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Abstract: This paper is concerned with the analysis of the self-excited vibrations and forced
vibrations of the iced transmission lines. By introducing the external excitation load, the effect of
dynamic wind on the nonlinear vibration equations of motion is reflected by vertical aerodynamic
force. The approximate analytical solution of the non-resonance, and the amplitude frequency
response relation of the principal resonance of the forced self-excited system are obtained by using
the multiple scale method. With the increase in excitation amplitude, the nonlinearity of the system
is enhanced, and the forced-self-excited system experiences three vibration stages (self-excited
vibration, the superposition form of self-excited vibration and forced vibration, forced vibration
controlled by nonlinear damping). Among them, the accuracy of the approximate analytical solution
decreases with the increase of the nonlinear strength. And the excitation amplitude is greater than the
critical value, the quenching phenomenon appear in the forced-self-excited system, and the
discriminant formula is derived in this paper. In addition, the frequency of excitation term determines
the vibration form of the system. The principal resonance, super-harmonic resonance and sub-
harmonic resonance of the forced-self-excited system are analyzed by using different excitation
frequencies. Compared with the principal resonance and the harmonic resonance, the meaningful
transition from periodic response to quasi periodic response is easy to appear with the condition of
the 1/3-order sub-harmonic and the 3-order super-harmonic. The conclusions would be helpful to the

practical engineering of the iced transmission lines. More important, as a combination of Duffing



equation and Rayleigh equation, the forced-self-excited system also has high theoretical research

value.
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1 Introduction
Galloping of iced transmission line is a typical self-excited vibration [1]. Under the excitation
of wind load, the iced transmission line is prone to galloping of long time [2]. Therefore, the iced
transmission line structure may make short circuit, frequent tripping, broken strand or wire and other
accidents [3]. Thus, to some extent, the research on the nonlinear characteristics of transmission line
galloping has very important engineering application value and theoretical research significance.
The iced transmission line belongs to suspended elastic cables, and the stay cable of cable-

stayed bridge also belongs to cable structure. Therefore, both transmission lines and stay-cables
belong to cable structure. Under the action of external excitation, the phenomenon of rain-wind
induced galloping [4], dry-galloping [5] and ice-galloping will appear in the stay cable of cable-stayed
bridge.

In recent years, cable structure has been studied by many scholars. Firstly, some scholars have
studied suspended elastic cables and stay cables. Arafat and Nayfeh [6] investigated the non-linear
forced responses of shallow suspended cables, which mainly include the case of principal resonance
and auto-parametric resonance. According to the different excitation forms of cable structures, the
dynamics response (internal resonance response, principal resonances response, harmonic resonance
response) of system may be excited [7-9]. For example, under the condition of external excitation,
Nayfeh et al. [10] studied the nonlinear nonplanar response of the suspended cable by considering
different symmetrical modes and different internal resonance conditions. Under the condition of
harmonic excitation, Rega and Benedettini [11, 12] studied the plane nonlinear dynamics response
(sub-harmonic resonance and super-harmonic resonance) of elastic cable. Under the condition of
parametric excitation and external excitation, Chen et al. [13] and Zhang et al. [14] studied the
bifurcation and chaotic dynamics of suspension cable. In addition, the cable structure with different
boundary motion conditions will also generate different nonlinear dynamic characteristics. For
example, Perkins et al. [15] established a theoretical model of suspension cable excited by support
vibration. And combined with experiments and theoretical analysis, it is proved that internal
resonance will reduce the plane stability of the system. Sun et al. [16] studied the influence of different
phase support excitation on the response of suspension cable. Berlioz and Lamarque [17] carried out

theoretical and experimental research on stay cables, and proposed a model to predict nonlinear



behavior. Based on the modified Irvine formula, Wu et al. [18] derived the formula of the inclined
cable with small sag, which can be used to calculate in-plane natural frequencies and the modes
shapes. The reference [6-18] mainly studies the nonlinear vibration response characteristics of cable
structure, such as principal resonance, internal resonance and harmonic resonance by the
experimental verification and theoretical modeling analysis. However, the nonlinear behavior of cable
structure to dynamic wind is rarely studied. Additional, Daniele and Luongo [19, 20] considered the
dynamics of two towers exposed to turbulent wind flow and linked by a nonlinear viscous device.
And stated the steady component of the wind is responsible for self-excitation, while the turbulent
part causes both parametric and external excitations, considered in a specific resonance condition.

Combined with the analysis of reference [6-20], the nonlinear galloping characteristics of iced
transmission lines under dynamic wind are studied in this paper. And the hysteretic nonlinear
restoring force term are considered, which include the quadratic and cubic nonlinear terms, and the
Rayleigh damping term. For the reference [21], the influence of dynamic wind on the structure of
iced transmission line had been studied by analyzed forced-self-excited system, and the nonlinear
response characteristics under different harmonic excitation are discussed. Based on the research of
reference [21], this paper discusses the influence of different excitation amplitudes on the forced-self-
excited system, and make a systematic analysis on the harmonic resonance of the forced-self-excited
system by the numerical solution. With the increase in excitation amplitude, the vibration form of
forced-self-excited system has three stages: (1) pure self-excited vibration (excitation amplitude is
equal to 0); (2) superposition form of self-excited vibration and forced vibration; (3) forced vibration
affected by Rayleigh damping-- quenching phenomenon (the excitation amplitude is greater than the
critical value). At the same time, it is found that the damage level of different resonance forms to the
iced transmission line system by the numerical analysis: principal resonance > super-harmonic
resonance > sub-harmonic resonance. The conclusion obtained by this paper would be helpful to the
nonlinear galloping analysis of iced transmission lines, and could also give some references to
practical engineering.

This paper is organized as follows: in section 2, under the condition of dynamic wind, the
mathematical formulation of iced transmission line system (forced-self-excited system) is given. And
the nonlinear galloping governing equation of the system is obtained by using Galerkin method. In
section 3, the approximate analytical solution of the forced-self-excited system is obtained by using
the multiple scale method, and the three vibration stages of the system are analyzed. In section 4, the
amplitude frequency response relation of weak nonlinear system is obtained by multiple scale method,
and the accuracy of analytical solution is verified by numerical solution. In section 5, the Runge Kutta

function is used to obtain the nonlinear response of the forced-self-excited system under harmonic



excitation with different frequency, and the system dynamics response under different excitation

amplitude is analyzed systematically. A detailed summary of the results is presented in section 6.

2 Dynamic Model of Iced Transmission Lines

This paper uses the same physical model as reference [21]. Fig. 1 is the model of singe-span
equal-height transmission lines, and in Fig. 1, u(s,?), v(s,?) are the displacements measured form the
dynamic equilibrium configuration in the x-axis and y-axis directions respectively and p*cos(€) is
the forced excitation load. Considering the iced transmission lines have a small initial sag-to-span
ratio (less than 1:8) and low static strain, the associated static equilibrium configuration of the iced
transmission lines can be described through the parabola y=4d[s/L-(s/L)*] (s is the curvilinear abscissa;
L is the span length; d is the sag) [22]. In addition, the initial static equilibrium configuration is ¢i,
and the dynamic equilibrium configuration is &. And it is considered that the wind is along the z-axis

direction as shown in Fig. 2.

Horizontal wind
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(a) The physical model (b) The force analysis model
Fig. 2 The model of cross-section of iced transmission lines

Based on quasi-static assumption, Fig. 2 is the model of cross-section of iced transmission lines,
and Fig. 2(a) is the physical model of the iced transmission line cross section, and Fig. 2(b) is the
force analysis model of the iced transmission line cross section; the Oizz is the symmetry axis of

cross-section of iced transmission lines, O1z1 is the direction in which the horizontal wind acts on the



iced transmission line during vibration, Oiz is the horizontal axis, « is wind attack angle, ao is initial
wind attack angle, a1 is relative wind attack angle, U is horizontal wind velocity, Ub is relatively wind
velocity and v is the vertical vibration velocity.
From Fig. 2, it can be obtained that
tan(e) =v/U =« (1)
The relative wind acts on the iced transmission lines, which results in an air drag (F#p) along the
relative wind direction and an upward air lift (F) perpendicular to the relative wind direction.
According to fluid-induced vibration theory, the expressions of F7 and Fp can be listed [23]:
F, =pU*DC, /2 (2a)
F,=pU’DC, /2 (2b)
where Cy is the lift coefficient of aerodynamic, Cp is the drag coefficient of aerodynamic, p is the air
density and D is the diameter of the iced transmission line.
According to equation (1-2), it can be obtained that [21]:
F, = F, cos(a)—F, sin(a) = pU’DC, / 2 (3)
Considering small deformation, that is, sin(a)~a, cos(a)=1. Based on the Taylor’ law, the

aerodynamic coefficients (C, ) in the y axis direction can be fitted with a cubic nonlinear curve:

C,=Cy+Ada+Ba’ +Ca’ 4)
where C,, 4, B and ('is undetermined coefficients related to the aerodynamic loads. The
coefficient C, has nothing to do with the vertical vibration velocity v, and the coefficient C’ has
nothing to do with the wind velocity, so only the aerodynamic fitting coefficients 4’ and B’ are
considered.

Under the continuous excitation of the wind excitation, the iced transmission line will have self-
excited vibration with constant amplitude. However, in practice, dynamic wind is unstable. Based on
this concept, combined equation (1-4) and reference [21], the vertical aerodynamic force of dynamic
wind is:

F

=@V + by’ — precos(Q) (5)

According to the nonlinear vibration theory, when the response contains sub-harmonic and
super-harmonic components, the relationship between the restoring force term and the displacement
of the system is a non-linear closed curve, which has obvious nonlinear hysteresis characteristics. The

simplified vertical aerodynamic force F,, =av+bv’ - p*cos(€¥) of dynamic wind includes the external
excitation term —p*cos(Qr) and the Rayleigh damping term av+5v’ . The Rayleigh damping term,

quadratic, and cubic nonlinear restoring force term constitute the nonlinear hysteresis force of the

system. The stable part of dynamic wind is injected into the iced transmission line to generate self-



excited vibration, and the unstable part will cause external excitation [19-20]. In equation (5), the
average wind (stable part) in the natural wind is expressed as Rayleigh damping term av+5hv’, and
the unstable part in the natural wind is simplified as the external excitation term’s effect on the iced
transmission line system. The parameters in Equation (5) are as follows:
d=pUDA'|2, b=pDB'/2U (6)
According to the vertical galloping mechanism proposed by Den Hartog in reference [24, 29],
and combined with equation (5), it is easy to give the governing equation of the vertical movement
of the iced transmission line under the action of dynamic wind:
LHV' + ES(y'+)[ ([ +v"* | 21dx}’ = F, +p*ecos(Qe) = v = mi @)
where H is the tension of the iced transmission lines, £ is the Young’s Modulus of the iced

transmission lines, and S is the cross-sectional area of the iced transmission line. v is the first
derivative of the vertical motion function with respect to x, )'is the first derivative of the parabolic
equation with respect to x, v and i are the first derivative and second derivative of the vertical
motion function with respect to time ¢ respectively, u is the structural damping, m is the self-weight
per unit unstretched length.
The displacement V(x,?) in Equation (7) can be written as
v, 1) = f(0)q(0), p*= fi(x)p (8)
where f(x)=sin(nzx/L) is the modal functions of the iced transmission line. Let n = 1, the single-
mode discretization is adopted, and the research is mainly focused on the first-order mode. In addition,
uniform distributed load (p*) in vertical direction is considered, and f;(x)=1 is the modal functions
of external excitation, ¢(¢) is the time functions.
Based on Galerkin method, substituting equation (8) into equation (7) to obtain the nonlinear
partial differential equation [25]:
j+a'q+ceq’ +o,q +(u*—c)q+c, g = pcos(CY) 9)
Equation (9) is the nonlinear galloping governing equation, which includes aerodynamic load

and external excitation. The parameters in equation (9) are

11
o' =—-"L,c=12——-"Lc
m 1 ml I,

m

dES I ES I b1 * ]
L= ES L LRSS /S (10)
2ml 1, m
where

I=H| 3f'ofax+64"zl—5ES<J Df&0% 1 = [ e fe, 1, = ([ f Py 4, = [ f2dn 1, = [ f e, 1, = [ fhde (11)

Equation (9) contains the first-order, and third-order nonlinear damping terms, the
quadratic and cubic nonlinear restoring force term of q. The equation (9) can be regarded as the

combined form of the Duffing equation and the Rayleigh equation [21].



3  Approximate Analytical Solution of Amplitude for Non-resonance

Equation (9) includes forced excitation term and Rayleigh damping term. When the amplitude
(p) of excitation term is equal to 0, the system belongs to pure self-excited vibration; when the
amplitude (p) of excitation term is greater than 0, the system belongs to forced-self-excited system.
In order to discuss the adaptability of the approximate analytical solution of the multiple scale method
to the forced-self-excited system, the multiple scale method is used in this section. Let the symbol of

partial differential operator be:

Qt =wl +eoT,
DT = D,T, + &(D,T, + D,T,) (12a-c)
q=q,t+é&q

If equation (9) is rewritten as a forced vibration far away from resonance, the galloping equation

is as follows:
GH+watrdaq +o,q +(u*—c)j+c,q 1= peos() (13)
Substituting equation (12) into equation (13), and <¥=¢I;+&ol] in equation (13). And equating
coefficients of like powers of ¢” (n=0,1) led to the following linear ordinary equations respectively
[26]:

Dg% + W2% = pcos(ST, +&oT))
ng] + qul =-2D,Dg, + 01%2 +cz%3 +(u+¢;)Dyg, +¢,(Dyg, )3] (14a-b)

where Dk represents the partial derivative of 7k, the solutions of equation(14a) can be written in this

form:
o = AT, T)e"™ + AT, T)e ™™ + Be™ + Be ™™ (15)
where A4 and B can be set as:
AT, T) =1/ 2a(T;, T Yexpli B(T;,, T))]
B=P/[2jw -Q (16a-b)

Substituting equation (15) into equation (14b) to obtain:

Diq, +w'q, =—2iwD,(A4e™ + Be™)—c,[ A’ + AA+ BB +2ABe™ " +24Be™ "' + B ]

_CZ[A3e3iwt +B3e3iQt +6ABEeiwl +6AZBeiQI +3AZZeiwt +3AZBei(2w+Q)t +3BZEeiQt +3ABZei(W+ZQ)t

347 B £ 3B AP | — (u+ ¢y )(iwde™ +iQBe ™) —c,[6iw? AABe™ —iw® A& — Q¥ B ™™ (17)
+3iw’ A> Ae™ + 6wy’ ABBe™" +3iC¥’ B Be™ —3iQw* 4> Be'®"* " —3iwY* B> 4/

3’ AR —3iQw? BA%e " |+ cc

In equation (17), if the frequency(Q) of external excitation term satisfies these condition:

Q# w+¢e0,;Q# 20+ £0,Q# 3w+ 60,Q# 0/ 2+£0,Q# w/ 3+¢0 | then the equation (17) will generate the

corresponding duration term. Therefore, the harmonic resonance of the system is easy to be excited.



In order to prevent the generation of super-harmonic resonance and sub-harmonic resonance, let
excitation frequency Q=w/4. And combine equation (16-17) to obtain the averaging equation about

amplitude and phase of the system [27]:

a=—(u+c)al2-3wec,a’ 18-3c,¥'Ba

. 18a-b
af=3c,a’ /8w+3c,B’alw ( )
After integrating equation (18) over time(z), it can be obtained that:
a=\1/[(1/a} +n/m)e™ —n/m] (192-b)

B, = B, +[3c,a’ / 8w+ 64c,P* | 75wt

In equation (19), the a(t) is amplitude function, where m and n depend on the physical structure
parameters and aerodynamic parameters of the iced transmission line, and m determines the variation
trend of amplitude.

When the excitation amplitude (p) is less than the critical value, there is self-excited vibration in
the forced-self-excited system, that is, the necessary and sufficient conditions for the existence of

self-excited vibration are as follows:

a,<limy[1/[(1/a,’ +n/mye™" —n/m] =C (20)

If the parameter m > 0 is satisfied, then equation (19a) is convergent, and the excitation

amplitude (p) satisfies the condition of equation (20). Then the system can still form self-excited
vibration without destroying the condition of self-excited vibration, and the steady-state motion of
the system is composed of the self-excited vibration and the forced vibration.

When the external excitation is relatively strong, m<<0, that is to say, the condition of destroying

self-excited vibration is as follows:

lim\/l/[(l/a02+n/m)e"2”” —n/m]=0 (21)

If the excitation amplitude does not satisfy the condition of equation (20), the amplitude of self-
excited vibration tends to zero with time. If the excitation amplitude meets the condition of equation
(21), the self-excited vibration can not be formed, which indicates that there is no self-excited
vibration in the forced-self-excited system. The parameters in equation (19a), equation (20), and
equation (21) are as follows:

m=—(u+c,)/2-3c, ¥ B ;n=-3wc, /8 (22)

In order to avoid the principal resonance and intense harmonic resonance, let Q@ = w/4, the

amplitude expression is obtained by combining equation (12b-c), equation (15-17), and equation (19):



. 32¢,a’B 32 4c,wa’B B’
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where the y is:
y=w+f3

)-sin(ﬂ)

(

(23)

(24)

According to on-site observations, the icing of crescent-shaped is a common ice type with

galloping. In addition, the parameters of iced transmission can be obtained by experiment. In order

to facilitate analysis and comparison, as shown in Tab.1, citing the geometrical parameters, material

parameters and related aecrodynamic parameters in the reference [28]:

Tab.1 The physical parameters of transmission line

parameter symbol units value
tension H N 30 000
span L m 125.88
Young’s modulus E N/mm 47 803.3
diameter D m 0.0286
mass per unit length m Kg/m 2.379
traverse area S mm 2 423.24
air mass density p Kg/m 1.2929
wind velocity U m/s 4.0
sag d m 1.5432
vertical dumping u / 0.0005
aerodynamic parameters A / -0.1667
aerodynamic parameters B’ / 8.3581

Fig. 3(a-d) is the time history displacement diagram of forced-self-excited system, and the partial

curve of the time history displacement diagram from 2000 to 2020 s. The solid line represents the

numerical solution, which is obtained by solving equation (9) with Runge Kutta function in MATLAB;

the dotted line represents the approximate analytical solution of the multiple scale method, which

corresponds to equation (23). When the amplitude (p) of the excitation term in Fig. 3(a) is equal to 0,

the system belongs to self-excited vibration; when the amplitude (p) of the excitation term in Fig.

3(b-d) is greater than 0, the system belongs to forced-self-excited vibration.

In Fig. 3(a), the excitation amplitude p=0 in equation (9), and the time history displacement

diagram belongs to pure self-excited vibration. Under the effect of Rayleigh damping, the response

amplitude of the system gradually increases from 0.010 m to 0.201 m, and in this process, the

vibration velocity of the system also increases. From the comparison of time history displacement



curves, it can be seen that the numerical solution is in good agreement with the approximate analytical
solution of the multiple scale method, and the error between amplitudes is only 0.70%. As shown in
Fig. 3(b), the excitation amplitude p=0.5, and the self-excited vibration characteristics of the time
history displacement diagram had changed. Under the action of external excitation, the initial
vibration amplitude of the system increases from 0.010 m to 0.100 m. The response amplitude of the
system increases from 0.201 m to 0.235 m, and the galloping time (the time required for galloping of
iced transmission line system under initial disturbance) is shortened from 1 750 s to 1 050 s. Moreover,
and the form of time history displacement diagram also changes from the simple harmonic vibration
to irregular vibration. When the excitation amplitude p=5 and p=8, the time history displacement
diagram is shown in Fig. 3(c) and 3(d), and the vibration amplitude increases from 0.201 m to 0.536
m, and 0.929 m. With the increases in excitation amplitude (p), and the self-excited vibration
characteristics of forced-self-excited system disappear gradually.

In addition, with the increase in the excitation amplitude (p), the error between the approximate
analytical solution and the numerical solution increases gradually. When the excitation amplitude
p=0.5, the error should be 1.51% in Fig. 3(b); when the excitation amplitude p=8, the error should
be 14.142% in Fig. 3(d). And the numerical solution does not agree with the approximate analytical
solution of the multiple scale method in the contrast curve of time history displacement diagram. With
the increase of the excitation amplitude (p), the forced-self-excited system from the weak nonlinear
system to the strong nonlinear system, and the error of the approximate analytical solution of the
multiple scale method increases.

Fig. 3(b-d) shows the time history displacement curve of iced transmission line under periodic
excitation. When the excitation amplitude p=0.5 and p=5, the system satisfies the discriminant
equation (20), and the vibration form of the forced-self-excited system is the superposition form of
self-excited vibration and forced vibration. In Fig. 3(d), when the excitation amplitude is greater than
the critical value, the self-excited vibration condition of the forced self-excited system is destroyed.
When the excitation amplitude p=8, the forced-self-excited system satisfies discriminant formula (21),
and the vibration form is the forced vibration regulated by Rayleigh damping.

Fig. 3(e) is obtained by using Maple software to draw the amplitude analytical solution equation
(19a), and the equation (19a) only represents the stable amplitude of self-excited vibration in forced
self-excited system. The curves b, ¢, and d in Fig. 3 are obtained by substituting the excitation
amplitudes p = 0.5, 5, and 8 into equation (19a), and the curves also correspond to the excitation
amplitudes in Fig.3(b), 3(c), and 3(d) respectively. The increase of excitation amplitude (p) makes
the effect of self-excited vibration in forced-self-excited system smaller and smaller. The curves b
and curves c in Fig. 3(e) are in the range of discriminant formula (20), and the curve d is in the range

of discriminant formula (21). As the excitation amplitude p=0.5 increases to p=5, the response



amplitude of self-excited vibration decreases from the point a» to the point ac; when the excitation
amplitude p=8.0, the response amplitude of self-excited vibration tends to be close to 0, which also
verifies the correctness of discriminant formula (20) and (21).

After the above analysis on Figure 3, it is easy to get that: with the increase in excitation
amplitude (p), the vibration form of forced-self-excited system has gone through three stages.

(1), In Fig. 3(a), the excitation amplitude (p) is equal to 0, and the vibration form of the system
is the pure self-excited vibration.

(2), In Fig. 3(b) and 3(c), the excitation amplitude (p) satisfies the discriminant formula (20),
and the vibration form of the system is the superposition form of self-excited vibration and forced
vibration.

(3), In Fig. 3(d), the excitation amplitude (p) satisfies the discriminant formula (21), and the
vibration form of the system is forced vibration regulated by Rayleigh damping.

In forced-self-excited system, the self-excited vibration condition of iced transmission line under

wind load excitation is destroyed by forced excitation, which is called quenching phenomenon.
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Fig.3 The time history displacement diagram of forced-self-excited system

4  Approximate Analytical Solution of Weakly Nonlinear System

This section discusses the principal resonance of forced-self-excited system, which the
excitation frequency Q is equal to the natural frequency w. It is generally considered that the damping
and nonlinear terms have little effect on the system. To this end, the form of the solution of equation
(9) is rewritten as follows:

G+wa+ead +eq +(ur—c)g+eq’]=epoos(Y) (25)

Substituting equation (12) into equation (25), and «:=¢7, + 07, 1n equation (25). And equating
coefficients of like powers of ¢” (n=0,1) led to the following linear ordinary equations respectively:

ngo + quo =0 (26a-b)
ngl + wqu = —[Dozq1 +2D,Dyq, + 01%2 + czqo3 +(u+c;)Dyg, +c,(Dygq, ) - pcos(Q1)]

where Dk represents the partial derivative of Tk, the solutions of equation (26a) can be written in this

form:
gy =NT)e"" + A(T)e ™" (27)



where A can be set as:

AT) =1/ 2a(T)expliB(T,)] (28)
Substituting equation (17-a) and equation (28) into equation (26b), it can be obtained:
YNy Sy SR Ay S AL (29)
2w 2 2 4w

Combining equation (28), equation (29) to obtain the averaging equation about amplitude and

phase of the system [29]:
a= Mu -=cwa + Lsin(oTl —,3)
, 2 8 2w (30a—b)
aff = &f —LCOS(O'TI -p)
8w 2w

Introducing y=01 —f3, in order to acquire the steady-state solution of the amplitude and phase

of equation (30), let D A=0, and obtain the amplitude-frequency equation by eliminating y:

2 2 2 2
p 3c,a” .,  ptc; 3wca, 31
=(oc+ + +
aw'a’ ( 8w e 2 8 ) ( )

For the forced-self-excited system close to the principal resonance, the analytical expression (31)

of amplitude frequency response relation under weak excitation is obtained by using the multiple
scale method. In order to verify the correctness of the analytical solution equation (31), the excitation
frequency Q is equal to the natural frequency w of the forced-self-excited system, and the tuning
parameter 6=0. As shown in Fig. 4, the curve of excitation amplitude and response amplitude of
equation (31) is drawn with mathematical software maple. The excitation amplitudes p* =3.736,
7.472, 11.208, 14.944, and 18.680 N/m are transformed by equation (10) and equation (11),
respectively corresponding to the excitation amplitudes p= 2, 4, 6, 8, and 10 in the abscissa of Fig. 4.
By substituting the excitation amplitude into equation (9), the points ai. bi. ci. diin Fig. 4 (i=1, 2,
3,4, 5) in Fig. 4 are obtained by using MATLAB. These points all correspond to the response
amplitude (positive) of the time history displacement diagram.

As shown in Fig. 4(a), when the wind velocity is U=4m/s, the numerical solution obtained by
MATLAB is in good agreement with the force-amplitude curve obtained by multiple scale method;
however, when the response amplitude is greater than 2, the error between the numerical solution and
the force-amplitude curve increases from 2.98% of p=6 to 5.42% of p=10. Therefore, when the
response amplitude is greater than 2 and the excitation amplitude continues to increase, the error of
analytical solution will increase, but the force-amplitude curve can still be analyzed. It can also be
seen from Fig. 4(a) and Fig. 4(b) that when the wind velocity changes from 4 m/s to 8 m/s, the error
between the analytical solution and the numerical solution of the force-amplitude response increases;
it also shows that the increase of wind velocity also enhances the nonlinearity of the system.

In Fig. 4(c), when Young’s modulus £=9 560.7, 47 803.3 N/mm?, the force-amplitude curve is
compared. When Young’s modulus £=9 560.7 N/mm?, the numerical solution obtained by MATLAB



is in good agreement with the force-amplitude curve obtained by multiple scale method. When
Young’s modulus £=47 803.3 N/mm?, the error between the analytical solution and the numerical
solution obtained by the multiple scale method increases obviously. The analytical solution of
multiple scale method is only suitable for weakly nonlinear systems. With the increase of Young's
modulus, the stiffness and nonlinearity of the system increase gradually, which makes the error of the
approximate analytical solution of multiple scale method increase. In addition, the increase of the
Young’s modulus reduces the response amplitude of the forced-self-excited system, indicating that
the increase of the Young’s modulus is also conducive to reducing the vibration amplitude of the iced

transmission line.
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Fig.4  The excitation amplitude(p)-response amplitude(a) curve

5  Numerical Solution of Strongly Nonlinear System
In Section 3, the multiple scale method is used to solve the forced-self-excited system, and the

approximate analytical solution of the system is obtained; in Section 4, the expression of the



amplitude frequency response relation of the forced-self-excited system is obtained by using the
multiple scale method. With the increase in wind velocity and excitation amplitude, the nonlinearity
of the system is enhanced, and the error of analytical solution of the multiple scales method is
increased. Therefore, in order to analyze the dynamic response of forced-self-excited system more
accurately, section 5 uses the Runge Kutta function of MATLAB.

In order to analyze the influence of excitation amplitude and frequency on the dynamic response
of forced-self-excited system, the Runge Kutta function in MATLAB is used to solve the equation
(9) directly, and the time history displacement diagram and phase trajectory diagram (go=0.01 m, U=4
m/s) in Fig. 5-11 are obtained. In addition, the nonlinear dynamic phenomena of principal resonance,

super-harmonic resonance and sub-harmonic resonance are analyzed.

5.1 Numerical Solution of Principal Resonance

Under the condition of external excitation, when the frequency of external excitation is equal to
the natural frequency of the system, the system is prone to resonance, which is called the principal
resonance.

When the excitation amplitude (p) is equal to 0, the system only has self-excited vibration, not
forced vibration. As time goes on, the energy input to the system increases. When the energy
dissipated by viscous damping is equal to the energy input to the system, the system reaches a stable
state. When the self-excited vibration is stable, the frequency and amplitude of the time history
displacement image are constant, so a stable limit cycle is formed. Because of the influence of the
curvature of the iced transmission line, the response amplitude in the negative direction is greater
than that in the positive direction, which means that the vibration center of system drifts. In Fig. 5(a),
the area (¢ <<0) indicates that the iced transmission line is above the equilibrium position directly, and
the iced transmission line is under the combined action of gravitational potential energy, inertia, and
elastic potential energy; the area (a>0) indicates that the iced transmission line is below the
equilibrium position directly, and the elastic potential energy and inertia of the iced transmission line
have to overcome the gravitational potential energy of iced transmission line. Therefore, the vibration
center of the system is not in equilibrium.

In Fig. 5(a), as the excitation amplitude p=0, it can be seen that the galloping time(#) of the
history displacement curves is 2 000 s; the peak values of galloping amplitude (maximum stable
amplitude of iced transmission line under external excitation) and galloping velocity (maximum
stable vibration velocity of iced transmission line under external excitation) also increase to -0.211 m
and 0.714 m/s; the limit cycle of the stable system is a closed elliptic cycle, at this time, the system
forms the classic galloping phenomenon of transmission line. In Fig. 5(b), as the excitation amplitude

p=0.1, it can be seen that the galloping time(¢) of the history displacement curves is 120 s. Therefore,



under the condition of external excitation, the galloping time(#) is shortened from 2 000 s of p=0 to
120 s of p=0.1; in addition, the peak values of galloping amplitude and galloping velocity are also
increased to -0.607 m and 1.986 m/s. In Fig. 5(c), as the excitation amplitude p=2.5, the galloping
time(?) of the history displacement curves is 10 s, and the peak values of galloping amplitude and
galloping velocity increase to -2.128 m and 6.304 m/s. Through the analysis of Fig. 5, it can be
concluded that the principal resonance response of forced-self-excited system is very intense. Under
the condition of external excitation, the galloping time of the system shortens sharply, and the

galloping amplitude and galloping velocity increase rapidly.
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5.2 Numerical Solution of 2-order Super-harmonic Resonance

When the frequency of the external excitation is equal to half of the natural frequency of the
system, the resonance of the system is called 2-order super-harmonic resonance.

When the excitation amplitude p=0.4, it can be seen from Fig. 6(a) that the galloping time(#) of
the history displacement curves is 1 200 s; the peak values of galloping amplitude and galloping
velocity also increase to 0.235 m, -0.741 m/s; the phase diagram under 2-order super-harmonic
excitation is an elliptic ring with period-two periodic motion. When the excitation amplitude p=2, it
can be seen from Fig. 6(b) that the system still maintains the form of period-two periodic motion; the
galloping time(?) of the history displacement curves is 60 s; and the peak value of galloping amplitude
and galloping velocity also increases to 0.688 m and 2.192 m/s. As the excitation amplitude increases
to p=12, it can be seen from Fig. 6(c) that the galloping time is /=30 s; the peak values of galloping
amplitude and galloping velocity increase to -3.411 m and 7.685 m/s; at this time, the system still
maintains the form of period-two periodic motion. As the excitation amplitude increases to p=112, it
can be seen from Fig. 6(d) that the galloping time is /=0 s; however, the phase diagram changes from
period-two periodic motion to period-three periodic motion.

Under the condition of 2-order super-harmonic excitation, in Fig. 6(a), the phase diagram
increases a period of vibration in the region above the equilibrium position. As shown in Fig. 6, with
the increasing of excitation amplitude, from Fig. 6(a) to Fig. 6(b), and then to Fig. 6(c), the galloping
amplitude of limit cycle in outer ring increases faster than that in inner ring, and the increasing trend
is more obvious in the region of amplitude less than 0. It is worth noting that with the increase of
excitation amplitude, the phase diagram can change from the form of period-two periodic motion to

that of period-three periodic motion in Fig. 6(d).
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Fig. 6 The time history displacement curve and phase diagram

5.3  Numerical Solution of 3-order Super-harmonic Resonance

When the frequency of the periodic excitation is equal to one third of the natural frequency of
the system, the resonance response of the system is called 3-order super-harmonic resonance.

As the excitation amplitude p=1, it can be seen from Fig. 7(a) that the phase diagram adds a
period of vibration to the upper and lower sides of the equilibrium position, and the system behaves
as an elliptic ring with period-three periodic motion. The galloping amplitude and galloping velocity
of the time history displacement curve is -0.309 m, 0.811 m/s in Fig. 7(a). When the excitation
amplitude p=2, it can be seen from Fig. 7(b) that at this time, the system also maintains the form of
period-three periodic motion; however, the time history displacement curve of the system does not
have the characteristics of self-excited vibration. In Fig. 7(c) and Fig. 7(d), when the excitation
amplitude increases to p=10 and p=15, it can be seen that the galloping amplitude and galloping
velocity continued to increase, and the galloping time of history displacement curve continued to
shorten; at this time, the system still maintains the form of period-three periodic motion, which is
different from Fig. 7(a) and Fig. 7(b).

As shown in Fig. 7, with the increasing of excitation amplitude, from Fig. 7(a) to Fig. 7(b), then
to Fig. 7(c), and to Fig. 7(d), the vibration center of the inner ring shifts from the region near the
equilibrium position to the region above the equilibrium position and to the region below the
equilibrium position, respectively. However, with the increase of the excitation amplitude, the
vibration center of the inner ring shifts from the region above the equilibrium position to the region
below the equilibrium position gradually. When the excitation amplitude p = 15, the phase diagram
of Fig. 7 (d) is formed. In Fig. 7, it is worth noting that, even if the excitation amplitude increases

continuously, the phase diagram always keeps the vibration form of period-three periodic motion.
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In order to show the trajectory of the phase diagram more clearly, the phase diagrams in Fig. 8
and Fig. 11 are drawn as scatter diagrams. Under the condition of the 3-order super-harmonic
excitation, Fig. 8 shows the time history displacement image and phase diagram of the forced self-
excited system with different excitation amplitudes (p). As shown in Fig.8(a), the left figure shows
the time history displacement diagram of the system when the excitation amplitude p=0.5, and the
right figure shows the phase diagram of the rectangular frame part of the dotted line in the left figure.
The phase diagram of Fig. 8(b) corresponds to the time period (3 000-3 800 s) of Fig. 7(a); the phase
diagram of Fig. 8(c) corresponds to the time period (0-2 000 s) of Fig. 7(b).

As shown in Fig. 8(a), when the excitation amplitude is small (p=0.5), the vibration form of the
system is the superposition of forced vibration and self-excited vibration, in which the self-excited
vibration part is that the system forms a stable cyclic vibration after a period of time under the action
of initial excitation and external excitation. And the forced vibration part is the beat vibration form
of the system under external excitation.

In Fig. 8, from Fig. 8(a) to Fig. 8(b), and then to Fig. 8(c), the external excitation effect in the
system is enhanced, and the phase diagram change from the form of period-one periodic motion to
that of period-three periodic motion gradually. In 8(c), with the increase in excitation amplitude (p),
the characteristics of self-excited vibration disappear gradually, and finally form the quasi-periodic

vibration with period-three periodic motion.
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Fig. 8  The time history displacement curve and phase diagram

5.4 Numerical Solution of 1/2-order Sub-harmonic Resonance

When the frequency of the periodic excitation is equal to twice the natural frequency of the
system, the resonance of the system is called the 1/2-order sub-harmonic resonance.

When the excitation amplitude p=0.4, the limit cycle of the forced-self-excited system excited
by the 1/2-order sub-harmonic is a closed elliptic cycle. Compared with the Fig. 5(a), in Fig. 9(a), the
galloping time(?) of the history displacement curves is 1 000 s, and the galloping velocity of the
system changes faster with the galloping amplitude when the amplitude is less than zero. As the
excitation amplitude p=28, it can be seen from Fig. 9(b) that the galloping time(¢) of the history
displacement curves is 25 s; the galloping amplitude and galloping velocity also increase to -2.172 m
and -10.228 m/s, and the phase diagram is the heart shape with one intersection point. As the
excitation amplitude increases to p=38, it can be seen from Fig. 9(c) that the galloping time(¢) of the

history displacement curves is 35 s; the galloping amplitude and galloping velocity decrease to -1.963



m, -10.337 m/s, and the phase diagram changes from the one periodic motion to period-two periodic
motion gradually. When the excitation amplitude increases to p=48, it can be seen from Fig. 9(d) that
the galloping amplitude and galloping velocity decrease to -1.510 m and 8.936 m/s, and the phase
diagram changes from the period-two periodic motion to the closed elliptic ring with period-one
periodic motion gradually.

In Fig. 9, from Fig. 9(a) to Fig. 9(b), and then to Fig. 9(c) and Fig. 9(d), with the increase in
excitation amplitude, it can be seen that the galloping amplitude of the forced-self-excited system
with 1/2-order sub-harmonic resonance increases first and then decreases; the phase diagram first
changes from a closed elliptic ring to a concave heart shape, then changes to period-two periodic

motion, and finally changes to period-one periodic motion.
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5.5 Numerical Solution of 1/3-order Sub-harmonic Resonance

When the frequency of the external excitation is equal to three-times natural frequency of the
system, the resonance of the system is called the 1/3-order sub-harmonic resonance.

As the excitation amplitude p=2, the limit cycle of the forced-self-excited system excited by the
1/3-order sub-harmonic is also a closed elliptic cycle. Compared with Fig. 5(a), the beat vibration
phenomenon of forced vibration becomes more obvious in Fig. 10(a).

When the excitation amplitude p=4, it can be seen from Fig. 10(b) that the galloping time(¢) of
the history displacement curves is 2 000 s; the galloping amplitude and galloping velocity are -0.187
m and 0.774 m/s; the upper and lower sides of the phase diagram curve are concave. In Fig. 10(c), as
the excitation amplitude increases to p=3, it is easy to see that the phase diagram increases from the
period-one periodic motion to period-three periodic motion, and the galloping amplitude and

galloping velocity decrease to -0.078 m and -0.613 m/s. In Fig. 10(d), when the excitation amplitude



increases to p=16, it can be seen that the galloping amplitude and galloping velocity increase to -
0.168 m and 1.729 m/s, and the phase diagram changes from the shape of period-three periodic motion
to the closed elliptic ring with period-one periodic motion gradually.

When the excitation amplitude increases to p=50, it can be seen from Fig. 10(e) that the
galloping amplitude and galloping velocity increase to -0.564 m and 5.426 m/s, the phase diagram
still maintains the closed elliptic ring shape with period-one periodic motion, and the galloping time(¢)
of the history displacement curves is 8 s.

In Fig. 10, with the increase in excitation amplitude, from Fig. 10(a) to Fig. 10(b), and then to
Fig. 10(c), it can be seen that the galloping amplitude of the system with 1/3-order sub-harmonic
resonance first decreases and then increases. And the phase diagram changes from a closed elliptic
ring to a concave shape with two intersection points, then to period-three periodic motion, and to a

closed elliptic ring with period-one periodic motion finally.
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Fig. 5, Fig. 6, Fig. 7, Fig. 9, and Fig. 10 correspond to the principal resonance, 2-order super-

harmonic resonance, 3-order super-harmonic resonance, 1/2-order sub-harmonic resonance and 1/3-



order sub-harmonic resonance of the forced-self-excited system respectively. From the analysis of
the galloping time, galloping amplitude, and galloping velocity of the time history displacement
diagram in section 5.1 to section 5.5, it can be seen that: for the principal resonance and super-
harmonic resonance, with the increase in the excitation amplitude, the galloping amplitude and
galloping velocity of the forced-self-excited system continue to increase, and the galloping time
continues to decrease; for the sub-harmonic resonance, with the increase in excitation amplitude, the
galloping amplitude and galloping velocity of forced-self-excited system first decrease and then
increase. Compared with the harmonic resonance and the principal resonance, the principal resonance
response increases the most, and the increase of sub-harmonic resonance response is the smallest.
Under the condition of same physical parameters and same external excitation, the principal
resonance can cause galloping of iced transmission line in the shortest time, and the galloping
amplitude and galloping velocity are also the largest; the super-harmonic resonance takes the second
place; however, the sub-harmonic resonance may reduce the response of the system. Therefore, for
the transmission line structure, the harm of principal resonance is greater than that of super harmonic
resonance, and the harm of super harmonic resonance is greater than that of sub harmonic resonance.

Fig. 11 shows the time history displacement image and phase diagram of the 1/3-order sub-
harmonic resonance of the system under different excitation amplitudes. In Fig. 11(a), Fig. 11(b), and
Fig. 11(c), the left figures show the time history displacement diagram of the system when the
excitation amplitude p=0.5, p=3, and p=5.2, respectively; and the right figure shows the phase
diagram of the rectangular frame part of the dotted line in the left figure.

In Fig. 11(a) and Fig. 11(b), as the excitation amplitude increases from p=0.5 to p=3, the forced-
self-excited system is the superposition form of forced vibration and self-excited vibration, in which
the phenomenon of beat vibration in time history displacement becomes very obvious gradually. In
Fig. 11(c), while excitation amplitude increases to p=5.2, the beat phenomenon of time history
displacement disappears; the self-excited vibration characteristic of time history displacement
disappears, and the quenching phenomenon also appears.

In Fig. 11, from Fig. 11(a) to Fig. 11(b), and then to Fig. 11(c), the external excitation effect in
the system is enhanced, and the phase diagram change from the form of beat vibration to quasi-

periodic vibration with period-three periodic motion gradually.
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6 Conclusion

By establishing the physical model of iced transmission line under the condition of dynamic



wind, a new forced self-excited system is obtained. The multiple scale method is used to solve the
forced-self-excited system, and the periodic approximate analytical solution (non-resonance) and
amplitude-frequency response relation (principal resonance) are obtained. By comparing the
approximate analytical solution with the numerical solution, the applicability of the approximate
analytical solution is obtained. Then, the time history displacement curves and phase diagrams of
different excitation frequencies and different excitation amplitudes are obtained by numerical method.
The results show that the forced-self-excited system has different harmonic resonance forms due to
different excitation frequencies:

(1) For the forced-self-excited system, when the excitation amplitude is equal to 0, the vibration form
of the system is pure self-excited vibration; when the excitation amplitude p>0, the vibration form
of the system is expressed as the superposition form of self-excited vibration and forced vibration;
when the excitation amplitude (p) is greater than the critical value, the self-excited vibration
disappears, resulting in quenching phenomenon, the vibration form of the system is forced vibration
regulated by Rayleigh damping.

(2) With the increase of external wind velocity and excitation amplitude, the forced-self-excited
system changes from weak nonlinear system to strong nonlinear system, so the accuracy of
approximate analytical solution of the multiple scales method is reduced.

(3) For super-harmonic resonance, the system of transmission line excited by 2-order super-harmonic
excitation produces the vibration form with period-two period motion; the system of transmission
line excited by 3-order super-harmonic excitation produces the vibration form with period-three
period motion; and with the increase of excitation amplitude, the galloping time of the system can be
reduced to 20 s, and the vibration amplitude also increases sharply.

(4) With the increase in excitation amplitude, the phase diagram of the iced transmission line system
under 1/2-order sub-harmonic excitation produces an intersection point, which changes from period-
one period motion to period-two periodic motion; and the phase diagram of the iced transmission line
system under 1/3-order sub-harmonic excitation produces two intersection points, which changes
from one periodic motion to period-three periodic motion. When the amplitude is greater than the
critical value, the iced transmission line system under sub-harmonic excitation will change from the
vibration form of period-two, and period-three period motion to the vibration form of period-one
period motion.

(5) With the increase in excitation amplitude, the 3-order super-harmonic resonance and 1/3-order
sub-harmonic resonance will undergo meaningful transition from periodic vibration to quasi periodic
vibration and then to periodic vibration. For the forced-self-excited system of the iced transmission
line, the harm of the principal resonance is greater than that of the super-harmonic resonance, and the

harm of the super-harmonic resonance is greater than that of the sub-harmonic resonance. Therefore,



in practical engineering application, the physical parameters of transmission line should be adjusted
to make the natural frequency far away from the frequency region of principal resonance and super-

harmonic resonance.
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Figure 1

The model of singe-span equal-height transmission lines



Fr
00 -
U “1.'-""-..:“\\ “|
= 01 e o R
(] -, N
\\‘\\ :;":f at FB“"‘-- Zl
Mg | u? 2z
p cos(Q)

b 4

(b) The force analysis model
Figure 2

The model of cross-section of iced transmission lines
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