifice with an inverted V-shape [24,25] which

enables the formation of smaller arches than the orifice shape

implemented numerically. Indeed, the size distribution of

numerical arches seems equivalent to the one obtained exper-

imentally for R = 3.61. In any case, the trend displayed by

both distributions is similar: there is a maximum around η =

R+2, and then the probability decays exponentially as it was

previously reported both in bulk [3] and clogging arches [24].

The validity of the numerical method is also assessed by

checking the distribution of angles of the beads in the arch, as

defined by the segments between the center of mass of the par-

ticles (see Fig. 1). In all the cases, i.e. experiments using steel

particles with R = 3.03 and R = 3.61, and simulations with

R = 3 and three different friction coefficients, it is inferred

that the shape of the distribution does not strongly depend

neither on the outlet size, nor on the friction coefficient, as

shown in Fig. 3. The curves show an asymmetric distribution
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Fig. 3 (Color online) PDF for the angles φ associated to particles in

the arch. In the inset, the same PDF is shown in semilogarithmic scale.

Symbols are used to display numerical results obtained for R = 3 using

different friction coefficients as indicated in the legend. Solid (dashed)

line represents experimental data using steel particles and R = 3.03

(R = 3.61). The dotted vertical line indicates φ=180◦, the angle above

which a particle is considered a defect

with a maximum at around 150◦–160◦ and a faster decay for

big angles than for small ones. However, the decay rates of

the distribution tails are slightly different.

Generally speaking, it can be stated that the higher the

friction coefficient, the wider the distribution of angles. This

effect is specially enhanced for high values of φ. As could be

expected, increasing µ leads to slower decays in the distribu-

tion (see inset of Fig. 3). The fact that lower values of φ arise

when increasing µ can be explained by the inverse correla-

tion among the angles corresponding to consecutive particles

within the arch. It was observed that a large angle is usually

between two small angles, and viceversa [24]. These out-

comes suggest that high values of friction coefficient enable

the formation of more complex stable structures. The same

trend (proliferation of large angles) is observed when the out-

let size is increased, because as η increases, the more likely

it is that a larger φ appears [25].

4 Force heterogeneity in the silo

In the previous section, we have seen that the numerical sim-

ulations are capable of generally capturing the geometrical

features of arches as observed in experiments. The numeri-

cal scheme also allows us to obtain the contact forces acting

on the particles in the silo after a clogging event. Our first

goal is to provide a picture of the force magnitude at dif-

ferent regions of the silo. In agreement with recent findings

[33,34], we have found there are important inhomogeneities

both on the horizontal and vertical directions. Hence, the

magnitude of the normal force has been studied for particles
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Fig. 4 (Color online) Profiles of the mean normal force along the

height (h) rescaled by the particle diameter (d). Different profiles are

shown for increasing values of friction: a µ = 0.2, b µ = 0.4, and

c µ = 0.8. In addition, results for different regions of the silo are

shown in each graph (wall, intermediate, and centre, as indicated in

Fig. 1). Vertical dotted lines indicate the heights that enclose the region

(27 < h/d < 48), which has been used to analyze the ‘bulk’ properties

as explained in the text

located in three different regions of the silo: wall region (W),

central region (C) and intermediate region (I) (the layout of

these regions is indicated in Fig. 1). In Fig. 4 we present the
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profiles of the average normal forces vs. the height h. The

trends obtained for different friction coefficients (plots (a),

(b) and (c) in Fig. 4) are very similar. Starting from the sur-

face (h = 80 days), the average normal force in the three

regions (C, I and W, represented in different colors in each

plot of Fig. 4) displays the same values, increasing linearly as

h decreases. At a height h ≈ 50 days the force profiles begin

to behave slightly different in these three regions. Note that

this location (where the depth is similar to the silo diam-

eter) coincides with the depth at which a pressure satura-

tion is expected due to the Janssen effect. Accordingly, for

h < 50 days the average normal force in the central region of

the silo decreases with h. This can be a reminiscence of the

‘fluid state’, in which it has been observed that the pressure

is reduced as the orifice is approached [35].

On the contrary, near the walls 〈 f n〉 increases as h is

reduced, although the slope of the profile is considerably

smaller than the one obtained for higher positions. Finally, a

halfway behavior is observed for the intermediate region I,

where the force profile seems to saturate for h < 50, with a

slight increase of 〈 f n〉 below h ≈ 20 days.

The effect of modifying the particles’ friction on the pro-

files of the average normal force (displayed in Fig. 4) can

be summarized in two main issues: (1) low values of µ lead

to higher values of normal forces in the wall region. (2) The

effect of friction in the profiles of the central region is quite

small. Those two effects lead to an enhancement of the differ-

ences among the central and lateral regions as µ is reduced.

Another consequence of changing the friction coefficient of

the particles is that the lower µ is, the closer to the surface

the profiles begin to display differences.

As pointed out above, we have found important inhomo-

geneities in the silo. We will need a reference value for the

next section of this paper, where we will compare the magni-

tude of normal and tangential forces in the arches and in the

bulk of the silo. We have decided to take as a reference the

mean normal force at the central and intermediate region for

a height ranging from h/d = 27 to h/d = 48. This region

is indicated by vertical dotted lines in Fig. 4 and it has a

fairly uniform average normal force that, from now on, will

be named 〈 f nb〉, i.e mean normal force at the bulk. The val-

ues of 〈 f nb〉 obtained for different friction coefficients are

presented in Table 1.

Table 1 Mean values of the normal forces in terms of mg, measured in

the arches (〈 f na〉) and in the bulk region as defined in the text (〈 f nb〉)

µ 0.2 0.4 0.8

〈 f nb〉 24 ± 2 20 ± 1 21 ± 2

〈 f na〉 44 ± 3 35 ± 3 32 ± 2

The uncertainty of the mean values is expressed in terms of the 95 %

confidence interval of an exponential distribution

5 Forces acting on particles in clogging arches

and within the bulk

Let us begin this section by remarking an interesting behavior

revealed in all the profiles of the central region: when the

distance to the bottom of the silo is smaller than 5 particle

diameters, an augment of the normal force is observed as h

is reduced (i.e. as the outlet is approached). It is plausible

that this increase of the forces near the orifice could be due

to the presence of clogging arches which are, of course, only

present in the central region of the silo. We have actually

calculated the mean normal force 〈 f na〉 within the clogging

arches (see results in Table 1) and it is considerably higher

than the average normal force in the central region for low

values of h.

Taken at face value, these high values of mean normal

forces found in the clogging arches seem to challenge the pre-

diction of the simplified approximation introduced in [25]. In

that work, it was suggested that the normal forces acting on

the particles where the arch breaks (‘the weakest link’) are

smaller than 10 mg. The discrepancy could be due to several

causes. First, the average normal force calculated here takes

into account all the particles belonging to the arch, while in

the approximation of [25] only the particle promoting the

arch collapse was considered. Second, it should be remarked

that the numerical scheme only takes into account tangential

forces due to static frictional effects, but no rolling friction

or torsional deformation have been implemented –aspects

which could be relevant to describe the stability of arches.

And third, in order to simplify the analytic description, an

approximation was introduced in [25] so that only horizon-

tal defects were considered, where normal forces could be

smaller than in defects with other orientations. To shed light

on the origin of this discrepancy, it seems natural to examine

if the normal forces in the arch have any dependence on their

associated angle.

Figure 5 illustrates the average normal and tangential

forces acting on particles that conform the arches. Specif-

ically, we show the dependence on the angle φ associated to

each particle for three values of friction coefficient. Interest-

ingly, it seems that the trends displayed for both normal and

tangential curves are similar for all the cases. Except for very

small angles (φ < 90◦) normal forces increase with φ for

small values of φ, reaching a maximum at around 180◦, and

then decrease as φ exceeds this value. This lowering of the

normal forces at the defects may be the key to an accordance

with the results presented in [25]. In addition, we believe that

this phenomenon may be the cause of the behavior of normal

forces observed in the interval 90◦ < φ < 130◦. As noted, in

[24] it was found that consecutive particles belonging to the

arch display an inverse correlation in their associated angles.

Then, it seems reasonable that if particles with large angles

have small normal forces, the same holds for particles with
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Fig. 5 Mean value of the normal and tangential force acting on all

the particles in the arches, as a function of φ. Each set of symbols

corresponds to a different value of friction coefficient µ, as indicated in

the legend

small angles. From this, it follows that regular arches without

defects are those that can withstand higher normal forces.

The behavior obtained for the tangential forces in Fig. 5

is the opposite than for normal forces. Indeed, tangential

forces are almost zero for intermediate values of φ, increasing

notably as φ grows above 180◦. This is an expected result as

tangential forces are necessary to stabilize angles above 180◦

and hence, the higher the angle is, the stronger the tangen-

tial force. Let us now describe the effect of the interparticle

friction in the force dependence on φ. Firstly, the normal

forces in the arch are considerably higher for µ = 0.2 than

for the cases of higher friction, where the outcomes are very

similar. Another expected trend revealed by Fig. 5 is that

the higher the friction coefficient, the higher the tangential

forces and the angles that can be reached within the arches.

Consequently, the decrease of normal forces for φ > 180◦ is

sharper when friction increases.

Once we have found that the forces in the arch seem to dis-

play special properties, we analyze the distribution of forces

within the arch and compare it with the distribution of forces

in the bulk. Figure 6 displays the distribution of normal forces

in the bulk and in the arch. In both cases, to allow straight

comparison, we have rescaled the normal forces by the aver-

age normal force of the particles in the bulk 〈 f nb〉. Inter-

estingly, the distributions are quite different. For the bulk,

we obtain the typical monotonous exponential decay that is

often observed in granular materials. On the contrary, the

force distribution in the arch exhibits a narrower distribu-

tion with a maximum that has been typically attributed to

the development of yield stress and force chains [36–39].

Indeed, it is expected that in arches, the values of forces lie

around the average as the forces acting on a particle must be

compensated. In addition, from Fig. 6 it is evidenced that the

distribution of forces around the average has not a significant

dependence on the friction coefficient.

The tangential force distributions (Fig. 7) reveal a behav-

ior similar to the normal ones. For the particles in the bulk,

a monotonous exponential decay is observed. For the par-

ticles belonging to the arches, we obtain a narrower distri-

bution with an apparent maximum which is, however, less

pronounced that the one encountered in the arch distribution

of normal forces. The differences among the tails evidenced

for the exponential distributions using distinct friction coef-

ficients can be attributed to the rescaling factors which, as

explained above, are the average normal forces in the bulk

for each case.

Finally, the role of friction at the bulk and in the clog-

ging arches is examined with the distribution of the mobi-

lized friction
f t

µ f n
[39] (see Fig. 8a, b). Those distributions

indicate how far away the contacts are from the Coulomb

threshold criterion. In general, the outcomes are very similar

for both the bulk and the arches, revealing that the higher µ

is, the harder to reach the threshold criterion
f t

µ f n
= 1. More-

over, the data show that most of the contacts are much below

the Coulomb failure condition. Those results suggest that

even when very disordered arch morphologies are obtained,

the majority of the contacts are far away from the Coulomb

threshold criterion. In addition, it is reasonable to think that

the few particles that are closer to the condition
f t

µ f n
= 1

are those with an associated angle φ > 180◦, as observed

in Fig. 5. This correlates with our weakest-link argument for

breaking arches [25].

6 Conclusions

In this work, we have analyzed the forces developed among

the particles belonging to the arches that clog the exit of a

silo. The first important result is that the magnitude of the

average normal force within particles in an arch is consider-

ably larger than the normal forces in the particles around it.

Furthermore, we observe a strong dependence of the forces

in the arch on the angle associated to each particle (the angle

subtended from the particle center to the contact points with

its two neighbors). For defects, the larger the angle, the

higher the tangential force and the lower the normal one.

The first result was somehow expected and the second one

seems to be in agreement with the low values of normal force

obtained from the simplified argument recently put forward

to explain the resistance of arches against vibrations [25].

Finally, we explore the distribution of normal and tangential

forces within arches and compare it with the forces acting on

particles in the bulk. For the case of clogging arches, both

distributions reveal a well defined maximum indicating their

chain-like properties. However, for the case of the bulk the

distribution is wider, revealing the typical monotonous expo-
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Fig. 6 (Color online) a PDF of the normal forces of the particles in the

bulk rescaled by the average normal force in the bulk. b PDF of nor-

mal forces of the particles in the arch rescaled by the average normal

force in the bulk. In both graphs, different symbols correspond to the

simulations performed varying the friction coefficient (µ) as indicated

in legends
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Fig. 7 (Color online) a PDF of tangential forces of the particles in the

bulk rescaled by the average normal force in the bulk. b PDF of tangen-

tial forces of the particles in the arch rescaled by the average normal

force in the bulk. In both graphs, different symbols correspond to the

simulations performed varying the friction coefficient (µ) as indicated

in legends
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Fig. 8 (Color online) a PDF of the mobilized friction
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µ f n

of forces acting on particles at the bulk. b PDF the mobi-

lized friction fn/ft of forces acting on particles at the arches.

In both graphs, different symbols correspond to the simulations

performed varying the friction coefficient (µ) as indicated in

legends
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nential decay of granular materials that have not developed

yield stress. These results manifest the unique features of the

arches that block the orifice, suggesting the local character

of the clogging process.
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