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Abstract

We show that the coupled balance equations for a large class of dissipative ma-
terials can be cast in the form of GENERIC (General Equations for Non-Equilibrium
Reversible Irreversible Coupling). In dissipative solids, also called generalized standard
materials, the state of a material point is decribed by dissipative internal variables in
addition to the elastic deformation and the temperature. The framework GENERIC al-
lows for an efficient derivation of thermodynamically consistent coupled field equations,
while revealing additional underlying physical structures, like the role of the free energy
as the driving potential for reversible effects and the role of the free entropy (Massieu
potential) as the driving potential for dissipative effects.

Applications to large and small-strain thermoplasticity is given. Moreover, for the
quasistatic case, where the deformation can be statically eliminated, we derive a gen-
eralized gradient structure for the internal variable and the temperature with a reduced
entropy as driving functional.

1 Introduction

The aim of this work is to present thermomechanical models of dissipative materials, which
are also called generalized standard materials, in the unifying framework of GENERIC,
namely General Equations for Non-Equilibrium Reversible Irreversible Coupling. This frame-
work provides a unification of (i) reversible dynamics obtained like Hamiltonian effects via a
Poisson structure L and an energy functional & and (ii) dissipative dynamics like gradient
flows obtained from a dissipative geometric structure K (the inverse of a sub-Riemannian
structure) and an entropy functional .. If X denotes the state of the system in the state
space 27, then the evolution equation for a the GENERIC system (£, &,.%,L,K) reads

X =L(X)D&(X)+K(X)D.7(X). (1.2)
The central additional property of the GENERIC framework is the noninteraction condition
L(X)D.#(X)=0 and K(X)D&(X). (1.2)

We refer to the original papers [GrO97, OtG97] and to further developments in [MG*00,
Ott06, HUTO08a, HUTO8b] with many application in different physical systems. We highlight in
particular the book [Ott05], which shows that the framework of GENERIC is a very versatile
tool for coarse graining a microscopic system (%o, Lo, Ko, €0,-70) to obtain a macroscopic
system (%1, L1,Ky, &7, ,5/1)

In this work we want to show that many equations considered in elastic temperature-
dependent solids with internal variables can be formulations in GENERIC, namely those
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for closed systems where the energy & is preserved and the entropy . increases. We will
discuss these basic properties of GENERIC in Section 2.

We want to emphasize that using the framework of GENERIC is very advantageous for
modeling purposes. First, the derivation of a complete system of consistent partial differ-
ential equations for all desirable quantities is easier, if one can focus the attention to the
quintuple (£°,&,.%,L,K) rather than to the balance laws and the constitutive equations.
Second, the separation of reversible effects via LD& from irreversible effects via KD.7 is
helpful in the interpretation of effects. Third, we will see that thermodynamic transforma-
tions between temperature 6, internal energy u, and entropy Scan be made more efficiently
in this framework. Moreover, the framework helps to understand several physical concepts,
because of its clear emphasis on structures and functionals.

As one major consequence, we will see that the fundamental driving forces for a reversible
variable ¢ and an irreversible variable z different, namely

frev=Dgpé& — 0xDy” and fir =Dz —(1/6)+D.&,

see Section 4.1 for the definition of the “ax". While it is well-established from the isother-
mal theory that fiey is the variational derivative 8, of the free energy ¢ = P(w, 0), it is
much less known that fj, is given as variational derivative dyn of the free entropy n =
n(w,0) =—-g(w,0)/6, also called Massieu potential [1869]. For temperature-dependent
systems with @ depending on [Iw as well, we have to be aware that multiplication with %
does not commute with variational derivates:

_ 1 .1 1 1 1.

Ol = — 50w +div(500) # —GowP=—poP+5div(P).  (1.3)
However, to satisfy the first and second law of thermodynamics locally in a solid, this dis-
tinction is crucial, see the discussion in Section 4.2.

In fact, we will show that dissipative solids can be described by special formulations within
GENERIC, where the geometric structures L and K are of the form

L(X) =MyLoM% and K(X)=NgLoNZ,

where the Poisson structure Lg and the dissipation structure Kg are relatively simple and the
operators M and N are obtained from . and & in a rather canonical way, see Section
2.4.1f X has the form X = (w, 8), then we define

-1 O
B | 0 . . ] _DGY*DWy
My_(DWY Dey) giving My_<o De% .

From this we find the noninteraction condition (1.2) as well as the reversible driving force
frev |n MyDg

In Section 2.3 we show that it is illuminating to express the internal energy u=U (w, T) and
the entropy s= S(w, T) in terms of an arbitrary thermodynamical variable 7, which can be for
instance 0, u, or s. Here w stand for all other variables (and their gradients). We always have
the condition 8 = O(w, 1) = d;U (w, T)/d:S(w, T). This arbitrariness gives more flexibility in



modeling and highlight the contributions of energy and entropy more clearly. For instance,
for all T we have the reversible driving force

OwU (W, T) — O(W, T)uWS(W, T) = S (W,O(W, T))

and the irreversible driving force

a\NS(W7 T) -

O(w, 1) WU (W, T) = dwl (W, O(W, T)).

In Section 2.5 we generalize the formulation of GENERIC by replacing the linear dissipation
operator K by the subdifferential of a general dual entropy-production potential 2" (X;-) :
T} Z — [0,00], i.e. K(X)D.#(X) is replaced by d; 2 (X,D.”(X)). In particular, we have for
the total entropy . the relation

E.7(X) = (94 (X;D.#(X)),DF(X) 20

In Section 2.6 we discuss how one can derive the dissipative Hamiltonian system

X=(L- iK)D% with Z, = (& —6,.7

0, >}9:9*

from (1.1), if a suitable coupling to a heat bath at temperature 6, is added.

Section 3 is devoted to finite-dimensional examples, which are intended to serve as intro-
duction to the formulation via GENERIC. Moreover, these examples explain the different
thermodynamics concepts, namely the modeling via the arbitrary thermodynamic variable
T and the the occurrence of the reversible and irreversible driving forces. The first example
explains how classical linear damping in a Hamiltonian system can be formulated via KD.7.
The second example is a rheological model where internal friction elements are models.

The modeling of dissipative solids is developed in Section 4. After giving proper defini-
tions of the differentials &,E,AE, and axd,E, we discuss the purely dissipative Penrose-
Fife phase-field model, which couples the order parameter z: Q — R to the heat equation.
In Section 4.3 we start with the modeling of thermoviscoelasticity in terms of the deforma-
tion ¢ : Q — RY and the thermodynamic variable 7. Entropy production occurs via viscous
dissipation induced by F = 0¢ = D& and by heat conduction induced by 00(1/6). We
show that the classical equations of thermoviscoelasticity are obtained from GENERIC in a
straightforward manner.

In Section 4.4 we study general dissipative solids (also called generalized standard ma-
terials) with an internal variable z, which may describe quite different physical properties
like magnetization, polarization, phase fractions or densities of species, order parame-
ters, effective transformation strains, or plastic variables. For the isothermal case, there
is a large theory for deriving the associated balance equations, see e.g. [ZiW87, Hac97,
Alb98, Mie06], while we propose a general approach for the nonisothermal case. We refer
to [MielQ] for a similar approach to thermal couplings to reaction diffusion systems. Our
motivation and applications will be mainly in plasticity, that is why we consider general dual
entropy-production potentials .#" as introduced in Section 2.5. In particular, we emphasize



that we allow for functionals & and . where the densities U and S depend also on [z,
which leads to the non-commutativity explained in (1.3). Finally, we show how the system
simplifies in a standard situation with small strains.

Section 5 is devoted to quasistatic models, where the kinetic energy is neglected, i.e. in
the balance of linear momentum the acceleration term is dropped. Under the additional
assumption that there are no viscoelastic effects, the first equation is a static balance, from
which the elastic deformation can be calculated as a function the other variables, viz. @ =
Q(z 1). We show that under certain conditions the remaining equations for (z,7) can be
written as a generalized gradient system (2°"¢9 .79 #'9) on the reduced state space
2 "®for (z,T) with the natural restrictions of .79 and .# 9 of the original structures .%” and
J, respectively.

Throughout Sections 4 and 5, we ignore all boundary terms when doing integration by
parts. This is a realistic procedure for closed systems, where we assume that it is thermally
isolated (insulation condition 16 - v = 0 on dQ), stress free on the boundary, and that the
internal variables z satisfy natural boundary conditions [1z- v = 0.

2 The GENERIC framework

The framework of GENERIC was introduced by Ottinger and Grmela in [GrO97, OtG97]. Itis
based on a quintuple (£°,&,.%,L,K), where the smooth functionals & and .¥ on a smooth
manifold 2", where & denotes the total energy and the . the total entropy. Moreover, on
2" we have given a Poisson structure L and a dissipative structure K, i.e., foreach X € 2~
the operators L(X) and K(X) map the cotangent space T3.2" into the tangent space Tx.Z".
The evolution of the system is given by the differential equation

X = L(X)D&(X) + K (X)D.#(X), (2.1)

where D& and D. are the differentials taking values in the cotangent space.

2.1 The structure of GENERIC

The crucial conditions on the structure L and K are the symmetries
L(X) = —L(X)* and K(X) = K(X)* (2.2)
and the structural properties

L satisfies Jacobi’s identity,

K(X) is positive semi-definite, i.e., (¢,K(X)&) > 0. (2:3)

Jacobi's identity for L means that {{.71, %2}, , 3}, +{{F2, F3},, F1}, +{{F3, P1},, P2} =
O for all functions .7 : 2" — R, where the Poisson bracket is defined via

{7,949} (X):=(DF(X),L(X)D¥(X)).
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Finally, the central condition states that the energy functional does not contribute to dissipa-
tive mechanisms and that the entropy functional does not contribute to reversible dynamics,
which is the following noninteraction condition:

VXeZ: LX)DZ(X)=0 and K(X)D&(X)=0. (2.4)
Of course, the structure of GENERIC is geometric in the sense that it is invariant under co-

ordinate transformations. Introducing new coordinates X = X(Y) we define the transformed
functionals & and .# in the usual way, namely

EY)=&X(Y)) and .Z(Y)=.7(x(Y)).
Moreover, the transformed geometric structures L and K are obtained via
L(Y) = Dx(Y) " IL(x(Y))Dx(Y)™* and K(Y)=Dx(Y) K (x(Y))Dx(Y)™*, (2.5)

where Dx(Y)™ : Ty % — T;(Y)% denotes the adjoint of the inverse of Dx(Y) : Ty¥%? —

Tyv)Z - Clearly, the transformed system Y = L(Y)D&(Y) + K(Y)D.Z(Y) is equivalent to
the original system (2.1).

2.2 Basic properties of the GENERIC formulation

The first observation is that (2.3) and (2.4) imply energy conservation and entropy increase:

%é"(x(t)) = (D&(X),X) = (DE(X),LDE + KD.#) = 0+0=0,
%y(xa)) = (D.7(X),X) = (D.#(X),LD& + KD.#) = 0+ (D.#,KD.#) > 0.

Note that we would need much less than the two conditions (2.3) and (2.4) to guarantee
these two properties. However, the next property needs (2.4) in its full strength.

Next, we show that equilibria can be obtained by the maximum entropy principle. If X, max-
imizes . under the constraint &(X) = Ep, then we obtain a Lagrange multiplier A, € R
such that D.¥(X,) = A.D&(X.). Assuming that A, # O we immediately find that x. is an
equilibrium of (2.1). Indeed,

L(X,)D&(X,) = %L(X@D&”()(*) = 0and K(X,)D.(X,) = A.K(X,)D&(X,) =0,
where we have used (2.4).
Remark 2.1 (Metriplectic systems)  The framework of GENERIC has its origins in the
metriplectic formulations from [Kau84, Mor86]. There, equations of the form
X = (L(X) =D(X))DF (X),

are considered, where L is a Poisson structure and D is symmetric and positive semidefinite
dissipation structure. However, there is only one functional .# that is a Liapunov functional.
Clearly, GENERIC is more general as we obtain the metriplectic form simply by taking
F =6-6.7 andD = —zK.



2.3 Thermodynamic transformations and driving forces

Since modeling of temperature-dependent systems fundamentally relies on the thermody-
namically formalism involving the energies, entropies and the temperature, we give some
elementary transformation rules between different representations. For the subsequent de-
velopments, it will be crucial to be able to choose either one of the three quantities internal
energy U, entropy S, or temperature 0 as the independent variable and express the others
in terms of the first. In principle, all formulations will be equivalent, but at certain stages
one of the three formulations will more advantageous. Moreover, using an arbitrary ther-
modynamic variable T will highlight certain structures more clearly. Certainly, for modeling
a given material it is most common to use the temperature in the constitutive function, but
for deriving suitable geometric structures internal energy and entropy are better (cf. also
[Miel0]).

Subsequently, we denote all other state variables by w, which may include the strain F and

the internal variables z. We start with the formulation using the temperature, because it is
most common in solid mechanics.

Temperature 6:
We consider a general free energy ¢ = P(w, 6) and the associated internal energy and
entropy

U= U<W7 9) = W(W7 9) - edQW(W7 9) =y+ gs, s= §(W, 9) = —0p Llj<W7 9) (2.6)
In general we assume that the specific heat dgU is strictly positive. We have the relations

JpU= 00pS and WP = dyu— 00,5 (2.7)

Entropy s _
We may solve s=35(w, 8) in terms of 8 = O(w,S). We express the internal energy in terms
of (w,S), namely u = t(w,s) = t(w,©(w,s)). We then have

0 = sU(W,S) = OW,S), Awl(W,S) = T — B35S = dnT(W,O(W,S)). (2.8)

To prove the latter relation, we use U(w,s) = U(w, dst(w, s)) and find after differentiation (a)
owu(wW, ) = dwl + dgl ds0U. Moreover, differentiating the relation 8 = dsti(w,S(w, 8)) with
respect to 8 and w gives (b) 1 = 02U dgS and (c) 0 = dsdwU+ 02U d,s. From (b) and the first
relation in (2.7) we have dgl = 00yS = B/dszﬁ. Inserting this into (a) and using (c) gives the
second relation in (2.8).

Internal energy u:
We use (w,u) as variables and write s= S(w, e) by solving u= t(w,s). We have

aeé\(Wa e) = L

=~ 1. R 1
5, 0\NS: —éawu - (9WS— —(9WU - —éaww (29)

0

Example 2.2 We finally give a standard example of a free energy @, where the functions
U,S, U, and Scan be given explicitly. We consider

B(W,0) = —go(6) + Ya(W) + Ogh(w), where Uo(8) = cB(logb—1).  (2.10)
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This leads to the following expressions:

u(w, ) = cO+4a(w), S(w, ) = clog 6— (W), 6(w.6) =,
U(w,s) = cel* ¥eMW/Cp g (w), Sws)=s O(w,s) = St/
Gw.u) = u, S(w, ) = clog =™ — yp(w), B(w,u) = (u—yn(w))/c

In particular, we see that convexity of {1 and (> implies that U is convex and that S is
concave in w.

In the sequel, we will often use the variable T to denote any of the three choices T € {8, u, s}.
Even other choices such as 7 = ¢(60) are possible. We then write u=U(w,T) and s=
S(w, 7). In all these cases we have

g U(wr)

which relates to the classical definition of temperature, usually written via differential forms
as 6dS= dE. To prove this relation we start from a general function 7T = T(w, 0) and its
inverse 6 = O(w, 7). Applying the chain rule to U(w, 7) = U(w,O(w, 1)), we obtain J;E =

— . . . 0E __ 0gUd:© __ dgu __
OJgU ;0. Using the analogous relation for Swe arrive at 95 = 0050.0 — Jgs 0.

Thermodynamic driving forces for the variable w should be given by an expression in
terms of U and S as functions of (w, 1) that do not depend on the particular choice of T.
Introducing the Helmholtz free entropy (also called Massieu [1869] potential or Massieu-
Planck potential) n = —(//0 = s—u/6, we have the following relations

O (W, T) — O(W, T) By S(W, T) = AP (W, O(W, T)),

OwS(W, T) — ﬁdwu (W, T) = OwnT(W,O(W, T)).

These relations can also be proved using the chain rule giving

OwU (W, T) = dwT(W,O(W, T)) 4 FgU(W,O(W, T) ) 3WO(W, T),
OwS(W, T) = GwS(W, O(W, T)) + dgS(W, O(W, T)) 3O (W, T).

(2.12)

Taking the two linear combinations given in (2.12) the relation dgi = 8dgS shows that the
term involving 8,,@ cancels.

We will see below that the first expression gives the reversible thermodynamical driving
forces while the second expression gives the irreversible thermodynamical driving forces.
Thus, the derivative of the Helmholtz free energy U gives the reversible driving forces, while
the derivatives of the free entropy i (also called Massieu potential) gives the irreversible
driving forces. This observation will be fundamental throughout this work.

As written in (2.12) the two different forces only differ by a factor —©. However, we will
see later that for systems where the variable w also appears via its gradient [lw the partial
derivative d, needs to be replaced by the variational derivative J,, see Section 4.1. Then, it
will be essential to distinguish whether the factor appears inside or outside the divergence
operator, cf. (1.3).



2.4 Special form of GENERIC

In this subsection we provide a special form of GENERIC, which immediately displays the
noninteraction conditions (2.4). It will turn out that all applications studied in this paper can
be written in a slight variant of this specialized form. However, we don’t know how general
this structure can be applied in other applications.

We consider a system with states X = (w, T), where T € R is the thermodynamic variable in
the sense of Section 2.3. For a functional .7 we define the matrix

| 0 -
Me (W, T) = ( Dws? (W, T)* D7 (W,T) ) 7

which leads to the formulas

| 0 | —L «Dy#
M,}f’ = ( 1 * 1 ) and M* = D: A )
- D DWQ% D s? « 0 Dr]:}f

where the operation “a=xDy,” is explained in (4.1).
Our special GENERIC system for functionals & and . have the form

(VTV) — M LoM%, D& +MgKoM:D., (2.13)

where Lo and Kg are a Poisson and a dissipative structure, respectively. Note that L =
Mo LoM%, and K = MgKoM7% automatically define a Poisson and a dissipative structure,
respectively. For K this is elementary, while for L the skew symmetry is elementary as well
and the Jacobi identity follows from its invariance under coordinate transformations, see e.g.
[Mie91, Sect. 4.2] for a direct proof. For the latter assertion we note that L(w, T) =M »~LoM%,
is simply the transformation in the sense of (2.5) associated with the mapping X = (w,s) =
(W, S(w, 7)) =X(Y), where Y = (w, T).

We only need to impose the additional condition Lo(w,7)(3) = 0= Ko(w, 7)(2), then the
noninteraction conditions (2.4) are satisfied due to the obvious identities

M:D& = <C1)) and M;Dy:<cl)).

The special form (2.13) also reveals the role of the reversible and irreversible driving forces

via
Dwé& — 6%Dy.s Dw.7 — %*DW@@)

where the upper components are to be compared with (2.12).

While the construction of L = M »LoM*, depends strongly on the specific form of Mo (which
is the inverse of the derivative of the mapping (w,T) — (W, S(w, T))), there is much more
freedom to replace the operator Ms by any operator Ng : 7 — 2 satisfying the relation
NsD& = (7). Note that 7 can be an arbitrary linear space, such that Ko(w, ) : % — #* is
linear and positive semidefinite (or subdifferential of a positive convex functional, see the
next subsection). Then, the new dissipative structure K = NeKoN% : 27 — 2" is dissipative
again.



2.5 Generalized GENERIC

In this subsection we give a generalization of the GENERIC framework to the case where
the dissipative forces do not depend linearly on D.. This is essential for our applications in
plasticity, where the stress-strain relation cannot be linear, because plastic effects are not
seen unless the positive yield stress is reached.

For this, we note that K generates an entropy-production potential

1
H (X:€) = S(EK(X)E),
which means that D %" (X;D.~ (X)) = K(X)D.#(X) gives the dissipative forces. Obviously,
J (X;-) is a nonnegative, quadratic functional.

We now allow for general entropy-production potentials .2~ such that for all X the function
J (X;-) is convex, nonnegative, and satisfies .7 (X;0) = 0. We do not assume differentia-
bility of 2#"(X;-), but use the convex subdifferential

Is H (X&) = {V | H (X; &) > H (X&) + (E~E,V) forall € },
to denote the set of all possible rates V that are compatible with the force §.
Now, the generalized GENERIC is given as the differential inclusion
X € L(X)D&(X) + ds H# (X;D.7(X)),
and the orthogonality relation (2.4) is replaced by
VXeZ,Ec 2", AcR: LX)D.Z(X)=0and # (X;E+ADE (X)) = # (X;&). (2.14)

Indeed, the latter condition leads to the relation (D&(X),V) = 0 for all V € 5.7 (X;¢),
which is what we really need.

It is also interesting to introduce the primal entropy-production potential 4(X;-) : Tx 2" —
[0, 0] using the Legendre-Fenchel transformation
G(XV) E SUp{(§.V) = H (X §) | £ € TX 2 }.

We also write 4 (X;-) = #*(X;-) and 2 (X;-) =9*(X;-). The relation (2.14) implies 4 (X;V) =
oo for all V satisfying (D& (X),V) # 0. Hence, energy conservation is already encoded into
the definition of ¢.
The classical equivalences for subdifferentials of Legendre-Fenchel transforms give

Eed9(X)V) & Ved: (X&) & H (X E)+9 (X V)= (&,V).
Thus, for the rate of the total entropy we find the relation

99(X) = DL (X).0.4 (X DL (X)) = (XD (X:X).X)

ot
= X (X;D.7(X))+%(X;X) > 0.

Remark 2.3 It seems possible to generalize the dissipative terms even further. The subd-
ifferential may be replaced by a general multi-valued operator that is monotone. In fact, as
was observed in [AIb98], the second law of thermodynamics follows even from premono-
tonicity.



2.6 Dissipative Hamiltonian systems as isothermal limits

Often temperature effects can be neglected and the model can be approximated by an
isothermal model. We show here how this can be deduced consistently from the GENERIC
form if we add some coupling to an external heat bath fixed to a given temperature 6, > 0.
In particular, we will replace the two functionals & and .# by one, namely the free energy
Z, at the given temperature 0,.

We start from a general system for the variable X = (Y, 8) in the form

(-5 ) ED (5 2)ED)(ue) e

where the coupling operator A is assumed to be positive definite.

We define the functional .#°(Y,0) = &(Y, 0) — 6,.7(Y, 6). Using the relations Dg& (Y, 0) =
d9U = 0995 = 0Dy.7 (Y, 8) (see (2.7)), we find the crucial relation

De.7°(Y,0,) =0 forally. (2.16)

Moreover, the GENERIC structure (2.15) can be rewritten as

Y\ gK a—gB )\ (DyvF\ ([ O
6) \ —aT— 1;3T A Dg.7° A(6-6,))’
The equation for Y takes the form

Y= (L—gK)DF°+ (a—gB)Ds

—o(]|6-6.])

where we used (2.16) to estimate the last term. Defining the isothermal free energy %, (Y) =
Z°(Y, 6,) and neglecting all terms of order 86— 6, we arrive at the isothermal damped Hamil-
tonian system

Y = (L(Y,6,) — —K(Y,6,))DZ(Y). (2.17)

6,
Note that L still defines a Poisson structure and that K is positive semi-definite. Hence, .7,
is a Liapunov function for (2.17).

The error term 6 — 6, can only be neglected, if the temperature equation keeps this term
small. The heat equation reads

: 1 1
6 =—a'Dy.Z°(Y,0) - G—BTDy.?O(Y, 8) — 5 ADe7°(Y,0) — A(6-6.) .
latent heat prod. . diss. heat prod. *heat conduction heat exchange
Clearly, (2.16) implies that the heat conduction term involving Dg.Z°(Y, 0) is small. How-
ever, Dy.Z°(Y,0) = D.Z.(Y) +O(||6—6.]|) will not be small in general. Hence, the assump-
tion 8 ~ 6, will only be reasonable, if the latent heating coefficient a and the heat production
via dissipation are relatively small compared to the strength of the operator A, which con-
nects the system to the heat bath with the constant temperature 6,. (We will see in the

examples in Section 3 that both, a and 8 have a prefactor deg&e)) = (m&e)) which is

certainly small if the specific heat dgU is large.)
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3 Finite-dimensional examples

3.1 A damped mechanical system

The first example treats a finite-dimensional mechanical system with configuration q €
R™M.The kinetic energy is given by a positive definite mass matrix M € R™™M, and the free
energy I : R™ x (0,c0) depends on g and the temperature 68, which is assumed to be the
same for the whole mechanical system. The full state space is 2" = T*R™ x (0, ) with
points X = (q, p, 6) where p= Mq is the momentum.

The total energy is &(q,p,6) = 3(p.M(q)~1p) +U(q,H) with the free energy T(q,6) =
P(q,0)—00eW(q,0) and the entropy is .7 (g, p,0) =3(q,0) = —dgP(Qq, B). Throughout we
assume that the specific heat dgU(q, 6) is positive in the region of interest. We now want
to construct L and K such that the following mechanical system is obtained. Allowing for a
linear mechanical dissipation D(g, 8) € RT{™ the momentum balance reads

The total energy & must be conserved, which gives, after employing the momentum bal-
ance, the relation

0051(q, 8) = (D(0, 8)q+ 03edqW(q, 8),4) = (D(q, 6)M 1p—0d,5(0,8),M~1p). (3.2)

We construct suitable structures L and K in the form

0 | 0 0 0
LX)= | —I 0 A0,0) | andK(X)=[ 0 Kpp(X) Kpa(X) |, (3.3)
0 —A(9,0)T 0 0 Kpe(X)T Kga(X)

P e _ (M~1pD(g8)M1p)
= 355(0.8) 2% 0): Keo(X) = 55amiauae

_ — VA dgu(q,0
06(X) = 35257 D(A, M~ 1p,  Kpp(X) = 243HD(q, 0).

X

Note that the vecto_rﬂ(q, 6) is needed for the exchange of latent heat, which is a reversible
effect. Clearly, LD.¥ =0, KD& =0, and # = 3(K-,-) satisfies

~7 d9u(q,0 _ _
H (X, &q,&p.80) = o) (Ep— 520 5iM 1P, D(q, 0)[Ep— 5:305M 2p]) > 0.
The derivation of this form and the proof that L satisfies the Jacobi identity follows most

easily by deriving the general form (2.13). Using the general thermodynamic variable T =
T(g,0) and Y = (q, p, T) we have the special GENERIC form

Y =M (Y)Lo(Y)MZ(Y)DE(Y) +Ms(Y)Ko(Y)ME(Y)D.Z(Y), (3.4)
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where £(q,p,T) = %(q,M(q)_1p> +U(q,7) and .(q,p,T) = S(q, T). The linear operators
have the form

0O I O I 0O O
_1 T 1
0O 0O arsdqy 0 3.5
0 0 0 I 0 0
Ko=| 0 ©()D(Y) 0 |, Mg = 0 I 0
0 0 0 _grlu aqaZ/T _arlu (M_lp)T 0T1U
We obtain the reversible and irreversible driving forces
;U
aqU _?dqs dqW(q, e<q7 T)) qu—équ
Mo D& = M~p = q and M;D.7 = -39 ,
9y O(q, 1) -1/6

0rS

respectively. Multiplying from the right by M Lo and MsKg we obtain the equation

[ q M~tp
Y = p = _dCIW((L @(q, T)) - D<Y)q s
t ~55(06S.6) + 75 (4. D(Y)a)

where we have substituted M~1p by ¢ in the third component of the right-hand side. This
component contains first a term for the transfer of latent heat and second a term for the
heating by viscous damping.

With the given settings it is now easy to check that (3.4) is exactly the same as the system
(3.1)and (3.2). Choosing T = uwe find U= —0d45(q,u)-q+q-D-q= (dq@ + Dq)-q, where the
right-hand side is the rate of the mechanical work. For T = swe find the entropy production
sb: %q.D.q. Finally, choosing T = 0, we recover L = MyLOM*? and K = MEKOM% as given
above.

3.2 A-rheological example

Next we treat a linear elastic element with g € R™ and an internal state z< R", which can
be generated by combining Kelvin-Voigt elements. All the dissipation is now in the internal
variable z. We start with a formulation based on the entropy. The mechanical system of
linear differential equations is given in the form

M+ Bgq(S)d+ Bgz(S)2+bg(S) =0, VZ+ Byy(S) 'q+ Bx(S)z+by(s) =0, (3.5)

where sis the entropy. This is combined with the total energy

1 .
£(a.p,z9) =5(pM 'p) +1(a,2 )

with 00,2, ) = :—2L<B(s) (@), (D) + (b(s), (%)) +c(9).

(3.6)
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29) and B s the block matrix (E‘iﬁ o), which

is assumed to be positive definite. Moreover, we assume 6 = dsU(q, z,S) > 0. Inserting (3.5)
energy conservation leads to

which is assumed to be conserved. Here b = (

05 = $050(0,2,5) = (:0(0,2,9),V10,0(0,2.9) = (2V2) > 0. (3.7)

Obviously (3.5) contains the driving forces dqu(q,z ) and d,U(q,z ) in the first and the
second equation, respectively. By (2.8) we have dqli(q,z,S) = dqi(0,2,©(q,z,s)), which is
the correct driving force for reversible variables. However, as we have emphasized above
(and will do again below, see Section 4.2) the latter driving force for the irreversible vari-
able z should be better expressed in derivatives of the free entropy 17, namely the form
041(0,2,0(q,2,9)) = —mdqﬁ(q,z, S) by (2.12). However, in the present special case the

difference is just a factor 8, which can be compensated for in V.

We write the above system in the special GENERIC form of Section 2.4 with X =(q, p,z T) €
2 =TRMx R"x R, where T is an arbitrary thermodynamic variable and

0100 00 0 0
100 0 00 0 0

Lo=| o 0 oo| 29 K=|g g gvto (3.8)
0 000 00 0 0

with 6 = ©(q,z 7). Using £(q,p,z T) = 3(p,M~1p) +U(q,z T) and .7 (q,p,z T) = §q,2,7)
and the definitions of M, and M & we find the driving forces

qu - edqs qu— %qu
Mz o0pex) = | M P and MH(X)D#(X)= | M P
7 0ZU - 9028 & aZS_ %azu
6 1/0
and arrive at the evolutionary system
M~1p
OqU — 604S

6V —1(9,S— M)
—355(05S.0) — 575 (0, BV 1(9,S-50V))

Clearly, the first three equations are correct. To see that the fourth equation is also the
right one, it suffices to choose T =s. Then 9;S= 0= d,Sand U = (U, and we arrive at
S= %(é}ﬁ,V*lé'zG} as in (3.7), which shows that the second law of thermodynamics holds.
In fact, the advantage of the general form is that we may also choose T = u to obtain
(because of d,U =0)

u= —9<(9q§(q, Z, U),q> = <0QW(q7 Z, O(q7 Z, U)),q>,

which shows that the first law of thermodynamics holds (i.e. the internal energy is only
changed by changes of the mechanical work, but not by changes of 2).

13



Another important point of the GENERIC structure is that it allows us to introduce more
general dissipation mechanisms. Clearly, we could add damping in the form D(q,z s)q to
the first equation of (3.5) by simply adding K,> = 8D as second diagonal block for Kg in
(3.8). Yet if we want to have cross-damping in (3.5), then Kg needs to have off-diagonal

blocks in the form
0O O 0O O

0 Koo Kpz3 O
0 KJ; Kgz3 O
0O O 0O O
Using T = sas in (3.5) leads to the nontrivially coupled system

Mq + a(][]((L Z, S) + KZZq + K23azﬁ(q7 Z, S) = 07 zZ+ K;Sq + K33azﬁ<q7 Z, S) =0.

Without the GENERIC form, it would be much more difficult to find the correct way K3 has
to occur in both equations. Moreover, it is now easy to derive the equation for s, U, and 6.

Ko=0

4 GENERIC from for generalized standard materials

We consider a body Q which is described by the deformation ¢ : Q — RY, the internal state
z: Q — R™M and the temperature 6 : Q — ]0,|. The reference density p : Q — [0,00[ is
assumed to be fixed.

We will consider several thermodynamic densities like the free energy, internal energy, or
the entropy defined at every point X in the body. We consider them as functions of x and
(@,0¢,2,02) as well as a generic thermodynamic variable 1 like temperature 0, internal
energy u, or entropy S.

Before starting the derivation of the balance equations from GENERIC we provide a con-
sistent notation for various differentials and give the definition of a=dy. After discussing
the purely dissipative Penrose-Fife model in Section 4.2, we consider the simple system of
thermoviscoelasticity in Section 4.3. The addition of internal variables like plasticity will then
be discussed in Section 4.4. We conclude this section by looking at a simplified model with
small strains.

To simplify the presentation, we will consistently drop all surface integrals. Whenever we
use the divergence theorem we assume that the corresponding surface fluxes vanish by
the choice of the boundary conditions. This is consistent with closed systems which are
thermally insulated, i.e. they satisfy [J8 - v = 0 on Q. Similarly, we assume that 0Jz-v =0
for internal variables z. For the deformation @ we may either assume that ¢ =0on IMpj; C 9Q
or that the stresses are 0 on 'ney = dQ\T pjr-

4.1 Notations of differentials

We will use the following notations for different types of derivatives of densities h and func-
tionals .7Z given in the form

h=H(wOw) and %(W,r):/QH(W(X),DW(X),T(X))dx,
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where w stands for @, z, or both. The functional derivative Dy.7# is the same as the varia-
tional derivative dyh, namely

auH & gyH — div (3puH), 5:H = d;H,

Dwﬁ:a/vH, DT%:aTH.
We also need a directional derivative, where the integration by part is not used. For this we

write
AwH (w, Ow, T) [V] %1 gH (W, 0w, T)-V+ I H (w, Ow, 7):0v

While the above notions are standard, we now introduce a new notation for variational

derivatives. For a scalar function a : Q — R and h and .5# as above we write

def

axDy (W, T) & arx8yH (wOw, 7) & adyH (w, Ow, 7)—div (adnwH (WOw,T)).  (4.1)

Here the operation “a*d,," should be seen as one operator acting on the density H not as a
composition of two operations. Clearly we have linearity in a. If H does not depend on [w,
it is the simple multiplication, but otherwise we have

axSuH = a yH — Da-dq,H. (4.2)

The last term is only O if a is constant of if H does not depend on [lw. which is not O for
nonconstant d. In the applications below a will be either 8 or 1/8 and we are certainly
interested in nonconstant temperature.

The importance of this notion is seen when we consider the relation of D7 = d,h and
Aywh. The following identities will be useful below:

axdwH-v = alyH[V] —div (av-dn,H), (4.3a)
= <a*DW%(W,T),v):/Qa*d,\,H-vdx:/QAWH V] a dx. (4.3b)

4.2 The phase-field model of Penrose and Fife

The problem of appearing gradients of internal variables was realized first in phase-field
models, where z: Q — R is a phase indicator. A first correct temperature-dependent model
was introduced in [PeF90], see also [PeF93] for further discussion of the thermodynamic
correctness and [SpZ93] for an analysis giving existence and uniqueness results.

Most often, the Penrose-Fife model is given in the form

Yo(2)
6

which associates with the energy and entropy functionals in the form

K(z6)
02

2= m(z,6) (kAz— @} (2) — ), O+ p(2)z = div( 06), (4.4)

£(2,0) = QU (z(x),0(x))dx  with U(z,6) = cO + yin(2),

S (2,0) = /Q S(z,0z, 1) dx with §(z,0z, 1) = clog8 — Y11 (2) — g\Dz\z.
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Since this model does not contain reversible processes, we expect a GENERIC structure in
the purely dissipative form (§) = MsKoMD.~. Obviously we find

1 0 m(z,6) 0
Mg = 4,E and Kp(z 6) = < ! . ) ,
¢ < —55 ac ) (2,6) 0 —div(k(z6)00)

where [ indicates the position into which the argument has to be inserted. Note that the
driving force M, D. takes the form

. 1 %Y 5,S 5S— 1aU
Mny:(o ﬁu><03)2< 192)’
doU 6 2]

where we used the relation dgS/dgU = 1/6.

While the above Penrose-Fife model (4.4) is for the special free energy ¢ = P(z,0z,0) =
—cO(logb—1) + Yo(z) + G(Lpl(z)+'§|Dz|2), we now emphasize that even in the case of a
general ¥ the thermodynamically consistent form is

_w)

2= m(z,0)8(—

u-+div (k0(1/6)) = 0.

Thus, the driving force of zis given in terms of the free entropy 7 = — /60, namely 5,17 =

55— (1/8)%5U.

Remark 4.1 (Free-energy differentials is not a dissipative driving force)

We emphasize the last point above, since in some works the driving force for z is taken
to be &, = d,U — 0x9,S. Here we show that this leads to thermodynamic inconsistencies.
Hence, we start from

: m m m .. m .1
2= ——8@ = —— 0P+ - div(05,P) # —— 6P +mdiv (). (4.5)
0 0 0 6 0
If we add the correct first law of thermodynamics, namely
u+div (k0(1/6)) =0, (4.6)
then we can calculate the entropy-balance equation as follows. From u= g 4 s we find

1,. : 1, . . .
$= E(U—AZW[Z]) = é(u— 0,@-2— 0, p-02).
Eliminating d,{ via (4.5) we arrive at
$=div(3k03) + k0312 + Z — L[ div (00,9) + 00, P07

To check that the second law of thermodynamics holds we need to show that the last term
%[...] can be decomposed into a positive entropy production term and a divergence of
an entropy flux. However, this is not possible here. Thus, we cannot even guarantee the

integrated version of the second law, viz. %5” > 0 along solutions. In the correct equation
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(4.4) the factor % is inside the divergence and the last expression is a divergence (where
we used (4.3a) with a = 1/0).

Alternatively the phase-field equation (4.5) could be complemented by a correct entropy
equation, namely

s+1idiv(kDik)=Z <« s+div(503) =k|D32+DZ >0

We refer to [Roul0] for the occurrence of such an approach. To check the first law of ther-
modynamics we calculate

U= 05+A[7 = —div (kO3) +div (2-05,9).

Again we find a disturbing term displaying changes of the internal energy induced by
changes of the internal variable. However, the term is a divergence and, hence, has the
nice feature that the global energy & is preserved along solutions.

4.3 Thermoviscoelasticity in GENERIC form

We first postulate a GENERIC system describing an elastic body with temperature depen-
dence by using the direct modeling of GENERIC systems as described above. We then
show that the obtained equations are exactly the classical balance equations for linear mo-
mentum and energy. We will stay close to the special GENERIC form in Section 2.4, but
we need to change slightly the dissipation structure to obtain viscoelasticity. We refer to
Remark 4.2 for more general dissipation mechanisms.

The energy functional & and the entropy functional . are given as follows:

£(9.0.1) = | E(x 900,000, P00), 7)o
1
2p(x)

#(9.p.1) = [ Sx,09(9. ()

with E(x, @,F,p,T) = PI?+U (X F,7) = f (X0,

where p is the fixed density in the reference configuration and f,, is a volume force. For
notational simplicity we will not write the explicit dependence on x € Q in the sequel. In
principle, we may have more complicated dependence of E on @ (like for centrifugal forces),
but then Smay also depend on @.

We use a variant of the special GENERIC form (2.13) for X = (@, p, T), namely
X =My LoM% D& +NgKoN:D.7, (4.7)

where we use the following simple structures:

O I 0
Lo= —1 0 0 |, Ko=diag0,Kyisco,Kneat)- (4.8)
0O 0O
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Here Kyisco contains the viscoelastic terms, and Kyegt gives the heat conduction with Kheatl =
0. We will specify these operators below.

We recall the definition of M »», and its adjoints from Section 2.4 to obtain

| 0 0 | 0 —(55)%0pS
Mg = 0 I 0 andMo, =1 0 | 0 , (4.9
1 1
—asBeSH] 0 55 00 45
where “[J” indicates where the argument should be inserted. For N we use
I 0 0 I 0 —(@%>*§¢E
Ng = 0 —div 0 |andN;=| 0 O =F
1 1 . 1 ]
~oufeBHl —5ulED 5y 00 5y

It is important here to note that Ny maps RY x R99 x R into RY x RY x R, i.e. the second
column needs a matrix in R9%9 as an argument, whereas the second row produces a vector
in RY. Similarly, N7 converts a vector into a matrix. Moreover, as was already done in N7,
we will continue to use F as the shorthand for O0pE = D(p p) = Do.

As in Section 2.4 we obtain the orthogonality relations from

0 0
M5 (X)D.#(X)= | 0 | e RIxRIxR and N;(X)D&E(X) = [ 0 | € RIXRI*IxR,
1 1
More importantly, the driving forces are given by
M?,D& = P and N;D.¥ = “1E
6 1/9
Inserting this together with (4.8) and the definitions of M » and N into (4.7) we find
) 1
¢ oP _
p | = —(8pU — 8+8,S) —div QKV,SCO(‘elF)> (4.10)
r Aq)S[p p] 1 F Kwsco( F) + U Kheat(%)

Using dyS= 0 the first term in the third component is 5 A¢S[pp] = éé‘FS:F.

We now show that (4.10) really provides the classical equations of thermoviscoelasticity, if
we choose Kyjisco and Kpeat as follows

KviscoA — eAA and Kheata —_ — dIV (KDG),

where A is a positive (semi) definite viscosity operator of fourth order (which may depend on
F = 0@ and 0) and K is a positive definite heat conduction matrix (which may also depend
on F and 6). Eliminating p from the first component in (4.10) yields

p@=—f o +div(dU — B S+AF),
0:U T = (00 S+AF):F +div(%00).
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To find the classical form we choose T = 0, which givesU =0=7 — 09y, S=5= —0dg .
We are lead to the classical system for thermoviscoelasticity, viz.

p@=—Tf,q+div(deW+AF), 65=F:AF +div(506), (4.11)

where we used s= —dp W (F, 6) giving $= —9ZQ(F, 0)6 — dgdrW(F, 6):F. More discussion
on the thermodynamic correctness (first and second law of thermodynamics) is given in the
following subsection, where plasticity is included as well.

Remark 4.2 (Different viscous dampings) One may wonder why it is necessary to use
the operator N instead of M for the dissipation structure. Here we shortly give the dif-
ferences obtained from using M. The damping will be different, but still consistent with
thermodynamics. We now define K(X) = MsKoM with

| 0 0 | 0 —(5)*0E
Mg = 0 I 0O |and Mi=| O | — L ,
¢ A A EMO -1 9.ET L ¢ diuq’
7uleEL] —35%E" 35 00 aU

where we continue to use (p in place of dpE = %p. Note that Ms and M}, take a vector in
RY as the argument for the second column. For Ko we use the block-diagonal operator

~ : ~ . 6 6
KO — dlaqo7 KViSC07 Kheat) Wlth Kviscov — EV'AO'V"‘ E DV:A]_: DV.
With this choice the first equation of the classical system (4.11) turns into

p@=—f o +div (GT) — Ao+ div (0A10(3 9)).

While the term with Ag gives classical linear damping, the term involving A1 expands into
div (A1(F + 500@¢)), where the last term seems to be quite unusual in the modeling of
viscous solids.

4.4 GENERIC formulation for Generalized Standard Materials

We proceed as in the previous section but now we allow for an additional internal variable z,
which occurs in the internal energy and the entropy together with its gradient Lz. Thus, this
section generalizes the isothermal theory for a large class of dissipative solids (also called
generalized standard materials), see e.g. [ZIW87, Hac97, Mie06]. A general nonisothermal
treatment doesn’t seem to be available.

We consider functionals of the form
£(9.p.21) = [ E(x 00,0009, p(),20), 02 T()) ¢

1
with E(x, @, F, p,z AT) = m|p|2+U(X,F,Z,A,T) — fuo(X)- @,

7(@.p.27) = | S 0p(x.20), 020x), 7(4)
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To include viscoelasticity, we use the same slight variant of the special GENERIC form
(2.13) as in the previous subsection. For X = (¢, p,z, T) we consider

X = M (X)LoM%, (X)D&(X) + N ds H#o(X; Nj (X)D.7 (X)), (4.12)

where now 95 % is the subdifferential of a general entropy-production potential 2 replac-
ing the linear operator Kg. To handle viscoelastic, thermoplastic materials we choose % to
contain viscoelastic effects, plastic dissipation, and heat conduction in the form

Jo(X; Z¢p7 Zp7 (7, (7)) = Hisc(X; Zp) ‘i‘%/plast(X; {z) + Jhear(X; {r), (4.13a)

where the viscous and the heat part are as above, namely
Hisc(X; Zp) = /Q QZp:AZde and  heat(X;{r) = /Q O0¢r-kOr dx,

where we recall that {p € R9? is a matrix, which associates with F.

The new part is the plastic entropy production, which is not a quadratic functional. The
primal plastic entropy-production potential is assumed to have the form

Driast(X,2) = /Q Gprast(%, F (%), Z(X), T(X); 2(x)) dx,

where Gyjast(...; 2) is typically of the form

Goplast(--:2) = G1(...;2) + %'z:@(...):'z.
Here the symmetric and positive definite tensor G models viscoplastic effects, whereas
Gai(...,-) models the rate-independent plasticity, because it is positively homogeneous of de-
gree 1, i.e. Gy(...; ¥2) = yGi(...; 2) for all y > 0. The simplest form is G(...;2) = %ine|d(...)\'z|,
where the yield stress gyielq may depend on (F,z, 68). The dual entropy-production potential
Hplast is obtained by Legendre-Fenchel transform, which can be done independently for
each x € Q. With Kpjast(-.; ) = Gyjag(---; -) We obtain

a%/plast(X; éz) = /Q Kplast<x7 F(X)7Z(X)7 T<X); £Z<X)) dx.

We now build the GENERIC system in the form (4.12) with %5 from above,

0O 1 0O I 0 0 0
-1 0 0O 0 I 0 0
Lo= 0 000l My = 0 0 | 0 , (4.13b)
0 000 550050 0 —3%4,90] 55
and the modified operator Ng defined as
I 0 0 0
0 —div 0 0
Ne = 0 0 | 0 (4.13c)
1 1 1 1
— 30 DGE[O] — 7.0 OopE:0 — 7.0 NE O] 3.0



By construction we have M%,D.# = (0,0,0,1)T and N;D& = (0,0,0,1)" and the noninter-
action conditions (2.4) hold. Moreover, we find the driving forces

OgU — 6%8,S 3pS— {%*apu
1 !
=P i
M%,D& 50 " 0455 and N:D.7 sty |
6 1/6

where again F was used as abbreviation for [dpE. Inserting this together with (4.13) into
(4.12) we arrive at

1
1p
p -
—(3pU — 6x3¢S) + 0z, Hijisc(.-; — 5F)
N az%|ast(...,6zs—%*6zu)

Y -
3TS" + F(';:\QF - (;TLUAZU [(95 Kplast(---; 628_%*6ZU)] + ariuﬁzrc%/heat(%>

~- N.-c..e.

This model provides a thermodynamically consistent system for thermoviscoelastic vis-
coplasticity, or more generally for general dissipative solids.

We now discuss the form of the latter system in more detail. The first two components can
be written as the usual balance of linear momentum in the form

PP = divEgasi — Fuo  With Zejast = 9gU — 09 S+ AF. (4.14)

The third component gives the plastic flow law, which can be rewritten using the primal
entropy-production potential Gyas in the two equivalent forms

: 1 L1

Finally, the last component gives the energy-entropy balance. To check the first and second
law, we choose T = U and T =S, respectively.

First law of thermodynamics. For the case T = u we use that S(w,u) = §(w,u) gives
0,S=1/6 and 63,S(w,u) = =y (W, B(w,u)). Thus we have

U= (k@ +F:A):F —div(KO(1/6)).

The first term on the right-hand side is Ze|ast:F and represents the rate of the mechanical
work, while the second term is the divergence of the heat flux. Thus, the first law of ther-
modynamics holds in its local form, as the internal energy is not influenced by changes of
the internal variable z. Moreover, we easily obtain the conservation of the total energy & by
using (4.14) and the divergence theorem.
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Second law of thermodynamics. For the case T = s we have the relation u = t(w,s),
which provides 8 = dsU and d,U(w,s) = dw (W, 8(w, S)). Thus we find the relation

$= %F:A:F - %Azﬁ['z] - % div(KO(1/6)).

The last term on the right-hand side is reformulated routinely as
—&div(kO3)) = 03-k-05 —div (§K03),

which gives a positive entropy-production term plus a divergence term. The second term
on the right-hand side can be reformulated similarly, because multiplying (4.15) by z yields

. . 1 _ . . .1,
2:0:Gpjast (.-, 2) = —5*6Zu~z: —NU[Z +d|v(52-0gzﬁ),

where we used the identity (4.3a) with a = 1/6. We find
1 .. .
—5AZU 2] = 2.0;Gplast(.., 2) — div( 92 o).

Thus, defining the entropy flux heny = §2:90,0+ K07 yields

$—divheny = 08U > 0 with &M% = & (F:A:F + 2-0:Gpiast (... 2)) + 05-K-0%,

where agr”cfg is the entropy-production rate.

Summarizing we find the increase of the total entropy in the form

% SX()) = /Q a5 dx= (D(X), # (X;D.7(X))),

where the dual entropy-production potential " is given in terms of %5 and N as follows:

H(X; &y Epy &2, &r) = Ho(X; N (X )(fqﬂ,zp,zz,ér)T)

4.16
=0 (X; Dsp— FEZ *@U,au) (4.16)

4.5 Small-strain thermoelastoplasticity

As an example of the above theory we consider the well-established small-strain case. This
means that instead of the deformation ¢ we consider the displacement u: X — @(X)—

Moreover, the relevant strain measure is the linearized strain tensor e = %(DU+DUT),
which replaces F = [J@ used above. Finally the plastic variables includes the plastic strain
tensor 1(X) € Rggvd ‘= {Ac R4 A=AT trA=0}. For simplicity we restrict ourselves
to kinematic hardening where no further plastic variable is needed. However, the theory
works equally well, if further variables like hardening parameters are included. We refer
to [BaR08, BaR10] and the references therein for thermoelastoplastic models with small
strains. There, existence results for the fully coupled system are derived for linearized

elastoplasticity.
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The classical modeling uses the variables X = (u, p, 11, 8) and the free energy in the form
(2.10), namely

1 1
Ple,mO)=—cOH(logb—1)+ é(e—n):C:(e—n) + én‘.H: m+ OA:e, (4.17)
where C, H, and A are the elasticity tensor, the kinematic hardening tensor, and the thermal
expansion tensor, respectively. The first are assumed to be uniformly positive definite and

all of them may be bounded measurable functions on Q. According to Example 2.2 we
obtain the functionals

2y — [ L o2 1 Ol gyt L. %Y — A
£(X)_/Q%|p\ +c9+§(e—n).(c.(e rt)+2n‘.H.ndx, Y(X)_/choge Azedx.

The Poisson structure L(X) takes the form as is M?LOM*? with Lo from (4.13b). We obtain

the latent-heat transfer operator <7 (X)&g = div (@A), where we used dgS=c/60 and d.S=
A. Using the heat capacity dg = c the dual entropy-production potential takes the form

K (X; &, Ep, Em, &) = /Q 8 (D&p—22¢):Avis(e, T, 0): (DEp—22e)
2
+ Kpiast (€, T, 6; f,,—f—gzp.) + M\D%"\zdx,

where X def JOnd = C(m—e) + Hm. As a conclusion we see that the reversible part of the
generalized GENERIC system X =L(X)D&(X) + s % (X,D.#(X)) is given by

0 | 0 0 —div(C(e—m)) u
pz—| ' © 0 (X) 5P _ [ div(C(e-m) +64)

O 0 0 O C(m—e)+Hm 0

0-—Z(X)* 0 0 c fAe

Using D.7(X) = (divA,0,0,c/8), the entropic part is
0
0s A (X, D7 (X v (M)
E ( ’ ( )> - aZKpIast(ea n7 9;_%zpl)
161 \ise — 207 Kptast (s — 5 Zpl): Zpi + 2 div (k06)

Clearly, we obtain the classical equations for thermoelastoplasticity with temperature as the
thermodynamics independent variable, see [BaR08, BaR10].

5 Quasistatic models as entropy-driven systems

We first treat the quasistatic approximation first on the abstract level and then apply it to
thermoviscoplasticity. We restrict to the case that there is no viscoelastic damping, since
otherwise the analysis gets much more involved.
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5.1 The abstract quasistatic limit

We consider a GENERIC systems for X = (q, p, z T) with total energy and entropy & (X) =
2—1£<M_1p, p)+®(q,z 1) and .¥(X) = (0,2 T). In the quasistatic limit we neglect inertia
terms by assuming that the density p = €, which then is sent to 0. Thus, p will be eliminated.

We use the abbreviation w = (z, 1) and consider a GENERIC system where L and K have
the block structures

0 I 0 00 0
LX)=1| —I 0 Algw) |, KX)=1 0 0 0
0 —A(gw)* 0 0 0 Kuww(g,w)

Assuming that K has only one block clearly excludes viscoelasticity, but it allows for ther-
moviscoplasticity.

For the quasistatic limit we assume p = O(€) and are left with the equations

We first observe that solutions t — (q(t),w(t)) of this systems satisfy ®(q(t),w(t)) = const.,
where we use the GENERIC structure condition KD& = 0, viz. KywDw® = O:

GO(q(t),W(t)) = (Dg®,G) + (DB, W)
= (Dg®, ) + (DPw, —A(d, W) "q + KuwDw-7(d, W))
= (Dg® — A(g, W) DDy, §) + (KywD P, Dy (q,W)) = 0+ 0.

(We may also assume to have a driven system in the form &y, (t, X) = &(X) — (£(1),q), then
we find §P(q(t), w(t)) = —(£(t),q).)

We now assume that the static equation 0 = —Dq®(q, w) + A(d, w) Dy, P (g, w) can be solved
(at least locally) in the form g = Q(w) and define the quasistatic, reduced entropy function

L8 via LB (w) oef < (Q(w),w). For its differential we have

D.7%(w) = DQ(W)*Dg. (Q(W), W) + D7 (Q(W), W) = (I+B(W))*Dw.# (Q(W), W)

with B(w) def A(Q(w),w)*DQ(w), where we have used LD.# = 0. Thus, the second equation

in (5.1) gives W= —B(w)W+ KwwDw-#, and we find the desired entropy-driven system
W= K®(w)D.7%(w), where KI(w) = (I+B(W)) Ky (Q(W), W) (1+B(w))*.  (5.2)

If we start from a generalized GENERIC system, where K is not a linear operator, we
can proceed the same way by using the dual entropy-production potential 2" : (q,W, éw) —
(9, w; éw). As above,the final equation for w is the generalized gradient system

T QW)W (14+B(W) "p).  (5.3)

Defining the reduced energy functional ®eqVvia Preq(W) def ®(Q(w),w) and using DPeqg(W) =
(1+-B(w))*Dw®(Q(w), w) we obtain from J#(q,w; {+ADy®(q,w)) = % (q,w; {) the nonin-

teraction condition

W= 0y ®(w;D.7%(w)), where 2% (w; u)

H B (W; 4+ ADDreg(W)) = 2% (w; ).
This confirms that ®,¢q is constant along solutions of (5.3).
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5.2 Quasistatic small-strain thermoviscoplasticity

Our aim is to derive a generalized gradient structure for quasistatic small-strain thermovis-
coplasticity, where the entropy .# is the driving functional, i.e. the state W evolves according
to

W = 9, W*(W,+D.7(W)) <= 0€ d;¥(W,W)—D.7(W).
We follow that abstract approach from the previous subsection for a thermoviscoplastic
system as given in Subsection 4.5, but without viscoelasticity, i.e. A = 0. We start with the
thermodynamic variable T = s, such that .o = 0. We consider the situation of Section 4.5

with displacement u: Q — RY, small strains e(u), and the plastic variable z= 1. The entropy
and potential energy are

57(u,z,s):/ sdx and CTJ(U,Z,S):/ U(e(u), mm,s) dx,
Q Q

where we assume that U depends strictly convex on e, which holds for the case given in
(4.17) after doing the transformation in Example 2.2. In the quasistatic setting the elastic
displacement u is minimized out such that u= Q(1t,s) = argmin{ ®(u, 77,s) [u € H3(Q) }. The
solution is unique since the integrand of P is uniformly convex in e. This solution solves the
(static) equilibrium of linear momentum, since &,¢ = &,u because of §;S= 0.

From the dual entropy-production potential (4.16) for T = s and with A = 0 we derive the
quasistatic dual potential -7 % via (5.3) and B = 0 as follows:

ﬁS(Z, S &m &s) = Jo Kplast (-3 En—%dnm T iZK ‘ D(%S) ‘de’

where 6 = dsli(e(Q(m,s)), m,s). Together with .75 (11,s) = .#(0,0,5) = [, SdX, this defines
the generalized gradient system for (1T, s), namely

( aZKp|aSt("7_%anU(”)> ) (5 4)
07 Kptast(-; — §0nt(..)):(—0nU(..)) + & div (k00)
The structure of the equation reveals that the first equation is the plastic flow rule, while

the entropy balance shows the entropy production and flux through plastic changes and
through heat conduction.

(2) = our® (i @) -

Often the formulation in terms of w = (1T, 0) is more desirable. This is easily obtained by
using the transformation (71,s) = (z,5(e, 1, 6) ), where e = e(Uu) is now obtained as a function
of (1T, 0) via solving the static balance of linear momentum 0 = &, = dyU — 6xS.

For simplicity we now assume that ¢ is given in the form (4.17). Then, the equation for u
reads 0 = div(C(e(u)—m) + 6A). Thus, the dependence u= Q(1, 0) is linear. More specif-

ically, we define the bounded linear operator . mapping LZ(Q;RdXd) into itself via solving

0 =div(Ce(u) —M) for uy; as a linear function of M and then setting .ZM & e(uy). Obvi-

ously, . is a symmetric, nonlocal pseudo-differential operator of order 0 and satisfies the
positivity relation

/ M:.ZMdx = / PM:C.ZMdx > 0.
Q Q
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With this construction the unique solution u = Q(1, 0) satisfies e(u) = £ (Cm— 6A).

Thus, we obtain the reduce entropy functional

7%(m,0) = / clogf + A:.Z(0A) — A1.Z(C) dx.
Q

To transform the generalized gradient system (ﬁs,ﬁs), see (5.4), from the variables
(m,s) into (11, 6) we use the derivative derivative

D@“”e) B ( —A:DSI”((CD) c/9+Ac=)-i” (DA) )

The lower diagonal element defines a symmetric and invertible operator, because of |, gBZ+
BA:Z(BA)dx > [o§B%dx > 0. We denote the inverse operator by % and define

N* (11, 6) d:efD<7_sT)(n,9)‘* = ( g C.Z(g:mx) )

With this we obtain the transformed dual entropy-production potential
(M0 {n,lo) = A (MS(.);N"(1,0) () = # (MS(..); {n— CL(Boloh), Bole)
= Jo Kptast (i &z — C.Z(ZoloA) — 242 0n0) + §|0(Z5%) | *dx.

Thus, we have successfully derived the quasistatic generalized gradient system <?qs,7qs)
for the variables (1T, 0), namely

g A (m 0;D7"(m e))>

m\ . —as D.7% =

0

Unfortunately, the nonlocal operators . and % make the analysis of the system quite
involved.
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