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FORM RINGS AND REGULAR SEQUENCES^

PAOLO VALABREGA AND GIUSEPPE VALLA

Introduction

Hironaka, in his paper [HJ on desingularization of algebraic
varieties over a field of characteristic 0, to deal with singular points
develops the algebraic apparatus of the associated graded ring, intro-
ducing standard bases of ideals, numerical characters p* and τ* etc.
Such a point of view involves a deep investigation of the ideal b*
generated by the initial forms of the elements of an ideal b of a local
ring, with respect to a certain ideal a.

The present paper has its origin in the effort of extending to a
general situation the following result (due to Hironaka: [H2]):

Let (A,/n) be a local ring and zem—m2; then the initial form z*
of z in the associated graded ring G(nt) is a regular element if and
only if z is regular in A and (z) Π mn+1 = (z)>mn, for every integer n.

Really our paper investigates in a general way the relations between
an ideal b — (fί9 , fr) and the associated graded ideal i* generated
by the initial forms of the elements of b in GA(a) = graded ring with
respect to the ideal a of the ring A.

We prove the following main results:
1-a necessary and sufficient condition for b* to be generated by the
initial forms of the //s, valid for an arbitrary noetherian ring A
2-a necessary and sufficient condition for ft* to be generated by a regular
sequence, valid for an arbitrary noetherian ring A
3-a condition like in 2, valid for a local ring A, and generalizing in a
natural way Hironaka's result.

The paper contains also some other properties of the associated
graded ideal (concerning height and minimal generating sets) and of
GA(ά) (conditions to be Cohen-Macaulay: see also [S]).

Received September 16, 1977.
(1) The present paper has been written while both authors were members of CNR,

section 3 of GNSAGA.
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9 4 PAOLO VALABREGA AND GIUSEPPE VALLA

1. Form rings and ideals

If A is a noetherian ring with a unit element 1 and a any ideal
oo

in A, we denote by GA(a) the graded A/α-algebra 0 an/an+1 and call it

the form ring of A relative to a (other term: associated graded ring).
Sometimes we will have to deal also with negative powers of the

ideal a; once for all an — A if n<Q.
Given an element ae A, we denote by via) the largest integer n

such that aean; if aeΓ\an we set: v(ά) = oo. When v(a) Φ oo the
7 1 = 1

residue class of a in a

v(a)/av(a)+ι is called the initial form of a and de-
noted by α*. If v(ά) = oo, then we set: α* = 0.

The definition of multiplication in GA(a) shows that the two relations :
a*b* = (α&)* and α*6* ^ 0 are equivalent, provided that α* and ft*=£θ.

Let now ft be any ideal of A; we shall denote by ft* the homo-
geneous ideal of GΛ(a) generated by all the initial forms of the elements
in ft; ft* is called the form ideal of ft relative to a (or the associated
graded ideal). For every integer n we have: ό* = set of homogeneous
elements in A* of degree n = (b Π an + an+1)/an+1; furthermore ft* is the
kernel of a natural epimorphism of graded rings

φ:GA(a)-GA/b(b + a/b) ,

which is homogeneous of degree 0.
The ideal ft* can be defined with respect to any other ideal α; but,

if ft and a are comaximal (i.e. a + ft = A) then ft* = GA(ά) and conversely
(as one may easily check). Therefore we assume, once for all, that a
and 6 are not comaximal. Of course both a and ft are assumed to be
proper.

Since A is noetherian, then GA(ά) is noetherian. In particular ft*
is generated by the initial forms of a finite number of elements of ft.
However it is not generally true that, if ft = (f19 , / r ) , then ft*

= (/i*, ,Λ*).
The following theorem is just a necessary and sufficient condition

for the equality:

THEOREM 1.1. // a and ft = (f19 ,/ r) are ideals of A, then ft*
= (/*>•••> /*) in GA(ά) if and only if for all n > 1 the following equality

holds:
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an n b = Σ^n'Pί fι

where pt — v{f^)y i = 1, , r.

Proof. It is clear that (/*, , /*)» = ( Σ *n~Vifi + <*n+1) A n + 1 .

Hence, if b Π α7* = Σ «7l"Pί /i f̂ r 1̂1 n > 1, we have: A* =

</iV ,Λ*).
Conversely, if A* is generated by the /f's, then we have: an Γ) b

e Σan-pifi + an+1 for all n > 1; it follows that an Π b =

Π \Ύ\an~ViU + αw+ί Π b). By the Artin-Rees lemma there exists an

integer q > 0 such that αw+ί Π 6 = an+t~q(aq Π A) for all n + ί > q. Hence,
if d is an integer such that d > n—pt for i = 1, ,r, we get the fol-
lowing equality:

an Π b = Π f£] αw"^ /€ + a B + t "V Π *)) = Σ a""" Λ ,

since, if t > q - w + d, then an+ί-^(a« ί l ί ) C a d ί c 2 an'Vi U

Remark 1.2. Using [R, Rem. (3.7)] one can easily see (cf. [V]) that, if
a and b are ideals of A such that a + b Φ A, then h(b*) > &(6) at least
when A is local, and certainly equality holds whenever α c ί ; moreover
there are examples with strict inequality. Therefore the following
result may have some interest:

PROPOSITION 1.3. // a and b = (/1? ,/ r) are ideαZs of A such
that a + b Φ A, then h(b*) < r.

Proof. Let w be a maximal ideal containing both a and 6; then
we have: him) -r<hQn/b) = h((m/b)*) = Λ(w*/**) <^(w*) - Λ(**) = Λ(w)
— fc(#*) (in the preceding chain of inequalities we use the fact that, in
the isomorphism GA(ά)/b* = GA/b(a + b/b), m*/b* and {mjbY are cor-
responding ideals).

Remark 1.4. If Λ(/*> # •>/*) = Λ then also h(b*) = r. However
the following example shows that the condition fe(/i*, •,/*) = r does
not imply the equality A* = (/f, , / * ) .
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EXAMPLE 1.5. Let A be the ring k[[t\ t5

9 t
11]] = Jc[[X,Y,Z]]/(XZ -

Y\ YZ - X\ Z2 - X3Y2) = k[[x, y, z]], . a = (x, y, z), * = («); we have:

GA(a) = k[T19 T2, TJ/WiT*, T2TZ, Tl Tf) = k[tlf t29 ί,] hence Λ(4*) = k&d =

1, but ί / e α 3 Π ί and y3ea2x and so, by Theorem 1.1, A* =£ (#*).

2. Regular sequences in G^(α)

In this section we consider a noetherian ring A and an ideal a in

A if flf , fr e A we shall state some necessary and sufficient con-

ditions for /i*, , / * to be a regular sequence in GA(ά) (always provided

that a and (f19 ••-,/,-) be not comaximal).

In the following we shall write pt = v(/i) and ^ = C/\, ,/ί), for

f = 1, . . . , r (*o

PROPOSITION 2.1. // α α^ώ ό = (f19 , / r ) are ideals of A such

that /?,-•-, / * is a GA{a)-sequence, then b* = ( / * , . . . , / * ) .

Proof. We use induction on r. The case r — 1 is easy: if / * is

a non zero-divisor, then, for every g,(fg)* — f*g*, which shows our

claim. Assume now the theorem true for r — 1 and prove it for r.

If aean Π b let £ be the greatest integer (if it exists, oo if it does

not exist) such that a e br_x + / rα*. So we can write a — x + fry, with

v(y) = t,xe br_λ if t + pr < n we have: fry e (an + br_x) Π β ί + P r c β«+^+1

+ 6,.! ΓΊ α t + " .

It follows that /r*y* ebf^; by our inductive hypothesis b*_x is gen-

erated by the initial forms of the //s, i = 1, , r — 1, hence /̂* βό*.^

Then |/ e at+ι + br_x Π α ί, so that a e ^r_x + fra
t+\ which is absurd.

Therefore t + Pr > n, hence α e α n Π ^r_j + fra
n~Pr. The conclusion fol-

lows immediately from the inductive assumption together with our

Theorem 1.1.

Remark 2.2. The converse of Proposition 2.1 is false even if A is

local. In fact, let A = k[[X9 Y]]/(XY) = k[[x,y]], * = (&), a = (x9y);

then we have: αn Π b = (^n, i/w) Π (a?) = (xn) + (yn) Π (a;) = (ajn) = anlb.

Hence by Theorem 1.1 4* = (s*), but G^(β) = fc^, T2]j{TxT2) = k[tl9t2]

and α;* = ^ is a zero divisor in GA(a).

In the following we shall denote by / the topological closure of an

ideal / with respect to the α-adic topology.

https://doi.org/10.1017/S0027763000018225 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000018225


FORM RINGS 97

THEOREM 2.3. Let a and b — (f19 , / r ) be ideals of the noetherian

ring A. Then the following facts are equivalent:

( i) (/*> •>/*) is a GA(a)-sequence;
i

(ii) for each i = 1, , r , A*_i: ft c; A ^ emd A* Π α71 = Σ <*n~Pj fj,

for all n > 1.

Proof, (i) ==> (ii). For Proposition 2.1 it is enough to show that

&i-i: A £Ξ A«-i- Let α e A<_!: ft with i (α) = w then a*ft e Af_i = (ft,

'"ift-d* hence α*eA?_!. It follows that α e ί M + αn + 1 Π (*t_i:/i); re-

peating the argument we see that α e A iel.

(ii) iφ (i). Conversely, since α + A =£ A and A*.!: /< c; At_! for each

t = 1, « ,r, we have p t < oo for each i = l/ ,r . In fact, assume

that Pi = oo for some i then there exists aea such that (1 — a)ft = 0.

Thus 1 - α e A .̂i and then (1 — α)(l — α/) e Ai_i, with α ' e α ; but since

a + A Φ A, this is a contradiction.

Now let α*/f e (Λ*, , /f_i) with t (α) = n then α/« e bt_x + an+Pi+1,
ί-l

hence b = α/< + 2] α^/^ e Â  Π α n + p < + 1 .

We can write 6 = Y] bjfj with &, eα 7 1 ^^ 1 "^ ' , whence we deduce that
3 = 1

a — bte bι_x: ft and from this it follows that a e an+ι + A^.

Finally aean+1 + Â .x Π α71 and this proves that α* e Af_χ = (/f, ,

COROLLARY 2.4. Le£ A δe α local ring and I, a ideals of A, such

that /* is generated by a GA{a)-sequence. Then I is generated by an

A-sequence.

Proof. Let /* be generated by gl9 , gr, where the g/s form a

regular sequence. Since all the minimal generating sets of /* have the

same number of elements, we can write /* = (ft, •,/*) with ftel.

Now gr (/*) = r, hence using the homology of Koszul complex we get

Hx(ft, -,f?\GA(ά)) = 0. From this it follows that ft, -,ft is a

G^(α)-sequence (see [A-B], Prop. 2.8); hence, by Theorem 2.3, f19 * ,/ r

is an A-sequence. Furthermore, since /* = (ft, •>/*)> we get:

(/l> ' * * > fr) £ / ^ (/l> # # # > /r) = (/l> ' ' > /r)

Remark 2.5. If /f, - , / * form a regular sequence, it is not neces-

sarily true that flf , fr form also an A-sequence, unless / = / for
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every ideal / contained in b. In fact let A = k[x,y, z] = k[X, Y,Z]f

(XZ, X — XY), a — (y), f = yz; then, since y is not a 0-divisor in Ar

we have: GA(a) = (A/a)[T] = k[Z,T] which is a domain. Therefore

fea/a2 is not a 0-divisor in GA(a), but # / = 0.

PROPOSITION 2.6. Lei α cm<2 i = (Λ, •• ,/ r ) &β too iώeαis o/ A
r

ίfcαi /i, , fr is an A-sequence and an Π b — 2] «w~Pi f% for all

1. Suppose either b^a or A is local.
i

Then an Π bi = Σ an"P} fj9 for each i = 1, , r α^d /or αiZ n > 1

/i*, , / * i^ α GA(a)-sequence.
Proof. It is enough to show that αn Π Ar_! = ^ αn-p^ / 7 , for all

r- l r

7i > 1. Let α = ^ α^^ be an element of an then α = 2] &*/<> where bt e an~Vi

and we get: brean'Pr Π br.x. Thus we have: αw Π br_λ c ^ an-pjfj +

fr(an~Pr Π ίr_i). Let m be an integer such that m < pt for each i =

1, , r — 1. If w < m + pr, we have that br_x c α7 1"^ and / r e α n " P i for
r-l

each i = 1, , r — 1 hence αw Π ^r_i is contained in 2] an'PJ fj + / r ί r _ x

r-l

c j ] an~PJfj. Therefore we may assume that n is greater than m + pr
.7 = 1

and also that a1 Π *,._! = 2] at~p^fjy for all £ < n - 1. If ί C α , then
.7 = 1

r - l

2>r > 0; if A is local and pr = 0, then we have αw Π 6r_! £ 2] <*n~Pjfi +

Λ(αn Π Ar-1), hence «n Π *r_i = Σ « T C " ^ / ^ If Pr > 1, since n-pr<n
.7 = 1

- 1, we have α* Π ftr_x c £*n~p'fj + MΣ an'Pr~p^ fλ = Σ*n~p'fjf a n d

7=1 V=i / j=i

this completes the proof.

COROLLARY 2.7. // α and b = (/x, , / r ) are ieteaZs o/ a ίocaϊ r i

A, £feβw /f, •,/* /orm a GA{aysequence if and only if fl9 , / r /orm

A-sequence and moreover an Ci b — J^ an~Pi /< /or aZZ n > 1.

Remark 2.8. The following example justifies the hypotheses of the

above proposition. Let A be the ring k[X, Γ, Z, Γ]/(ZΓ - Y\ T - Y - ΓZ)

= k[x,y,z,t], a = (α?, ?/), fx = x and f2 = z; then it is easy to see that
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fiff2 form a regular sequence and p1 = 1, p2 = 0. We have: xt e a2 Π (#),
but #£ β α# on the other hand a Π (#, z) = (x) + a Π (z) = (#) + αz and,
if w > 2, then an Π (a;,2) = an = α*-^ + (2/w) = α*"^ + αns since yn —
χyn-1 + ynZt

Remark 2.9. The results of the present section extend to a quite
general situation the theorem proved by Hironaka ([H2], Prop. 6) for
a local ring (A, m), when a = m and b = (/) = principal ideal, generated
by an element in m — m2.

3. Applications

In this section we discuss some applications of the preceding results.

PROPOSITION 3.1. Let a and b = (f19 ,/ r) be ideals of A such
that b c α, /i, , fr is an A-sequence and ab = a2. Then the initial
forms of the f/s form a GA(a)-sequence.

Proof. If fiβa2 = ab then we would get a relation of the form

a>ifι + + (1 + a>t)fi + + <*>rfr = 0 , α, e α(v# .

But since /„ , fr is an A-sequence, in any relation 2] #/// = 0 all the
coefficients Xj must lie in the ideal (/lf ••-,/,.). This is well known and
easy to prove by induction on r. Thus ft & a2 and we have p1 = =
p r = 1. Therefore it is enough to prove, by Proposition 2.6, that an ΓΊ b
= an^b. This is true for n = 1 if n > 2 we have αw = α72"1^, hence
αn Π b = α71"1* Π * = a""1*.

Remark 3.2. An interesting situation in which we can apply the
above proposition is the following: let (A,w) be a local ring of dim-
ension r which is Cohen-Macaulay, with embedding dimension m and
multiplicity e then one can show ([S], Theorem 1) that m < e + r — 1
and the equality holds if and only if there is an A-sequence f19 , / r

in m such that m2 = m (/lf , / r ) . The latter equality is exactly our
condition on the ideals a — m and £ = (/j, , / r ) .

Remark 3.3. The results of the present paper can be used to give
a new and simplified proof of ([V], Theorem 3.2), i.e. of the following
claim:

Let A be a Cohen-Macaulay ring and let al9 , as be a regular
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sequence, I = (au ,αs), t an integer >1. Then GA(a) is Cohen-Maca-

ulay if a = V.

Proof. As in [V] we may assume that A is a r-dimensional local
ring with maximal ideal m. Let au ,α β ,/ s + 1 , •,/, be a maximal A-
sequence in m and let / = (/s+1, , / r ) , /< = αj, for each i = 1, , s
and A = CΛ, , fr). Since fu -,fs is a regular sequence modulo / we
have, by [V], Lemma 2.1, that an D * c αΛ-ι(/i> ,/,) + / for all n > 1
furthermore, since f8+ι, -,fr is a regular sequence modulo /, hence
modulo αn for all n > 1, by [R-V], Lemma 1.1, we get: αTC Π / — anJ.
From this it follows that an Γ\ b^an Π (an-\fx, •••,/,) + /) = α^K/i,
• , fs) + an Π / = α'-'CΛ. ••-,/.) + «"/; thus the /* fs form a GJβ)-
sequence by Proposition 2.6. Since dim GA(a) = r, by [M-R] this is
enough to prove that GA(a) is Cohen-Macaulay.

We conclude the paper trying to compare the initial forms of a set
of elements with respect to two different ideals a and /.,

First of all, it is easy to see that the initial form of the same
element with respect to two different ideals may or may not be a 0-
divisor; for instance, if A = k[[x,y,z\] = k[[X, Y,Z]]/(XY - Z2), a =
(x, y, z), I = (x, z), then it is clear that the initial form of x relative to
a is a non 0-divisor, while the initial form with respect to / is a 0-
divisor. Therefore (x)* = (x*) in GA(a) (Proposition 2.1); on the con-
trary (a?)* in GA(J) is not generated by the initial form of x9 because
of Theorem 1.1.

In the following proposition we denote by /* the initial form with
respect to a and by /° the initial form with respect to /.

PROPOSITION 3.4. Let I^a be ideals of A and let f19 , / r be
elements of I such that v^fi) = va(fi) for each L Assume that ff, ,
/ * form a GA(a)sequence. Then /?, , /r° form a minimal base of the
ideal (/?, ...,/ r

0) of GA(I).

Proof. By [A-B], Corollary 2.9, /*, •••,/* is a Gj»-sequence

in any order. Now if f°r = Σ αJ/J, let a = 2 aji and p = va(fr) =

^/(Λ); then fr = a + b, where belp+1. Hence aeap and α^α 2 ) + 1; it
follows that /* = α* e CΛ, -,/,_!)* = (/?, •,/*.!>, which is absurd.
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