FORMAL GROUPS, POWER SYSTEMS AND ADAMS
OPERATORS

V. M. BUHSTABER AND S. P. NOVIKOV

ABSTRACT. This paper provides a systematic presentation of the connection
between the theory of one-dimensional formal groups and the theory of unitary
cobordism. Two new algebraic concepts are introduced: formal power systems
and two-valued formal groups. A presentation of the general theory of formal
power systems is given, and it is shown that cobordism theory gives a nontrivial
example of a system which is not a formal group. A two-valued formal group
is constructed whose ring of coefficients is closely related to the bordism ring
of a symplectic manifold. Finally, applications of formal groups and power
systems are made to the theory of fixed points of periodic transformations of
quasicomplex manifolds.
Bibliography: 17 citations.

The theory of one-dimensional commutative formal groups at the present time
consists of three parts:

1) The general theory at the basis of which lies Lazard’s theorem [8] on the
existence of a universal formal group whose coefficient ring is the ring of polynomials
over the integers.

2) Formal groups over arithmetic rings and fields of finite characteristic — for a
survey of this theory see [4].

3) Commutative formal groups in cobordism theory and in the theory of coho-
mology operations and characteristic classes [12], [13], [5], [9], [14].

Quillen has recently shown that the formal group f(u,v) which occurs in the
topology of “geometrical cobordism” is universal [14]. His proof makes use of
Lazard’s theorem on the existence of a universal formal group whose ring of co-
efficients is a torsion-free polynomial ring.

In the first section of this paper we prove the universality of the group of “geomet-
rical cobordism” directly by starting from its structure, as investigated in Theorem
4.8 of [2], without recourse to Lazard’s theorem. Moreover, in §1 we give formulas
for calculating the cohomology operations in cobordism by means of the Hirzebruch
index.

In connection with the theory of Adams operations in cobordism the operation
of “raising to powers” in formal groups is of particular importance (see [12], [13]).
This operation can be axiomatized and studied for its own sake; in addition there
are topologically important power systems which do lie within formal groups (see
§2a). In §2b we examine a distinctive “two-valued formal group” which is closely
connected with simplicial cobordism theory. §3 and the Appendix are devoted to
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the systematization and development of the application of formal groups to fixed
point theory.

§ 1. FORMAL GROUPS

First of all we introduce some definitions and general facts concerning the theory
of formal groups. All rings considered in this paper are presumed to be commutative
with unit.

Definition 1.1. A one-dimensional formal commutative group F over a ring R is
a formal power series F(z,y) € R[[z,y]] which satisfies the following conditions:

a) F(z,0) = F(0,2) =z,

b) F(F(x’y)az) = F(x,F(y,z)),

¢) F(z,y) = F(y,x).

In the following a formal series F'(z,y) which satisfies axioms a), b) and c) will
simply be called a formal group.

Definition 1.2. A homomorphism ¢: F — G of formal groups over a ring R is a
formal series ¢(x) € R[[z]] such that ¢(0) = 0 and ¢(F(z,y)) = G(é(x), ¢(y)).

If the formal series ¢1(z) determines the homomorphism ¢;: F — G and the
formal series ¢o(x) determines the homomorphism ¢o: G — H, it follows immedi-
ately from Definition 1.2 that the formal series ¢2(¢1(x)) determines the composite
homomorphism ¢5 - ¢1: F — H.

For formal groups F' and G over R we denote by Hompg(F,G) the set of all
homomorphisms from F' into G. With respect to the operation

(61 + ¢2)(x) = G(¢1(2), P2()), 1, ¢2 € Homp(F, G),

the set Hompg(F, G) is an Abelian group.

By T(R) we denote for any ring R the category of all formal groups over R
and their homomorphisms. It is not difficult to verify that the category T(R) is
semiadditive, i.e. for any Fy, Fp, F3 € T(R) the mapping

HOIHR(Fl,FQ) X HOHIR(FQ,F3) — HOHIR(Fl,Fg),

defined by composition of homomorphisms, is bilinear.
Let F(z,y) =z +y+ > a; jz'y’ be a formal group over Ry, and let r: Ry — Ry
be a ring homomorphism. Let r[F| be the formal series

rlFl(z,y) =z +y+ Zr(ai,j)xiyj,

which is clearly a formal group over Ry. If the series ¢(x) = > a;a® gives the
homomorphism ¢: F — G of formal groups over Ry, then the formal series r[¢](z) =
> ¢(a;)x’ gives the homomorphism 7[@]: r[F] — r[G] of formal groups over Rs.
Thus any ring homomorphism r: Ry — Rp provides a functor from the category
T(R;) into the category T'(Rg). Summing up, we may say that over the category
of all commutative rings with unit we have a functor defined which associates with
each ring R the semiadditive category T'(R) of all one-dimensional commutative
formal groups over R.

Let R be a torsion-free ring and F(x,y) a formal group over it. As was shown in
[8] (see also [4]), there exists a unique power series f(z) =z + Y (a,/(n+1))z" 1,
an € R, over the ring R ® @ such that

(1.3) F(z,y) = f7(f(z) + f())-
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Definition 1.4. The power series f(z) = = + > (an/(n + 1))zt which obeys
(1.3), is called the logarithm of the group F(x,y), and is denoted by the symbol
gr(x).

In [4] the notion of an invariant differential on a formal group F(x,y) over a
ring R was introduced, and it is shown there that the collection of all invariant
differentials is the free R-module of rank 1 generated by the form w = ¢ (z)dz,
where ¢(z) = ([0F (z,y)/0yly=0)"". By the invariant differential on the group
F(z,y) we shall mean the form w.

If the ring R is torsion free, then w = dgr(z). We point out that it was demon-
strated in [12] that the logarithm of the formal group f(u,v) of “geometrical cobor-
dism” is the series g(u) = u + > [CP"|Ju"™!/(n + 1). Consequently for the group
f(u,v) we have

w=dg(u) = <Z[CP”]u”> du = CP(u)du.

n=0
Let B N
f(u, U) =u+v+ Z ei,juz’l]]7 eij € 952(z+]_1),

be the formal group of geometrical cobordism.

Lemma 1.5. The elements e;;, 1 < i < oo, 1 < j < oo, generate the whole
cobordism ring Q.

Proof. From the formula for the series f(u,v) given in [2] (Theorem 4.8), we obtain
e11=[Hi1]—2[CP'], e~ [Hy]—[CP7Y,i>1, e;r~[Hl, i>17>1,

where the sign ~ denotes equality modulo factorizable elements in the ring Q.

Since s1([H11]) = 2, we have e 1 = —[CP']; since s;_1([H;,]) = 0 for any i > 1,
we have e; 1 ~ —[CP""!]. According to the results in [10] and [11], the elements
[H; ;], i,j > 1, and [CP?] generate the ring Q. This proves the lemma. O

Theorem 1.6 (Lazard—Quillen). The formal group of geometrical cobordism f(u,v)
over the cobordism ring Qu is a universal formal group, i.e. for any formal group

F(z,y) over any ring R there is a unique ring homomorphism r: Qu — R such
that F(z,y) = r[f(u,v)].

We show first that for a torsion-free ring R Theorem 1.6 is an easy consequence
of Lemma 1.5. Let R be a torsion-free ring and let F' be an arbitrary formal group

over it; let
QA

)= e s 3
Consider the ring homomorphism r: Qy — R ® @ such that r([CP"]) = a,. We
have r[g¢] = gr, and, since
F(z,y) = g5 ' (9r(z) + gr(y)) and  f(z,y) = g7 (95(x) + g7 (1)),

also r[f(z,y)] = F(z,y). Consequently r(e; ;) € R. By now applying Lemma 1.5,
we find that Imr C R C R ® . This proves Theorem 1.6 for torsion-free rings.

"t a, €R.

Proof of Theorem 1.6. Recall that by s, (e), e € 952", we denote the characteristic
number corresponding to the characteristic class > ¢7'. It follows from the proof of
Lemma 1.5 that for any 4,j > 1 we have the formula s;;,_1(e; ;) = fC’erj. It is
known that the greatest common divisor of the numbers {Cfl}n=17.__,(n_1) is equal
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to 1 if n # p! for any prime p > 2, and is equal to p if n = p'. Consequently a
number J,; ,, exists such that

: 1, if !
(*) ZAz,nC:L:{ , 1 TL?épa

b, ifn= plu

For each n, let us consider a fixed set of numbers (A; ,,) which satisfy (). From
[10] and [11] we have that the elements y,, = >~ A n€in—i € (2;2(”_1), n=2,3,...,
form a multiplicative basis for the ring Q.

Let R be an arbitrary ring and let F(z,y) = ¢ +y + Zai,jmiyj be a formal
group over this ring. We define the ring homomorphism r: Qy — R by the formula
7(Yn) = D Nin@in—i; we shall show that r(e; ,—;) = @ n—; for any i,n. From the
commutative property of the formal group F' it follows that o; p,—; = o, —;; from
associativity we have

: i _
Clyjitine — Cfpajpr,i = Plam),

where P(ayy,,) is a polynomial in the elements ay, ;, m +1 < i+ j + k. It is clear
that the form of the polynomial P does not depend on the formal group F'(z,y).
Since e1,1 = y1, we have r(e1,1) = a1,1. We assume that for any number n < ng
the equation 7(e;n—;) = @; n—; is already proved. We have

Cf_g_jei-&-j,k — C§+kej+k,i = P(emvl), m+1l< ng =1+ j+ k,

r(P(em,i)) = P(r(emg)) = Plom,) = Cii+jai+j,k - C§+kaj+k,i-

It follows from the number-theoretical properties of the C} that for any ip > 1
and ng = i9 + jo + ko the element oy, j,+k, can be represented as an integer linear
combination of the elements 7(yn,) = Y Xino @i j+k> and 7(P(em,1)) = Cfy joviqjr—
C; +1Q+k,i- Since the form of this linear combination depends neither on the ring
R nor on the formal group F', we find that r(e;, ny—iy) = Qig,ne—io- Lhis concludes

the induction, and Theorem 1.6 is proved. (]

It will be useful to indicate several important simple consequences of Theorem
1.6:

1. In the class of rings R over Z, the formal group f(u,u) ®z Z, is universal
over the ring Qu ®z Z,.

2. In the class of formal groups over graded rings the formal group of geometrical
cobordism f(u,v), considered as having the natural grading of cobordism theory, is
universal.

In this case dimu = dimv = dim f(u,v) = 2. Therefore the above refers to
the class of formal groups F' over commutative even-graded rings R, where R =
Y50 B7%, and all components of the series F(u,v) have dimension 2. Of course,
the general case of a graded ring reduces to the latter through the multiplication
of the grading by a number.

3. The semigroup of endomorphisms of the functor 7', which assigns to a com-
mutative ring R the set T'(R) of all commutative one-dimensional formal groups
over R, is denoted by AT. This semigroup AT coincides with the semigroup of all
ring automorphisms Qy — Q. In the graded case we refer to the functor as Ty,
and the semigroup as Agr, which coincides with the semigroup of all dimension
preserving homomorphisms Qy — Qu. The “Adams operators” ¥* € Ag;, form
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the center of the semigroup A;.. The application of these operators U* to a formal
group F(z,y) over any ring proceeds according to the formula

VEF(,y) =x+y+ Y K o'y,

where F(z,y) =z +y+ > a; oty

We note that the semigroup A° of all multiplicative operations in U*-theory is
naturally imbedded in the semigroup Ag} (see [12], Appendix 2) by means of the
representation (x) of the ring AY over Q; the elements of AT are given in the
theory of characteristic classes by rational “Hirzebruch series”

K(l+u) =Qu), Qu) = Ok a(u) = u+2)\iui’ Ai € QU ®Q.
i>1

What sort of Hirzebruch series give integer homomorphisms Qpy — Qp, i.e.
belong to A”? How does one distinguish A° ¢ AT?

From the point of view of Hirzebruch series the action of a series a = a(u) =
w4 S Autth N\ € Qp ® @, on the ring Q is determined by the formula

a(CP) = [((“u))w

where [f(u)],, denotes the nth coefficient of the series f(u). Note that a='(u) =
u+ > [a([CP™)/(n+1)ju"!, where a~(a(u)) = u. This formula is proved in [13]
(see also [2]) for series a(u) giving homomorphisms Qy — Z, and carries over with
no difficulty to all series which give homomorphisms Qy — Qg .

We must check that the indicated operation (in the “Hirzebruch genus” Q(u) =
u/a(u) sense) of a series a(u) on Qyy does not coincide with the operation (x) of the
series a(u) € Q® Q[[u]] on the ring Qy = U*(point), which defines a multiplicative
cohomology operation in U*-theory (see [12]). For example, for a(u) = u we have
a([CP"]) =0, n > 1, and a*([CP™]) = [CP"]; as is proved in cobordism theory
(see [12] or [2]), for the series a(u) = g(u) = Y [CP"|Ju™!/(n + 1) we have the
formula a*([CP"]) = 0, n > 1, and for the series a(u) = g~ '(u) the formula
a([CP™]) = [CP"].

There arises the transformation of series of the ring Q ® Q][u]]

¢: a(u) — da(u),

defined by the requirement alx] = (¢pa)*[z] for all z € Qp, where we already know
that ¢gu = g(u) and ¢(g~*(u)) = u. We have

Theorem 1.7. The transformation of series of the ring Qu ® Ql[ul]
g: a(u) — a(g(u))

has the same properties as a[x] = a(g)*[x] for any element x € Qy where

n ” n+1
g(u) = Z %“nﬂv alCP"] = [(a(u))

and b*[x] is the result of the application to the element x € U*(point) = Qu of
the multiplicative operation b of AV @ Q, given by its value b(u) = u + > \u?,
i € Qu ® Q, on the geometrical cobordism u € U?(CP>).

n
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Proof. Let b € AV ®Q be a multiplicative operation and let b(¢) be the exponential
characteristic class of the fiber £ with values in U*-theory, which on the Hopf fiber
n over CP™, n < oo, is given by the series b(n) = (b(u)/a)~"; let u € U2(CP™) be
a geometrical cobordism. As was shown in [12], for any U-manifold X" we have
the formula

b*([X]) = eDb(—7(X™)),
where [X™] € Q;*" is the bordism class of the manifold X", ¢: X — (point), D is

the Poincaré—Atiyah duality operator, and 7 is the tangent fiber.
By using the formulas Du* = (CP"~*) € U,,_x(CP"), n < oo, and 7(CP")+1 =

(n+ 1)n, we obtain
et B i [CP¥) / u \""" du
) N 210 Jjy)=e \b(u) yntl=k’

n—k k=0
Zigipl Dt”“ —/ Zb* [CP"))t" dt =

n=0

/(zz [ ) e

n=0 k=0

1 - >
=i ), 2 [CP"] < 2 <u> bu)du
|l kO =
[CP*]

(
ZQLM_/M:& ln <k§; Ju du>

([cPm) Zn: CP¥
k=0

jt1<lb(w)]
1 / 1 dg(u)
= — n _——
omi | lul=e b(u) )
lt1<lb(w)]

where dh(u) is the invariant differential of the formal group f(u,v). By setting
g(u) = v, we obtain from the formula for the inversion of series

t -1 —1py -1
\t|<|l|:(Ls|Jj(v))l o <1 - b(gl(v))> dv = (bg™ ()70 = 967 (1).
Thus

Z b*([CPn])thrl _ g(bil(t)).

o n+1

On the other hand, as was indicated above, we have the formula

Z a([CPn])thrl _ ail(t).

n+1
Consequently, if b(u) = a(g(u)), then b*([CP"]) = a([CP"]) for any n. Since the
elements {{CP"]} generate the entire ring Qy ® Q; the theorem is proved. O

Another proof of Theorem 1.7 can be obtained from the properties of the Chern—
Dold character chy (see [2]). Let ¢: Qy — Qu be a ring homomorphism and let
a(u) = u = > \u' be the corresponding Hirzebruch genus. We shall show that
if the multiplicative operation b € AY ® @ acts on the ring U*(point) = Qy as a
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homomorphism ¢, then its value on the geometrical cobordism u € U?(CP*) is
equal to the series a(g(u)), where g(u) = u+ Y [CP"Ju"*!/(n 4+ 1). We have

chy(u) =t+ Y at"™ € H*(CP®,Qy ®Q),
a; € W eQ, te HX(CP>,Z), chy(g(u)) =t
Since a=1(t) = Y ¢([CP"])t" T /(n + 1), we have

a(t) =t+ Y plo)t™ =1+ b (o)t
Thus .
a(g(u)) = g(u) + Y _ b (a;)g(u™),

chy(a(g(u))) =t + Z b* ()t = b* (chy (u)) = chy (b(u)).
Since the homomorphism chy : U*(CP®)®@Q — H*(CP>*,Qy ®Q) is a monomor-
phism, we find that a(g(w)) = b(u). This proves the theorem.

By Theorem 1.6 any integer Hirzebruch genus, or, equivalently, any homomor-
phism @: Quy — Z, defines a formal group over Z, and conversely (similarly for the
ring Z,). In this connection the Hirzebruch genus, which defines this homomor-
phism, can be rational. Equivalent (or strongly isomorphic in the terminology of [4])
formal groups are defined by the Hirzebruch series Q(z) and @'(z), which are con-
nected by the formula z2/Q(z) = ¢~ 1(z/Q’(z)), where ¢! (u) = u+ > ,o N,
i € Z. This follows from the fact that the logarithms of the formal groups are
equal to gg(z) = (2/Q(z))™!, and by definition we have gg(z) = gor(¢(2)).

Let us consider the integer ()-genus given by the rational series gg(u). Then the
Q’-genus such that go(u) = gor(d(u)), ¢(u) = u+ >, N, A; € Z, also has
integer values on 7. In this connection the meaning of equivalence for Hirzebruch
genera is the same as for formal groups. What sort of examples of formal groups
are considered in topology in connection with the well-known multiplicative classes
c,T,L,A?

1. The Euler characteristic c: Qy — Z. We have

U+ v — 2uv U
fe(u,v) = , ge(u) = T
As a formal group, this genus is equivalent to the trivial one.
2. The Todd genus T': Qy — Z. Here we have the law of multiplication

1—uv

—Z —Z

Tl g

3. The L-genus 7: Qy — Z and the A-genus A: Qpy — Z, where g71(2) =
thz and g;'(z) = 2sh(2z). It is easily seen that these are strongly isomorphic to
formal groups; both of them are strongly isomorphic over Zs to a linear group, and
over Z[1/2] to a multiplicative one (the Todd genus).

4. The Ty-genus (see [3]) T,([CP"]) =Y. ,(—y"). Here the law of multipli-
cation is defined over the ring Z[[y]] and has the form

u+v+ (y—1uv 1 u
ny(U”v) 1+U'Uy ’ gTy (y+1) n +( +y)17u
We have for y = —1,0,1 the genera ¢,T and L, respectively. The simple integral
change of variables u = ¢(u') allows us to put fr, into the form

¢~ fr, (0(u'), 9(v") = u' + ' (y — Du'v’.

frlu,v) =u+v—w, gru)=—-In(l-u), T(z)
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For all values of y this group reduces either to a linear one or to a multiplicative
one over the p-adic integers Z,,.

Thus we see that in topology the multiplicative genera connected with other
non-trivial formal groups over Z,Z, or Z/pZ have not been considered previously.

§ 2. FORMAL POWER SYSTEMS AND ADAMS OPERATORS

Definition 2.1. A formal power system over a ring R is a collection of power series
{fr(u),k ==x1,£2,..., fr(u) € R[[u]]} such that fi(fi(u)) = fu(u).

Consider on the ring R[[u]] the operation of inserting one formal power series into
another. With respect to this operation R[[u]] is an associative (noncommutative)
semigroup with unit. The role of the unit is played by the element u. Let Z* denote
the multiplicative semigroup of nonzero integers.

Definition 2.2. Any homomorphism f: Z* — R|[[u]] will be called a formal power
system.

Definition 2.3. We shall say that a formal power system is of type s if for any
number k the series fi(u) has the form

fr(u) = k°u + Z,ui(k)u”l, pi(k) € R.
i>1
We shall always assume the number s to be positive. Not every power system
has type s > 1. For example, fi(u) = uF". More generally, the case

fe(w) = No(k)u¥" + O(u* ) = Z Ai(kyu
i>0
is possible.

Here it is especially important to distinguish two cases: 1) A\g(k) =1, 2) A\o(k) #
1, but R does not have zero divisors. In the first case there exists a substitution
v = B(u) € R[[u]] ® Q, v = u + O(u?), in the ring such that B(fi(B~*(v))) = v*
(the argument is similar to the proof of Lemma 2.4 below). 2) is the more general
case, where A\o(k) # 1. Here a similar substitution exists and is correct over a field
of characteristic zero which contains the ring R. Examples of such power systems
may be found readily in the theory of cohomology operations in U*-theory, by
composing them out of series of operations s, € AV with coefficients in Qp. We
are interested principally in Adams operations, and shall therefore consider only
systems of type s > 1.

As in the theory of formal groups, an important lemma concerning “rational
linearization” also plays a role in the theory of power systems. We note that the
proof of this lemma presented below is similar to the considerations of Atiyah and
Adams in K-theory (see [1]).

Lemma 2.4. For any formal power system of type s there exists a series, not
depending on k, such that the equation fi(u) = B=*(k*B(u)), where B~*(B(u)) =
u, 18 valid in the ring R[[u]] ® Q.

The series B(u) is uniquely defined by the power system, and is called its loga-

rithm.*

e point out that a formula for the logarithm of a formal group was given in [5] for the
cobordism theory of power systems of type s = 1 for these groups. However, there it is necessary
to make use of important additional information concerning the coefficients of the power systems
of uF as functions of k.
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Proof. We shall show that for a given power system fr = {fx(u)} of type s we
are able to reconstruct, by an inductive process, the series B(u) = u + Aju? + .. ..
Assume that we have already constructed the series v, = Bp(u) € R[[u]] ® Q

such that for the formal power system {fk,") (vn)} = {Bnfu(B;, *(v,))} we have the
formula f]gn) (vn) = kv, + p(k)v?T + O(vpy2), u(k) € R. By using the relation
fl(”)(fk") (vpn)) = ,gn)(fl(n)(vn)), we obtain for all k£ and {

(KD)*vn + (k) + p(OED9) 0t = (kD) *on + (K p(l) + p(R)ITHD* )0

Consequently

p(k) p(l)
ks(kns _ 1) = ls(lns _ 1) =A€R® Q’

where A does not depend on k or I. Let us set B,y1(u) = v, — A+l Direct
substitution now shows that

Bui1(fr(Briy (vn41))) = k*vng1 + O(vp ).

This completes the inductive step. We set B(u) = lim B, (u). Thus B(fx(B~Y(B(u)))) =
k*B(u), i.e. fx(u) = B71(k*B(u)), which completes the proof. O

An important example of a formal power system is the operation of raising to
the power s in the universal formal group f(u,v) over the ring Qy. The operations
of raising to a power in f(u,v) have the form k*U*" (u), ¥*" € AV. Let us denote
by A(s) the subring in Qp generated by all the coefficients of the formal series

FUR (0) = ko + Yl (k)u'tt € Quu]] = UH(CP>)

for all k. In Theorem 4.11 of [2] the coefficients of the series k*W*" are described
in terms of the manifolds M,?S_l C CP™ k==1,4£2,..., which are the zero cross-
sections of k°th tensor degree of the Hopf fiber n over C'P™. In particular, from
this theorem it follows that modulo factorizable elements in the ring Q0 we have
the equation

™ (k) ~ [ML] = k*[CPY).
Since 7(Mj.) = ¢*((i + 1)n — n*"), where ¢: M}, C CP™*! is an imbedding map-
ping, we have s;([M{.]) — s;(k*[CP"]) = k*(1 — k*%). The calculation of the Chern
numbers s; (t-characteristic in the terminology of [13]) of the elements NES)(k) is
easily performed by the method of [13].

Lemma 2.5. Let A(s) = >_ A, be the ring generated by the elements ugs)(k) for
all k and i. The smallest value of the t-characteristic on the group A is equal to the
greatest common divisor of the numbers k*(k™ — 1), k = 2,3,.... In particular,
the ring A(s) does not coincide with the ring Qu for any s, but the rings A(s) ® Q
and Qu ® Q are isomorphic.

Theorem 2.6. The formal power system of type s generated by the Adams oper-
ations fy(u) = {kSUF )}, k = 1,42, ..., and considered over the ring A(s), is a
universal formal system of type s on the category of torsion-free rings, i.e. for any
formal power system f = {fr(u)} of type s over any torsion-free ring R there exists
a unique ring homomorphism ¢: A(s) — R such that f = ¢[fu].
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Proof. Let B(u) = u + Y, \u'tl, \; € R® @, be the logarithm of the formal
power system f = {fr}. Consider the ring homomorphism ¢: Qy ® Q@ — R® @,
([CP™)/(n+ 1) = \,. Since the coefficients of the formal power system {k*¥*"}
generate the entire ring A(s), we see that the homomorphism ¢, restricted to the
ring A(s) C Qu ® Q, is integral, i.e. Im¢(A(s)) C R C R® Q. This proves the
theorem. O

To each formal power system f = {fx(u)} of type s over a torsion-free ring R
we may associate a formal one-parameter group B~!(B(u) + B(v)) over the ring
R ® @, where B(u) is the logarithm of the power system. From Theorem 2.6 we
obtain

Corollary 2.7. Let ¢: A(s) — R be the homomorphism corresponding to the for-
mal power system f = {fx(u)}. In order that the group B~1(B(u) + B(v)) be
defined over the ring R, it is necessary and sufficient that the homomorphism ¢ the
extendable to a homomorphism é: Qu — R.

Thus the question of the relation of the concepts of a formal power system and
a formal one-parameter group over a torsion-free ring R is closely related to the
problem of describing the subrings A(s) in Q.

We shall demonstrate that the series B~!(k*B(u)) has the form B~ (k*B(u)) =
ESu+ k5(k* — )M + ..., A € R® Q, where B(u) = u £ Au? +.... Since the
expression k*(k* — 1)\ is integer valued for all integers k, it follows that an element
A € R®Q can have in its denominator the Milnor-Kervaire-Adams constant M (s),
equal to the greatest common divisor of the numbers {k°*(k® — 1)}. For example,
M(1) = 2, M(2) = 12. For the series B(u) obtained from a formal group over
R the second coefficient A can have only 2 in the denominator. For all s > 1 a
realization of the universal system indicated in Theorem 2.6 does not, of course,
occur naturally. A natural realization would be one over a subring of the ring Q,
where the second coefficient A of the logarithm B(u) = u + Au? + ... for a system
of type s = 2l would coincide with the well-known Milnor-Kervaire [6] manifold
Ve € Q;*, where A = £V /M(s), as follows from our considerations on the integer
valuedness of A - M(s). For s = 2 such a system will be given below.

It is simplest to describe the connection between the notions of a formal power
system of type s and of a formal one-parameter group for s = 1. We consider
the category of torsion-free rings which are modules over the p-adic integers. The
system fy = {k*U*" (u)}, considered over the ring A(s) ® Z,, is a universal formal
system of type s for systems over such rings. Consider in the ring €y some fixed
multiplicative system of generators {y;}, dimy; = —2i; let us denote by A, C Qu
the subring generated by the elements y(,i_1), j = 0,1,..., and by m,: Qy — Qu

the projection such that
T (yi) =
pYi 0  otherwise.

According to Lemma 2.5 the minimum value of the t-characteristic on the group
A(1), C A(1) is equal to the greatest common divisor of the numbers k(k™ — 1),
k =2,3,.... In the canonical factorization of the number {k(k™ — 1)} into prime
factors only first powers can appear, and since t(yi_1)) = p, j > 0 (see [11]), it
follows that the homomorphism 7,: A(1) — A, is an epimorphism. Let us define
F) = s oW},
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Corollary 2.8. For any projection of the type m, the coefficients of the series f[(Jp)
generate the entire ring Ay, which coincides with the ring of coefficients of the

formal group 7y (fu(u,v)) = [(]p) (u,v).

We consider now the special projection 7,: Qy ® Z, — (ly ® Z, such that
75([CPY) = 0if i + 1 # p", and 7;([CP']) = [CP] if i + 1 = p". This projection
was given in [14] starting from the Cartier operation over formal groups. As was
indicated in §1, the projection 7, can be considered as a “cohomological” operation
on the set of all formal one-parameter groups over any commutative Z,-ring R.

We shall say that the formal group F'(u,v) over the Z,-ring R belongs to the
class P if 7;(F(u,v)) = F(u,v). Note that the group 7, fu(u,v) is a universal
formal group for groups of class P over the ring A, = Im 7 (Qr).

From the description of the operator 7, and the definition of the action of the
projection 7, on the collection of groups it follows easily that for a torsion-free
Z,-ring R the group F'(u,v) belongs to the class P it and only if its logarithm has
the form gp(u) = u + 3 \u?".

We shall say that a formal power system f(u) over a torsion-free Z,-ring R
belongs to the class P it its logarithm has the form B(u) = u + Y \uP".

Lemma 2.9. The power system 7, [kU*(u)] is a universal formal power system of
type 1 for the class P over the ring A = Im 7} (Qy ).

The proof of this lemma follows easily from Lemma 2.4 and Corollary 2.8.
From Lemmas 2.4, 2.5 and 2.9 we have

Theorem 2.10. Let R be a torsion-free Zy-ring, f(u) a formal power system of
type 1 of the class P over R, and B(u) the logarithm of f(u). Then a formal
one-parameter group F(u,v) = B~1(B(u) + B(v)) in class P is defined over the
ring R, and, moreover, the mapping f(u) — F(u,v) = B~1(B(u) + B(v)) sets up
a one-to-one correspondence between the collection of all formal power systems of
type 1 of class P over R and the collection of all one-parameter formal groups of
class P over R.

We shall now show that for a power system over a ring with torsion, as distinct
from the case of formal groups, the theorem that any system can be lifted to a
system over a torsion-free ring is not true. It will follow from this, in particular, that
the formal system {k*®¥*"(u)} over the ring A(s) is not universal on the category
of all rings.

Example. Consider the ring R = Z,, = Z/pZ; we shall display a power system
which cannot be lifted to a system over the ring Z,, of p-adic integers. Let f(u) =
{fu(u) = ku+ 3 ,oq pi(k)uP }r—po(x) be a formal power system. Note that in R
we have the identity 2P = z. Since fi(fi(u)) = fri(u) we have

pa(RD) = k() + L (R), -y (kD) = Y py(R)pg (D).
JE0i0
Consequently the value of the function p;(k) for all ¢ > 1 and prime numbers
k can be given arbitrarily. For example, the values of the function pq(k) for the
primes k = 2,3,5,... are arbitrary. Such functions p;(k) form a continuum. For
formal systems of type s = 1, obtained from a system over Z, by means of the
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homomorphism of reduction modulo p, by Lemma 2.4 the function pq(k) has the
form (k(kP~' —1)/p) - v = p1(k), where v is the p-adic unit. Reduction of 4
(mod p) gives a monomial over Z,. From this we have

Theorem 2.11. There exists a continuum of formal power systems over the ring
R = 7Z, which are not homomorphic images of any power system over the p-adic
integers (and in general over any torsion-free ring).

§ 2a

We shall display another geometrical realization of a universal power system of
type s = 2 which has an interesting topological meaning. In the universal formal
group f(u,v) the operation u — 4 = —W~(u), f(u,u) = 0, is the lifting of the
operation of complex conjugation into the cobordism of K-theory. Therefore the
combination of the form uti = —uW~!(u) for geometrical cobordism has the sense
of a “square modulus” |u|? = uii.

Let F(u,v) be a formal group over the ring R and let @ be the element inverse to
u, i.e. F(u,@) = 0. Consider the element z = ua € R[[u]], and let [u]x = F(u,...,u)
(k places), where F(u,...,u) = F(u, F(u,...)). Define ¢p(z) = [u]x - [4], where
the product is the ordinary product in the ring R[[u]]. We have

Lemma 2.12. For a formal group F = F(u,v) the values of the series ¢p(x) =
[u]g[a]r lie in the ring R[[x]] = R[[ua]] and define a power system of type s = 2
over the ring R.

Proof. Let fy = f(u,v) be a universal group over the ring R = Qp, and let
fu,v) = g7 (g(u) + g(v)). Define B~'(~y) = g~ (=g '(\/y). Since [u]y =
g~ (kg(u)), we have ¢y (x) = g~ (kg(u))g~ " (~kg(u)) = B~'(~k?g(u)?). Further-
more, z = g 1(g(u))g  (—g(u)) = B~ (—g(u)?). Therefore B(x) = g(u)? and
ér(r) = B~ (—k%g(u)?) = B~Y(k?B(z)). Consequently ¢y (x) is a formal power
system of type s = 2 over the ring Qp, with logarithm B(x). In view of the univer-
sality of the group fy over Qy this completes the proof of the lemma in the general
case. (]

We shall give a topological interpretation of Lemma 2.12. Consider the Thom
spectrum MSp = (M Sp(n)) of the symplectic group Sp. In particular MSp(1) =
K P is infinite-dimensional quaternion projective space. The canonical imbedding
St — Sp(1) — SU(2) defines a mapping ¢: CP> — K P>, and consequently a
mapping ¢*: U*(KP*) — U*(CP>), where U*(KP*>) = Qu[z]], dimg(z) = 4,
U*(CP*) = Qul[u]], dimgp u = 2 and ¢*(x) = ua. This follows from the fact that
the canonical Sp(1)-bundle v over K P> restricted to C P> goes into 7 + 7, and
x = o2(y) — 01(n)o1(7) = ul, where o; is the Chern class in cobordism theory.

We set

bp(x) = (K*UM)2 = K2z + Z,ui(k;)xiﬂ, € UYKP®), wi(k) € Q;*.

i=1
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From the properties of the operation W¥ (see [12]) we obtain

On(01(2)) = Kou(z) + zm i+

_|_ Z ,uz 121—4—2\1} 1+1)

= 12U (K2UF (2)) = 12k2\1'lk(3:) = ¢n(2).

Here we have used the formula W'(u;(k)) = [*u;(k). Consequently the set of
functions ¢(z) = {¢r(x)} is a formal power system of type s = 2 over the ring Q.
Since k2Uk(x) = k2W* (uti) = [u]i[a], by this means we obtain a topological proof
of Lemma 2.12.

Remark. We note that in §VII of the paper of Novikov [13] in the proof of Theorem
1b in Example 3 the case of groups of generalized quaternions was analyzed and the
“square modulus” system arose there; the properties of this system are required for
carrying out a rigorous proof for this example, without which Theorem 1b cannot
be proved. Indeed, we used the fact that k?¥¥(w) is a series in the variable w
with coefficients in Qp, where w = 02(A1). Moreover, for carrying out the proof
of Theorem 1b, in analogy with Theorem 1 we require the fact that the A; are
all obtained from Aj; by means of the Adams operators, where the A; are the
2-dimensional irreducible representations of the group of generalized quaternions.

Let us consider in more detail the logarithm B(x) = —g(u)? of the formal type 2
power system introduced in Lemma 2.12. Let ¢ and z be the generators of the
cohomology groups H?(C' P*°; Z) and H*(K P>; Z), respectively. Since ¢*(c2(7)) =
c1(n)ei(n), ¢*(2) = —t2. We have chy(g(u)) = t and chy(B(z)) = —t* = 2.
Consequently

B Yz) = chy(2)|.=. € H*(KP>;Qp @ Q) = Qu @ Q[[2]].

Let U° be the multiplicative operation in U* ® Q theory, given by the series

¥) = fin (17 (o)) =900 = u+ 30w,

Recall that in [2] and [12] the operation WY was denoted by the symbol ®. We have
chy UO(x) = WYchy(z) = 2; here we have used the fact that U9(y) = 0, where
y € Q;?", n > 0. Since the homomorphism chy : U*(KP>®) — H*(KP>;Qpy ® Q)
is a monomorphism, it follows from the equation chy (B(z)) = z = chy (¥(z)) that
B(z) = ¥%(z). According to Theorem 2.3 of [2], we have the formula

t+1

chyr (u) —t+z [M2] T

n=1
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for an element u € U?(CP>), where s,(—7(M?")) =0, w # (n) and s, (M?*") =
—(n + 1)!. Consequently

o nt1 oo n+1
cmxum——<t+2;mﬁﬂ(;;1ﬂ><t+2;(IY”WNPW(;;1N>

=23 Y (_1yiﬂff:4H§{;t;i 2.

il 4!
n=2 i+j=2n J

i>1,j>1
and we obtain the formula
-1 _ = an—ay Z" dn—4 —4dn+4

where
N = S (1), [ )
i+j=2n
i>1,4>1
and [M?™] € Q;*" are bordism classes which are uniquely defined by the conditions
5o (=7(M?*™)) =0, w# (mn) and S(m)(T(M2m)) =—(m+ 1)
We have

Theorem 2.13. The type 2 power system constructed in Lemma 2.12 for the group
flu,v) of geometrical cobordism is universal in the class of torsion-free rings if
considered over the minimal ring of its coefficients A C Q.

The proof follows easily from the fact that the coefficients of the series B~1(x)
and B(z) are not all zero and are algebraically independent in Qy ® Q.
From the preceding lemma we have

(e

Corollary 2.14. For any complex X the image of the mapping [X, K P>®] ——
U%(X), which associates with the mapping ¢: X — KP> its fundamental class
@*(o2(7)) in U*-theory, is the region of definition of a power system of type 2 having
the form B~1(k*B(z)), where B~ (z) = g~ '(v/2)g~*(—+/x). The Adams operators
on this image are given by k*V*(z) = B~Y(k?B(x)), ¥'(x) = B(z) € U*(X) ® Q.

Questions. Is a type 2 power system defined directly on quaternion Sp-cobordisms
[X, KP>] — Sp*(X)? Is the image Im a closed with respect to power operations?

What are the inter-relations between the ring of coefficients of the power system
B~Y(k?B(x)) with the image of Qg, — Qu?

Note that the restriction U*(M Sp(n)) — U*(MU(n)) — U*(CP® x---x CPX)
consists of all elements of the form F(Jui|?,..., |u,|?) - []i_; |ui|?, where F is any
symmetric polynomial (in distinction from classical cohomology, where we have
symmetrical functions of squares).

As was pointed out above, for the series B~!(z) we have

—1(.) — an—4y " 4n—4 —4n+4
B 'z)=xz+) [N I WV e gt

n=2
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where o 4 4
N = ST (1), (M M,

i+j=2n
i>1,j>1

In particular,
[N*] = —8[M*] + 6[M?]* = (2K) € Im(Qs, — ),
where K = 8[CP?] — 9[CP']?.

Theorem 2.15. For n > 2 the bordism classes [N*"~4] belong to the image of the
homomorphism Q§§”+4 — QE4”+4. In addition, for n = 1 mod 2 the elements

[N4=4]/2 € Q4" already belong to the group Im(Qg, — Q).

Proof. Let v € Sp*(Kp>) be the canonical element. As is well known, p1(y) = v
(see [13]) and w*(p1(7y)) = o2(y) € UL(KP>), where p; is the first Pontrjagin
class in the symplectic cobordism of the canonical Sp(1)-fiber v over K P> and
w: Sp* — U™ is the natural transformation of cobordism theory. We shall calculate
the coefficients of the series

- C" n o0 * *

chsp(pr(7)) =2+ ) A e HUEP®, 05, © Q) = O, @ Q[:]),
n=1""

where chg, is the Chern-Dold characteristic in Sp-theory (see [2]), C,, € Qgﬁ" are

indivisible elements in the group Qg;l”, and A, € Z. Since chy = ch(n+7) =

eltet=2+t24 422" /2n)! + -+ and z — —t2, t € H*(CP>,Z), we have

> i (20 +2)!
ChSp(pl (7)) = —chay + Z(—l) +1%Cn chopnt2(7).
n=1 n

By making use of the decomposition principle for quaternion fibers and the addi-
tivity of the first Pontrjagin class we now find that for any Sp(m)-fiber ¢ over any
complex X we have

chsy(p1(€)) = —cha(() + Z(_:UrH»lw

!
2/\n Cn Ch2n+2 (C)

By Bott’s theorem we have the isomorphism
B: KSp(S*") = KO'(8™), B(Q) = (1 =) @n ¢,

where ~; is the Sp(1)-Hopf fiber over S*.

We shall next identify the elements ¢ € K Sp(S*™) with their images in the group
K(S*"). The formula ch(¢3(¢)) = ch(¢) is easily verified, where ¢: KO* — K* is
the homomorphism of complexification.

Let &, and z, denote the generators of the groups K Sp(S*") = Z and H*"(S%"; Z) =
Z, respectively. From Bott’s results concerning the homomorphism of complexifi-
cation it follows that ch &, = a,z2,, where

1, ifn=1 mod 2,
Ay =
2, ifn=0 mod 2.
Thus
(2n)!
2)\nfl

(2n)!

oy nCn— A
2)\n71a 12

chsp(pr(€n)) = (=1)" Cr—1 chop & = (-1)"
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Since
chiy(p1(€0)) € HA(S™3Q5,) © HA(S™:05, 9 Q),
we find that the number ((2n)!/2\,,_1)a,, is an integer for any n.
It follows from [7] that under the composition of homomorphisms

KSp(X) 5 Q% (X) 5 Qb (X) & K(X)

the element ¢ € KSp(X) goes into the element —¢ € K(X), where u is the
“Riemann—-Roch” homomorphism. We have

—Qpzp = Ch(_fn) = Ch(MwPl (gn)) = Hw ChSp(pl (gn))

= jw ((_1)” 2(32'1 anC’n_lzn) =(-1)" ;i:l anTd(w(Cr_1))zn,

where T'd(w(C)—1)) is the Todd genus of the quasicomplex manifold w(Cj,—1). Since
the Todd genus of any (8m + 4)-dimensional SU-manifold is even, we find that
nTd(w(Cp-1)) = and, for any n, where ¢, is an integer. We have

Thus the number 2X,,_1/(2n)! a,, is an integer. On the other hand, it was shown ear-
lier that the number (2n)! a,, /2\,—1 is an integer also. Consequently 2X,,_1/(2n)!a,, =
+1. Without limiting generality, we may assume that 2A,,_1/(2n)!a,, = 1. Since
ap—1 - an = 2 for any n > 0, it follows that a,—1 - \y—1/(2n)! = 1, and we find

(2n)!

Ap—1

/\n—l =

, Cho1= (_1)np1(§n) c Q§§n+4 o~ Sp4(S4n)’
Td(w(Cr_1)) = (=1)"ta,.
We have therefore proved the following lemma.

Lemma 2.16. For the canonical element v = pi(y) € Sp*(KP>) and the Chern—
Dold characteristic in symmetric cobordism we have the formula

Z’IL

(2n)!”

From the formula w chg, p1(y) = chy o2(7y) we obtain

chsy(p1(7)) = 2 + Z Op—1Cn_1

n=2

B7!(z) =chyos(y) =z + Z[N4n_4](2277:)!
|

wchgy pi(y) =2+ Z ap—1w(Cr_1)
n=2

n=2

(2n)!

Consequently in the group 954"+4 we have the identity
Ap—1 w(C’n_l) = [N4n74]

for any n. This proves the theorem. (I
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Corollary 2.17. The rational envelope of the ring of coefficients of the power
system B~1(k?B(z)) of type s = 2 coincides with the group Hom® v (U*(MSp), Qu)
which is the rational envelope of the image Qg, — Qy, where AU is the ring of
operations of U* cobordism theory.

We note that the element (u + i) = 01(§ + £) € U>(CP>) can be expressed in
terms of x = utt = 02(§ + £). We have
(u+a) =g~ (g(w)) + g7 (~g(u) = F(g(u)?) = F(~B(2)) = G(z),
where
M4n+
(2n +2)!

F(0?) = g7 (@) + g7 (~a) = ~[CP']a? + 3] 2000 202
Lemma 2.18. For any k the series Gi(x) = F(—k*B(z)) lie in Qul[z]] and de-

termine over the ring Qu[1/[CPY] a formal type 2 power system by means of the
formula ¢p(w) = F(k*F~1(w)), where w = u + i = G(z).

The first assertion of the lemma follows from the fact that G (z) = [u]y + [u]x =
01 (&% 4+ €F). The second assertion follows from the invertibility of the series F(a?)
in the ring Qu[[1/[CP'a?]], as a consequence of which —B(z) = F~1(G(x)) and
Gr(x) = F(K*F~1(G(2))).

Corollary 2.19. Let F(u,v) = u+ v+ a11uv + ... be a formal group over the
ring R. If we map the element o1 into R, then the formal power system of type
s =2, defined by the series ¢p(w) = [u]r + [ulx € R[[w]], w = u+u, is defined over
the ring R.

Let ¢(z) = {¢r(x)} be a type s = 2 power system over a torsion-free ring. It is
natural to pose the problem:

(x) Describe all rings R such that 1) A C R; 2) there exists over the ring R a
one-dimensional formal group F(u, v) from which the original formal power system
{¢r(w)} is obtained as a system of the form {[u]x[t]r}, z = ua.

We note that the set of all such pairs (R, F'(u,v)) forms a category in which
the morphisms (Ry, F1) — (R, F3) are the ring homomorphisms R; — Ry which
preserve the ring A and take the group Fj into the group F5. Next we shall display
a universal formal group in this category, and by this means we shall obtain a
complete solution to the problem posed above.

We consider first the case where A = Qp and ¢(z) = {dr(x) = [u]x[a]r =
B7Y(k?B(z))}, © = u.

Lemma 2.20. The power system ¢(x) = {B~1(k?B(x))} together with the se-
ries G(z) = F(—B(x)) = u + u completely determines the original formal group

flu,v) = g7 (g(u) + g(v)).

Proof. By knowing the series G(z) we can calculate the series ¢ = 0(u) from the
equation u + 0(u) = G(u - 0(u)). Then, knowing the series B(x), we can calculate
the series g(u) from the equation B(u - 0(u)) = —g(u)?. O

Remark. The proof of Lemma 2.20 actually uses the fact that the elements u and
u are the roots of the equation

v — (u+a)y +ui=y*—G@)y+x=0
over Qu[[z]].
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From the formula introduced above it follows that the coefficients of the series
F(x) and B(x) are algebraically independent and generate the entire ring Qy ® Q.
We have

Flz) =Y a5, e Q" 0 @; B) =Yzt ne0pieq
i>0 =0

and
Qu Q= Qly] ® Qlz].

Now let ¢r(z) = {¢r(x)} be an arbitrary type s = 2 formal power system over
a torsion-free ring A and let B(x) = > B;x'™! be its logarithm. Consider the
ring homomorphism y: Qpy ® @ — A ® Q[y;], defined by the equation x(z;) = 0,
X(yi) = vi, and let R denote the subring of A ® Q[y;] which is generated by the
ring A and the image of the ring Qpy — Qpy ® @ under the homomorphism x. The
one-dimensional formal group F(u,v), which is the image of the group f(u,v) over
Qu, is defined over R. From the universality of the group f(u,v) and from Lemma
2.20 it follows easily that the group F'(u,v) over R is a universal solution of problem
(%) for the system {¢y(z)} over A C R.

We note that from the proof of Lemma 2.20 there follows a direct construction for
the formal group F(u,v) over R from the system {¢x(z)} = {B(k*B(x))} over A.
Indeed, it is necessary to carry out the following procedure. Consider the ring
A ® Qly;] and over it the series F(z) = Y y;2'™! and the corresponding series
G(z) = F(—B(x)); then, as in Lemma 2.20, with respect to the series B(z) and
G(z), find the series gr(u) € A ® Q[u,y;]]. The ring R is then the minimal
extension of the ring A in A ® Q[y;], which contains the ring of coefficients of the
group F(u,v) = gr~1(gr(u) + gr(v)).

§2b

We next turn our attention to the case where the power system B~1(k?B(z)) =
k2W¥ (uw) is related to a distinctive “two-valued formal group”

F*(z,y) = B~ ((V/B(2) £ VB(y))?),
in which the operation of raising to a power is single valued, and indeed
B YE’B(x)) = F¥(x,..., ).
\‘/—/
k places

If 2 = ut, y = vo, then F*(x,y) = {|f(u,v)|?;|f(u,v)|?} and for the U(1)-fibers
&,n over CF*>® x CP*, where u = 01(§), v = 01(n), we have

FE(x,y) = {o2(En+ En);oa(En+ En)}, ©=02(E+E), y=02(n+1).

Lemma 2.21. The sum F*(z,y)+ F~(z,y) and the product F*(z,y)- F~(z,y) of
values for the two-valued group do not contain roots and lie in the ring Qul[x, y]].

Proof. Consider the mapping C P> xC P> — K P> x K P> whose image U* (K P> x
KP>) — U*(CP>* x CP>) is precisely Qul[z,y]] C Qul[u,v]], x = vz, y = v7.

Since x = 02(§ + &) and y = g2(n + 77), we have that o2((§ + &)(n + 7)) = a lies in
Qu|[z, y]]; moreover

a = oa(En+EN)oz(En+E&n) + o1 (En+EN)or(E+En) = FH(z,y)+ F~ (z,y) + 0107.
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Next, -
a1(&n+&n) = g~ (g(u) + g(v)) + g7 (—g(u) — g(v)),
a1(&7 +E&n) = g7 (g(u) — g(v)) + 97 (9(v) — g(w)).
Let g(u) =+, g(v) = J. Therefore
o101 = o1(En+Enor(€n+&n) = g7 (v+8)+g7 (=y=)llg™ (y=8)+g (3],
i.e. o1 -0} is a function of 42 and 6%2. Also, since v2 = g(u)? = —B(z) and
52 = g(v)? = —B(y), the product o1(£n + £n)oy (€7 + £€n) is a function of x and y.
Since
Ff(z,y) + F(2,y) = 02((§ + ) (n + 7)) =) — o1(&n + EMan (€71 + &n),
it follows that ' (x,y) + F~(z,y) € Qu|[z,y]].
We conclude the proof by noting that

Ff(z,y)- F~(z,y) = o2(n + ENoa(E + &n) = 04((E+ ) (n+1)) € Qu[[z,y]]. O
Let us set
F+((E,y) —I-F_(.T,y) = @1($,y), F+(:L‘7y) : F_(:E>y) = @2($,y).

It now follows from Lemma 2.21 that the law of multiplication in the two-valued
formal group F*(z,y) = B~ ((\/B(z)++/B(y))?) is given by solving the quadratic
equation
22 - @1($,y)Z + @2(x7y) =0

over the ring Qu[[z, y]]. Let A C Qp denote the minimal subring in Qy generated
by the coefficients of the series ©1(z,y) and ©2(x,y). We have A = > Ay,
Ay C QM

Our next problem is to describe the ring A, which it is natural to look upon
as the ring of coefficients of the two-valued formal group F*(z,y). In the ring A
it is useful to distinguish the two subrings A’ and A” which are generated by the
coefficients of the series O1(x,y) and O5(z,y) respectively. As will be shown next,
neither of the rings A’ and A” coincides with A. It is interesting to note that the
ring of coefficients of the formal power system ¢(x) = {¢r(z)} = {B~1(k*B(x))}
lies in, but does not coincide with, the ring A’. This follows from the facts that
¢1(x) = x and ¢a(x) = ©1(z, x), and that for any k > 3 the formula

or(z) = O1(Px—1(2), ) — Pr—2(x)
is valid.

The canonical mapping of the spectra M Sp — MU, which corresponds to the
inclusion mapping Sp(n) C U(2n), defines an epimorphism AY — U*(M Sp), and
consequently the inclusion of the ring Hom 4v (U*(M Sp), Qy) in Qp. We shall next
identify the ring Hom 4uv (U*(M Sp), Qp) with its image in Q.

Theorem 2.22. The quadratic equation
22 - @1($»y)Z + @2(51/'7’!/) = 07

which determines the law of multiplication in the two-valued formal group F*(z,y),
is defined over the ring Hom 4u (U*(M Sp),Qu), and, moreover,

Hom o (U* (MSp), Qu) ® Z M Y B] ,

where A is the ring of coefficients of the group F*(x,y).
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Remark 2.23. Apparently the rings Hom 4u (U*(M Sp), Q7)) and A are isomorphic,
but at the present time the authors do not have a rigorous proof of this fact.

Let Qu(Z) be the subring of Qy ® Q which is generated by the elements all of
whose Chern numbers are integers. As was shown in [2], the ring Qy(Z) is isomor-
phic to the ring of coefficients of the logarithm of the universal formal group f(u,v),
ie. Qu(Z) = Z[4[CPY],...,[CP"]/(n+1),...]. The Chern-Dold characteristic chy
for any complex X defines a natural transformation

chy: Hy(X) — Hom v (U*(X), Qu(2))

(see [2], Theorem 1.9), which, as is easily shown, is an isomorphism for torsion-free
complexes in the homology. We have

chy : Ho(MSp) = Hom 4 (U*(MSp), Q(Z)).

The inclusion mapping Qy C Qy(Z) and the canonical homomorphism AY —
U*(MSp) lead to the commutative diagram

Hom 4u (U*(M Sp), Qu) — Qu

| |

H,(MSp) —2— Qu(2),

in which all the homomorphisms are monomorphisms.

Since A(h) = (chy v, h) and chy 2 = B~1(z), where h € H,(MSp), v is the gen-
erator of the AY-module U*(M Sp), and x is the generator of the group U*(K P>),
it follows that the ring Im A C Q(Z) coincides with the ring of coefficients of the
logarithm of the power system {B~!(k*B(z))}. Thus it follows from the diagram
that the ring Hom 4v (U*(M Sp), Qu) coincides with the subring of Qy whose ele-
ments are monomials in the elements y; € Qy(Z) with integral coefficients, where
B(z) =2+ yx'tL.

As an immediate check it is easy to see that the coefficients of the series

O1(z,y) = F"(z,y) + F(z,y) and Os(z,y) = F*(z,y) - F (,y),

where

(r ) = B! - 2y _ p-1 xB(f) %2
F>(x,y) = B~ ((VB(x) £ VB(y))") = B (\/  E/ y)

are polynomials with integral coefficients from among the coefficients of the series
B(x). The proof of the first part of the theorem is therefore complete.

For the proof of the second part of the theorem we require a lemma, which is
itself of some interest.

Lemma 2.24. Let A = > Ay, be the ring of coefficients of a two-valued formal
group. The minimum positive value of the t-characteristic on the group A4y, is equal
to 25 p if 2n = p' — 1, where p is a prime, and is equal to 25 if 2n # pt —1 for

all p, where
3, ifn=2 -1,
s(n) = ; ,
2, ifn#27—1.
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Now, since

1 1
Hom 4uv (U*(MSp), Q) @ Z [2} C Qu {2]
is a polynomial ring, the proof of the second part of the theorem is easily obtained,
via a standard argument concerning the t-characteristic, from the results of [11]

and Lemma 2.24.

Proof of Lemma 2.24. Let z and y be the generators of the group U?*(KP> x
KP>). We have

O1(z,y) =2z 42y + Zﬁz‘jxiyja Bij =B € QY
Oz, y) = 2” =2y + > Y aija'y’, iy =€ Hi+i=2),

Let 27 and 23 be the generators of the group H*(K P> x K P>°). By using Corollary
2.4 of [2] we obtain immediately from the definitions of the series ©1(x,y) and
Oz (x,y) that

m—+1

M4m
l m—I+1
E sz+2z122 )

chy ©1(z,y) = 22 +222—|—4Z(—1) emi)

m>1
chy O3(z,y) = zf — 22129 + 22
m—+1

M4m
+4) (- G Z (Coh, — 20352 + G t) - 2L 27142,
m>1
where so., ([M4™]) = —(2m + 1)!. On the other hand,
m+1
chyx =B~ =z + Z

= 2m +2)V

where s2,, ([N*™"]) = (—=1)™*! . 2(2m + 2)!. By combining these formulas we find
a) Som(Bm41,0) =0, Som (Bim—i1) = (-1)"TH4CT, 5, 0<l<m+1,
b) s m(am+2 0) =0, sam(amr11) = (=1)"T4(C3,, — C3,,),
sam (O l+2) (—1)y (O — 2022 4 02 1<l <mt L

We set ¢,,; = C3i — C3=2. From equations a) and b) we obtain that the smallest
value of the tcharacterlstlc on the group Ay, is equal to the greatest common
divisor of the numbers ~{4C’22,lI 4+2,4bn1}i=1,... n. Since the greatest common divisor
of the numbers {C3!,5}140,n+1 is even for n + 1 = 27, and odd for the remaining
n, by using the formula ¢,; + C3.,, = 2C3. .|, we complete the proof of the
lemma. 0

Remark. It follows from a) that the coefficients of the series ©1(z,y) = F(z,y)+
F~(z,y) do not generate the entire ring of coefficients of the two-valued formal
group. From b) there follows a similar assertion for the series Oy (z,y) = F T (x,y) -
F~(z,y).

Let F(u,v) be a formal group over the ring R, and let gr(u) be its logarithm.
Consider the complete set (§o = 1,&1,...,&n—1) of mth roots of unity. Let

m—1 m—1
)= [T o' & v, == 1] 95" (&or(w) @ Qllull.
j=0

Jj=0
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Then — By, (z) = gr(u)™ and we obtain the formal power system

F{™ () = By (K™ By HgF (k&jgr(u))
7=0

of type m. The coefficients of the series F,gm) (z) = B} (k™ B,,(z)) automatically lie
in the ring R for a formal group F'(u,v) with complex multiplication by &; (raising
to the power ;). The particular case m = 2 of this construction was examined in
detail in Lemma 2.12.2

Example. Consider the formal group f® (u,v) = f[;‘,(f(u, v)), where I:I; is Quillen’s
p-adic projection of geometric cobordism and f(u,v) is the universal formal group
over Q. As we have already noted, the logarithm ¢ (u) of the group f® (u,v)
has the form -

ol —
§w) = mg() = Y- "
h>0
Let m = (p — 1); then

h
& =& and gP(gGu) =&g" (), (97) 79" (W) = Gu.
We have
p—2
o= = = TP G0 (), Bpae) =~ @)™ = By a7,
7=0
Thus formal raising to a power F,Spil)(x) = B;_ll(kp_pr,l(sc)) for the group

f®) (u,v) is “integer valued”, and F,gp_l)(:r) = kP~1UF(—uP~1). Consequently in
U,-theory the (p—1)th powers of geometrical cobordism are the region of definition
of a power system of type s =p — 1.

We now note that the roots of unity of degree p — 1 lie in the ring of p-adic
integers Z,,. Therefore g='(&;9(u)) € Qu|[u]] ® Z,, and

H g9 f]g =T € QU Z,, H g k&]g E QU[[UH ® Zp,

and the series By, (x) defines a power system of type m = p — 1, whose p-adic
projection was displayed in the example.

The Adams operators are evaluated for an element x by the formula kP~ W¥(z) =
B 1 (k*~'B,_1(z)) in U* ® Z,-theory.

In analogy with Theorem 2.13 we have
Theorem 2.25. The power system Bp__l1 (kP=1B,_1(x)) of type s =p — 1, consid-
ered over the minimal ring of its coefficients, is universal in the class of all power
systems of type (p — 1) over torsion-free Zy,-rings.

The proof, as did that for Theorem 2.13, follows from the fact that the coefficients
of the series B,_1(z) are all different from zero and algebraically independent in
Qu ® Qp, where Q,, is the field of p-adic numbers.

2Here it is also appropriate to speak of the “manifold of the formal group”

F(z,y) = =B, [( V/Bm(2) + %/ Bm(y))m.

It would be interesting to know the nature of the ring of coefficients in this case.
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§ 3. FIXED POINTS OF TRANSFORMATIONS OF ORDER p

We turn now to a different question which is also connected with the formal group
of geometrical cobordism and a type s = 1 system associated with it; namely, to the
theory of fixed points of transformations T' (T° = 1) of quasicomplex manifolds (see
[5]; [9]; [13]), which act so that the manifolds of fixed points have trivial normal
bundle (or, for example, only isolated fixed points Pi,...,P, € M"™, T(P;) =

Pj.). If the transformation dT'|P; has eigenvalues )\(J) = eXp{mek /p}, k=

1,...,m, j =1,...,q, then the “Conner-Floyd invariants” aa,_1(zy (j) ..,:cgf)) €
Ugn_l(BZp) and it is known that
U*(BZy) = Qul[u]]/p¥P(u) =0 (see [12]),

u

1m Nagn-1(1,...,1),

Oégn_1($1, . ,J,‘n) =

&,:1:

J
where u*Nagn—1(1,...,1) = as(r_p)—1(1,...,1) (see [5], [9], [13]) and g~ (zg(u)) =
xU?(u). Here it is already clear that only the coefficients of the power system enter
into the expression for U*(BZ,) and agp—1(21,...,%y,). There is still one further
question: on which classes of Qp can the group Z, = Z/pZ act? As is shown in [5]
and [9], the basis relations

n

u
0= Oégn_1($1,...,$n) — H —_— ﬂagn_l(l,...,l)

iy @V (u)
and
0= qup(u) Nagp-1(1,...,1),
are realized on the manifolds M"(x1,...,z,) and M"(p), and determine the ele-
ments
jl;[l m € "  (mod pQy) and {p\llp(u)} § € Q" (mod pQy),

n

whence it follows that the cobordism class of manifolds with action Z, of this sort
coincides (mod pQy) with the Qy-module A(1) = Qp - AT(1), where AT (1) is the
positive part of the ring A(1) of coefficients of the power system g~!(kg(u)). On
the other hand, from Atiyah and Bott’s results [15] for the complex d” on forms of
type (0,¢) and holomorphic transformations T: M™ — M™ we may introduce the
following formula for the Todd genus T'(M™) mod p, for example.

Lemma 3.1. Let )\,(Cj) = exp{27rix,(€j)/p} be the eigenvalues of the transformation
dT' on the fized points Pj, j=1,...,q, k=1,...,n. Then

-T(M™) =

q p— o] n _Z‘I(CJ)Z
Z 1 Z H l—exp{—x(j) <z+£>} mod
7=l 1;[ - [pnl k=1 k p n+l(p—1)

1

This formula and its proof were communicated by D. K. Faddeev.
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Proof. For the Euler characteristic x(7') of the indicated elliptic complex we have

the Atiyah—Bott formula:
q n
1

:;1 t(1 — dT)P =211 { zmg>}

J=lk=11—exp

Since (1/p) X1z, X(T1) = ¢ is the alternating sum of the dimensions of the invari-

ant spaces of the action T' on the homologies of the complex and x(1)

we have
p—1 n

x(1) = => > 11 _exp{l'“”}w(b'

J=11=1 k=11 _2mizy
p

= T(M"),

If Tr: Q(¥/1) — Q is the number-theoretic trace, then by definition we have

n

Ezq: H : Q) mod p.
-\l

2mizy;
k=11 —exp m

The field Q({/1) and the field Q axe imbedded in their p-adic completions k& =
Qple), e= ¢/1, and @, There exists in the field k an element A such that \»~! = —p
and k = Q,(\). Next, Tr(\*) = 0 for s # 0 (mod (p — 1)) and Tr(\*P~D) =

(—=1)¥p¥(p — 1). Since € = exp(z + 2P /p)|.=x, we have

2mixy, 2P
exp{ } :e—:z:k- exp{ ($k2+$k)}
p p

(in k). Therefore

zn H —Tf k=1 1- exXp z+ % Al H T s=1
k=1 k=1
Therefore
n
1
Tr <H T 61k>
k=1

The proof of the lemma is concluded by summing over the fixed points.

For p > n + 1 this gives the formula
k n (4)
(-1) Tk
T(M") = . .
jzlxg]). .;vgf) Hl—exp{—x,(f)z} N

proved in [13] as a consequence of Tamura’s results.

p— 1 n T2
== > ]] - :
{5 Lo

O
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We see that by Atiyah and Bott’s procedure each fixed point is assigned a rational
invariant. How does the analogous procedure look in bordism theory?
Let us define the function vy, (z1,...,2,) € Qu[1/p] such that under the action

of T on M", TP = 1, with isolated fixed points P, ..., P, having weights a:,(cj),
j=1,...,q, k=1,...,n, the relation

q
Z'yp(xgj),...,ng)) =[M"] mod pQy

is valid. Consider the Qy ® Z-free resolution of the module U, (BZ,, point):

0— F 4 Fy — U.(BZ,,point) — 0,
where for the generators of U,(BZ,,*) we take the elements as,—1(x1,...,2,) €
Uan—1(BZ,,point) and the minimal module of relations is spanned by the relations

n

u
a(xl,...,xn) = a2n71(x1,...7xn) — (H M) ﬂa2n71<17...71)

i=1

and

PP
G :pa2n—l(]—a-~',]—) + <p U(U)> maQn—l(la"'ﬂl)'

Let ®: F1 — Qu ® Z,, denote the Qy ® Z,-module such that

Sla(zy,...,xn)) = [H ‘I‘Z\IJ+7(’U)

€EQ®Z, and ®(a,)=— [p‘l’p(“)]n

, U
i=1 n
As we pointed out above, for any set of weights (x1, ..., x,) we have the congruence
S(a(xy,...,2,)) = [M™] mod p, where M™ is a quasicomplex manifold on which
the relation a(x1,...,z,) is realized. Relative to the operation of multiplying out

the relations in U, (BZ,) the group F} is a ring, and, as is clear, the homomorphism
® mod p: F} — Qu (mod Q) coincides with the well-known ring homomorphism
which associates with each relation in F; a bordism class mod p of the manifold
on which this relation is realized. The homomorphism ® can be extended to a
homomorphism

Yp: Fy— Qu® Qp, ’yp(dFl) = .

Lemma 3.2. For any set of weights (x1,...,xy,) we have the formula

1 - u u
Y(@1,. . @n) = [ml‘n (}:[1 ch\IJCEL(u)> WP ()

)

n

In particular,
Y(l,...,1) = [

Proof. In the free Qu ® Z,-module Fy we have the identity

p)

Qon—1(1,. .., Tn) = a(z1,..., Ty +Z Hx\I/””J ) Q2n—2k—1,

k

u
_— Ve Z n—2k—1 = Qon—ok—1(1,...,1).
Li‘lf“(u)]k €Oy ®Zy, azpok-1=az,-2k-1(1,...,1)
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Also, since v,: Fo — Qu ® @Qp is an Qy ® Z,-module homomorphism and

Yola(zy,...,xn)) = lH xﬁw

)

i=1 n
it is sufficient to prove the lemma for the set of weights (1,...,1). We have
n—1
WP (y
—ap + Z {p()} Qop—2p—1 =0, n=>1,
— u k
k=0
n—1
pUP(u
Vp(a‘n) + Z [ u( ):| ’7;0(0427172]@71) = 07
k=0 k

u

u

[p‘If”(U)} n

n—1
WP (y
{p ( )} Vp(@on—2k-1) =0,
k=0 k

<p\I/Z(u)> 1+ 2%(0@1‘1)“ =P

> , U
E . ) —
1 +j:17p(a2]_1)u - r(u)’

and the lemma is proved. (I

It follows immediately from the definition of the homomorphism ®: F; — Qp ®
Z, that In®(Fy) = A(1) ® Z, C Qu ® Z,, where A(1) = AT(1) - Qp and A(1) is
the ring of coefficients of the power system {k‘l’k(u)}k:il,ig,__,

Lemma 3.3. The group Im~,(Fp) C Qu ® Q, coincides with the Qu @ Z,-module
spanned by the system of polynomial generators oy, of the ring Qu(Z) R Z, of coef-
ficients of the logarithm of the formal group f(u,v)® Zy,, where 1+ 00 | 6, pt" =
t/UP(t).

The proof of the lemma follows easily by evaluating the t-characteristic of the
coefficients of the series WP(t) = g~ 1(pg(u))/p, by means of the fact that all the
Chern numbers of the coefficients of the series p¥?(u) are divisible by p, and from

the form of the functions 7, (z1,...,x,) given in Lemma 3.2.
From the exactness of the sequence

0— Fy — Fy — U.(BZ,,point) — 0
we now find that a Qy ® Z,-module homomorphism
vp: Us(BZ,y, point) — v(Fy)/®(F1)

is defined, where ®(Fy) = A(1) ® Z, and (Fp)/®(Fy) € Qu(Z)/A(1) ® Z,, which
is clearly an epimorphism. By collecting these results together, we arrive at the
following theorem.

Theorem 3.4. Functions v,(z1,...,x,) of the fized points are defined which take
on values in the ring Qu (Z)RZ, of coefficients of the logarithm g(u) =3 ([CP"]/(n+
1)u™t1 of the formal group f(u,v) ® Zy, for which
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a) for the action of the transformation T on the quasicomplex manifold M™,
TP =1, with the fived manifold of classes \j € Qu, having weights (x (J)) € Z, in
the (trivial) normal bundles, we have the relations

= Z)\j'yp(xgj), . w%?) mod pQy, [M™] € A(1), m; +dim\; = n,

and
m

u u
wlenm) = o L S|

m
b) the factor module over Qu @ Z,, equal to Qu(Z)/A(1) @ Z,, contains the
nontrivial image of the module U*(BZ,, point), v, coinciding under the homomor-
phism with the factor module with respect to A(1) of the submodule in Qy(Z) @ Z,
which is spanned by the system of polynomial generators 6, p.

Here A(1) is the Qp-module which is generated by the ring A (1) of coefficients
of the power system {g~'(kg(u))} of type s = 1, and 1 + D> Onpt™ =t/ UP(t).

Remark. If one deals with the action of a transformation 7T, TP = 1, having
isolated fixed points, then we have the group Uiso1(Z,) C U.(BZ,), spanned by all
the elements ag,—1(21,...,2,) (without the structure of an Q- module), with the

resolution over Z,:
0— G, L6 Uisol(Z,) — 0.

where Gy and G, are free and the generator of G; is a formal relation. As above,
homomorphisms

O: G - Q®Z, and 9':Gy— QRQ,

are defined, where ®'d = ®. The factor group ®'(Go)/P(G1) is a p-group and there
exists a homomorphism

e Uisol(Zp) - (I)/(GO)/(I)(Gl)

We now consider the mappings U, — K, and U* — K* generated by the Todd
genus. For the T-genus we have

T(yp(1,. .. 25)) = 1_u H l—u € Q.

For example, T(y2(1,...,1)) = 1/2™.

Under the action of the group Z,, on the manifold M™ with isolated fixed points
P1,..., P, having weights x,(j)7 k=1,...,n,7=1,...,q, we have the formula
T(*yp(xgj), —.,29))  mod pZ,,

n

T(M") =

M-

1

J
where pZ, C Q,. At first sight this formula differs from the Atiyah-Bott formula
given in Lemma 3.1. The question arises of how to reconcile these two formulas.?
Another question, similar to the subject of the Stong—Hattori theorem [7], is: does
the set of relations given by Atiyah-Bott—Singer for the action of Z, on all possible

3An answer to this question is given in the Appendix.
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elliptic complexes define an extension Q,(Z) ® Z, of the cobordism ring (more
precisely, the module A(1) and the ring A(1) in Qy)?

We now show that the results of [17] permit us to generalize our construction to
the case of the action of a transformation 7', T? = 1, for which the manifolds of
fixed points have arbitrary normal bundle.

Let T be a transformation of order p on the manifold M™. As was shown in [16],
the normal bundle v; at any fixed point manifold IN; D M" can be represented
in the form v; = ®£: Vi, where the action of the group Z, on the fiber vy is
given by multiplication by the number exp(27ik/p). Thus the set of all fixed point
submanifolds of the transformation 7" together with their normal bundles defines
an element of the group A =3 U*(Hz;} BU(Iy)), where the sum extends over all
sets l1,...,lp—1, I; > 0. By using the mapping BU(n) x BU(m) — BU(n + m)
(Whitney sum), a multiplication can be introduced into A. It is not difficult to
show that A becomes a polynomial ring Qurla; k], j € Z;;, k > 0, where a; ;. is the
bordism class of the imbedding CP*¥ ¢ CP> = BU(1), considered together with
the action of the transformation T = exp(2mij/p) on the Hopf fiber over CPk.
We introduce a grading into A by setting dima;, = 2(k + 1). We next describe
the fixed point submanifolds IV, in terms of the generators a; . For example, a
fixed point with weights (x1,...,x,) is described by the monomial ag 4, ..., a0z, -
Consider the canonical homomorphism a: A — U, (BZ,,point), corresponding to
the free action of the group Z, on the sphere bundle associated with the normal
fiber at a fixed point submanifold. Let a((z1,k1),...,(z;, k)) denote the image
under « of the monomial

Agy oy - - Qay ey, 0((x1, k1), ..., (21, k1)) € Uap—1(BZ,, point),

where n = an:l(km + 1). From [17] we take the following description of the

elements a((x1, k1), ..., (1, ki)).
Consider the formal series

= =1
G(u,t) i u{) + Z Gl
where g(ut) = > > ([C’P”]/(n + 1)) (ut)"*? is the logarithm of the formal group
f(u,v) and ut = g 1(— (ut)).* Clearly G,,(0) = 1 for any n > 1. We set

v (u)
G (20 (u))

Ut (y) =

We have U%0(u) = U%(u) and U1 (u) = u/Gy(u). From [17] we find that for any
set ((z1,k1),-- ., (2, k1)), o8 (km + 1) = n, we have

m=1

l
al(@1, k1), (@, k) H W Noagn_1(L,...,1).

4Note that under the substitution ¢ — z/u (u is a parameter) the differential G(u,t)dt goes
into the meromorphic differential dg(z)/f(u,Z) on the group, which is invariant with respect to
the shift u — f(u,w), z — f(z,w).
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Since U10(u) = u, from [16] we find that the relation

l

al(z1, k1), .-, (x, k) = H

Jj=1

u

— | N —1(1,...,1).
Z'j\I’xj’kj(U) Q2n 1( ) ) )

is realized in the manifold M™ determined by the element

l

u 2n
jl;[l ey | € med pu.

By repeating the proof of Lemma 3.2, we obtain the following theorem.

Theorem 3.5. A homomorphism v,: A® Z, — Qu @ Q) is defined such that for

any set ((z1,k1),..., (x1, k1)) we have the formula
! !
1 U U
= = mt1 )
fYP((xlakl)a ,(.Z‘l,]{il)) T1...1 <]1:[1 xj\]:/acj,kj (U)) \ij(u) ) T mz::l(k + )

and if the element a € A corresponds to the union of all the fized point submanifolds
of the action of the group Z, on M™, then vy,(a) = [M"] mod p.

APPENDIX

THE ATIYAH-BOTT FORMULA, THE FUNCTIONS 7,(21,...,Z,) OF FIXED POINTS
IN BORDISM AND THE CONNER-FLOYD EQUATION

Let € be a primitive pth root of unity, and let Tr: Q(¢) — @ be the number-
theoretic trace.

Definition 1. The Atiyah-Bott function AB(x1,...,2,) of fixed points is the
function which associates with each set of weights (x1, ..., z,), ; € Z,, the rational

number
n

AB(z1,...,z,) = —Tr

k=11 —exp {%fk}
As a corollary of the Atiyah—Bott formula for fixed points, we have

Theorem 2. Let f: M™ — M™ be a holomorphic transverse mapping of period
p of the compact complex manifold M™, and let Pi,..., Py be its fived points. If
the mapping df|P; in the tangent space at the fived point P; has the eigenvalue

)\,(Cj) = exp(27rix,(j)/p), k=1,...,n, then the number

ZAB(:Egj), Lz
is an integer and coincides modulo p with the Todd genus T'(M™) of the manifold
M™.

Proof. According to the Atiyah—Bott theorem for an elliptic complex d”, for forms
of type (0,1) we have

. 1
X(f):ZH 2mi (j)}’

j=1k=1 1-— exp {Tl’k



30 V. M. BUHSTABER AND S. P. NOVIKOV

where
o0

X(f) =Y (=)™ Te f5 MO (M™).

m=0

As is known, x(1) = T'(M") and (1/p) }_,,c 7, x(f™) = ¢ is the alternating sum of
the dimensions of the invariant subspaces under the action of the transformation
f* on the cohomologies H%™(M™). Consequently

,i ﬁ 1‘ . }+pq§.

2
j=1m=1k=1 1—exp{%x§f) -m

1

s
|

3
I

By now making use of the definition of the number-theoretic trace and the Atiyah—
Bott function, the theorem is proven. [

We shall calculate Tr([],_, 1/(1 — ¢*k)), where ¢ = exp(2mi/p). Let us set
6 = 1—¢. We shall perform all calculations in the field Q,(0). By the symbol ~ we
mean equality modulo the group pZ, C Q,(¢). The following lemma, like Lemma
3.1, has been provided at our request by D. K. Faddeev.

Lemma 3. For the Atiyah—Bott function AB(z1,...,x,) we have the formulas

AB(xl,...7mn)~[p<u>plﬁ h 1 ;

<Up k

=1
AB(z1,...,%n QZ|‘<>H<1;M] ,

m=0

where (u), = 1 — (1 — u)? is the qth power of the element u in the formal group
flu,v) = u+v—uv and [¢p(u)]s is the coefficient of u* in the power series ¢(u).

Proof. First of all note that Tr(6%) ~ 0 for all £ > 1. We have

n n

1 1 1 &
gl—czkzgl—(l Yo éT[I 179 9nZA’“9k

where Ay, € Z,,, and

<9n > Ak 91“) ( ZA 9’“) = ki:oAk Te(5 ).

Let us set Tr6~° = B, and introduce the two formal series

u) = i Apu® and B(u Z Biu®.
k=0

Thus we must calculate the coefficient of u* in the series A(u)B(u). We have

B(u) <1+Ze ) (%):T&(ﬁu)
Tr<1+9_u) (p1)+uTr<9iu>.
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First note that if ¢, (u) is the minimal polynomial of the element o with respect to
extension @Q,(9)|Qp, then

1 P (w)
Tra—u = —¢a(u).
Since
-1 (1-0P—-1 1-(1-0)P
-1 -0 B 0 ’
it follows that ) ) ,
sof) = ==
We have
e 1 _ Pylu)  p(1 —u)Pt 1
a <9u) T p(u)  1—(1—w)p  u
Thus

B(u)=(p—1)+u (p(l_“)pl _ 1> _p=(1—wr

1—-(1—-uwP wu
LB [p(1— (1 —u)P~1) 2 u
Tf<H 1Crk>:[A(“)'B(“)]”z p(l((lu))p )H1(1u)fk] ’

k=1
and we obtain the first formula

n 1 B -p<u>p_1 n u
Tf(H 1_@)— W, <u>1k]n'

k=1 L k=1
Next
pi—(—wr ) (—w=—(—up
1—(1—wu)r (I—w)(1—(1—u)P)
S pu ~ pu A4+utu+...),

Tl-u (I-—w(d-(1-wpr)  1-(1-u)p

and we obtain the second formula

n 1 n pu n u
TY(H 1—4%) =D [1—(1—U)PH1—(1—U)“] '

k=1 = -
The lemma is therefore proven. (I
In §3 the functions of the fixed points ~,(z1,...,x,) having values in the ring
QU & Q7
U u
Vo(T1,. ., 2n) = H — 1
UP(u) s oY k() .

were constructed. By considering the composition of the function v, with the
Todd genus T': Qy — Z, we obtain a function (which we continue to denote by

¥p(Z1, ..., 2,)) which associates to a set of weights the rational number mod pZ,
_ U - U | pu ~oow
7p($17...71'n)_ [1_(1_u)pH 1_(1_u)Ik‘| B [<u>pH <u>xk]
k=1 n k=1 n

which is such that under the conditions of Theorem 2 the number

Z'yp(xgj), - ,x£3'>)
j=1
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is a p-adic integer and coincides modulo p with the Todd genus.
We now recall the Conner-Floyd equation introduced in [13]. If the group Z,

acts complexly on the manifold M"™ with fixed points Pi,..., Py, at which it has

() (J))

the set of weights (z7"’, j=1,...,q, then the Conner—Floyd equation

q n
> u 1;[ <J>\1,w> =0

i=1 (u)

is satisfied, where w is the formal variable which generates the ring Qy[[u]] under
the relations pU?(u) = 0 and v™ = 0. Consequently there is an element ¢ € Q[[u]]
such that the equation

2w (H v )) o

is valid in the ring Qu[[u]] ® Q. Thus, if (z{”),... 2%)) are the sets of weights
of the action of the group Z, on the manifold M", then they are related by the
Conner-Floyd equation

q n
U u
; \I/P(u) |J€1i[1 %(CJ')\I,:&S)(U)
By considering the Todd genus T': Qy — Z, we obtain the Conner—Floyd equation

q n

m

corresponding to the Todd genus.

Definition 4. The Conner—Floyd functions CF(z1,...,Zn)m, m=0,...,n—1, of
fixed points are the functions which associate with each set of weights (z1,...,z,)
the rational numbers
U
, m=0,...,n—1.
Uy,
m

Summarizing, we obtain the following theorem.

CF(xla"'axn)m = [<Zu

hS]
Eod
=
I

~

Theorem 5. The Atiyah—Bott and Conner—Floyd functions of fixed points and the
functions vy, (x1,...,x,) are related by the equation

AB(z1,...,xn) — Yp(z1,...,20n) Z CF(x1,...,Zn)m

We can now answer the question about the relation of the formulas for fixed
points taken from the Atiyah—Bott theory and cobordism theory.

Let f: M™ — M™ be a holomorphic transverse mapping of period p of the
compact complex manifold M", and let Pi,...,P, be its fixed points. Let the

mapping df|P; in the tangent space at the fixed point P; have eigenvalues )\é.j) =

exp(27ri:n,(g)/p), k=1,...,n. Then the formula which expresses the Todd genus in
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terms of the weights (argj ), 2y )) taken from the Atiyah-Bott theorem, has the
form

q n n
(6) T(Mn)gzz 1— 1—u H ()

j=1m=0 k=1 _)’“

(see Theorem 2 and Lemma 3). A similar formula, from cobordism theory, has the
form
d pu i U
(7) T(M") ~ 51
; 1—(1—u)l’,:€l;[117(17u)x§€-) .
and the difference between the first and second formula is exactly the sum in the
Conner—Floyd equation, expressed for the Todd genus T: Qy — Z:

n—1 q n
Z Z 1— 1 — )P H JRE) ~0,
m=0 \j=1 k=1 —u)™

(see §IV of [13]).

In conclusion the authors wish to point out that out of the fundamental results
of this paper the two different proofs of the theorem concerning the relation of the
cohomology operations to the Hirzebruch series were obtained independently (and
in the text of §1 both proofs are presented).

The basic concepts, the general assertions about formal power systems and the
principal examples given of them, particularly the “square modulus” systems of
type 2, to a large measure are due to Novikov, while the investigation of the loga-
rithm;

of these systems by means of the Chern-Dold character, the precise definition
and investigation of the ring of coefficients of the “two-valued formal groups” and
their connection with Sp-cobordism are for the most part due to Buhstaber.

The remaining results were obtained in collaboration, while the important lemma
of §3 and also Lemma 3 of the Appendix, were proved at our request by D. K. Fad-
deev, to whom the authors express their deep gratitude, We also thank Ju. I. Manin
and I. R. Safarevic for discussions and valuable advice concerning the theory of for-
mal groups and algebraic number theory.
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