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The formal theory of Green functions is reviewed for many particle
problems in nuclear physics or in solid state physics. In particular, one-
and two-particle Green functions are discussed in detail. The Feynman
amplitudes are also explained together with the effective potential and its
applications. This article contains the following sections:

§1. Preliminary remarks
§2. Definition of Green functions
§3. Structure of equations satisfied by Green functions
3¢1 One-particle Green function
3.2 Two-particle Green function
§4. Perturbation theory and its foundation
§5. Spectral representation and its application
§6. Connection with reaction matrix
§7. Amplitudes and their equations
7.1 Definitions of amplitudes and effective potential
7.2 Nuclear optical model
7+3 One electron in insulators and semi-conductors
Appendix I. Functional differentiation
Appendix II. Schwinger’s dynamical principle
Appendix III. Polaron problem

§1. Preliminary remarks

In classical field theories the notion of the Green function originates
in considering contributions from a unit source located at a given point
to the field strengths at another point. For example, consider a simple
kind of scalar field, say #(x), where x represents a space-time point =«
and £. Now we suppose that the field is characterized by the field equation

D.g(x) =] (%), (1-1)

where D, is a linear operator and J(x) the source function of the field.
Eq. (1+1) has a particular solution
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4 T. Kato, T. Kobayashi and M. Namiki

6(0) =\ Gx, ) Jxdow (1.2

under the condition that ¢ vanishes as J tends to zero. One calls the kernel
function G(x,x’) in the right member of (1-2) the “Green function” or
the “propagator”. Owing to the linearity of the operator D., the Green
function G(x, x") is independent of J(x) and consequently, is written down
as follows;

' de(x)
G(x,x") = = 1.3
(r, ) =285 (1-3)
(About the functional derivative, see Appendix I. In particular, refer to
Eq. (A+3).) From (1-1) and (1-3) we immediately obtain the equation
for G

D.G(x,x") =8 (x—x"), (1+4)

where the formula 0/(x)/6/(x") =6 (x—x') has been used, and 0% (x)=
0(x)0(t) is the four-dimensional delta function. The form of Eq. (1+4)
or (1+2) permits us to interpret the Green function** as contributions
from a unit source. Therefore all the problems have been reduced to
solving Eq. (1+4) under the appropriate boundary conditions.

In nonlinear field theories we have not so simple relations between
the field and the source as in linear theories. Taking into account the
condition that ¢ is so chosen as to vanish when J tends to zero, the field
¢ could be expanded in the Taylor type of series:

R Al
1

- 88[37(%{’;%” | Jaandsasr . (105)

Thus the simple relation like (1-2) between the field and source holds
only for an infinitesimally small source 8 /(x), that is,

o0 =\Guramajaaw, (1-6)
where the Green function in nonlinear theories should be defined by
"N=N __6_.¢.(x> hd

G(x,x )_1]15)1 NGO (1-7)

In general, the Green function obeys the complicated equation
* In what follows, we shall use the abbreviation d‘x=d*xdt.

*#* Mathematically speaking, the Green function is nothing but the elementary solution
of the equation Dxu=0. :
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Formal Theory of Green Functions 5

D.G(x,x") =04 (x—x"). (1-8)
The operator 9). is not necessarily equal to D., and is defined by
' = 3 ;,,,,,,A_é_,._.,,,f ey wjlé],] " 4 4 1 .
9.6(x, #)=lim 2 D.1s B DALY Gaanax. (19)

In other words the operator &), (and then the equation of G) cannot be
constructed, unless we have the full knowledge about ¢.

We can also introduce in a natural way the Green function method
into second-quantized theories of many-particle systems or into quantum
field theories. The field is described by the operator function ¢(x) obey-
ing the following type of equation:

D.¢(x)=J(x), (1-10)

where D. is a linear or nonlinear operator and J(x) a c-number function
representing an external source distribution. In order to introduce the
(¢c-number) Green function in a way analogous to that in classical theories,
we must prepare the expectation value <¢(x) > of the field operator ¢(x).
To do this, we first consider the expectation value of an operator, say @,
which is defined by :

<Q>=<m|Q|m>, (1-11a)

|m > being the state of the medium. When the medium is in a mixed
state described by a density matrix p, (1-11a) must be replaced with

<Q>=Tr{pQ}/Tr{p}, (1-11b)
=33 |m>wnm|, (1+12)

w, being the weight factor of a state |m > in the mixed state of the
medium. In practical cases we often choose, as the state |m >, an eigen-
state of the total Hamiltonian of the system. However, since eigenstates
of the total Hamiltonian are not stationary in the presence of the time-
dependnt external field or source, specification of states by them becomes
not to be meaningful. Thus it is required to modify the definition (1-11a)
or (1+11b) (and (1-12)) in the presence of the time-dependent external
source. To do this, we have only to design the external source in such
a way that it is independent of time at the beginning and at the end of
the process. Consequently the eigenstates, |m > at the beginning and
|mz > at the end, of the total Hamiltonian may be utilized for the purpose
of specification of states. Assuming* that |mr > approaches to |m; > as

where

* If the state |m>> is the non-degenerate ground state of the medium, this assumption
is valid. Otherwise, this may mean that one must select an appropriate class of variations
for the external sources. And see 3).
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6 T. Kato, T. Kobayashi and M. Namiki

the external source tends to zero, we may generalize the definition (1+11a)
or (1+11b) as follows;

LQ>=<mx|Q|\m;>/<wmr|m > (1-11a")
or =Tr{eQ}/Tr{p}, (111b")
where

05%!m1>wm<mfl. _ (1+12")

Owing to the definition (1+11a) or (1-11b), we can now consider the
expectation value <¢(x)> of the second-quantized field operator ¢(x).
The function < ¢(x)> has a non-vanishing value only in the presence of
the external source, because, when J=0, the operator ¢(x) has an effect
of decreasing the particle number by one* and then <m|¢|m >=0.
Hence the function <¢(x)> could be expanded in the same type of
series as (1+5), that is,

<oto>=([2585>] na

e ___é??é¢(x>>} YT e dox 4 ooe. (1o
+3- 4 rea s SO e (1413)
In linear cases the right member of (1-13) vanishes except the first term.
In general, we can write the formula

<¢<x>>:§G<x, )3 J(x")d4x (1-14)

only for an infinitesimally small source 4/(x). Here the function defined
by
oy iy 0B () > .
G(x,x):l}gguw—:——gj—(—x—,)» ~ (1-15)
is to be regarded as the Green function in second-quantized theories of
many-particle systems.

- The above function G(x,x") is called the one-particle Green function
which describes one-particle (or one-hole) propagations in a medium. To
describe two or more particle propagations, we would necessitate the two-
or many-particle Green function which will be defined in the next section.

In interacting systems the Green functions obey the very complicated
equations, in which the operators may not be constructed unless the
problem is completely solved. Nevertheless, it is known that the Green
function method is very useful for the purpose of approximate calculations

* Strictly speaking, ¢ should change the difference between numbers of particles and
holes by one.
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Formal Theory of Green Functions 7

or general discussions of some physical quantities. The purpose of this
article is to study the structures of the Green functions and the equations
satisfied by them, and to explain their applications to some many-particle
problems.

The Green fnnction method has originally been introduced by Feyn-
man® and Schwinger® into quantum field theories, and has been developed
by many authors.

§2. Definition of Green functions

For the moment let us consider the system composed of two kinds of
particles, one being bosons and the other fermions, and denote the boson
field by ¢(x) and the fermion field by Y (x), respectively. For simplicity
#(x) is a real scalar field, namely, it describes neutral particles without
spin. The Lagrangian density of the system is a function of the field
operators and their derivatives with respect to space and time variables.
In order to introduce artificially the external sources, J(x) for bosons and
y(x) for fermions, one must add the extra term

— (%) J(%) = 2VE () 76(2) — S () Ve () (2:1)

to the Lagrangian density. The subscript a stands for the spinor index.
Here it is noted that %(x) is only a c¢-number function which is anti-
commutable with other spinors. Following discussions given in the previous
section, we may define the one-boson Green function K(x,x") and the one-
fermion Green function G(x,x’) by

K(x,x)=lim 288>

Laso o J(x") 7
GaB(-x; x’) = lim _6,<,lk'9°gﬂ2\ \ (2-2)

Jon=>0 Bvﬁ(x’> ’

respectively. By making use of the formulas prepared in Appendix II, the
functional derivatives in (2+2) become

B> L (TG > — g >p (50>,

872 |
ISP = AT b)) > = (> W),

-~ which yield the explicit definitions

K(x, 2= 2 <T((x)(x)>,
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8 T. Kato, T. Kobayashi and M. Namiki

Ges(r, 2y = LT Cha(EOVE(E)) >, (2:3)

Here the symbol <:-->> must be equated to (1.1la) or (1-11b).

Now we briefly explain a physical content of the Green function. For
example, consider the one-fermion Green function defined in a pure state
of the medium, that is,

Glx, 2 = — <m| TGOV (x)) | >, 2w

The expression for ¢ >t', G(x,t; ', )= Gh) < m|y(x, H)P*(x', t") |m>,
may permit us to interpret the Green function as the amplitude for propa-
gation from x' to x of a particle. On the contrary, the Green function
for t<¢' may be explained as the amplitude for propagation from x to &'
of a hole. In interacting system, however, such an interpretation could
be justified only for the asymptotic behaviors. Nevertheless, the above
interpretation is frequently used with understanding that it is only a
crude interpretation. With similarly crude interpretations, therefore, we
may define the two- and many-particle Green functions by the analogous
expressions

Gr(xy, %05 %1, 25)=lim 52<T(\b(x1)\p(x2)2> ,

Jons0 o (x1) o (%s)
= (1) 2T (P (2 )Y ()P ()P (x1) ) >
BT (Y (x )Y () (x5)) >

Gu(x., %o, %53 X1, %5, x5)=lim -~
w0, B, o3 21, 23, %) SHM S S Gy on ()

= (@) T (Y (2 )V ()Y ()P (x> ()9 (21)) >,

(2+5)

and

) —lim T (B (x) () >
Ky (%1, %o3 xl,xQD—}}go— N CATI D)

= ()T ((x)¢(%2)p (x1)$(x3)) >.

In §5 and §6 readers will find more detailed discussions on the relationships
between the Green functions and some important quantities.

In practical cases we often deal with particles moving in the medium
which is in the ground state or in thermal equilibrium with temperature
T=(1/8). The former case is concerned with some nuclear problems or
problems of matter near zero degree in absolute temperature. The latter
is used for some finite temperature problems, in which the Green function

* Here we have suppressed the spinor indices. In what follows we shall not write
them explicitly.
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Formal Theory of Green Functions 9

G(x, x")=(ih) Tr{e P*T (Y (x)¥*(x"))} /Tri{e "} (2.6)*

is called the time-temperature Green function. If # and # are replaced in
(2+6) by i and ig’, we obtain the temperature Green function which was
first introduced by Matsubara.” The temperature Green functions are
extensively used in statistical mechanics.

Next, we shall explain a qualitative relation between the space-time
variation of the Green function and the uniformity of the medium. Dif-
ferentiating the Green function with respect to x, one gets

VG(x,t; ', t)=—V'G(x, t; &, 1) + 12 [T(¥(a, OP*(a', 1) ,P] >.

(27)
Here we have used the equation
PirCe, )= [P (e, 1)), | (2:8)
P being the total momentum operator
p=\vi(e, ) L rya, Ddow. | (2+9)

If the state |m > is an eigenstate of P or the density matrix p is com-
mutable with P, in other words, if the medium is uniform in space, the
last term in the right-hand side of (2:7) vanishes and the function G
satisfies the equation

F+V")G(x, t; &, 1) =0. (2-10)

Eq. (2-10) means that G is a function depending only on the difference
x—«' with respect to the spatial coordinates, that is to say, a uniform
function irrelevant to the origin of the coordinate system. Concerning the
problems for finite nuclei or surface of solid, the medium is not uniform
and consequently, G is not uniform function satisfying Eq. (2-10). Simi-
larly we can regard G as uniform with respect to the time coordinate,
when and only when the state |m > is an eigenstate of the total Hamil-
tonian or the density matrix p is commutable with the total Hamiltonian.
If the medium is uniform in space and time, G(x,x") is written down as
a function of x—x’ and f—1¢'.

In the presence of time- and space-dependent external sources or fields,
the Green functions and other quantities are not uniform in time and
space.

Finally it is noted that, by intervention of the spinor sources, the

* H is often replaced with H—uN, where 4 is the chemical potential and N the ope-
rator corresponding to the number of particles.
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10 T. Kato, T. Kobayashi and M. Namiki

calculations become considerably troublesome due to the strange properties
of » or »*. Therefore it is desired to calculate the Green functions or
other important quantities without resort to y or 7*.  For this purpose,
(as will be seen in the next section) we have only to introduce the addi-

tional term —y*(x)¥(x)p(x), into the Lagrangian density, where ¢(x)
is a real and scalar external field.

§3. Structure of equations satisfied by Green funections

In the present section the equations of the Green functions will be
derived from their definitions and the fundamental equation. The struc-
tures of the Green functions will be suggested by investigating the equations,
on which one can proceed to calculate the perturbation series of the Green
functions. For the practical purpose we shall restrict ourselves to systems
described by the Lagrangian density

L=iinp* (%) @‘;g’” — Py () P ()

2m
— B ) U2 () b dvw, (3-1)

where ¥(x) is a spinor field of fermions and U(x—x") = V(x—«)o(t—¢),
V(x—x') being the potential for the two-particle interaction. Moreover it
is assumed that U(x—2x') is a symmetric function of % and %’. The
Lagrangian density (3-1) yields the Hamiltonian '

H={po)] — e lcaass

+':1TSS‘1”* COP* () U(x— ) (2 (x)d*xdx’ (3-2)
and the field equation
i 2 v @) = — o P (PO U= . (343)

For the sake of mathematical convenience mentioned at the end of the
last section, we introduce a c-number external field ¢(x) by adding the
term

—¥*(x)Y(x)e(x) (3+4)
to the Lagrangian density. This results in the modification

—,ﬁ_z, 2——>fvihi. 2
o 4 o 72+ ¢(x)
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Formal Theory of Green Functions 11
in (3+2) and (3-3). Thus Y(x) obeys the equation

Zh%w(}g):[——“@72+¢<x>+g\#*<x/> U(x_‘x'>\l,\<x’>d4x’]\("(x)

2m
(3+5)
Following discussions in Appendix II, we can utilize the formula
s (x) 0 L@ =< TP ()% ()} > — <>+ (x) ¥ (2) >.
(3+6)

Differentiating (2+3) with respect to #, we get |
06, #)= ()9 (=) 4+ (i) T D E e >, @D

where the delta function comes from the jump of G at its discontinuous
point ¢=¢'. Substituting (3+3) into (3¢7), one immediately obtains the
equation

h2

RN ¢ N S (et
[zh6t+2ml7]G(x,x) oW (x—x")

+ (ih)”lgd‘*x”U(x—x”><T(*lf*(x")‘!"(x")*#(x)#f*(x’))>

for the one-particle Green function. The last term of the right member
can be written in terms of the two-particle Green function, that is

[m 0 +—h2—Vz]G(x x)=06%(x—x")
ot  2m ’

— ihgd‘lx” Ulx—x")Gy(x,%5"; 2/, 2"). (3+8)

Thus the one-particle Green function is coupled with the two-particle
Green function. Similary the equation of Gy includes the one-particle
Green function G and the three-particle Green function Gy. In general,
the equation of the N-particle Green function Gy is participated with the
(N-+1)-particle Green function. Hence we have arrived at the set of
simultaneous equations for an infinite number of Green functions, G, Gy,
Gy, -+ as follows; besides (3:8),

‘im’aatl +_2Ef’7] (X1, Xy X5, 0 Xy)

+ih%d4x1\r+1 U(-xx”"xNTl)GN-»l(xl, X1y Kby Kver)

N
=31 89 (%, — 20 (— 1) Gy (Fay Xy Xive e Kooy, Xiaa™ L)
1

T (N=2). | (3:9)
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12 T. Kato, T. Kobayashi and M. Namiki

We may as well obtain, in a compact form, the equation to be satis-
fied by the one-particle Green function alone, by eliminating other Green
functions. This procedure may be achieved by means of functional dif-
ferentiation with respect to ¢(x) introduced at the beginning of the present
section. In the following subsections, we shall investigate the structures

of the equations satisfied by the one-particle Green function and by the
two-particle Green function.

3+1 Omne-particle Green function

Denote the Green function in the external field ¢ by G,. G, obeys
the equation

2 B 7= () |Gy, ) =00 (x— ')

) U ) ST P 9 ()) >
Using (3+6), we can rewrite the last term of the right member as follows;
(iﬁ)‘1§d4x"U (X —x" )T P (a" )PP () (x")) >

V(1) Gp(x, x')+zh8d4x"U(x a0 G (x, 1),

)
where we have used the abbreviation
Vo(x)= Sd%" UCx—2") < (x" ) (x") >
— ihSd*x" Ulx—xtrGy(x”, 5 &, £ 40), (3+10)

where tr stands for the trace on spinor indices. Hence the equation for
G, becomes

l:zh%+~2@v72—(o<x> V%)
—thd‘*x”U(x x")—— e ,,>il o(X, ) =0"(x—x"). (3+11)

This includes only the one-particle Green function. Here it must be
remembered that the function ¢(x) is to be put equal to zero everywhere
after all calculations have been completed. The function defined by

V) =limV, () = | <o |9 (a7, D9 (", £) | 2>V ()"

(TG DRED) i g (3:12)
Tr{p}

or
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Formal Theory of Green Functions 13

is interpreted as the static average potential for a particle moving in the
medium. Since the state |m>> is an eigenstate of H or is commutable
with H, the function V(x) is independent of time. On the other hand
V(%) is naturally reduced to a constant independent of x if G is uniform
in space, in other words, if the medium is in an eigenstate of the total
momentum operator P or in a mixed state described by o commutable
with P. The dependence of V(x) on space coordinates is a reflection of
the non-uniformity of the medium. Moreover it is easy to see that Vix)
is a real function.

The last term* of the left member in (3+11), after the limit ¢—0,
represents the exchange effects between the particle in consideration and
the medium particles or among the medium particles and the pair-excitation
effects of the medium caused by motions of the particle, because the
operation §/dp(x) means the creation of a particle-hole pair at x. Such a
term is to be regarded as the result of elimination of many-particle Green
functions in the set of equations, in which their participation means all
possible exchanges among particles and all possible excitations of the
medium. The situation (or effect of §/d¢) is well visualized by introduc-
ing the graphical method developed in quantum field theory.

In order to introduce the graphical method analogous to relativistic
vacuum field theories, it is of essential importance to utilize extensively
the fact that the annihilation operator yY» can be interpreted as a creation
operator of a hole in the medium when applied to the state vector of the
medium. This resembles the creation operator for anti-particles in rela-
tivistic vacuum field theory. However, there is an essential difference
between relativistic vacuum field theory and the present theory. In the
present theory v cannot always be interpreted as a creation operator of
a hole, because the medium has only a finite number of degrees of free-
dom. Hence it must be understood that the complete parallelism between
both theories holds if we discard the terms vanishing at the limit of
infinite freedom of the medium.

For the purpose of formulating the graphical method, we first assume
the existence of the inverse function G3;'(x, x") satisfying the relations

(G31(e 2 Go (2, w00t =0 (2=,

gcsp(x, )G (a2 A =5 (x— ). (3+13)

* Tt may be worth while to remark that the Green function is free from divergences
because the functional differentiation occurs only in the integral with the kernel U(x—=x"").
In contrast with this, the equation of the Green function contains the corresponding term
1901210 (3/8¢(x)) Go (x,5’) in some cases of divergent field theories.
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14 T. Kato, T. Kobayashi and M. Namiki

In other words, the inverse function G;' is nothing but the operator ap-
plied to Gy, although it must be written as an integral operator. Now
define the quantities <¢(x)> and 4,(x,x’) by

o) >=p(x)+ V,(2) — V(),

do (%, 2) = Sd‘*x’ Ulx—x")- 6<6’”(<;C7,)>> . (3+14)

Then Eq. (3¢11) becomes
82+ T e Vi)~ <>

—zhgd‘*x”zl?(x x'")- <o (x”)> ]G (x,x")=0w(x—x"). (3+15)

The functions <{¢(x)>> and 4,(x,x") are respectively regarded as the
external field and the two-particle potential modified by interaction with
the medium. Differentiating one of (3.13) with respect to <p(x)>, we
immediately obtain the formula

3G?<x,x'> - ] jg;ﬁé}ﬁ o .

Replacing the functional derivative in (3+15) with (3+16), one can find
the explicit form of the integral operator G;' as follows;

Gol(x,2') = [mgﬁ-lk V() — <¢(x>>]a<4><x B —I,(x, %),

2
(3+17)
where we have used the abbreviation
11, (x, ) =i\ \@eaate d, (2, 27 Gy (2, )0 (8, s 1), (318)
I'y being defined by
"y 66 (0 Q.10
Ie(§,8; 8" )=— -2 3.19
Here let us define the quantity 5, by
3p(x,2)=V(%)69(x—x')+1,(x, %). (3+20)
Then G3' is rewritten as
G (a2 =| i G I pre o> o a2) 2020,

(3+21)
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Formal Theory of Green Functions 15

from which we find the relation

oAt D e (@) (& __ 4l 64%‘52_<5__§)m .
Fe(6,¢; x)=09(E—L)0W(E—x")+- B> (3+22)

For 4, and <¢> we obtain the equations

4,(x, 8 =U (x—2") — (k) trggggd4x"d4é'd4$"d45'ﬁg,(x, )

W (&, 8" TGy, 87 Gy(x, €) Ul — ") (3-23)
and
Co(x)>=p(x) —~ih$d4x” Ux—xtr[Go(a”, 15 &, £ +0)
. G(x//’ t"; xll’ t/l+0>] i (3‘24>

from (3-10) and (3:14). Here it may be convenient to introduce the
polarization term defined by

Py, x")= (ih)trggd45’d‘*é"l’9(é', £, 0 Gp(8"2") Gp(2", &), (3+25)

so that we can rewrite (3-23) as
do(2,2)=Ux—%")— SSd‘*C’d‘*x”Ag, (x,0)YP (', 2" U(x"—x").
, (3.23")

Therefore we have formulated a set of six equations in the six unknowns,
Gy, 4y, 3¢, 'y, Py and <¢>>, which are rewritten in matrix form as
follows:

[PO '*ZF'PQ Llo>— 29]G9‘—1 (3+26a)
So=—1thUG+ihdsGel'y , (3+26b)
dy=U—4,P,U, (3-26¢)
szzihrng?va 3 (3'26(1)
0X
Fp=1+ 222 - -

S (3+26€)

Lo>=¢—thU(Go—G), (3-261)

where we used the matrix notations, such as < x| po | 2" >=(140/0¢)6“ (x —x'),
x|pla>=0/DFe% (x—x), <x|Zp|¥>=3(x,%), <x|Gpla'>=
Gy(x,x"), and so on.

Here it may be of interest to remark the resemblance of the equation

[zhgd‘*x" Ulx—x")- 5. (x”) ]ng(x, x) = Sd‘*CHg)(x, Gy (&,x") (3+27)
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16 T. Kato, T. Kobayashi and M. Namiki

obtained in derivation of (3+26) to the ordinary eigenvalue problem of a
differential operator. The ordinary eigenvalue problem is characterized by
the equation

Ly=1y

and a boundary condition imposed on y, where L is a differential operator,
4 its eigenvalue, and y its eigenfunction belonging to .. There, 2 and y
depend sensitively on the boundary condition. Corresponding to different
boundary conditions, one must find different sets of eigenvalues and
eigenfunctions of the same operator L. Here equate the operator

ihgd“x”U(x*x")(B/b‘go(x”)) with L, II, with 2 and G, with y, respec-

tively. Then I, may be regarded as an eigenvalue of a functional
differential operator. In fact, Eq. (3+27) always has the same form what-
ever may be the medium, in which the particle moves, and whatever
boundary conditions may be imposed on G,. However, the equation, after
the replacement (3-27), is sensitive to the boundary conditions or the
state of the medium. Therefore the replacement (327) may be regarded
as a sort of eigenvalue equation accompanied with an appropriate boundary
condition.

All the needed quantities are obtained from the p-dependent functions
by the limit operation ¢—0. Denote every function at the limit ¢=0 by
the same letter without subscript ¢, for example,

reEg x) Elirr(} ry(&,¢; 1.
P>

We then obtain the equation

[ih—"’v+ L 172]6(90, x)— dez(x, ) G(x", &) =6 (),

ot 2m
(3+28)
where
2(x,2)=V(x)o“(x—x)+1(x, ),
(x,x) = iﬁggd4x"d4éd(x, )G (x, O, x5 1. (3-29)

By analogy we shall call 5 the self-energy part.  Evidently the function
IT includes the term

m*(x, 2" ) =ihU(x—x")G(x, x") (3:30)

which is interpreted as the exchange effect between two particles corres-

ponding to the first term V in . This fact will be seen from the
_comparison of the two terms
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Formal Theory of Green Functions 17

V()G x, x) = — ihga”fs Ulx—6)G(&, &) G(x, 1),
SII“(x, £)G(g, x)de= ihgd“f Ulx—&)G(x,8)G(&, ), (3+31)

in which the latter will be obtained from the first equation by exchange
between x and & in the first arguments of two G’s in the right member
of the first equation. Now we divide 5 into two parts as follows:

S(x,x)=3(x,2")+ 3" (x,x"), (3:32)
where

3(x, %)= V(%)s®(x—x) +I(x, %),

3F(x, 2 =3(x,x")— (%, x"). (3:33)

The meaning or role of the division will later be clarified in the graphical
representation and in construction of the effective potentital.

Now we can explain the graphical representation. G(x,x’) is graphi-
cally represented by drawing a heavy solid line, connecting points x with
%', with an arrow toward x from #’. According as {>t' or ¢<#, the line
corresponds to a particle line or a hole line in the medium. 4(x,%') is
represented - by a heavy broken line without an arrow connecting % and
x'. TI'(§C; x) is the vertex part with an outgoing particle point &, an
incoming particle point ¢ and a force point x. In the perturbation theories,
the unperturbed functions G, and 4,=U will be represented respectively
by a fine solid line and a fine broken line. Now we can draw a graph
corresponding to I in a way suggested by its definition (3:29). Fig. 1
shows the graph of II. This has the structure similar to the proper self-
energy graph of an electron in quantum electrodynamics. The terms of
35 are shown in Fig. 2, in which the fine broken line shows the element-
ary interaction U. There the above-mentioned exchange is well visualized.
The graph of P is given in Fig. 3.

LN Y0 Y

(i) (ii)
Fig. 1. The graph of II. Fig. 2. The graph of X}5: (i) V and (i) I7T¢=.

Fig. 3. The graph of P.
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18 T. Kato, T. Kobayashi and M. Namiki

In uniform media all the functions introduced above are independent
of the origin of the coordinate system, so that they can be regarded as
functions of differences among the space-time variables, that is,

G<x:'x,):G<x~x,)) A<x) x,):A(x_x,>
2(x,x)=5(x -2, - T(&E &) =T~ 2"
and so on.
Therefore it is convenient to write them in the momentum represen-

tation or by the Fourier transform. First, for example, consider the
Fourier transform* of G(«,x’) denfined by

6o, 1) =\{e-Gex, e asnasy, (3+34)

where #hp=(P,P,) is a momentum four-vector and px= (Px— pot)/h.
Because of the uniformity of G(p,p’), it becomes

G(p,p")=2r)*G(p)o¥(p—p"), (3+35)
where

G(p) = e Gla—a)d (a2, | (3:36)
Inversely we have the formula

Glx—x")= (2 5 Seww"w')G(j?)d‘*p (3+37)

Furthermore one obtains the formulas

dx—x")= et (k) d*k

| <‘z};>4‘g

S(x—x) = Sem—wv:cp)dw, (3-38)

(2 )*

by means of ‘the similar procedures. The vertex part is represented by
its Fourier transform defined by

l—,(p/’p’ k)EggSefip!EJ-wé'—ikxlll—v(E_C; é_x//)d4$d4cd4xu
=Q2m)'r(p; koW (p—p'+k), (3+39)

where

rip; k)= gge‘“”‘I’(X; Y )ed Xdty (3:40)

* For all Fourler transforms we shall use the same letters as the functions in the
configuration representation. Readers should not confuse them.
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Formal Theory of Green Functions 19

which yields

r(S__C; E—x”> Sgew(s g)l—'(ﬁ k>e~zk($ x//>d4pd4k <3,41>

(2 1)
The appearance of delta-function in (3:35) or (3¢39) is a reflection of
the uniformity of the medium. Consequently it must be remembered that
the momenta carried by particles are subject to the conservation law in
each line or at each vertex.

In the momentum representation Eq. (3:28) becomes

| bo— oo P—3(0) [G(B)=1, (3-42)
which has the formal solution
_ 1 5y -t .
G(pY=| po—gh P30 [ (3-43)
The self-energy part 2 has the form
2(p)=V+mI(p), (3+44)
where V is a constant* as mentioned above and
T(p) =gy \@hd ) GCp— 0T (3 . (3+45)
From (3+25) and (3-23') it is easily shown that 4(%) obeys the equation
A= Uk — A P(RYUCE), (3446)
where
_ i (e B .
Py =50, trgdw(p,_ BYG( )G p—F). (3+47)

Eq. (3+46) has the formal solution
A(R)=Uk)[1+P(RHU(R)] (3+48)

Thus we could obtain all the functions G, 4, >, II and P, if the vertex
part I'(p; k) were given. However I' cannot be obtained unless we
solve the complicated equation containing the functional derivative as
follows:

r(p; k)y=09(p—p'+k) Hlm (3+49)

% (3010) yields V= — (iﬁ)(SU(k)BW (k)d%)hm (o5 Seime(;(p)d"p.
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20 T. Kato, T. Kobayashi and M. Namiki

(For the Fourier transforms of functional derivatives, see Appendix I.)
Here the ¢-dependent functions have appeared again! Approximate ap-
proaches to the Green functions will be discussed in the next section and,
for more details, in other articles of the present issue.

3.2 Two-particle Green function

In this subsection we shall formulate the equation to be satisfied by
the two-particle Green function Gy. For simplicity, we simply denote the
argument variables of Gy as follows: '

Gx(1,2; 1, 2") = (1) 2T (Y (DA (2D (29 (1)) >, (3+50)

Differentiating (3:50) with respect to #;, we easily obtain the equation
in a?;cwa, 2;1,2)=06(1,1)G(2,2) —5(1,2) Gy(2,17)
1
+ (i) < (i T 2y @1 )>
1

which, together with (3¢5) and (3+6), yields the equation

glGH?<1’ 2; 1,, 2,) :6<1; 1,> G9’<2J 2’> _6<1: 2,> GS°<2: 1,>: (3'51>
where
T U R I — 5
Fi=1ih ol - o Vi— V(1) —<e(1)>-—D(1). (3+52)

Here D(1) is the functional-differential operator written as

. 0
D Ezhgd 3 1,3)-—o—rzx
where we have used the abbreviation d(3)=d*x;. Hence an equation
satisfied by Gy is easily derived from (3+51) and (3+15) in the following
form:

F1TGre(1,2; 1,2 )=6(1,1)8(2,2")—06(1,2")8(2,1"). (3+54)

(3-53)

However Eq. (3:54) is not what we wanted, because it contains explicitly
the functional derivatives.

First we intend to separate the one-particle component from Gjy. For
this purpose the equation of G should be written in the form

\Wieramer@en—waz 1201 6.a7 275 v, 20a0ma2n
=0(1,1')8(2,2")—a8(1,2)8(2,1") (3+55)*

* To avoid complicated suffices, we shall suppress the subscript ¢ of G or Gir. But
Eq. (3+55) holds when ¢ tends to zero.
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Formal Theory of Green Functions 21

or, in the matrix form,
(GG~ W] Gr=1,2, (3+55")

where G=1(1,1") or G1(2,2') is the operator given by (3+17) or (3+21),
and 1,, stands for the matrix defined by the element <12]1;,|12">
=0(1,1)8(1,2)—6(1,2)8(2,1"). The first term in the left member of
(3+55) or (3+55') may express the one-particle component of Gy, because
the one-particle Green function describes the one-particle propagation in
a sense. What we want is the function W which would represent the
sentiales two-particle interactions. The integral form of (3:55) is

Gx(1,2;1,2)=G(1,1)6G(2,2)—G(1,2)G(2,17)

+S§S§G<1, 3)G(2,4) W (3,4; 3,4)Gy(3,4; 1',2)d(3)d(4)d(3)d(4)
(3+56)
or, in the matrix form,

Gu=GiGoliw+ GG WGr. (3+56)
Applying the operator F; to (3+56), we obtain
F.Gu(1,2; 1,2)=5(1,1)6(2,2) — (1, 2) G(2, 1)
+\ee, 2)[88 W(1,2"; 3,4)G(3, 45 1',2)d(3)d(4)
—~z’hggzi(1, 6)r(2”,5'; 6) {(;(1, 1YG(5,2)—G(1,2) G(5,17)
BN CCCRICCR (CRTERD |

X G(3,4'; 1, 2’)d<3)d(4>d<3'>d<4'>}d<5'>d<6>

- ihSSSSG(l, 3)4(1, 6)~§<£6>— (W(3,2"; 3,4)G(3,4'; 1,2}
><d(s)d(s)d<3'>d<4'>]d(2">.

Comparing the last equation with (3:51), the extra term in the right
member must vanish, that is to say, we obtain the equation

SSW@,z; 3 4Gy (3,45 17, 2)d(3)d(4)
—:ihggd(l, 6)(2,5; 6)G(1,5: 1,2)d(5)d(6)
. 0 . ar 4t 1A, 47 of
HRSSSSGG’ BA(L,6) 5 G [W(3,2; 8, 4)G(3, 45 1,2)]

0
xd(3)d(6)d(3)d(4") (3+57)
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22 T. Kato, T. Kobayashi and M. Namiki

or, in the matrix form,

WG]{ == ihdlgszn_ + ihGldlz GI[] . (3'57,)

0
5<<02>
Denoting the first term in the right member of (3¢57) by WGy,

W@ is written as

Ww(l,2; 3,47 Eihggd(l, I (2,55 6)<1,5 | 1|3, 4>d(5)d(6)
:ihg [4(1, 6)1(2,4; 6)6(1,8) —A(1,6)I(2,3'; 6)5(1,4)]d(6).
(3+58)

This function is graphically represented by a single force-bridge between
two particle-lines. See Fig. 4. The two terms in (3+58) express the

Fig. 4. The graph of W®

exchange effect as expected. The last term does not contain any iteration
of any graph, but represents more complicated bridges between two particle-
lines.

§4. Perturbation theory and its foundation

As was seen in last section, we must treat the very complicated
equation and then devise a way to obtain the Green function. Most of
calculations are usually performec} through the perturbation expansion or
its modifications. So we shall here explain the formal expansions of the
Green function and the related functions into the perturbational series.

If we had the complete knowledge about the wave function belonging
to the state of the medium, we could calculate 3 and might use it as
the starting point of the perturbation theory. However, it is not easy to
prepare the correct wave function of the medium, so that we should
proceed to the perturbational calculations of G together with solving the
state of the medium. The knowledge about the medium presents the
initial and boundary conditions to be imposed upon the Green function G.
From the form of the definition (23), it is seen that the perturbation
expansion of G becomes two folds because the state vector |m > or the
density matrix p must be expanded in the perturbation series besides the
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Formal Theory of Green Functions 23

Heisenberg operator . - However it may be possible to perform the two
expansions by a single procedure such as prepared in quantum field theory.
We shall first discuss on it.

Suppose that the total Hamiltonian of the system is divided into two
parts, that is,

H:H0+H1, (4’1)

where H, and H,; are, respectively, the unperturbed and the perturbation
Hamiltonian. Further assume that we know the set of eigenvector |, >
of H, obeys the equation

Ho]-(DM>:E7%|a)m>, (4'2>

EJS being an eigenvalue of H, or an unperturbed energy. Corresponding
to the division (4+1), it may be useful to express quantities in the inter-
action representation in which the time evolution operator is defined by

U<t, t') — e\i/h)'flote—('z/my(z—c')e—w/h)ZZo&" <4 o 3)

The S-matrix can be produced from U(f,#) by some appropriate limiting
procedures®: S=U(co, —o0). The S-matrix is expanded in the pertur-
bation series

oo
o

| U(oo, —o0) _g(ih)‘”g O;Sigtf"dtnT<H1(t1)“.‘H1<tn>): (4.4)
where

Hi ()= eXD(%-—»H oz‘>H1 exp( —»»%—HJ) .

Now we may write a desired form for the perturbation expansion of G
in the following way:

G(x,2") = (i) T (U(eo, —oo )Y () (x')) >0

= 33wyt At T CH ) a9 GOV () >,

(4+5)
where v, is the field operator in the interaction representation defined by
V(%) =U"(, 0¥ (x) U(t, 0) ' (4+6)
and <T(--+)>, stands for
LT ) >0= L0 T+ ) | 00>/ <On | Uloo, —0) [On>. (4-7)

The Green function in consideration is the one defined by (2:4). (For
the definition (2+6), see later discussions.) If the expansion formula
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24 T. Kato, T. Kobayashi and M. Namiki

(4+5) is verified, we can use the well-known graphical method as formu-
lated by Feynman* and Dyson” in quantum field theory and by Matsubara®
in statistical mechanics. There the expansion could be performed on the
basis of the unperturbed Green function

Go(x, &) = (0h) <L On | T(Yrr(2)YF (27)) [ O > (4-8)

Since S=U(oo, —oo) conserves energies, the vector S|®, > becomes
again an eigenvector of H, belonging to Ej. Hence S|®, > coincides
with |®@. > except for a numerical factor, if we are concerned with the
non-degenerate eigenstate. That is to say, one gets

S| @n>=Sn|On>, (4+9)
S being the numerical factor defined by
Sn=<0n|S|On>. (4-10)

Although Eq. (4+9) is not necessarily valid in degenerate cases, it might
be possible to represent the unperturbed state of the medium by a simul-
taneous eigenstate of H, and S. Eq. (4:5) will be justified only in such
cases. Now let us consider the vectors defined by

|m*>=U(0, Fo0) | On> (4-11)

for the state of the medium. They are both the eigenvectors of H
belonging to an eigenvalue E,,, where E, may be written in terms of the
energy shift as follows:

E.=ES+A4EY, . (4-12)

The energy shift becomes negligibly small in systems composed of a finite
number of particles in an infinitely large volume. For example, this may
be understood through a simple scattering of a particle by a fixed poten-
tial. However, the energy shift is no longer discarded in some interesting
systems which have an infinite number of particles in an infinitely large
volume but a finite density. In general, therefore, we have the relation

HU0, —o0)=U(0, —co)(Hy+4H,), (4+13)
where

This may be evident from (4-12) and (4-11). Now Egs. (4-9) and (4-11)

give us the important relation

> = U0, =) S 0u>= ¢, U0, 00) |0u>= g, |m>.
(4-15)
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Here it is emphasized that Eq. (4+15) is verified only in the media whose
unperturbed state can be represented by a simultaneous eigenvector of H,
and S. In such cases Eq. (2¢4) can be rewritten as

G(x, %) = (i) 287 <lm~ | T (Y (x)¥*(x")) [m" >. (4+16)
Rewriting the expression obtained above, we finally get,

Therefore we can perform the perturbation expansion of G(x,x') by a
single procedure produced by expanding U(eo, —oo), and immediatetly
obtain (4:5). Division by Sp=<0n|U(eo, —o)[0,>> means that we
should omit all graphs that are not connected with x or x'. Further it
may be worth while to write the following expression of Go:

I 71%—%]76;0)(x)exp{— G/ ENE—1)} 0% () £>F,

Go(x, t; &', )=
{%Zﬁx;‘”*(x)exp{—%—(i/h)E%(t—t’)}xi—,‘”(x’) <
(4+18)

Here % and x¥ are, respectively, the amplitudes of a particle in the n-th
state and of a hole in the 7-th state determined by H,, which are defined
by '

2 (%) = <On | Y (%) | Onmia >,

10 () =< O | V¥ (x) | O5 i1 >, (4-19)

where |®@nm:1> is the vector representing the n-th state of the (medium
+one particle or hole)-system governed by H,.

Next we discuss the Green function defined by (2:6). If any new
energy gap or any new bound state is not produced by introducing
into the system governed by H,, then we can regard {|m'>} or {|m >}
as a complete set and use, for example, {|m' >} as the vector system
over which the summation in the trace of (2:6) is performed. In general
cases we have not necessarily the relation (4:15), as pointed out above.
However, an appropriate unitary transformation can bring them to a vector
set satisfying (4-15). Since the trace is invariant under unitary trans-
‘formations, we can use the new vector set satisfying (4:15) to perform
the summation in the trace. Denoting the new vectors with the same
letters, Eq. (2+6) can be rewritten as

< | T (P ()P (x') e |m* >Sn

Glar, &)= Gh)™ = e
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LOn | U(oo, )T (Y ()4 *(x")) e U(0, — o) | B>

e e NUCTET T
<0, Ulo, 006 510, — 00 [30S> ’

P Z0m Ulss, =) [0
where (4+15) and (4-11) have been used. Eq. (4:13) yields the relation

e BH U(O, _ oo> — U(O, — oo)e“B(HO"""HO),
so that one obtains

Ze—B(E“m+AE9n><q)m|T<U<oo’ mOO)\”I(x%l"?(x')) [@m>
G(x,x")=(Gh)*" <%,]‘U(°°, —00) | O >

Ze~B(E9,,+AE2‘)
m

or
Tr{e B Ho+4 T (U (oo, — o) Yy (X)YF (X))} Connected
Trigamany ,
(4+20)

— (i)

where Tr(-++) connectea is defined by the right members themselves in (4+20).
If considered by (4:20), the perturbation expansion of this Green function
contains twofold procedures for U(oo, —oo) and 4H,. The fact that the
perturbation series of G cannot be obtained by a single procedure makes
the problems very complicated. If only U(co, —oo) is expanded, we will
reach similar expansion formula or similar graphs with understanding that
we should use the function

) oy Tr{e B HEATOT (nr, ¥(x'
GoCa, #) = (it THETEEPTOCNT D) (4e21)

as the zeroth-order Green function. G, defined by (421) obeys the same
equation to be satisfied by (4-8), but it must be subject to another
boundary condition different from the one imposed on (4¢8). In spite of
the easy form of equation, therefore, the explicit form of G, can not be
obtained unless we can solve the energy spectrum of the total Hamiltonian.
Nevertheless one might devise a way to calculate G. If 4H, can be
calculated by some types of approximation methods, for example, the per-
turbation method or the variational method, we have only to substitute
it into (4¢21). We prefer such a method to the formal expansion of the
factor exp(—pBH), because some parts of all contributions of 4H, to G
may be summed up by the exponential function. Finally we remark the
simplest two cases; (i) 4E% is a constant for all states, and (ii) 4E3=21E2,
2 being independent of m. In the first case we can directly drop out the
term H from (4-20) and (4:21), so the expansion of G contains only a
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single procedure caused by U(ee, —oo). In the second case, if we know
2, we have only to modify g or another parameter in H, and to drop out
AH, from (4:20) and (4+21).

In the following of this section, we assume the full knowledge about
Go(x, %) and formulate the formal expansion of the Green function and
the related functions. This will be explained on the basis developed in
the previous section, without resorting to the direct use of (4+5) or (4:21).
First we suppose that H, has the form

Ho—z—g«,z»* (x)(»» %-W)W(x)d% + Sgw*(x)E(x, W (x) a4 dx,
(4+22)

where Z(x,%") is, in general, the non-local potential appropriately chosen.
In this case the one-particle function G obeys the equation

2
[z’h—% g 72 Gt ) — (a2 52, 4 Go(w, 40 =09 (2 =),
(4+23)

If we use G, as the starting point of perturbation theory, it is convenient
to rewrite the equation of G in the following integral equation

G(x,x")=Go(x,5") + ggdéx"d%”'Go(x, x'")
X [Z(x", 2"y —B(x", ") G(x", x") (4-24)
or symbolically,
G=Go+ Go[Z—E]G. : (4+25)

The convergence or accuracy of the perturbation series essentially relies
on the choice of &. If in passing of the particle in consideration the
medium is almost always in its ground state, we may consider the static
approximation to be good and choose £ as

E=3[Gy). (4+26)

This may be regarded as simple application of the Hartree-Fock method
to our problem. For this choice we should solve the equation (in the

symbolical matrix form)
[po———é%/}—i--p2+28 Ien ](;0:1, (4+27)

which may be treated by the successive iteration. Besides (426), we
have other possibilities of choosing &, for example, those suggested by
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28 T. Kato, T. Kobayashi and M. Namiki
Brueckner’s method. Detailed discussions will be given elsewhere in this
issue.

The perturbation series of G is obtained by successive iteration, where
the perturbation series of ¥ is required. To get the series of S, we
should prepare the series of 4, P and I'. The perturbation series of 4 is
immediately obtained as follows:

A(x’ xl> e U(x‘x’> s <ih>8gd4x/!d4cl U(x,*x”)tr [Go(x”, C/) Go(C’, xll)]

XUx—=E)+-, (4-28)
where we have used the lowest-order term of P in the series
P, x") =i tr [Go(x",8) Go(L, &7)] + -+, (4+29)

Similarly we get

(6,8 2")=09(e—0)dw(e—x")+ihUE—8)Go(&,x") Go(x",8) + -,
(4+30)

The graphs corresponding to the perturbation series of 4 are shown in

Fig. 5 and the graph of I" in Fig. 6. The series produced by iteration of

————
Fig. 5. Graphical represen- Go O Go
. . ’_ — v ——
tation of the series of —— - =+ 7 e
4. U -

T
Go Go
-5

Fig. 6. Graphical represen-
tation of the series of

————— + doeraees r

U

Go
Go N _.
°
Go
Fig. 7. Graphical representation

of the series of G. Go + So—5p erenens
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Formal Theory of Green Functions 29

(4+24) or (4+25) is graphically represented as in Fig. 7, but the concrete
form of (¥—5&) depends on the choice of 5. The graphs of 3% can
simply be drawn by substituting the graphs of G into the heavy solid
line in Fig. 2. In the graphs all the fine lines correspond to the un-
perturbed function. Next we write the perturbation series for

53, 2 = — (i) [ a0 U e ) Goa”, E)Go(€', 5
X U(x—L)Go(x, %)
+ (i@ dre Ule— ) Galx, ©) Ule—2)Go(8, #")Go(x", 5
. (4-31)

which is graphically represented in Fig. 8. In particular, the first two
terms are interpreted as the exchange-pair between two excited particles
or holes. See Fig. 9. As understood from Fig. 8 or Fig. 9, the function
5* describes all the reactions to the one-particle (or hole) motions from

Fig. 8. Graphical representation of the series of ¥,

A A
U +
- — — — —— -
A
D
l\ U
\_.._Y.._/ N ;
A A

Fig. 9. Interpretation of the first two terms of (4:12).
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30 T. Kato, T. Kobayashi and M. Namiki

virtual or provisional excitations of the medium caused by passing of a
particle or hole. ‘
. o

i (_{N

(i) U

S

Fig. 10. Graphical representation of the series of W:
(i) Graphs of W® and (ii) Graphs of W— WO,

Finally we write the series of the interaction function W operating
on the two-particle Green function in the graphical representation. See
Fig. 10.

§5. Spectral representation and its application

We shall now consider the spectral representation of the Green func-
tion in this section. This approach has extensively been developed by
Landau,” Galitskii-Migdal” and Martin-Schwinger.” Since we are interested
in the problems in uniform media and in the absence of external field,
the function depends only on the difference of two coordinates, x=ax;—x,,
t=1,—1,. The problems in the presence of external field will be considered
later in the section.” 1

The space-time dependence of the matrix element of operator y-(x)
is given by

Vam (%, 1) =i exp {i (kumx — oumt) } (5-1)
in the representation making the total Hamiltonian diagonal, where
hknm:Pn~Pm s hwnm:Enm:En - Em

and n» and m refer to the states in consideration. FE.(E,), P.(P,) and
Nn(Nn) are the total energy, momentum and total number of particles of
state n(m), respectively. By means of these matrix elements, the one
particle Green function defined by (2:3) or (2:6) can be expressed as
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Ga, 1) = (h)™ > exp{—B(Ea—pNo—2)}

< | i |2 exp {¢ (Bam% — onmt ) } for t>0
=+ (1h)™? %exp{—B(Em—uNm~g)}
X | i |2 exp {& (benmX — omml ) } for <0, (5+2)

or

= (th)™? %l‘lf%%lz exp{—B(En— uNa—2)}
X exp{B(Ewn+ 1)} exp {t (kunx — @unt)} for <0,

where £ is Gibbs potential of the system. The last formula is derived
from the fact

Vo =E0 when Nn=N,+1

=0 otherwise.

The plus or minus sign in (5+2) corresponds to the bosons or fermions,
respectively. In the absence of interaction among particles (5¢2) turns
out to be

Go(x, 1) = (ih)“lgdk<1—— > expli(ha—ot)} £330
- (ih)’lgdk<nk> exp (i (kx— o)} (<0, (5+3)

where <n,>=<afa.> denotes the expectation value of number operator.
The momentum representation of the Green function defined by

Gk, t)—= SG(x, 1) exp( —ikx)d’x

can be obtained from (5:3) in the form
Go(k, ) = (ih)"1(2n) <1 —m> exp(—iowt) >0
= = (1)1 (2r) 3<mx> exp(—tol) 1<0. (5+4)
The Fourier transform of the Green function defined by (3-34) is

Gk, s)=— <2n>3{inzm P 2eXp{—B(E,,,MﬂNm—,Q)}_E___E:};:;aA

- i | 2 — — — OV, . 1 } @ g
"*n,%"\)(nml exp{—B(Ew—pNy—2)} R 59 (heun—k),

(5+5)

where § denotes a positive infinitesimal quantity. In the limiting case of
large system with a given density or in the limit of continuous quantum
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32 ' T. Kato, T. Kobayashi and M. Namiki

number, we can write (5+5) in the following form

I Ak, E) B(k, E)
Gtho) -\ ap| AR+ PO (5+6)

where A(k, E) and B(k, E) are defined as limiting functions in such a
way

A(k, E)dE=Tim (¥ )(2r)® S| ifu | exp{—B(En— uNo—2)}

X 8 (knm—k) EZEnw<E+dE
B(k, E)dE=1m(—)(27)* % [rion |2 exp{—B(En— uNo—2)}
X0 (kum—k) E<LEw<E+dE. (5:7)

This expression (5:6) is essentially same as Lehmann’s expansion in the
quantum field theory.
With aid of the well-known formula

-1 Smeii“”dxz tnd(a) =P (.1 >
t Jo (44

and from (5:2), (5:5) is expressed in the form as

G(k,e)=(2n)3 > [ Y% 12 exp{—B(En— uNo—2)} 8 (kun—k)

X [P (El »w><1 g8t +7ri6(Enm—E)(1ieB(E"'”+‘“)] . (5-8)
nm €

Using the expression (5¢8), we can obtain the relations connecting the
real part of the Green function G’ with its imaginary part G”. In case of
the Bose field the relation is

G'(k,e)—= WLPV tanhfﬁ«@; w) G(kye) 4. (5-9)
- .

o) —oo Z—e€

and in case of the Fermi field we obtain

¢ ko= p{” coth BEF2) G'(k.e) g, (5:9")
T —co 2 Z—e
As a useful application of the spectral representation of the two
particle Green function we consider the current caused by external field,
which is expressed by a vector potential A(x,7). In this case the follow-
ing terms must be added to the total Hamiltonian

Hi=— 2 \a(ap)jo s varn— L {aGenjoe baw

where
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JOG 0= | = RGO G, G D P )|
and

J e )= e, O, 1) A, ). (5-10)

Taking into account the contributions up to the first order terms in
A, we have

¢
500 = o, )=\ N e, ), o, 001 4w, 1) £,
(5-11)

where jo(x,?) is the current density operator in the absence of external
field. Using the two particle Green function defined by (3¢50), we obtain
the following relation:

~ 2 . 14 !
ol DJola 0> = () Tim (PP
racr Al sl

X <Y (&1t ) ¥ (wat) Y (it ) (asts) >
= (evh2—>2 im PV, (P} *V@’Gﬂ (xats, xats; xity, xitﬁ) (5-12)

2m x1>xX2=X ;‘}—>t?-=t
xjoxh=x/ ti>ty=t/

Therefore, the current can be expressed in terms of the two particle Green
function

Gl > =t (e, ¥, 1> A, 1)

dch \ 2m ) o

X Gy (xaty, x5t5; 2181, X181) A(x, ) +c.C. (5-13)

1 ( eh2A>2gtdt’Sd3x' Hm (P, —F ) (PI—PL)

Thus the two particle Green function gives us sufficient information for
calculating the current density to the first order term of A(x,?).”
The Fourier transform of (5:12) can be expressed as follows.

Fu(ko; Ko')= ~~(éi)ggg(k—%%l)l(k’+2k§)n

><G_‘[[ (k+k1, w+w1, k,‘{“k;, LD,‘I"‘CO;; kl, w1, ki, w{)dkldk{da)ldwi ,
(5+14)
where

GII <x1t1 s Xalas xiti, xﬂé)
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= (2;%) i SSSSexp {i (k121 + koo — kix — koxs) — 1 (011 + wats — w1t — w3t3) }
X GI[ (k1w1 » kzwz, k]'a)i y xéwé)dkldkgdkidkédwldwidwzdwé <5' 15)
and
lﬁn(x,t;xﬂif)=L-}Sexp{i(kx_"kﬁﬁ)-i(wt~1dt3}
(27)3

X Fu(ko; Ko )dkdE dodo'. (5+16)

Hereafter we shall use the correlation function F(x,¢; «',¢") instead of
the two-particle Green function. The second term of (5-11) is also ex-
pressed in terms of correlation functions of the currents as,

— N ar\aow < o, 1370, t+i01) — foC, Do, 1+ iBR)>
« A(x, 1). | (517)
Introducing the symmetrized product
Sulx, t; &, t)=<{julx, 1), ju(a', ')} >

:<jk<x, t)jz<x,, t,> +jz<xl, t,>jk(x, t>>
:Fk3<x5 t; xl, t,> +Flk<x,: t’} X, t)

and its Fourier transform defined by

Su<x,xﬁaﬂ=:SSm(x,x';l——f)em“””d(t—~f), (5-18)

the expectation value of the commutator of j.(x,%) and j.(«',%') is written
in the following form: ‘

<Ljstw B, e, 91> =\

— o0

»,d_(:g_Ae—im(E—b” tanhﬁhi.al Skl(x’ x' ; 0)),
2r 2
(5+19)

where the invariant property of trace for cyclic permutation of operators
has been used.

Restricting the problem under the consideration to a uniform medium,
we can define the momentum representation of Si(x, x’'; ) by

Sm<k,w>::Sd&(x-af>eﬁkufxﬂs“<x-xe ). (5+20)

Since the tensor elements Su(k,w) are expressed by
Skz,(k, (,O) == 6[3581(]‘32, (1)2> + (kkkz“k25kz>82<k2, wz), (5‘21>

Eq. (5+14) can be written in terms of (5-21),
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L jaCa ), Julk, 1] > = (2 . [am 2\ ol asemmiras, (i, 02)

1 tanhﬁhwﬂ‘ (PiVi—oul 2>S dwgal%e‘w(c vikGmxDS, (K2, 0*) tanhBZw]

(5-22)

In our problem the electric field E(x,¢) and magnetic field H(x,{) are
determined (from the vector potential 4A(«x,f)) by the formulas

E=—L1 0 pog_wr-rya
We thereby obtain, after a little manipulation, the following form

<z, ) >= Sde'SZdz' {a(x—x’, t—E(, 1)

+c§~r(x~—x’,t——t’)7><H}, (5+23)*
where
Al N 3L p—tolt—t+ik(x—xh 2 tanﬂgﬁ@{/_zl
s(a—a t—t)= )%S dwgd ke Sy (k, o) AMRLE
ol Y — 1 37, p—to(t—t+ik(x—x" 2 tanhﬁﬁhw/2>
ra—a =)= 5 >4h28dwgdke Sa(ls, oty RRERE0/2),

From these relations we can calculate electric conductivity, polarizability
and magnetic susceptibility by the Fourier transform. The real part and
the imaginary part of the Fourier transform of ¢ or y satisfy the well-
known Kramers-Kronig’s dispersion relation.

§6. Connection with reaction matrix

The advantage and powerfulness of the Green function lie in the fact
that one can formulate complicated problems without resorting to the

concrete knowledge of the system in consideration or the nature of inter-

actions intervening. Therefore, the structure or the formal aspect of the
theory will be clarified, and the perspective to advance the theory into
new s’cages W111 be glven through the study of the Green function. Such

* In derivation of (5-23) we get the non gauge-invariant extra term directly propor-

: g . . + oo h/ 1
tional to the vector potential itself which has the factor (S ~ gz taf <

in its integrand, » being the particle density per unit volume. However, this term should
vanish by virture of the conservation law of charge, so that we obtain the sum rule

oo 1
S . g;’ o tanh(-%" ,shw)& (k?w?®) = "= for the spectral distribution function S;(k2w?).
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usefulness, however, is also its inconvenience at the same time. Being
able to discuss formal aspects of the system, we are in rather difficult
situation to calculate physically interesting quantities in practice. We have
to admit some approximation to the Green function. For such a purpose
it may be convenient to use another method which, however, is closely con-
nected with the Green function. The method of the reaction matrix seems
to serve our purpose. Actually it is known that the direct approximation
to the Green function leads to the usual Brueckner reaction matrix for
the ground-state energy and generalizations thereof. Brueckner and his
collaborators™ extensively developed nuclear many-body problems based
upon the reaction matrix. Goldstone,” Thouless™ examined in greater
detail Brueckner’s theroy, and enriched the contents of the theory. An
approach similar to this problem has also been used by Klein®™® and
Prange. »

With the aid of the appropriately defined reaction matrix they eluci-
dated the Brueckner’s theory for infinite nuclear matter. In this section
we shall briefly review the use of the reaction matrix based upon the
works by above mentioned people.

Now looking back §3 we have derived single-particle and two-particle
Green function there.

. 0 h2 N " _qn o441
[Zh’ah‘Jr’zm ;72]@(1,1) mgd3<1 YU(L—1")G,(1",1; 17,17)
:5(49(1_1') (6-1)

and

Gi(1,2;1,2)=G(1,1)6(2,2) —G(1,2)G(2,1)

+ SG(I’ 3)G(2,4) W (3,4; 3,4)G(3,4; 1',2)d(3)d(4)d(3)d(4)
(6+2)

or symbolically,
GH:G1G2112+61G2 WG]I. (6'2,>

Here relevant definitions or notions are the same as the ones used in §3.

Actually W is considered to be functional of the propagator G, and
G in turn depends on W. So the solution to such coupled equations as
(6+1) and (6:2) is extremely difficult and seems to be impossible to
obtain in practice. .

The following two approximations, however, may enable us to step
further, to neglect the dependence of propagator on W, or to ignore the
dependence of the interaction operater on G.

Now we shall introduce the function defined by
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K(1,2;1,2)=U(1-2)8%(1—-1)6*(2-2)8.(1—2)
+'S Ul—1")&(17,2"; 1,2)U2—2"d(1")d(2"), (6+3)

where & satisfies the equation formally same as (6+1) in which all time
integrations are construed to extend only over the past, i.e.,

®(1,1)=6(1,1") +z‘hgd8<1">d8y"g°_gz"c<m<1, 1)
X U=y (y"t",17; y"1",17). (6+4)
Correspondingly,
G (1,2; 1,2)=6(1, 1)6(2, 2) —G(1, 2)&(2, 1)
+ Sd‘3> (3) de@) Sd‘3>(3') de (4" Sdt<3>da<4>dz<3'>dt<4'>
*®(1,3)8(2, Hw(3, 4; 3, 4)G (3, 4; 1, 2). (6+5)

These are the model single-particle and two-particle propagators defined by
Klein and Prange, respectively, which are essentially the same as Thouless’
R and L. It can easily be seen from (6:2) and (6-3) that K satisfies
the integral equation

K (1,23 1,2) = U(1—2)09(1—1)3% (2—2)0,(1—2)
+\ aen\ aenferanlan@yva-2ea-2)

X®(1,1)®(2,2).K(1",2":1,2) >t
=0 ' 1<t (6+6)

This is then the reaction matrix which forms the basis of Brueckner’s
work.
Let us define the Fourier transforms by

Homnoa = Sd3x1d3x2d3x§d3x§ exp(ima, -+ iny) K (X,%; 2155
X exp(—ipxi—igxs),

K= 5 \dBersm,

®p— (;e—imx—x/)@(x’ x)d® (x—x). (6+7)

Then (6-6) can be written in the Fourier transform as

JCmnpq(-E ) = Umnpq + kZI Umnkl—g%kkj{klpq (6 ° 8)
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where summation should be restri_cted to the states above the Fermi sea.
RiH(E) is the convolution of the two single-particle propagators defined
by

Ri(E) =\ dEBL(E)®; (E-Ey). (6+9)
Here a (+) subscript denotes relevant quantities for particle which are
analytic in the upper half-plane.

Now performing the Fourier transform and separating the Green func-
tion into two parts, one obtains the equations :

0t (B) =G (B)| 14,1 (4B, 53 Huana(B+ BO07 (BOOE,

I<kr
(6+10)
- — (0 1
®: (B)=Gio~(B)| 1 arsi | 4B,
<Z Kt (E)Sr (E)S; (E—E,)
K== 77”77E7:E;:Z:5< o }) (6.11>

where G*(E) is the unperturbed propagator for particle (hole). &~ re-

presents the corresponding hole Green function which are analytic in the -

lower half-plane, and has such a simple solution as

where
er = ;Iék —+- Z (K rane(en +er) — Knae(er +-er)] . (6+13)

With the aid of analytic properties of &;(E) it turns out to be

@;xE):»«[ 7’;2 - SdEZJCkm(E+E)®,(E)+zb‘]

for l>kF
=0 for 1<ky. (6-14)
If we make an approximation usually done in which we replace the denomi-

nator of (6+14) by its real part, Kum(E-+e;) can be replaced by
Re K (eh+er). i satisfies

er= hzk + > Re [ Kuni(eh+ex) — Kuun(er+er )] k>ke .
m I<kr

(6-15)

Correspondingly (6-8) can be written in this approximation as follows,
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Komnpa(E) = Unnpa +kl§kF U pna HE;—EJ;E—G;—:*‘}E Jcklpq<E )R (6+16)
This is the reaction matrix neglecting ‘“off-the-energy-shell” propagation.
(6+15) and (6+16) are the equations to obtain interac...n energy of a
pair of particles. The energy is determined through the solution of the
reaction matrix K. On the other hand X depends on the energy in the
intermediate states which must also be determined by the reaction matrix.
The system of these equations has such a complicated structure of the
infinite ladder of equations, that we do not enter here into the detailed
discussion of the solution. Brueckner et al. succeeded to reduce the ladder
to a single equation without approximation by introducing a parameter
with an infinite range in the denominator of the integral equation for the
reaction matrices. Readers may refer to the original paper on these dis-
cussions.

Finally we record the total energy of the ground state obtained in
our approximation:

E(A) = #g AkR% +—;——Sd(1)d(3‘ (2)d(1Hd®(2") So_g’t(Z’)
X K(12,12) [G(1, 1)G(2,2) -8, 2)8(2,1)]
= g’ Ak —%—_ém%] (K piwmn (e 85 ) — Kopmam (em +20 )]

§7. Amplitudes and their equations

In many-particle systems we can often observe the systematic one- or
two- particle motions. There the surrounding particles behave as if they
were a sort of medium for the systematic motions of one or two particle
in consideration. Such a motion may be described by the one- or two-
particle amplitude. In the present section we shall define them in a
reasonable way and study the equations satisfied by them. In particular,
the one-particle amplitude will be explained in detail through investigation
of the problems of the nuclear optical model and of the Hydrogen-like
motion of an electron in insulator.

7+1 Definitions of amplitudes and effective potential

First we consider the one-particle amplitude. Suppose that the system
is in a state represented by a vector |E, a>, where E is the energy of
the system and « other quantum numbers. Now we know that the vector
Y*(x) |m > asymptotically approaches to the vector representing the state
in which a particle is found at a point x in the medium whose state is
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{m>. Therefore it 'may be inferred that the one-particle amplitude defined
by

x(x)=<m| ¥ (%) |E, a> (7-1)

describes, in an asymptotical sense, the systematic one-particle motions in
the many-particle system. Here it is noted that v is the field operator in
the Heisenberg representation. When a systematic one-particle motien is
observed, the state vector |E, a > may be written down as follows:
t
1B > = lim—-\ " dt\@seprs e, ) [m>go(wye- s, (7.94)
tp>co 0 —~ oo
or
B a>= lim i@ (o, ) > gy emmmeniona (7.91)
to—>oo 0 3]
Here |E*,«> and |E~,a> correspond, respectively, to an initial state
and a final state of the medium in |m > and a particle in ¢(x). From
the definition it is quite easy to show the equation

(E—H)|E*, a>=0, (7-3)

where the energy of the state |[m_> is put zero. From (7:3) one gets
the equation

mdfl |E*, 0> = (E—H)|E*, >0, | (7+4)

In other words, the state |E* a« > is an eigenvector of the total Hamil-
tonian belonging to an eigenvalue E and is independent of #,. Hence the
time-interval (#;,, —oo) is chosen in a remote past, while (oo, #) in a
remote future. To show (7-3), we have only to apply H to the right
member of (7-2) to commute H with y* and to perform integration by
parts. Next we can show that |E*,a > and |E~, « > are subject to the
outgoing-wave and the ingoing-wave boundary conditions, respectively. This

will be seen in the following: The expression (7:2) can be rewritten as

. L + (h/to)
B o= Bm g Ty ity 190

or ,
. 1
“90> = }OIB;IO <EHH0> il(h/to) Hll s a>: (7 J)
where we have used the equation

Y (x, 1) =exp{(i/h) Ht}yr(x)exp{— (¢/h) Ht}
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and the abbreviation

o> =@t (@) > o).

The form (7-5) shows explicitly the boundary conditions. Thus we can
write the amplitude x as

2, ) = lim -\ " @t \dw <o [, 045 ) | oy @omwcrm

tg>oo to

- 1imﬁg dz"de’G(x, £: a, 1) go(a e GPmr -t (7+6)

tg->oo to

—co

where the definition (2:4) has been used.

The time in %x(x, ¢) does not take a value in the time-interval (¢;, — o),
because the time-interval was chosen in a remote past. Consequently the
amplitude should obey the equation

(in%+ 72Z172>x(x) a5, 402020 =0, (77)
where we have used the equation (3:28) of the Green function.

All the above formulas and equations can describe the one-hole propa-
gations in the medium, if we replace Y* by < and reverse the order in
time.

Next we shall derive the effective potential for the one-particle motions
in the medium. From the definition it is easily shown that the amplitude
x(x) oscillates harmonically in time, namely,

x(x, ) =x(x,0)e WMo, (7-8)

“Hence we can rewrite the last term of the left member of (7-7) as
follows:

Sd4x'§3(x, (') = Sd3x’<x \Wwla>u(x, 1), (7+9)
where |

| Wala>=\d0 5, 15 40P, (7+10)

In derivation of (7-9), we have assumed that the medium is uniform in
time, or in other words, 3(%x,«") is a function of (#—¢) with respect to
time variable. The function <x|¢{/;|x"> is nothing but the effective
potential for the one-particle motion in question. As is seen from (7.10),
the effective potential is, in general, non-local and dependent of energy E.
Only when the wave-length of the incident particle is much longer than
the characteristic length for non-locality (in other words, the correlation
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42 _ T. Kato, T. Kobayashi and M. Namiki
length), we can treat as the local potential

CVE(x)%Sd%O <x— ; x0| V| x+é——xo>. (7+11)
First we discuss the properties of C{/3, corresponding to >° defined

by (3+33), which is regarded as the contribution of the medium in the

fixed state. From (3-33) and (7:10) we immediately get the formula

<x|Via>=V(x)o(x—x)+iG(x,0; a',0) Vix—a"). (7+12)

Therefore the static part C{/; never depends on the energy E. Further-
more, it is easy to prove the hermitian property of C{/;, that is,

x| VE| 2> = {<a' | V2| a >} . (7-13)

The hermitian property of ¢V tells us the facts that C{/; is never respon-
sible for probability dissipation of the one-particle amplitude in consideration,
in other words, for the real excitations of the medium. Such properties
of C{/3 show that €U’ is worthy to be called the static part of the effective
potential.

The non-hermitian property of the effective potential originates in the
fluctuation part 3" defined by (3¢33). Denote the contribution of X" to
the effective potential by CI/%. The fluctuation part ¢{/; is, in general,
decomposed into the hermitian part ¢4 and the anti-hermitian part C%,
that is,

z=CVr — iV, (7-14)

Both the matrices /% and % are hermitian. In order to illustrate the

concrete form of U7, we shall calculate the function <x|C{/%|x"> to the.

lowest order in the perturbation theory formulated in §4. Substituting

(3+33) into the definition of CY% and using the explicit formulas (4+18)
and (4+31), we obtain, after some calculations, the contribution of the first
two terms of (4.31) to the effective potential as follows:

x| Wla>= (i) S| dtexp (/) (B— BI— Ei— ED (t—1))
X F () F i (x)
— S det’exp{(i/h) (E+ ES+ Eb+ B (t— 1)}
X Fifa(x) Frna(x'), (7+15)

where we have used the abbreviation
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Fm(x)Egd%” Vix—a")nQ (x")a (x, 5,
 Fm(x)= Sde” Vix—a")20 (") (x, 2. (7-16)

Here x{) and x\% are, respectively, defined by

" :vlm 0) O] 7Y a0 0) "
)_'I/é_ {xl <x>xn (x ) Xu <x>xl (x >}’
(s, 27) El—/léf 2 () (&) =1 ()2 (")} (717)

The functions F,;, and Fj,» have the properties

0
10 (%, x

Fliim: T L nml Ffmﬁ: _FﬁmT (7'18>

due to the anti-symmetric properties of x¥) and %{2. To evaluate the time
integrals in (7-15), we can use

(ih)‘lgl_gt’ eXp[_%au— t’)}: —im(@)+P L,
- (ih)’lg:odt’exp[—;;b—-a(t—4l’)]=i7r8(a) +P-711— . (7+19)

Hence we can immediately write down CUz" and C/%’ as follows:

Fr ’ Flmn Fﬂ;m !
<ol 1> B

Imn

Fiyi(x) Froa(x') .
P BB BB (7+20)

x|V e >=n> (B~ Ei— En— E)DFip(x) Flfu(x")

—7>) S(E+ ES+ ES+ EY) Fiks(x) Frun(a'). (7-21)
Imu
It is easy to prove the hermiticity of VY and €', The last term in
the right member of (7-21) vanishes in the cases of particle propagation,
because it is impossible to realize the energy relation E+ Ej+E.+ E;=0,
corresponding to spontaneous excitations of the medium. Inversely,
the first term vanishes for hole propagation, since the enegy relation
E—E'—E!—E°=0 is never realized. For the moment we shall discuss
the particle propagation.
From (7+20) and (7-21) we can calculate the expectation value of
CY% for the amplitude x as follows:
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(x, Vi SSX*(x)<x] o a >y dPados
| <x| V|limn>|* PP 1< | Vxlmi> |2

P ETE By B PE Ey ErE+E - (722

(x, V%) ESSX* (2)<ax| VE | >x(x")dPxd?x’ = —g——WE . (7-23)
where

=20 S 3(E—E— E3— E%) | <x| V> |, (7+24)

Imn

Here we have used the abbreviations
<2V zm>zgx*(x)F,m<x>dsx,
<m| V| 2Imi> = Sx(x)Fym;,(x)d?’x. (7.25)

Thus we know that C{7’ has a positive expectation value, and that ws
is nothing but the time rate of the transition probability for exciting the
medium or for decay of its excited state. This is the situation just ex-
pected, because the anti-hermitian part %', responsible for the probability
dissipation of the one-particle amplitude, is one of the contribution of the
fluctuation part >* represented by Fig. 8 to the effective potential. There
it is noted that the probability dissipation of the one-particle amplitude is
caused by the pair-excitations of the medium. For hole propagation we
have the negative expectation value of /3. It is reasonable, however,
because hole propagation can be regarded as the time-reversed process of
particle propagation. The expression (7:22) for the expectation value of
CY%Z has a strong resemblance to the self-energy of a particle or to the
level shift in quantum field theory. In fact, the hermitian part C/% is
responsible for modification of effective mass or for the shifts of the
resonance level. Therefore the fluctuation part CUV% represents reactions
of virtual or provisional excitations of the medium to the one-particle
motion in consideration.

Finally we explain the equation satisfied by the two-particle amplitude
defined by

An (X1, X)) =<m| T (Y (x)¥(%)) | E, a> (7-26)
which may be interpreted in an asymptotic sense such as given for the

one-particle amplitude. When a sort of systematic two-particle motion
can be observed, the vector |E, > may be written down as follows:

|E+, a>~11m-wt78 dtlg lgtégdx]’dxéxb‘*(xﬁ_,ti)*l’*(xé, t2) |m>go(w1, &5)

oo
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« exp{(—— . %)Eltﬁ—ﬁfﬁ} vexp {<~%>E2t§+ fs ;Ll}, (7-27)
0 0]

where E=E,+E, is given. |E~,a > is expressed in an analogous way.
It is also easy to prove that |E*,a’> is an eigenvector of H belonging
to an eigenvalue E and is independent of . From (7:26) and (7-27) it
follows that

’ y 2 ty t1
10 (1,2) = hmiﬁ?g dzzg dtggdsxad%acxltl, xota %L, X4LD)
tg->o0 0 ) — o0
X go( L, ) exp { SRR ¥ L ,.,-17{1_} vexp { — ' Ew +«"‘2""k} ,
h to h tO
(7-28)

‘Thus, since the interval (#,, —oo) is chosen in a remote past, the ampli-
tude x(x,, x,) should obey the equation

SS (G-1(1,1)G1(2,2) — W(1,1'; 2,22y (1, 2)d(1)d(2") =0
(7+29)
or symbolically

GI]'G; 1%1[ - W%_][ = 0. ) (7' 30>

Using the one-particle Green functions, one can easily rewrite Eq. (7+28)
in the integral equation ‘

1n(1,2) =2 (1, 2) + SSSSG(L 1YG(2,2) W(1,2'; 3, 413 (3,4)
«d(1)d(2)d(3)d(4), (7+31)
where the inhomogeneous term xi’(1,2) is defined by
| 19 (1,2) =13 (1)%(2) —1(2)1a(1) (7-32)

for some scattering problems, x; and X, being the one-particle amplitude,
and corresponding to propagations of the incident two particles without
interactions. Eq. (7+32) can be replaced by

t1

xp (1,2) = tim O ({anan(dowiaont (Go(1: o, 1)Go(2; 4, 1)
t >0 0

—oco

—Go(1; x5, 1)Go(2; x1, 1)) po(ai, %2)

Xexp{ ;Eltﬁ + t51;t1} -exp{-—-w ;L Eot;+ tz;tl} (7+33)
0 0

with E=E,+E,. When we are concerned with a bound state in which
E<0, the integral with respect to time in (7.33) would vanish because
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the function [Go(1; 1,¢1)G(2; x4,4,) —--+] contains only positive frequencies.
Therefore the amplitude for a bound state satisfies the integral equation*

2y (1,2) = SSSSG(L 19G(2, 20 W', 2'; 38,4025 (3, 4)d(1)d(2)d (3)d (4.

(7.34)
The equations of the types, such as (7:29), (7+31) and (7:34), were first
introduced by Nambu™ for a special case and developed by Kita,”® Bethe
and Salpeter,” Gell-Mann and Low,” and Schwinger®™ for some general
cases in quantum field theory. In particular, Eq. (7-34) is often called
the “Bethe-Salpeter” equation.

7+2 Nuclear optical model

As is well known, the giant resonances in nuclear reactions are
observed in the cross sections for the elastic scattering of neutrons at low
energies by large nuclei, if averaged at each energy point over some

spread. They can also be expected in observations using incident beams

with some energy spread. Following Weisskopf et al., the giant resonances
can be well reproduced by a one-particle Schroedinger equation with a
complex potential for an incident neutron. Such a complex potential is
called the optical potential, whose imaginary part is responsible for the
probability dissipation of the one-particle amplitude due to occurrence of
other inelastic collisions. Thus the optical model may be accepted by the
notion of an irreversible process, in which one observes a sort of one-
particle motions as an average or coarse-grained motion of the many-particle
system in consideration. The above-mentioned average comes from the
energy spread of incident beams. Hayakawa et al.¥ considered the beam
to be a short wave packet with time-length #, corresponding to the above
energy spread E,—~=(li/t,). However, it may hardly be acceptable to con-
sider the short wave packet as the one produced in actual instruments.
One may rather prefer considering the actual beam like a mixed beam to
regarding it as a single and short wave packet. The mixed beam consists
of a random mixture of a number of long wave packets, in which each
wave packet has a sharply determined energy but its center of energy
distributes over the range 4E,. In both cases we may expect the same
aspect of irreversible processes as suggested from discussions given by Van
Hove™ and Toda.™ At any rate, it becomes necessary for derivation of
the coarse-grained one-particle motion to discard or to average the fine
interactions within a short time-interval at each time. To discard the
short interval is equivalent to ignoring the high frequency parts. Therefore

* Note that Gell-Mann and Low devised the so-called “L-operation” for the purpose of
omission of the inhomogeneous term. Our derivation of (7¢34) never necessitates such an
ambiguous manipulation.
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deviations from the coarse-grained motion come to be of random fluctuations
on such a time scale. For the usage of a single wave packet, however,
one may pay close attention to the randomness. If the wave packet has
a long timelength enough to discriminate the average spacing of fine-
structure levels of the whole system, we could observe a new type of
systematic motions of the system, for example, the compound nucleus. In
order that we can observe the coarse-grained one-particle motions, or in
other words, the optical model in. nuclear reactions, the packet should be so
designed as to have a length much shorter than the time corresponding to
the average spacing of the fine-structure levels. Otherwise, we would
observe the many-particle motions themselves, as the systematic ones.

Here we shall briefly explain the nuclear optical model, in particular,
the derivation of the optical potential from the fundamental many-particle
equation. For simplicity, we suppose that the beam is a single wave
packet with time-length £, and energy spread AE,~(h/t,) around its center
E,. For a mixed beam, the discussions given below will not be essentially
modified; see Van Hove™ and Toda,® and Namiki* The scattering state
caused by such an incident wave packet is written as

;E;>ZEZ,aa<E’ w)]E{-: 0‘>’ (7'35>

where a(E, «) is a smooth function having non-zero values only in the
range 4E, around its center E,. The state | E;> can also be represented
by
IE;; :_%”_Stldtfgdsx'#,*(x', t') 1A>¢p<x'>e—(i/7t)ﬁ}pt’+(b/—&l/bo)’ (7'36)
0 J-o

where ¢(x) is a function corresponding to the initial wave packet. Here
| A>> stands for the vector representing the ground state of the target
nucleus. If |A> is an eigenvector of the total momentum operator, the
system is uniform and then we cannot observe the optical (or effective)
potential located at a point with a nuclear size. Consequently we should
prepare the vector | A>>, by which the localized center-of-mass of the target
nucleus is represented. In the same way as (7+2), one can easily prove
that

(E,—H)|E;>=0(4E,),

in d‘j |E5>—(E—H)|E5>=0(4E,),
+ L (h/t0> - .
I E7)> — i(H“ Ep) + (h/t()) |¢P>"‘ O<AET)>: <7 37)

as expected. Thus |E}; > is regarded as an approximate eigenvector of
belonging to an eigenvalue E,, so that the amplitude
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2o(x, 1) =A|Yr(x, 1) | ES> (7-38)

oscillates in a nearly harmonic way during the packet passes. Consequently
the amplitude %, obeys the one-particle Schroedinger equation

[mﬁ% +;£ Vz]xp(x, £ — Sdsx'<x |V, | ">, (', 1) =0, (7+39)

where C{/, is nothing but the so-called “optical potential” and defined by
V=S w(E)Vs,

or

= Sdt'e(z‘/hwﬁ(tc/)—(‘t—t/g/to)z(x, t; x" t’), (7.40)

ws being a smooth function®* with non-zero values only in the range AE
around its center E,. Here C{/, is the effective potential defined in the
previous subsection. The static part of €/, is exactly equal to that of
Vs. To obtain the explicit formula for the fuctuation part of ¢{/,, we
have only to replace the delta-function and the principal part of the

expressions such as (7-20) and (7:21) of C{/, with the smooth functions
corresponding to them as follows:

sy L G/t

a*+ (h/to)? ’

1 a
P— % .
a a’+ (h/to>2 <7 41)

The deviations of one-particle amplitude from the average become
random on a rough time scale, if the systematic motion of the system is
of the one-particle motion. It will be proved that such random deviations
are subject to the fluctuation-dissipation theorem, if the system is excited
in quasi-equilibrium. For details, see Namiki’s paper.2”

7.3 One electron in insulators and semi-conductors

The many-particle approach developed in this article has various fields
of its application not only to nuclear many-body problem but also to pro-
blems in solid state physics. We shall give here another typical example
of our formalism in solid state physics. Consider a motion of one electron
in insulators and semi-conductors. This problem has long been familiar
but difficult subject. When we want to take into account the effect of all
other electrons properly, we are inevitably forced to treat with many-body

* w(E) must be so normalized that %.'w(E) =1.
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problems. That is, electrically and magnetically susceptible media should
be described from the many-particle point of view. Then the situation is
just analogous to that encountered in the nuclear many-body problem,
where one incident nucleon plus target nucleus was successfully described
in terms of the nuclear optical potential as discussed in great detail in
the previous section.

Klein® has already developed the discussion on this subject along the
line mentioned above. His guiding image was the analogy between the
system, impurity plus electron imbedded in the crystal, and the hydrogen
atom, proton plus electron imbedded in the vacuum. Being originated in
the nuclear reaction because of the close connection with previous argu-
ment, our idea is essentially the same as that of Klein’s.

Considering the case of a perfect insulator which contains IV electrons,
with a single extra electron (or hole) and a small external charge ¢
imbedded in it, Kohn®™ has shown that the (IN::1)-particle Schroedinger
equation could be reduced—for the low lying states—to a single particle
equation of the form

[ s Y ]x(m Ex(r). (7-42)

Here m* is the effective mass of an electron in the conduction band,
and «* the effective dielectric constant of the medium. This equation was
derived on the basis of the single-particle model. Kohn™', further in his
succeeding paper, was able to show that x*=&k indeed, where « is the
conventionally defined static dielectric constant of the solid. Our purpose
is to provide a foundation to such an approach as the reduction to the
single-particle equation.

Let E;, and E(N+1,k, «) be energy of the ground state of the insu-
lator and perfect insulator plus one electron, respectively. Here k& denotes
the momentum of an electron in the crystal and « represents other relevant
quantum mumbers. Then

E(N+1,k,0)—E;=¢(k) (7+43)
e+ €, k2 for small &,
where
eo=FE(N+1,0,0)—E, the binding energy of the extra electron
and

e =m/m*, the ratio of actual to effective electron mass.

We are interested in the lowest band, states characterized by (7:43).
our insulator, they are distinguished from all other states E(N+1, &, ) by
the condition
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E(N'{"]., k, CZ)“EQEE()‘{“AE ac#o, (7'44)

where 4E plays the role of energy gap against excitation of an “electron”
‘in the_system of N+-1 electrons. Because of relations of the above type,
we can safely introduce a distinction between single-particle and collective
states. As explained in great detail at the beginning of this section, it is
very useful to introduce a suitable amplitude or one-particle wave function,
which makes possible to describe many of the properties of the single
particle states.
Analogous to (7¢38) we shall introduce the function defined by

%(x,1)=<0¥(x,t) | E(N+1,£k,0)>, (7-45)%*

where | E(N+1,%,0)> and |0>> stand for a wave packet of N+1 particle
eigenstates of the “one-particle” variety and the ground state of the perfect
crystal, respectively. 2:(x,7) may be interpreted as the amplitude for
finding the ground state of the perfect crystal, if we remove an ‘“electron”
at the point (x,f) from the state |E(N+1; k,0)>.

One can prove that x.(x,f) should satisfy the one-particle Schroedinger
equation

[zhg +2Z Vﬂxk(x, z>~gd3x'dz'z<x,t;x',t'>xk<x', £)=0.  (7-46)

Taking into account the harmonically oscillating behavior of %:(x,?), in
time, we can rewrite the last term of (7+46) in the following way,

Sde’dt'Z(x, £l ) — de'<x Uy | >0, 1) (7+47)
where ‘

Cal Wil >= a5, 85 &, 1) PR, (7-48)

Then (7+46) turns out to be

* If our system is described by the Hamiltonian
) _ B * 1 €0 s g3tk * (o’
H, 5 Sd x7Y* (x) P (x) + 5 Sd xdix’ v¥ (x) P (x”)

Xt @) ey @y e,

|x— |x—|
where pz(x) represents a fixed lattice charge density,
Hw(N,k, o) =Eo(N, k,a)¥(N, kb, a),

here ‘N and % being the number of electrons and the crystal momentum, respectively.
{w(N, k, )} forms the complete set of eigenstates.
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[in K V2]xk<x, O~ @ <a| Vsl >, 1) =0 (7-49)
ot 2m

This form of the equation permits us to interpret the function <x|V;|x" >
as the effective potential for the one-particle motion. Thus the (N=+1)-
particle Schroedinger equation could be reduced to a single-particle equation.
It should be, however, emphasized that, contrary to the nuclear optical
potential, the effective potential <x|Cl/;|a" > defined here has not anti-
hermitian part because all the real excitations are discarded for the medium
particles. With the aid of the renormalization technique like those in
quantum field theory, one may prove that the above equation is reducible
to (7+42) with interpretation of the effective mass and the dielectric con-
stant. For details, see Klein’s original paper.®

Appendix 1

Functional differentiation

As a quantity taking a complex number depending on the functional
form of a function (say ¢(x)), we can consider a functional which is
usually denoted by Fl¢]. For example, the typical forms may be conceived
by an integral containing ¢ in its integrand, the value of ¢ at a fixed
point, and so on. If the functional is continuous in some sense for vari-
ations of its argument function, we can define the functional differentiation
of the functional with respect to its argument function. A natural way
to define the functional derivative, denoted by 8F [¢] /dp(x), is the following:

[ 2Fle] fayan=tim L (Flo+er1 — Floly, (A1)
dp(x) €>0 € .

where f(x) is an arbitrary but smooth and integrable function. From the
definition it is quite easy to see that the functional differentiation has the
properties satisfied by the differential operation, namely, that

0 _
o) ¢
N : 1, 0Fe] , ; 8Ge]
50 (%) {aF (o] +0G o]} dﬁ(p(x) { b5¢<X) ,
0 i _ 5F[(p]_ ) BG []ﬁ .
00 () FlelGle] b0 (x) Glol + F o] &p(x(p) , (A-2)

where F and G are functionals of ¢, and @ and b arbitrary functions
independent of ¢.
Now consider some simple examples. For the functional F o]
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:Su(x)q;(x)dx, the above definition integral becomes

|2 le) reoae=tim I {uc) o)+ eroas— uneaaa

- gu(x) f(x)dx.
Since the relation holds for an arbitrary f, one gets

.&0‘2@. Su(x’)q;(x’)dx’: (). (A-3)

For the functional F'[¢] =¢(a), we have

[ 221 peyan—tim L lo(@) +ef(a)~ (@] ~f(@),
op(x) g0 €

which yields the well-known formula
_0

dp(x)

The above examples illustrate the linear functionals of ¢, so that
their derivatives are no longer dependent of ¢. However, we will often

ola)=0(x—a). (A-4)

encounter with the functionals non-linearlly depending on ¢. For them we
can define the higher-order derivatives in a way analogous to ordinary
derivatives. The second-order derivative is defined by

0*F (o] , ,
S oo (%) dp(x)) f(x)g(x")dxdx

—lim—, {Flp+ef +¢'g] —F lot+ef] —~Flo+e'gl +Flol}.  (A+5)

For Fl¢] = {p(a)}? the definition immedeiately gives us
.

B (x)dp(x")

It is true to define the #n-th order derivative of a functional by the form

analogous to the ordinary one. Therefore we may make use of the Taylor
type of series as written in §1. '

{p(a)}2=20(x—a)o(x'—a).

Finally we remark on the Fourier transformation of functionals and
functional derivatives. First we write the Fourier transformation of the
argument function, namely ‘

F(k)=¢-(— k) = \eg(x)d,
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()= Sef%(k)dk.  (A6)

The Fourier transform F of a functional F may be defined by

Flp1=Flg]. | (A7)

For example, the Fourier transforms of F;|[¢] ES%(.X)(o(x)dx and F,|¢]
=¢(a) are given from the integrals |

Filp]

IH

Su(x)(S ~thagy(— k)dk>

f

Flod = \emo(—mar,

which yields Fy=(1/27)%(k) and F,=(1/2x)e"** as expected. Now we

can define the Fourier transform of the functional derivative by

oF (o] . 3F o] .
S Lo~ mdr- Sa ol (0% (A-8)

which can be derived from (A«1) and (A+7). (A«7) and (A+6) yield the
formulas

‘@'J Se—%kw i? E,[jpl d X,

55(k) 3o ()
3Flp] _ 1 oFT5) | :
Do) = Ve | (A-9)

Appendix I
Schwinger’s dynamical principle

Schwinger” formulated the most fundamental principle of quantum
mechanics in a variational form. His dynamical principle says that, if
. one takes small variations of initial and final conditions and the Lagrangian
function, then the corresponding variation of the transition probability ampli-
tude should obey the variational equation

3<F) l>=_;-<F|ang4xu>, (A+10)

where L is the Lagrangian density of the system. This dynamical principle
unifies all the fundamental equations and relations in quantum mechanics,
that is, the Schroedinger equation, the Heisenberg equation, the commutation
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relations, the conservation laws, and so on. In practice the principle is
useful for calculating the functional derivatives of amplitudes or matrix
elements with respect to external sources or fields.

The Schwinger’s principle may easily be accepted if one considers it
from Feynman’s point of view using the path integral. Feynman presented
the amplitude in the form of the so-called path integral:

CF|I>— zexp< SLd4x>

path

where summation is over all possible forms of functions descrlbmg the field.
From this expression we have

S F| 1> = zw SLM exp<;.ng4x>;

path

whose right member is nothing but the right member of (A+10) because
of the correspondence rule between the path-integral formalism and the
usual operator formalism.

Now let us calculate the functional derivatives of the amphtudes and
the matrix elements with respect to the external sources, J(x) and %(x),
introduced in §2. For a small variation ¢f(x) in the source function of
bosons (e being a small number), we have the variation of the action function

agL&x: _ Sqﬁ(x)e F(%)dbx.
Then the Schwinger’s principle becomes
I<F| 1> = \<Flo) TG
On the other hand, the right member can be written as

I<F| > =<F| I >~ <FIT>,=\- 5§fg”> F(x)dvx.

Thus we immediately obtain the formula

-1 :
Syt SEIT>= 3 <Fla@) | 1>, (A-11)

Similarly one gets

— (x) <F|l>—7<F|w*<x>}l>,

sy FN>= e <Pl 1>, (A+12)
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for the spinor field. Next we differentiate the matrix element < F|Q(x)|I >
of an operator @(x) with respect to J(x') and 5(x'). For >t the deri-
vative is written as

s<mt, | >
LFIQ I >=3<F|Q(x) | mt,> S

=L <FIQe(x) | >,

where ¢, is a time taken between ¢ and #, while one has

6](96)

7wy FIRWII>= L5 M2 o g 1 1>

— L <FIp(a)QO I 1>

for ¢<t'. For spinor field we must pay attention on the anti-commutativity
of the spinor sources with the other spinors. The variation of the matrix
element must be written as

dFIQ(x) | IT>= 1 < F1Qx) \y () an(xadta' | 1>
i

or

=L emfrenearem >,

according as the non-zero point of dy(x’) is earlier or later than #. The
right member for #>¢ becomes

+ NPl e > anavw,

where the sign + is caused from exchange between Q(x) and oyp(x’). Thus
we can obtain

6](x) -<F|Q(x) ll>~—~ LF|T@Qx)¢(x) 1>,

o (x <FIQ(x)ll>—”- F[T@Qx)¥*(x)) 1>,

*<x )<FIQ(x) ll>—f~-<FiT(Q(x)llﬂ(x D>, (A13)

where T stands for the well-known time-ordering symbol. From (A:12)
and (A-13) it is easy to derive the formulas

S0y Q> = ST Q)8(3)) > = <QR)><p(3) >,
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o (x) <Q(x)>—fﬁ—-{<T(Q(x)*lf*<x'))>w<Q(x)><“#*(x')>},

LN >= {<T<Q<x>*1f<x'>>>~~ <) >P(x') >,
 (A-14)

) *(x’)

where the symbols < --->> are defined by (1-11a’) or (1+11b°).
In §3 the real scalar external field ¢(x) is introduced by adding

— ()Y (2)e(x) to the Lagrangian density. The functional derivative
with respect to ¢(x) is similarly derived from the Schwinger’s principle,
namely, one gets

0 . 1 % ( art ’
55@6 <Qx)>= *Z-h-{<T(Q(x)‘1" (X (x")) >
- LQ(x) >+ (a ) (x") >} (A-15)

Appendix III

Polaron problem

To illustrate the Green function method, we shall deal with another
example, the polaron problem, in which an electron moves in a polar crystal.
The system is governed by the Hamiltonian

=] - 2 prlpeodar L {(P@1 +ot P12
+eSP(x)-VS~T(t t’1> W () () d do, (A+16)

where ¥ is the electron field and P the polarization field in the crystal.
The constant 7y is given by

:,wi(i___l_)
T 4z \ eo. e )’

¢ being the dielectric constant and e. the optical one. The commutation
relations are formulated as

[By(x,8), Pula, m——; Bund(a— ")
[Py(x, 1), Pu(x', )] =0, (A+17)

for the polarization field, besides usual ones for the electron field. As is
easily seen, the polarization field can be described by the scalar phonon

field @ defined by
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P=170, o 0(xt)—— SZ__I?(“E') &y, (A-18)
4 | % l

In terms of ® we write the Hamiltonian as
S‘P’* (x)[ e ea)(x)}wx)d:%x

+ s {76002+ 2P0 () do (A+19)

and the commutation relations as

[0(x, 1), 0(x', )] = — 27 <m>~‘m T

[0(x, ), 0(a', £)] =0. (A-20)

It must be noted that the commutator between ® and @ is not proportional
to §(x—=a’) but to |x—a’|71. The fact shows that, in contrast with cases

of §(x—x"), the components of ® with high momenta are reduced by the
factor |k|™%, and that the theory does not contain any divergence.

For the sake of mathematical convenience, let us artificially introduce
the external source of the phonon field by adding

S@(x) J(2)d*x (A+21)

to the Hamiltonian. In the same way as in Appendix II, we can derive
the formula

ih-ﬁ§5<g>:<T<Qm<x>>>——<Q><m<x>> (A-22)

for the expectation value of an operator €. Now we consider the Green
functions

G(x, 27) = (R) T (2)P*(x")) >

' 5<@<x>> -1
—<ff7(x)><@'(x’)>}, (A-23)
for the electron and the phonon fields, respectively. At the limit /=0,

the term <@(x)> must vanish. In the presence of J the field equations
become

R e () —
(zh e + ———2—%7 e(D(x}) (%) =0,
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(& vor)otm A fu—a) 116 vebs(xob ),
T .
(A-24)

where U(x—«)=|x—'|"9(t—¢). The second equation is rewritten as
2 . Npegpry)— (An)? %
B o) =S @)t k@), (A25)

because of the formula F2U(x—x')= — (4n)6*®(x—%'). From (A-23) and
(A+24) or (A+25), it follows that
(8222 72)Gx, ) = (i) T @ F (¥ = (#))> =0 (a2,
47:)
3J(x)

By virtue of (A+22), we immediately obtain

o?

e<T@UNP (N (a)) > =g STCPGNbH () >
+e(i1) <00 > TP () > N
B SZ(x, G, x)Hde +elo(x) >G(x, x)

3]( ) e P* () () > = Sﬂ(x, K (x", x")d*x",

where

3(x, O ————'iheQSSG(x, OHK(x", x)r(&,¢; 1" )d*d*x",

Iz, x">5ihegggG<x, (&, ¢; x)GE, x)d*ed*, (A+26)

being defined by

" —= 6G—1<S;C> .
(¢ x S IC (A-27)

Therefore the equations of G and K are symbolically written in the form

[m (% + sz e 0> — z}(; 1,

0 ey (407 ] K- (4n)? .
[ -
where

>=1he®GK/[',

(i +w>!72K(x ¥ <4:> i <4n*<x>«p<x>>_£_ 1),
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II=1he*’G] G,
_ 0 | ' .
F_H“"R@_’ (A 29)

Hence we have five equations among the five unknowns, G, K, IT, 5 and [
At the limit /=0 (or <<0>=0), the “self-energy” part 3 gives us
the effective mass of a polaron.

Note added in proof: The authors have recently found A. Klein’s and M. Yasuno’s
unpublished works, Klein derived the Hugenholtz-Van Hove theorem on single-particle
energies and the Landau theory of Fermi liquids by means of extensive use of the Green
function method. Yasuno formulated, in the framework of the Green function method, the
single-particle energies and the effective potentials for the single-particle motion in the nucle-
ar matter. There Yasuno presented an interesting method in which the hierarchy of the
equations of Green functions is stopped at the two-particle Green function and then the
three-particle Green function is replaced by a sum of appropriate products of the one-and
two-particle Green functions. In particular, his discussions are given for the relations be-
tween the single-particle behaviors and the Brueckner’s reaction matrix, and the plasma-
type excitation terms. Conserning discussions in § 3, readers may find the more-refined
from of the theory in Yasuno’s paper which will be published in near future in Progress

of Theoretical Physics.

References

1) R. P. Feynman, Rev. Mod. Phys. 20 (1948), 367; Phys. Rev. 80 (1950), 440.
2) J. Schwinger, Proc. Natl. Acad. Sci. 37 (1951), 452, 455.
3) M. Gell-Mann and M. L. Goldberger, Phys Rev. 91 (1953), 398.

4) R. P. Feynman, Phys. Rev. 76 (1949), 749, 769.

5) F. ]J. Dyson, Phys Rev. 75 (1949), 1736.

6) T. Matsubara, Prog. Theor. Phys. 14 (1955), 351.

7) P. C. Martin and J. Schwinger, Phys. Rev. 115 (1959), 1342.

8) L. D. Landau, JETP (USSR) 34 (1958), 262; Soviet Phys. 7, 183.

9) V. M. Galitskii and A. B. Migdal, JETP 34 (1958), 139; Soviet Phys. 7, 96.

10) H. Kanazawa et al, Prog. Theor. Phys. 23 (1960), 408, 426, 433.

11) R. Kubo, J. Phys. Soc. Japan 12 (1957), 570.

12) N. Hashitsume, Busseiron Kenkyu, 2. 6, 186, 535, (mimeographed circular in Japanese).

13) K. A. Brueckner and J. L. Gammel, Phys. Rev. 110 (1958), 431. One finds extensive
references about the works on this field here.

14) J. Goldstone, Proc. Roy. Soc. (London) A293 (1957), 267.

15) D. J. Thouless, Phys. Rev. 112 (1958), 906; 114 (1959), 1383.

16) A. Klein and R. Prange, Phys. Rev. 112 (1958), 994, 1008.

17) Y. Nambu, Prog. Theor. Phys. 5 (1950), 614.

18) H. Kita, Prog. Theor. Phys. 7 (1952), 217.

19) H. A. Bethe and E. Salpeter, Phys. Rev. 84 (1951), 1232.

20) M. Gell-Mann and F. E. Low, Phys. Rev. 84 (1951), 350.

21) S. Hayakawa et al.,, Prog. Theor. Phys. 21 (1959), 85.

22) L. Van Hove, Physica 21 (1955), 517; 23 (1957), 441.

23) M. Toda, J. Phys. Soc. Japan 13 (1958), 1266.

24) M. Namiki, Prog. Theor. Phys. 22 (1959), 843; 23 (1960), 629.

25) A. Klein, Phys. Rev. 115 (1959), 1136.

220z 1snbny oz uo ysenb Aq 0L24¥81/€°GL SdLd/EY L L 0L/10p/8jo1e/sd}d/woo dno-olwapeoe//:sdpy wody papeojumod



60 T. Kato, T. Kobayashi and M. Namiki

26) W. Kohn, Phys. Rev. 105 (1957), 509.

27) W. Kohn, Phys. Rev. 110 (1958), 857.

28) K. O. Friedrichs, Mathematical Aspect of the Quantum Theory of Fields (1953),
New York.
M. Namiki and R. Iino, Prog. Theor. Phys. Suppl. No. 5 (1958), 65.
R. Iino, Proc. Japan Acad. 35 (1959), 343, 530; 35 (1960), 27.

29) F. J. Dyson, Advanced Quantum Mechanics, Lecture Note given at Cornell University
(1951). ’

220z 1snbny oz uo 3senb Aq 0L2¥¥81/€°GL SdLd/EYL L 0L/10p/3jone/sdid/wod dno-olwapeoe//:sdy Woly peapeojumo(



