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Abstract Pushing micro-objects using point contact
provides more flexibility and less complexity compared
to pick and place operation. Due to the fact that in
micro-world surface forces are much more dominant
than inertial forces and these forces are distributed
unevenly, pushing through the center of mass of the
micro-object may not yield a pure translational mo-
tion. In order to translate a micro-object, the line of
pushing should pass through the center of friction.
In this paper, a semi-autonomous scheme based on
hybrid vision/force feedback procedure is proposed
to push micro-objects with human assistance using a
custom built tele-micromanipulation setup to achieve
translational motion. In the semi-autonomous pushing
process, velocity controlled pushing with force feed-
back is realized along x-axis by the human operator
while y-axis orientation is undertaken automatically
using visual feedback. In this way the desired line
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of pushing for the micro-object is controlled to pass
through the varying center of friction. Experimental
results are shown to prove nano-Newton range force
sensing, scaled bilateral teleoperation with force feed-
back and pushing operation.
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1 Introduction

As nature has provided us with things in dimensions
ranging down till micro/nanometers, likewise humans
also were able to fabricate components in the same
scales. But the prominent challenge lies in the task of
assembling components in a single and functionalized
product. Use of techniques to produce complex mi-
cro/nano systems in a monolithic way is desirable, but
is not always feasible. The current practice is to incor-
porate components into a single functional product and
to assemble micro parts one by one [1–3]. One possible
solution to this problem is to develop setup capable to
assist humans to assembly micro-parts. The first and
foremost requirement for the assembly process is to
“precisely manipulate” objects. Manipulation includes
cutting, pushing, pulling, indenting, or any type of inter-
action which changes the relative position and relation
of entities. This paper concentrates on manipulation
by pushing as it is a useful technique for manipulat-
ing delicate, small, or slippery parts, parts with uncer-
tain location, or parts that are otherwise difficult to
grasp and carry [4–7]. The process of manipulation by
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pushing of micro-objects possesses many challenges
due to the requirements of:

• Actuators with high resolution (in nanometer
range), high bandwidth (up to several kilo hertz),
large force output (up to few newtons) and rel-
atively large travel range (up to a few millime-
ters) [8].

• Robust and transparent bilateral controllers for hu-
man intervention so that high fidelity position/force
interaction between the operator and the remote
micro environment can be achieved [9, 10].

• Vision based algorithms to estimate the location
of objects being manipulated and visual servoing
to position manipulators so that these objects can
be manipulated (pushed) along a desired trajec-
tory [11, 12].

• Controlled pushing force to generate the desired
compensation surface forces arising between the
object and the environment.

Pushing objects requires not only precise position
control of actuators but also delicate control of forces
involved in the manipulation process due to the fragility
of the micro-object [7, 13]. It is also indispensable to
sense and control the interaction forces involved in
the manipulation process with nano-newton resolution
which makes it necessary to utilize force feedback
mechanism or bilateral control. Bilateral control, which
is typically used for teleoperation, offers a solution
to these tasks since it enables the operator to work
remotely. That is, if actual presence of an operator
is not possible, inclusion of a bilateral control system
between the operator and the task would simply give
a possibility to so called “telepresence” of the operator.
Bilateral control is defined as the control of two systems
working together on an actual or virtual task. Typically,
it is used for teleoperation, in which one system is
called the “master” side and the other is called the
“slave” side of bilateral action. The slave subsystem
tracks the positions of the master subsystem which
provides the forces encountered by the slave side to the
operator and hence, teleoperation is achieved [14, 15].
Nowadays, many researchers have come up with the
notion of Şmultilateral control [16, 17] consisting of
more than two systems working with proper coordi-
nation to achieve a desired task. In order to perform
tele-micromanipulation it is indispensable to achieve
robust and transparent bilateral controllers for human
intervention so that high fidelity position/force interac-
tion between the operator and the remote micro/nano
environment can be achieved [9, 10]. Bilateral control
enables skilled teleoperation on several tasks, it offers
better safety, low cost and high accuracy. On the other

hand it also suffers from time delay problem [18, 19]
which effects the transparency of the systems.

Apart from the above mentioned requirements, pre-
cise positioning of micro-objects lying on a substrate
using a point contact pushing to track a desired tra-
jectory posses lot of challenges. The pusher or probe
needs to be controlled in such a way to reorient and
transport the micro-object to its final location using a
stable pushing1 operation. Using only a point contact
with limited degrees of freedom, the task of pushing on
a horizontal plane can be realized. In the micro-world,
the inertial effect can be neglected compared to the
frictional forces existing between the micro-object and
the substrate which plays a very dominant role at this
scale. The direction and the magnitude of the frictional
forces will determine the direction and magnitude of
the velocity thats needs to be applied at the contact
point to move the object in a desired trajectory. The
velocity at the contact point is the control variable for
the object motion and it is necessary to understand
the properties of frictional forces before planning the
pushing operation.

In this work, we are interested in translation of a
regular object from one location to another by orien-
tating the line of action of the pushing force to the
desired direction. The desired translational motion of
the object cannot be achieved if the line of pushing
at the contact point passes through the center of the
mass of the micro-object. Due to the dominance of
the frictional forces, the resultant line of pushing needs
to be directed to eliminate any moment caused by
the frictional force so that orientation effect of the
pushed object is rejected to ensure only translational
motion [20]. The frictional distribution in between the
contact surface of the micro-object and supporting sur-
face gives rise to centroid of the frictional distribution,
center of friction2 where all the distribution of friction
can be lumped into a single point. Mason [21] showed
that when the resultant pushing force vector applied
on an object passes through the center of friction, the
motion of the object is a pure translation. The result
is obtained by assuming that the coefficient of friction
of object with the substrate is constant over the time.
Unfortunately, this is not a feasible solution in micro-
world, where due to uncertain topography of the sur-
faces the frequency distribution changes with respect to
time, giving rise to the uncertain location of the center

1The probe or pusher is always in contact with the micro-object
during the pushing operation.
2Center of friction is defined as single point where the frictional
distribution between the interface of object/substrate can be
lumped.
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of friction which is not constant over time. Thus, the
most important task lies in the online estimation of the
center of friction using visual information and sensed
force which is one of the focus of this work. The paper
is organized as follows. Section 2 provides the problem
definition and approach and Section 3 explains the cus-
tom built tele-micromanipulation setup. In Section 4,
scaled bilateral teleoperation is demonstrated with ex-
perimental details concerning force/position tracking
between the master and the slave. Finally, Section 5
provides the procedure for pushing micro-objects along
with the experimental results in Section 6 and Section 7
concludes the paper and discusses future directions.

2 Problem definition and approach

The problem dealt within this work concerns utiliz-
ing semi-autonomous scheme for pushing of polygonal
micro-object, by point contact to achieve translational
motion with the aid of a human operator employing
scaled bilateral teleoperation with force-feedback. In
the past, researchers [21] have performed pushing op-
eration to achieve translational motion by allowing
the line of action to pass through the time-invariant
center of friction which is not valid in case of micro
world where the location of center of friction is time
dependent. Thus, to achieve translation motion in the
micro world, the proper line of action of the pushing
force needs to be always pass through the varying
center of friction of the polygonal micro-objects. More-
over, researchers [7] in the past have utilized auto-
matic schemes to push a micro-object but in case of
unpredictable environments, it is advisable to include
the human operator in the loop due to its adaptability,
understanding and decision making capabilities.

In order to prevent the sliding of the micro-object
during the pushing operation, it is necessary that the
the pusher falls within the friction cone3 as denoted
in Fig. 1. Theoretical value of μ (frictional coefficient)
between the silicon tip of the cantilever and silicon
micro-object is 0.25 [22], thus the angle for friction cone
can be calculated as 28.07◦. Thus, while the pushing
operation is in progress, it is inevitable that the probe
stays within the friction cone.

Figure 2 represents the scenario of moving rectan-
gular object using a point contact pushing to achieve
pure translation motion. The rectangular micro-object

3friction cone is defined as to be the set of all wrenches satisfying
Coulomb’s law for an object at rest, i.e. all the wrenches satisfy-
ing: | ft| ≤ μ| fn|, in other words if the pusher falls out of the angle
2 tan−1 μ, it would slide with respect to the micro object

Fig. 1 Friction cone between
the pusher and the
micro-object

ft

fn

2tan−1μ

MicroObject

Contact Point

has two points, namely COM (center of mass) and COF
(center of friction). The contact point of the pusher is
taken as the origin of the reference frame. The x-axis
and y-axis of the frame is chosen to be parallel with
the two sides of the rectangle. The velocity of the probe
along x-axis ( �Vx) and y-axis ( �Vy) are controlled by visual
feedback and human operator, respectively. The de-
sired velocity vector �Vdes, resultant of �Vx and �Vy needs
to pass through COF, hence have an angle θd is required
to achieve a pure translation motion. The value of �Vy

cannot be controlled to achieve the desired velocity
vector as it is administered by the human operator,
rather it’s only a measurable quantity. The variable
�Vx can be calculated by taking into consideration the
value of �Vy to achieve the desired velocity vector �Vdes

which makes an angle θd as denoted in the following
equations.

CO M
COF

X-axis

Y-axis

Human Control -  

Visual Control -  
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Fig. 2 Calculation of velocity vector for known center of friction
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The relationship between the �Vx and �Vdes can be
written as Eq. 1 by analyzing Fig. 2 and solving for �Vdes

yields Eq. 2.

�Vdes cos θd = �Vx (1)

�Vdes =
�Vx

cos θd
(2)

Similarly, the relationship between the �Vy and �Vdes can
be written as Eq. 3 and inserting the Eq. 2 into Eq. 3
will yield Eq. 4

�Vdes sin θd = �Vy (3)

�Vy = �Vx tan θd (4)

The Eq. 4 indicates that by only controlling �Vy, it is
possible to achieve the resultant velocity vector �Vdes to
pass through COF.

The whole process of pushing a micro-object is
divided into two concurrent process: in one process
pushing is performed by the human operator which
can react to unexpected situation by switching between
force/position control and alters the velocity of the
pusher while in contact with the micro-object. In other
process, visual servoing process continuously changes
the velocity of the probe in x-axis, so that the resultant
line of pushing passes through the varying center of
friction. The proposed structure have been shown in
Fig. 3. The necessary subtasks utilized to perform the
whole process are as follows:

• A piezoresistive AFM microcantilever has been
utilized to measure the interaction forces with the
environment with nano-newton resolution.

• Human operator interacts with the micro envi-
ronment using scaled bilateral teleoperation. The
desired position is commanded by the human oper-
ator and transferred to the micro environment after
scaling and the resultant interaction forces are felt
by the human operator after the force scaling.
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Fig. 3 Hybrid control structure for semi-automated pushing
scheme

• Visual processing techniques are employed to de-
tect position and orientation of the micro-object for
the estimation of the desired line of pushing [23].

3 Micromanipulation setup

As mentioned in Section 2, the task of pushing of micro-
object with human assistance has some requirements,
thus a custom built tele-micromanipulation setup is de-
veloped which can perform fulfill the requirements. The
developed systems is equipped with a master robot for
human interface with force feedback, visual feedback
for automatic aligning of the micro-cantilever and a
slave robot containing high precision stages and force
sensing with high resolution. The system is composed
of three parts, namely human-machine interface, vision
system and XYZ manipulator. The schematic of the
overall system is shown in Fig. 4.

The position data from the master side is scaled and
transferred to the slave side, while simultaneously, the
force measured at the slave side is scaled and trans-
ferred back to the master. Figure 5 shows the exper-
imental setup. The modules which have been utilized
for different functionality are as follows:

• As a 1DOF master device, DC servo (Maxon Motor
RE40) has been utilized along with the light rod
connected with the shaft.

• In order to move the cantilever with high precision,
three axes Piezo stages P-611 by Physik Instru-
mente has been utilized as a fine motion comprising
of closed loop stages which possess a travel range of
100 μm per axis with one nanometer resolution.

• An open loop piezoelectric micromotor linear drive
(PiezoMike PI-854 from Physik Instrumente) have
been utilized as the base stage, which is equipped
with integrated high resolution piezo linear drives.
Manually operable linear drives are capable of

Fig. 4 Schematic of tele-micromanipulation system
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Fig. 5 Experimental setup for micromanipulation

1 μm resolution and the automatic movement
range with respect to the reference position can be
set 50 μm (25 μm in/out). The travel range of the
manual drive is 18 mm.

• For nano-newton range force sensing, a piezore-
sistive AFM cantilever with an inbuilt Wheatstone
bridge (from AppNano) have been utilized.

• A real time control card dSPACE DS1103 is used
as a control platform and the programming is done
in C.

• For visual feedback, a Nikon MM-40 Microscope
along with two Unibrain Fire-i 400 FireWire cam-
era is connected to the microscope to capture the
visual data and transmit it to the computer. As
an example, Fig. 6 shows the microscopic view of
the pusher and the micro-object taken from the
camera.

100 Micron

Fig. 6 Microscopic view of the pusher and the micro-object

4 Scaled bilateral teleoperation

In this section implementation of scaled bilateral con-
troller in a custom built tele-micromanipulation setup
is presented. Force sensing with nN resolution using
piezoresistive AFM (Atomic Force Microscope) micro-
cantilever is demonstrated. Force/position tracking be-
tween the master and the slave is presented after
necessary scaling.

4.1 Force sensing using piezoresistive
AFM microcantilever

The piezoresistive AFM cantilever with inbuilt Wheat-
stone bridge from AppliedNanostructures is utilized as
a force sensor as well as a probe for pushing operation
as shown in Fig. 7. Piezoresistive sensors have been
used for many other MEMS applications, including
accelerometers, gyroscopes and AFM cantilevers. The
primary advantage of this device is that the sensor im-
pedance is relatively low (a few K�), and it is possible
to extract small signals without interference from noise
with off-chip integrated circuits.

The working principle is based on the fact that as
the force is applied at the free end of the cantilever
with the glass slide, the change of resistance takes place
depending on deflection of the cantilever. The amount
of deflection is measured by the in-built Wheatstone
bridge providing a corresponding voltage output, which
is amplified by the custom built amplifier. The amplified
voltage is send to the data acquisition dSpace1103 card
and filtered with a first order low pass filter with a cutoff

piezoresistive 
AFM cantilever

Wheatstone
Full Bridge

Resistor Pads

Fig. 7 Piezoresistive AFM Cantilever with inbuilt Wheatstone
bridge
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frequency of 100 Hz and the force is calculated using
Hooke’s Law as Eq. 5.

F = Kcz (5)

Where Kc is the known spring constant of 0.3603N/m
and z is the amount of cantilever deflection. The spring
constant is calculated by considering a linear beam
equation as Eq. 6.

Kc = 3EI
L3

(6)

Where E represents the modulus of elasticity (190 GPa
for silicon), L represents the length of the cantilever
(300 μm) and I represent the moment of inertia calcu-
lated as Eq. 7.

I = bh3

12
(7)

Where b and h represents the width and height of the
microcantilever which is 50 μm and 1.6 μm respectively
and the calculated value of inertia is 17.067 × 10−24m4.

4.1.1 Experimental results for force sensing

The cantilever is mounted on the three axes closed loop
stage and the interaction (contact and non-contact)
forces between the tip and glass slide are measured. The
position of the cantilever is aligned to be perpendicular
to the plane of the optical axis in order to achieve better
visibility of the distance between the cantilever and the
glass slide. Since the displacement range of the x-axis
of the closed loop stage is 100 μm, the glass slide is
brought within the range using open-loop manual PZT
axes.

In order to verify force measurement, theoretical
values of pull-off force (breaking load during the with-
drawal of tip) between the silicon tip and the glass
surface is compared with the experimental results. In
case of the interaction between a spherical tip and a flat
surface, the interaction force can be approximated by
Dugdale model [24, 25] as Eq. 8.

Fpull−off =
(

7

4
− 1

4

4.04λ
1
4 − 1

4.04λ
1
4 + 1

)
πW R (8)

Where, W is the work of adhesion between the two
mediums, R is the radius of the sphere and λ is a coeffi-
cient, which can be used to choose the most appropriate
contact model for a given case [26]. Using the interfacial
energy the pull-off force can be calculated for λ = 0.54
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Fig. 8 Force curve for interaction between a silicon tip and a
glass surface

according to the Dugdale model as 39.43 nN [27, 28].
Figure 8 demonstrates that experimentally determined
pull-off force is close to 40 nN, indicating a close match
between the theoretically and experimentally deter-
mined values. The result clearly indicates that force
sensing with the resolution of nN range is achieved and
verified.

4.2 Scaled bilateral control structure

Since the master and slave are working on macro and
micro scales respectively, it is indispensable to use
general bilateral controller to scale the position and
forces between two sides for extensive capability. In
other words, position information from the master is
scaled down to slave and force information from the
slave side in scaled up to master as shown in Fig. 9 com-
prising the master and the slave side. The piezo-stage
on the the slave side is required to track the master’s
position as dictated by the position controller. The 1D
force of interaction with environment, generated by the
piezoresistive cantilever, on the slave side is transferred
to the master as a force opposing its motion, therefore
causing a “feeling” of the environment by the operator.
The conformity of this feeling with the real forces is
called the “transparency”. Transparency is crucial for
micro/nanomanipulation application for stability of the
overall system.

In order to eliminate oscillations on the master side
because of human hand tremor and on the slave side
due to piezoresistive cantilever dynamics, position of
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Slave Side Master Side

Fig. 9 Scaled bilateral teleoperation control structure

master manipulator and force of slave manipulator are
filtered by low pass filters before scaling.

4.2.1 Scaling of the position and force information

Since the master and slave side reside on macro and
micro scales respectively, it is very vital to appropriately
choose the scaling factor in order to attain the optimum
performance and maintain stability [29]. In the ideal
condition, the steady state condition of the bilateral
controller should be Eq. 9.

xs = αxm

Fm = βFs (9)

Where α and β represent the position and force scal-
ing respectively. xm, xs denotes the master and slave
position respectively and Fm, Fs denotes the master
and slave force respectively. To be able to meaning-
fully interact with the micro environment, positions and
forces are scaled to match the operator requirements
and to maintain stability by satisfying the condition
αβ < 1 [30].

In the first and second experiments, scaling factors of
α = 0.027μm

deg and β = 0.00366 N
nN are used, an angular

displacement of 1deg on the master side corresponds to
a linear displacement of 0.027μm on the slave side and
a force of 0.00366nN on the slave side corresponds to a
force of 1N on the master side. The objective of these
experiments is to provide very fine motion on the slave
side for a relatively larger displacement on the master
side using α as a scaling factor. Then the corresponding
interaction forces are scaled by β to enable the human
operator to feel the forces in the micro world.

4.2.2 Experimental validation for force/position
tracking

In order to validate the position tracking between the
master and the slave, the commanded position from
the master is transferred after necessary scaling to be

Fig. 10 Position Tracking between the master and the slave

tracked by the slave side [31]. Figure 10 illustrates the
experimental results for position tracking along with
the tracking error of the bilateral controller. It can
be clearly seen that the slave tracks the master posi-
tion with high accuracy. The position tracking perfor-
mance is acceptable for precise positioning of the micro
cantilever.

In order to validate the force tracking, the slave
forces encountered from the environment is being
transferred to the master side after necessary scaling.
Figure 11 demonstrates the force tracking between the
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master and slave along with the tracking error. It can be
clearly observed that the master tracks the slave force
precisely. Position tracking and force tracking results
explicitly shows that the maximum tracking error is
3.33% and 2.85% respectively and these results proves
that sufficient transparency between the master and the
slave side is achieved to perform the micromanipula-
tion task.

5 Semi-autonomous pushing scheme

5.1 Point contact pushing for translational motion

Precise positioning of micro-objects lying on a substrate
using a point contact pushing to track a desired trajec-
tory possess lots of challenges. The pusher or probe
needs to be controlled in such a way to reorient and
transport the micro-object to its final location using a
stable pushing operation. Using only a point contact
with a limited number of freedom the task of pushing
on a horizontal plane can be realized. Pushing in micro
domain is dominated by the varying frictional distrib-
ution which can be lumped at a single point as center
of friction. Thus, the resulting line of pushing needs
to be directed through center of friction to achieve
translational motion [21].

5.2 Center of friction

In this subsection, it is shown mathematically that in
order to achieve translational motion using point con-
tact pushing the resultant line of action needs to pass
through the location of the center of friction of the
micro-object lying on a support surface. The technique
of point contact pushing proposed by Yoshikawa [32]
has been applied in this subsection. The method does
require to hold some of the assumptions which are
mentioned as follows:

1) The micro-object is rigid.
2) The micro-object is in contact with the supporting

surface with n points. In this case n is chosen to be
4 (virtual supporting points), as the four corners of
the rectangle.

3) The position of the supporting points with respect
to the object remains unchanged even when the
micro-object is in motion.

4) Since the micro-object is pushed by point contact,
the friction between the pusher and micro-object
is assumed to be negligible due to the fact that
contact area is very small.

5) The coefficient of friction between the object and
the support surface may depend on the position
of the supporting point, but is constant with respect
to time.

6) The pushing force is applied in y-axis (horizontally)
at the base of the micro-object to avoid minimize
the force being exerted in z-axis.

7) The inertial force developed by the micro-object
can be ignored in comparison with the frictional
force as the motion of the moving object is very
slow.

Figure 12 represents the micro-object lying on
the supporting surface. A reference coordinate frame∑

u(Ou − XuYu Zu) is attached to the supporting sur-
face. An object coordinate frame

∑
o(Oo − XoYo Zo)

is also fixed to the object with its X0Y0 plane coinciding
the base of the object. Some of the notations expressed
in

∑
0 are defined as follows:

• pi : Position of ith supporting point.
• vi : Velocity of object relative to support surface

at pi.
• ai : Magnitude of frictional force at pi.
• fi : Frictional force at pi.
• f : Frictional force vector.
• mi : Frictional moment at pi.
• Ff : Total frictional force.
• Mf : Total frictional moment.
• Fc : The pushing force applied by the probe.
• pc : The location of the contact point with the

micro-object.
• pg : The location of the center of friction.

All moments are defined with respect to the origin of
the frame �0.

Xu

Yu

Zu

U∑

Yo

XX oo

O∑

Zo

Mf

Vi

fi

PiFt

Pc

Fc

Support Surface (Substrate)

Micro-Object

Fig. 12 Reference frame and object frame
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The frictional force fi and the frictional moment mi

at the ith supporting point are given by, Eqs. 10 and 11,
respectively:

fi = − vi∥∥vi
∥∥ai (10)

mi = pi × − vi∥∥vi
∥∥ai (11)

Where ‖.‖ and × denote the Euclidean norm and the
cross product respectively. Thus, the total frictional Ff

and total frictional moment Mf can be represented in
Eqs. 12 and 13, respectively:

Fi =
n∑

i=1

fi = −
n∑

i=1

vi∥∥vi
∥∥ai (12)

Mf =
n∑

i=1

mi = −
n∑

i=1

{
pi × vi∥∥vi

∥∥ai

}
(13)

As the micro-object rotates, the position of instanta-
neous center of rotation of the motion pr = [xr, yr, 0]T

can be deduced by using visual data. In Fig. 13 the
origin of the reference frame is placed at the lower left
vertex of the rectangle. The edges PQ and P′Q′ are
the two edges of the rectangular micro-object before
and after pushing by a probe using point contact. The
midpoints of the line PP′ and QQ′ are deduced and a
perpendicular line is formed from both the midpoints.
The point where the lines intersect is the instantaneous
center of rotation referred as pr and the location is
denoted as [xr, yr, 0]T .

The unit vector which is along the direction of rela-
tive velocity at each supporting point pi = [xi, yi, 0]T is
denoted in Eq. 14.

vi∥∥vi
∥∥ = k × pi − pr∥∥pi − pr

∥∥ (14)

Where k is the unit vector that is along the direction
of the rotation of the object. Let the rotational angle of

Pr  

(0,0)
x-axis

y-
ax

is

Probe

P

P'

Q'

Q

Fig. 13 Instantaneous center of rotation

frame
∑

0 with respect to
∑

u be θ . The unit vector k
can be calculated as [0, 0, sgn(θ̇)]T . The value of k =
[0, 0, −1]T when the direction of rotation is counter-
clockwise and k = [0, 0, 1]T for clockwise. The pushing
force Fc at the contact point pc = [xc, yc, 0] can be
decomposed as Fc = [Fcx, Fcy, 0]T and with assumption
7, one can state the following relations;

Fc = −Ff (15)

Mc = −Mf = pc × Fc (16)

where Mc = [0, 0, Mcz]T denotes the moment due to
Fc. The total friction force Ff can be decomposed
as Ff = [F f x, F fy, 0]T , Mf = [0, 0, M f z]T . From the
Eqs. 12–16, one can obtain Eqs. 17–19.

sgn(θ̇)Fcx = −
n∑

i=1

Yi

Ri
ai (17)

sgn(θ̇)Fcy =
n∑

i=1

Xi

Ri
ai (18)

sgn(θ̇)Mcz =
n∑

i=1

xi Xi + yiYi

Ri
ai (19)

Then, the value of Xi, Yi and Ri can be expressed as

Xi = xi − xr, Yi = yi − yr, Ri =
√

X2
i + Y2

i (20)

Since ai is the magnitude of the frictional force at the
supporting point (xi, yi), a frictional force vector can be
formed as f = [a1, a2...., an]T for n supporting points.
If the object moves without any rotation, the direction
of the relative velocity vi

‖vi‖ of all the supporting point
are the same and can be written as

ev = vi∥∥vi
∥∥ , (i = 1, 2..., n) (21)

Rewriting the value of Ff and Mf , one can derive

Ff = −ev

n∑
i=1

ai (22)

Mf = −
{

n∑
i=1

piai

}
× ev (23)

The location of center of friction pg can be written as

pg =
∑n

i=1 ai pi∑n
i=1 ai

(24)

By the definition of pg, Eq. 23 can be written as

Mf = pg × Ff (25)

Equation 25 indicates the total frictional force Ff to
cause a frictional moment of Mf which acts on the
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objects at point pg. From Eqs. 15 and 22, the pushing
force applied to the micro-object can be written as

Fc = ev

n∑
i=1

ai (26)

Mc + Mf = 0

−→pc × −→
Fc + −→pg + −→

Ff = 0(−→pc − −→
pg

)−→
Fc = 0

−→pg = −→pc (27)

By analyzing Eqs. 26 and 27, it can be concluded that
for a translational motion the direction of Fc needs to
be the same as the motion of the object and the line of
action of Fc needs to pass through pg. In other words,
if one applies a external force Fc acting on the object
such that the line of action Fc passes through the point
pg, then it is possible to push the object without any
rotation.

5.3 Method for online estimation of the center
of friction

The location of the COF would vary depending upon
the varying frictional distribution, thus online estima-
tion of varying location of COF needs to be performed
and the probe needs to be aligned so that the line
of action of the applied force Fc passes through the
estimated COF.

Visual information is utilized to determine the po-
sition and velocities of the four corners, the centroid

of mass for the rectangular micro-object along with
the position of the contact point pc = (xc, yc) with the
probe. The instantaneous center of rotation pr and ori-
entation angle θ are calculated using image processing
techniques [23]. The force Fc measured by the probe
can be decomposed into two dimension as Fcx = Fccosθ
and Fyx = Fcsinθ , where θ is the orientation angle. The
moment Mcz generated by the applied force can be
written as

Mcz = xc Fcy − yc Fcx (28)

The relationship between the pushing force Fc and
frictional force vector f which can be written as

Fc = Gf (29)

Where Fc is calculated for each two consecutive cap-
tured frames and can be written as Eq. 30.

Fc = [
sgn

(
θ̇1

)
Fcx1, sgn

(
θ̇1

)
Fcy1,

sgn
(
θ̇1

)
Mcz1, sgn

(
θ̇1

)
Fcx2,

sgn
(
θ̇2

)
Fcy2, sgn

(
θ̇2

)
Mcz2

]T (30)

where Fcx1, Fcy1, Mcz1 represent pushing force in x-axis
for the first captured frame, pushing force in y-axis for
the first captured frame and moment in the z-direction
for the first captured frame respectively. Similarly Fcx2,
Fcy2, Mcz2 represents the values for the second captured
frame. The value of G4×6 matrix is calculated using two
sets of consecutive captured frame and four supporting
points considering the vertices of the rectangle. The
G4×6 is written as

G =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

− Y11

R11
− Y21

R21
− Y31

R31
− Y41

R41
X11

R11

X21

R21

X31

R31

X41

R41
x1 X11 + y1Y11

R11

x2 X21 + y2Y21

R21

x3 X31 + y3Y31

R31

x4 X41 + y4Y41

R41

− Y12

R12
− Y22

R22
− Y32

R32
− Y42

R42
X12

R12

X22

R22

X32

R32

X42

R42
x1 X12 + y1Y12

R12

x2 X22 + y2Y22

R22

x3 X32 + y3Y32

R32

x4 X42 + y4Y42

R42

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(31)

From Eq. 30, an estimate value of f̂ can be derived as

f̂ = G+ F (32)

where G+ is the pseudo-inverse matrix of G matrix.
From Eq. 24, the estimated location of the center of
friction p̂g can be obtained as

p̂g = XT f̂

eT
n f̂

= XT G+ F
eT

n G+ F
(33)

where XT represents the location of each vertices of the
rectangle and can be written in matrix form as

X =
⎡
⎣ x1 x2 x3 x4

y1 y2 y3 y4

0 0 0 0

⎤
⎦

T

(34)

where en represents unity vector with four elements as

en = [1, 1, 1, 1]T (35)
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5.4 Pushing algorithm

The pushing operation is performed in several steps
as follows:

• Step 1: Aligning the micro-cantilever such that the
probe is in contact with micro-object at the mid-
point of the length.

• Step 2: Human operator starts to push the object us-
ing bilateral teleoperation and monitors the behav-
ior of the object using visual display. Concurrently,
the visual processing algorithm generate the posi-
tion and velocities of vertexes of the rectangle and
contact point of the probe and the micro-object.

• Step 3: The data from visual processing algorithm
is utilized to calculate the center of rotation pr and
concurrently the force exerted Fc by the probe is
utilized to calculate Fcx, Fcy and Mcz.

• Step 4: The matrix Fc and G are formed using two
successive visual and force data sets. The force data
is downsampled and averaged to 30 Hz to match the
sampling rate of visual frame capturing.

• Step 5: The value of the center of friction pg is
estimated using the values obtained in Step 4 and
thereafter desired value of the velocity of the probe
in x-direction �Vx is calculated so that the vector of
the resultant can be orientated to ensure that the
line of action passes through the estimated center
of friction.

• Step 6: �Vx is set to the calculated value mentioned
in Step 5 and kept constant until the arrival of new
visual data.

• Step 7: The human operator continuously monitors
any sliding of the micro-object at the contact point
which may occur if the probe comes out of the
friction cone. In case of sliding, the human operator
reverts and changes the location of the contact
point by orientating the rotational stage to a proper
value.

• Step 8: Step 3 is repeated for the next visual data
and the first three rows of G matrix are updated
each time new data sets becomes available. Step
3 to Step 6 are repeated in a recursive manner to
track the location of the center of friction.

Human operator is responsible for generating de-
sired force for pushing of the micro-object by visual-
izing the motion of the micro-object and can pull the
probe back if undesirable behavior in the motion of the
micro-object is observed during any of the above men-
tioned steps. Since humans are very good at adapting
to unexpected situations, the force controlled pushing
operation is administered by the human operator.

Fig. 14 Snapshot of pushing rectangular object at the mid-point
of the rectangle and line of action passes through the center of
mass of the micro-object

6 Experimental validation of pushing operation

In order to validate the above mentioned pushing algo-
rithm, several experiments were conducted by pushing
a micro-object of rectangular form made from silicon
of size 200 μm lying on glass slide. As one of the
experiment, the micro-object is pushed by the probe at
the mid-point of the length of rectangle and the line
of action is made to pass through the center of mass.
Figure 14 demonstrates the snapshot of the pushing
operation and it can be clearly observed that after sev-
eral consecutive steps the micro-object starts to rotate.
Thus, it is unmanageable to translate a micro-object by
pushing through the center of mass.

The above results shows that in order to achieve
translation motion it is necessary that the line of
action passes through the varying location of cen-

Fig. 15 Snapshot of pushing rectangular object such that the line
of action passes through the center of friction
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Fig. 16 XY trajectory of the pusher during pushing operation

ter of friction to compensate the orientation angle.
Figure 15 demonstrates the snapshot of pushing rectan-
gular micro-object such that the line of action passes
through the varying center of friction. It can be seen
that the micro-object suffers from orientation error
and it is compensated in the consecutive frames to
attain translational motion. Moreover XY-trajectory of
the probe is shown in Fig. 16 and coherence between
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Fig. 17 Top, middle and bottom figure represents the position of
probe in Y-axes, X-axes and the pushing force respectively

the X-trajectory controlled by the visual feedback
and the orientation error from the visual snapshot is
quite vivid. The maximum error of the X-trajectory of
the pusher for the travel range of 90 μm in Y-axes is
2.55% is clearly visible. Figure 17 shows independently
the position of Y-axis controlled by the human opera-
tor, X-axis controlled by the visual feedback and forces
during pushing operation. It can be clearly seen that the
proposed procedures is able to compensate the orien-
tation effect in order to attain translational motion to
perform pushing operation using point contact method.

7 Conclusions

In this paper, a semi-autonomous scheme based on
hybrid vision/force feedback using a custom built tele-
micromanipulation is proposed. The pushing operation
is undertaken by the human operator using visual dis-
play which acts an impedance controller and can switch
between velocity control to force control by adjusting
the stiffness (muscle stiffness) depending upon the be-
havior of the motion of the micro-object. Visual module
provides the information about the position and orien-
tation of the micro-object to calculate the time-varying
COF (center of friction) in recursive manner for each
captured frame. The velocity at the contact point od
the probe and the micro-object is altered using visual
feedback procedures such that the resultant direction of
velocity passes through the COF to achieve pure trans-
lational motion. Experimental results concerning nano-
newton resolution force sensing, force/position tracking
between the master and the slave is presented which is
a requirement to fulfill the pushing operation. Experi-
mental validation of pushing micro-object of 200 mum
size to attain translational motion is presented and the
maximum tracking error is seen to be 2.55% for the
travel range of 90 μm. Some of the issues that needs
to be tackled for further research are as follows:

• Piezoresistive AFM cantilever is presently utilized
to sense force with nanonewton range only in one
dimension, for dexterous tele-micromanipulation
(to move the object in more complicated trajectory)
it’s worth to investigate force sensing in 2 and 3
dimensions.

• In the present context, position and force scaling is
discussed in the context of scaled bilateral teleop-
eration, it will be worth to consider the frequency
scaling from slave to master as meaningful high fre-
quency vibration occurs in the micro environment
which is beyond the frequency range of the human
operator.
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• The present discussions are limited to pushing
of micro-objects but using a micro-gripper with
force feedback is necessary for 3D manipulation of
micro-objects.
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