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F o u n d a t i o n s  o f  t h e  N e w  F i e l d  .

B y  M . Bo r n  a n d  L . lN F E L D ,t C a m b r id g e .

(C om m unica ted  b y  R . H . F o w ler, F .R .S .— R ece iv e d  J a n u a r y  26, 1934.)

§ 1. Introduction.

T h e  re la tio n  o f  m a t te r  a n d  th e  e le c tro m a g n e tic  fie ld  c a n  b e  in te r p r e te d  

from tw o  o p p o s ite  s ta n d p o in ts  :—

T h e  f irs t  w h ic h  m a y  b e  c a lle d  th e  U n i t a r i a n  s t a n d p o i n t ^ .  a ssu m e s  o n ly  one 

physical e n ti ty , th e  e le c tro m a g n e tic  field . T h e  p a r t ic le s  o f  m a t t e r  a re  c o n -  

iidered  a s  s in g u la r itie s  o f  th e  fie ld  a n d  m a ss  is  a  d e r iv e d  n o t io n  to  b e  e x p re s s e d  

by field  e n e rg y  (e le c tro m a g n e tic  m ass) .

T h e  seco n d  o r  d u a l i s t i c  s t a n d p o i n t  ta k e s  fie ld  a n d  p a r t ic le  a s  tw o  e s s e n t ia l ly  

lif fe re n t agencies. T h e  p a r t ic le s  a re  th e  so u rces  o f  t h e  fie ld , a re  a c te d  o n  b y  

the field  b u t  a re  n o t  a  p a r t  o f  t h e  fie ld  ; t h e i r  c h a ra c te r is t ic  p r o p e r ty  is  in e r t i a  

m easu red  b y  a  specific c o n s ta n t ,  t h e  m ass .

A t th e  p re s e n t  t im e  n e a r ly  a ll  p h y s ic is ts  h a v e  a d o p te d  th e  d u a lis t ic  v ie w , 

w hich is  su p p o r te d  b y  th re e  fa c ts .

1. The failure o f  a n y  a t t e m p t  t o  d e v e l o p  a U n i t a r i a n  t h e o r y . — S u c h  a t t e m p t s  

aav e  b e e n  m a d e  w ith  tw o  e sse n tia lly  d iffe re n t te n d e n c ie s :  ( a )  T h e  t h e o r i e s  

s ta r te d  b y  H e a v is id e , S e a rle  a n d  J .  J .  T h o m so n , a n d  c o m p le te d  b y  A b ra h a m , 

L oren tz , a n d  o th e rs , m a k e  g e o m e tric a l a s su m p tio n s  a b o u t  th e  “  sh a p e  ”  a n d  

Sdnem atic b e h a v io u r  o f  th e  e le c tro n  a n d  d is t r ib u t io n  o f  c h a rg e  d e n s i ty  ( r ig id  

electron  o f  A b ra h a m , c o n tra c t in g  e le c tro n  o f  L o r e n tz ) ; th e y  b re a k  d o w n  

because th e y  a re  co m p elled  to  in tro d u c e  co h esiv e  fo rces o f  n o n -e le c tro m a g n e tie  

origin  ; ( b )  th e  th e o ry  o f  Mie§ fo rm a lly  a v o id s  th is  d iff ic u lty  b y  a  g e n e ra liz a tio n  

of M axw ell’s e q u a tio n s  m a k in g  th e m  n o n - l in e a r ; th is  a t t e m p t  b re a k s  d o w n

t  R e sea rch  F e llo w  o f  t h e  R o c k e fe lle r  F o u n d a t io n . I  s h o u ld  l ik e  t o  t h a n k  t h e  R o c k e ­

feller  F o u n d a tio n  fo r  g iv in g  m e  t h e  o p p o r tu n ity  t o  w o r k  in  C a m b rid g e .

t  T h is  ex p ress io n  h a s  n o th in g  t o  d o  w it h  “  u n ita r y  ”  f ie ld  t h e o r y  d u e  t o  E in s te in , W e y l ,  

E d d in g to n , a n d  o th er s  w h ere  t h e  p r o b lem  c o n s is t s  o f  u n it in g  t h e  th e o r ie s  o f  g r a v it a t io n a l  

a n d  e lee tro -m a g n etio  fie ld s in t o  a  k in d  o f  n o n -R ie m a n n ia n  g e o m e tr y . S p e c ia l ly  s o m e  o f  

E d d in g to n ’s  form ulae, d e v e lo p e d  in  § 101 o f  h is  b o o k  “  T h e  M a t h e m a t ic a l  T h e o r y  o f  

R e la t iv i t y  ”  (C a m b r id g e ) , h a v e  a  r e m a r k a b le  f o r m a l  a n a lo g y  t o  t h o s e  o f  t h i s  p a p e r , i n  

3p it e  o f  th e  e n t ir e ly  d if fe r e n t  p h y s ic a l  in t e r p r e t a t io n .

§ ‘ A n n . P h y s ik ,’ v o l . 3 7 , p . 6 11  ( 1 9 1 2 ) ;  v o l .  3 9 , p . 1 (1 9 1 2 ) ;  v o l .  4 0 , p . 1 (1 9 1 3 ). A l s o  

B o rn , ‘ G o ttin g er  N a c h r ,’ p . 2 3  (1 9 1 4). 2

2 FVO L. C X LIV .— A .
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426 M. B orn  an d  L . In fe ld .

b e c a u s e  M ie ’s  f ie ld  e q u a t io n s  h a v e  t h e  u n a c c e p ta b le  p r o p e r ty ,  t h a t  their 

s o lu t io n s  d e p e n d  o n  t h e  a b s o lu t e  v a lu e  o f  t h e  p o te n t ia l s .

2. The result o f relativity theory, t h a t  t h e  

o n  v e lo c i ty  is  i n  n o  w a y  c h a r a c te r i s t ic  o f  e le c tro m a g n e t ic  m a ss , b u t  can  be 

d e r iv e d  f ro m  t h e  t r a n s f o r m a t io n  la w .

3. L a s t ,  b u t  n o t  le a s t ,  the great success o f quantum, mechanics w h ich  in  its 

p r e s e n t  f o rm  is  e s s e n t ia l ly  b a s e d  o n  t h e  d u a l i s t ic  v ie w . I t  s t a r t e d  fro m  the 

c o n s id e r a t io n  o f  o s c il la to rs  a n d  p a r t i c le s  m o v in g  in  a  C o u lo m b  f ie ld ; the 

m e th o d s  d e v e lo p e d  i n  th e s e  c a se s  h a v e  t h e n  b e e n  a p p l ie d  e v e n  t o  t h e  electro­

m a g n e t ic  fie ld , t h e  F o u r ie r  c o e ff ic ie n ts  o f  w h ic h  b e h a v e  l ik e  harm onic 

o s c il la to rs .

B u t  t h e r e  a r e  in d ic a t io n s  t h a t  t h i s  q u a n tu m  e le c tro d y n a m ic s  m e e ts  con­

s id e r a b le  d iff ic u ltie s  a n d  is  q u i te  in s u f f ic ie n t  t o  e x p la in  s e v e ra l  fa c ts .

T h e  d iff ic u ltie s  a r e  c h ie f ly  c o n n e c te d  w i th  t h e  f a c t  t h a t  t h e  se lf-en e rg y  of a 

p o in t  c h a rg e  is  in f in ite ,  f  T h e  f a c t s  u n e x p la in e d  c o n c e rn  t h e  e x is ten ce  of 

e le m e n ta r y  p a r t ic le s ,  t h e  c o n s t r u c t io n  o f  t h e  n u c le i ,  t h e  c o n v e rs io n  o f  these 

p a r t i c le s  i n to  o th e r  p a r t i c le s  o r  i n to  p h o to n s ,  e tc .

I n  a l l  th e s e  c a se s  t h e r e  is  s u f f ic ie n t  e v id e n c e  t h a t  t h e  p r e s e n t  th e o r y  (form u­

l a t e d  b y  D i r a c ’s  w a v e  e q u a t io n )  h o ld s  a s  lo n g  a s  t h e  w a v e - le n g th s  (of the 

M a x w e ll  o r  o f  t h e  d e  B ro g l ie  w a v e s )  a r e  lo n g  c o m p a r e d  w i th  t h e  “  rad iu s  of 

t h e  e le c t r o n  ”  e2/m c 2, b u t  b r e a k s  d o w n  f o r  a  f ie ld  c o n ta in in g  s h o r te r  waves. 

T h e  n o n - a p p e a r a n c e  o f  P l a n c k ’s  c o n s ta n t  i n  t h i s  e x p re s s io n  f o r  th e  radius 

in d ic a te s  t h a t  i n  t h e  f i r s t  p la c e  t h e  e le c tr o m a g n e t ic  la w s  a r e  t o  b e  m od ified ; 

t h e  q u a n tu m  la w s  m a y  t h e n  b e  a d a p te d  t o  t h e  n e w  f ie ld  e q u a tio n s .

C o n s id e ra t io n s  o f  t h i s  s o r t  to g e th e r  w i th  t h e  c o n v ic t io n  o f  t h e  g r e a t  philo­

s o p h ic a l  s u p e r io r i t y  o f  t h e  U n i ta r ia n  id e a  h a v e  le d  t o  t h e  r e c e n t  a t te m p t^  to  

c o n s t r u c t  a  n e w  e le c tro d y n a m ic s ,  b a s e d  o n  tw o  r a t h e r  d i f f e re n t  l in e s  o f  th o u g h t : 

a  n e w  th e o r y  o f  t h e  e le c tr o m a g n e t ic  f ie ld  a n d  a  n e w  m e th o d  o f  quantum 

m e c h a n ic a l  t r e a tm e n t .

I t  s e e m s  d e s ir a b le  t o  k e e p  th e s e  tw o  l in e s  s e p a r a te  i n  t h e  f u r th e r  developm ent. 

T h e  p u r p o s e  o f  t h i s  p a p e r  is  t o  g iv e  a  d e e p e r  f o u n d a t io n  o f  t h e  n ew  field 

e q u a t io n s  o n  c la s s ic a l  l in e s , w i th o u t  to u c h in g  t h e  q u e s t io n  o f  t h e  quantum 

t h e o r y .

■f T h e  a t t e m p t  t o  a v o id  t h i s  d i f f ic u l t y  b y  a  n e w  d e f in i t io n  o f  e le c t r ic  fo r c e  a c t in g  on a 

p a r t ic l e  i n  a  g iv e n  f ie ld , m a d e  b y  W e n t z e l  ( ‘ Z . P h y s i k , ’ v o l .  8 6 , p p . 4 7 9 , 6 3 6  (1 9 3 3 ) ,v o l.  

8 7 ,  p .  7 2 6  ( 1 9 3 4 ) ) ,  i s  v e r y  in g e n io u s ,  b u t  r a t h e r  a r t i f ic ia l  a n d  le a d s  t o  n e w  d ifficu lties.

%  B o m ,  * N a t u r e , ’ v o l .  1 3 2 , p .  2 8 2  ( 1 9 3 3 ) ;  ‘ P r o c . R o y .  S o o . , ’ A ,  v o l .  1 4 3 , p . 4 1 0  (1934), 

■cited h e r e  a s  I .
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I n  th e  p a p e rs  c ite d  a b o v e , t h e  n e w  fie ld  th e o r y  h a s  b e e n  in tro d u c e d  r a t h e r  

c g m a tic a lly , b y  a s su m in g  t h a t  th e  L a g ra n g ia n  u n d e r ly in g  M a x w e ll’s  t h e o r y

L  =  £  (H 2 — E 2) (1 .1)

(I a n d  E  a re  sp a ce -v e c to rs  o f  t h e  e le c tr ic  a n d  m a g n e tic  fie ld) h a s  t o  b e  r e p la c e d  

lr th e  e x p re ss io n !

L =  ( a  /  1 + i ( H 2 - E * ) - l ) .  (1 .2)

T h e  o b v io u s p h y s ic a l id e a  o f  t h i s  m o d if ic a tio n  is  t h e  fo llo w in g  :—

T h e  fa ilu re  in  th e  p re s e n t  th e o r y  m a y  b e  e x p re sse d  b y  th e  s ta te m e n t  t h a t  

v io la te s  th e  principle of finiteness w h ic h  p o s tu la te s  t h a t  a  s a t is fa c to r y  th e o r y  

lou ld  a v o id  le t t in g  p h y s ic a l  q u a n ti t ie s  b e c o m e  in fin ite . A p p ly in g  th is  

in c ip le  to  th e  v e lo c ity  o n e  is  le d  to  t h e  a s s u m p tio n  o f  a n  u p p e r  l im it  o f  

a locity  c a n d  to  re p la c e  th e  N e w to n ia n  a c t io n  f u n c t io n  \  mv2 o f  a  f re e  p a r t ic le  

y  th e  r e la t iv i ty  ex p re ss io n  m e2 (1 — V l  — A p p ly in g  th e  sa m e  c o n d it io n

a th e  sp ace  i ts e lf  on e  is  le a d  to  t h e  id e a  o f  c lo sed  sp a c e  a s  in tro d u c e d  b y  

lin ste in ’s cosm olog ica l th e o ry . % A p p ly in g  i t  t o  th e  e le c tro m a g n e tic  fie l

i le a d  im m e d ia te ly  to  th e  a s su m p tio n  o f  a n  u p p e r  l im it  o f  t h e  fie ld  s t r e n g th  

and to  th e  m o d ific a tio n  o f  th e  a c tio n  fu n c t io n  (1.1) in to  (1 .2).

T h is  a rg u m e n t  seem s to  b e  q u i te  c o n v in c in g . B u t  w e b e lie v e  t h a t  a  d e e p e r  

o u n d a tio n  o f  su c h  a n  im p o r ta n t  la w  is  n e c essa ry , j u s t  a s  in  E in s te in ’s  m e c h a n ic s  

he d e e p e r fo u n d a tio n  is  p ro v id e d  b y  th e  p o s tu la te  o f  r e la t iv i ty .  A ssu m in g  

h a t  th e  ex p ress io n  me2(1 — \ / 1 — v2jc2) h a s  b e e n  fo u n d  b y  th e  id e a  o f  a  v e lo c

im it i t  is  seen  t h a t  i t  c a n  b e  w r i t te n  in  th e  fo rm

m e2 (1 —

vhere

c2 dr2 — c2 dt2 — dx2 — dy2 — dz2,

tnd  th e re fo re  i t  h a s  th e  p r o p e r ty  t h a t  th e  t im e  in te g ra l  o f  is  in ­

v arian t fo r  a ll tra n s fo rm a tio n s  fo r  w h ic h  dx* is  in v a r ia n t .  T h is  fo u r-d im e n - 

lional g roup  o f tra n s fo rm a tio n s  is  la rg e r  t h a n  th e  th re e -d im e n s io n a l g ro u p  o f  

tran sfo rm atio n s fo r w h ich  th e  t im e  in te g ra l  o f  th e  N e w to n ia n  fu n c tio n

\mo2 — (ds/dt)2 ; ds2 — +  dy2 -J- dz2,
is in v a r ia n t.

t  S ee  B o m  a n d  In fe ld , ‘ N atu re,*  v o l .  1 3 2 , p . 1 0 0 4  (1 9 3 3 ). 

t  S ee  E d d in g to n , “  T h e  E x p a n d in g  U n iv e r s e ,”  C a m b rid g e , 193 3.

2 f  2

F o u n d a t i o n s  o f  N e w  F i e l d  T h e o r y .
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428 M. B orn an d  L. Infeld.

S o  w e b e lie v e  t h a t  w e o u g h t  t o  s e a rc h  fo r  a  g ro u p  o f  t ra n s fo rm a tions for 

w h ic h  t h e  n e w  L a g ra n g ia n  e x p re s s io n  h a s  a n  in v a r ia n t  sp a ce -tim e  integral 

a n d  w h ic h  is  la rg e r  t h a n  t h a t  fo r  t h e  o ld  e x p re ss io n  (1.1). T h is  l a t te r  group is 

t h e  k n o w n  g ro u p  o f  sp e c ia l r e la t iv i ty  b u t  n o t  t h e  g ro u p  o f  g e n e ra l space-time 

tra n s fo rm a t io n s , f  N o w  i t  is  v e ry  s a tis fy in g  t h a t  t h e  n e w  L a g ra n g ia n  belongs 

t o  th is  g ro u p  o f  g e n e ra l  r e la t iv i ty  ; w e  s h a ll  sh o w  t h a t  i t  c a n  b e  d erived  from 

th e  p o s tu la te  o f  g e n e ra l in v a r ia n c e  w i th  a  few  o b v io u s  a d d it io n a l  assum ptions. 

T h e re fo re  t h e  n e w  fie ld  th e o r y  se em s to  b e  a  c o n se q u e n c e  o f  th is  v e ry  general 

p r in c ip le , a n d  th e  o ld  o n e  n o t  m o re  t h a n  a  u se fu l p r a c t ic a l  approxim ation , 

j u s t  in  t h e  sa m e  w a y  a s  fo r  t h e  m e c h a n ic s  o f  N e w to n  a n d  E in s te in .

I n  th is  p a p e r  w e d e v e lo p  t h e  w h o le  th e o r y  f ro m  th is  g e n e ra l standpoint. 

W e  sh a ll  b e  o b lig e d  t o  r e p e a t  so m e  o f  t h e  fo rm ulae p u b lis h e d  in  th e  previous 

p a p e r .  T h e  c o n n e c tio n  w i th  t h e  p ro b le m s  o f  g r a v i ta t io n  a n d  o f  quantum  

th e o r y  w ill b e  t r e a te d  la te r .

§ 2. Postulate o f Invariant Action.

W e  s t a r t  f ro m  th e  g e n e ra l  p r in c ip le  t h a t  a ll  law s  o f  n a tu r e  h a v e  to  b e  expressed 

b y  e q u a tio n s  c o v a r ia n t  fo r  a ll  s p a c e - tim e  tr a n s fo rm a t io n s .  T h is , however, 

sh o u ld  n o t  b e  t a k e n  t o  m e a n  t h a t  t h e  g r a v i ta t io n a l  fo rc e s  p la y  a n  essential 

p a r t  in  t h e  c o n s t i tu t io n  o f  t h e  p h y s ic a l  w o r ld  ; th e re fo re  w e neg lec t the 

g r a v i ta t io n a l  fie ld  so  t h a t  t h e r e  e x is t  c o -o rd in a te  s y s te m s  in  w h ic h  th e  metrical 

te n s o r  gkl h a s  t h e  v a lu e  a s su m e d  in  s p e c ia l r e l a t iv i ty  e v e n  in  th e  c e n tre  of an 

e le c tro n . B u t  w e  p o s tu la te  t h a t  t h e  n a tu r a l  la w s  a re  in d e p e n d e n t  of the 

ch o ice  o f  t h e  sp a c e - tim e  c o -o rd in a te  sy s te m .

W e  d e n o te  s p a c e - tim e  c o -o rd in a te s  b y

x1, x2, z?, cc4 =■■ x, y, , ct.

T h e  d iffe re n tia l  dxk is , a s  u s u a l ,  c o n s id e re d  t o  b e  a  c o n tr a v a r ia n t  vector. 

O n e  c a n  p u l l  t h e  in d ic e s  u p  a n d  d o w n  w i th  h e lp  o f  th e  m e tr ic a l  te n so r  which 

in  a n y  c a r te s ia n  c o -o rd in a te  s y s te m  (as  u se d  in  sp e c ia l r e la t iv i ty )  h a s  th e  form.

f  T h e  a d a p ta t io n  o f  t h e  f u n c t io n  L (1 .1 )  t o  t h e  g e n e r a l r e la t iv i t y  b y  m u ltip l ic a tio n  wi 

• /  — g  i s  q u ite  fo r m a l.  A n y  e x p r e s s io n  c a n  b e  m a d e  g e n e r a lly  in v a r ia n t  in  th is  way.
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t  is  n o t  t h e  u n i t  m a tr ix , b e c a u se  o f  t h e  d iffe re n t s ig n s  in  t h e  d ia g o n a l. T h e re -  

i)re w e h a v e  to  d is t in g u ish  b e tw e e n  c o v a r ia n t  a n d  c o n t r a v a r ia n t  te n s o r s  e v e n  

a th e  c o -o rd in a te  sy s te m s  o f  sp e c ia l r e la t iv i ty .  I n  t h is  case , h o w e v e r , t h e  

u le  o f  p u llin g  u p  a n d  d o w n  o f  in d ic e s  is  v e ry  s im p le . T h is  o p e ra t io n  o n  th e  

n d e x  4 does n o t  c h a n g e  th e  v a lu e  o f  t h e  te n s o r  c o m p o n e n t, t h a t  o n  o n e  o f  t h e  

nd ices 1, 2, 3 ch a n g es  o n ly  th e  s ig n .

W e u se  th e  w ell-k n o w n  c o n v e n tio n  t h a t  o n e  h a s  to  s u m  o v e r  a n y  in d e x  

v h ich  a p p e a rs  tw ice .

T o  o b ta in  th e  law s o f  n a tu r e  w e u se  a  v a r ia t io n a l  p r in c ip le  o f  le a s t  a c tio n  

) f  th e  fo rm

S f dx — 0 , 

We 'postulate: the action integral has to he an invariant. W e  h a v e  t o  f in d  

she fo rm  o f  s a tis fy in g  th is  c o n d itio n .

W e  co n sid e r a  c o v a r ia n t  te n s o r  fie ld  ak l ; w e d o  n o t  a s su m e  a n y  s y m m e try  

p ro p e r ty  o f  akl. T h e  q u e s tio n  is  t o  d e fin e  $£ t o  b e  su c h  a  fu n c t io n  o f  akX 

t h a t  (2.2) is  in v a r ia n t .  T h e  w e ll-k n o w n  a n sw e r  is  t h a t  S£ m u s t  h a v e  th e  

fo r m f  ___

&  — a/|«*.i | > (| a** | =  d e te r m in a n t  o f  (2 .3)

F o u n d a t i o n s  o f  N e w  F i e l d  T h e o r y .  429

I f  th e  field  is d e te rm in e d  b y  se v e ra l te n s o rs  o f  th e  se c o n d  o rd e r , c a n  b e  

a n y  h o m o g en eo u s fu n c tio n  o f  t h e  d e te rm in a n ts  o f  t h e  c o v a r ia n t  te n s o rs  o f  

th e  o rd e r

E a c h  a rb i t r a ry  te n s o r  akl c a n  b e  s p li t  u p  in to  a  s y m m e tr ic a l  a n d  a n ti-  

sy m m e tric a l p a r t :

a k l  — 9kl ~*r f  hi> 9kl 9Ik » fk l =  — flk- (2.4)

T he  s im p lest s im u lta n e o u s  d e sc r ip tio n  o f  th e  m e tr ic a l  a n d  e le c tro m a g n e tic  

field is th e  in tro d u c tio n  o f  one a r b i t r a r y  (u n sy m m e tr ic a l)  te n s o r  ak l ; w e 

id e n tify  i ts  sy m m e tr ic a l p a r t  gkX w ith  th e  m e tr ic a l  field , i ts  a n

p a r t  w ith  th e  e le c tro m ag n e tic  field . J

t  S ee  E d d in g to n , “  T h e  M a th e m a tic a l T h e o r y  o f  R e la t iv i t y ,”  C a m b rid g e , § 4 8  a n d  101  
(1 92 3 ).

T h e  p ro o f is  s im p le  : b y  a  tr a n sfo r m a tio n  w it h  t h e  J a c o b ia n  I  =
d (xx ... x*) 

d (x1 . . .  rc4)
d x  i s  c h a n g e d

in to  d x  =  I  d x  a n d  \ a k i \  in to  \ a k i \  =  \ a k i \  I -2  ; fo r  th e  d x k  a r e  c o n tr a v a r ia n t , a k i  c o v a r ia n t , 

t  a ssu m p tio n  h a s  a lr e a d y  b e e n  c o n sid er ed  b y  E in s te in , 6 B e r l. B e r .,’ p p . 7 5 /3 7  

1923) a n d  p . 4 1 4  (19 25 ), fro m  t h e  s ta n d p o in t  o f  t h e  a ffin e  fie ld  th e o r y .
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430 M. B o m  an d  L. Infeld.

W e  h a v e  th e n  th r e e  e x p re s s io n s  w h ic h  m u lt ip l ie d  b y  d r  a re  in v a r ia n t

V — \akl\ =  V — | gki + / m | ; V —

w h e re  t h e  m in u s  s ig n  is  a d d e d  in  o rd e r  t o  g e t  r e a l  v a lu e s  o f  t h e  sq u a re  roots; 

fo r  (2 .1) sh o w s t h a t  =  —  1, th e re fo re  a lw a y s  \gki\ <  0 .

T h e  s im p le s t  a s s u m p tio n  fo r  ££ is  a n y  l in e a r  fu n c t io n  o f  (2 .5 ) :

^  — V — J gia + / * ; i |  +  A  a / — | +  

B u t  th e  la s t  t e r m  c a n  b e  o m it te d .  F o r  i f  is  th e  r o ta t io n  o f  a  p o te n t ia l  vector,

a s  w e  s h a ll  a s su m e , i t s  s p a c e - t im e  in te g r a l  c a n  b e  c h a n g e d  in to  a  surface 

in te g r a l  a n d  h a s  n o  in flu e n c e  o n  t h e  v a r ia t io n a l  e q u a t io n  o f  t h e  field , f  There­

fo re  w e  c a n  t a k e

B  =  0 . (2.7)

W e  n e e d  a n o th e r  c o n d it io n  fo r  t h e  d e te r m in a t io n  o f  A . I t s  ch o ic e  is  obvious. 

I n  t h e  l im it in g  c a se  o f  t h e  c a r te s ia n  c o -o rd in a te  s y s te m  a n d  o f  sm a ll values 

o f  f kl, ££ h a s  t o  g iv e  t h e  c la s s ic a l e x p re s s io n

L  =  i / « / “ . (2-8)

W e  n o w  le a v e  th e  g e n e ra l  c o -o rd in a te  s y s te m  w h ic h  h a s  g u id e d  u s  t o  th e  expres­

s io n  (2 .6) f o r  §£ a n d  c a lc u la te  in  c a r te s ia n  c o -o rd in a te s . T h e n  we have 

w i th  gkl =  8kl (see (2 .1 ) )

—  I Skl + / h | =  —

—  1 / 1 2 / l 3 f u

/ 2 1 —  1 f z  3fzA

/ 3 1 fz2 —  1 /34

/ 4 1 f i  2 f i  3 1

=  1 +  ( /2 a 2 “h / a i 2 + / 1 2 2 f u

/242 / 34s)

— (/23 /14  + /3 1 /2 4  +/12/34)2

=  1 +  ( / . 32 + / 3 1 2 + / l 22 ~ / l 4 2 42 ~ / 3 4 2) -  I A l l •

F o r  s m a ll  v a lu e s  o f  f kt t h e  l a s t  d e te r m in a n t  c a n  b e  n e g le c te d  

e q u a l  t o  (2 .8) o n ly  i f

A  =  — 1. (2-9)

W e  h a v e  th e re fo re  th e  r e s u l t :—

T h e  a c tio n  fu n c t io n  o f  t h e  e le c tro m a g n e tic  fie ld  is  in  g e n e ra l co -o rd inates

(2 . 10)se  =  V

a n d  in  c a r te s ia n  c o -o rd in a te s

L  =  V l  +  F  —  G 2 — 1,

t  S e e  E d d in g t o n ,  l o c .  t i t . ,  § 1 01 .

( 2 . 11)
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w h e re
F  — f z 32 + / 3 1 2 _t ~ / l 2 2 / l4 2 / 2 4 s / 3 4 s

G = / 2s / l 4 +  /31/24 4 * f i z f u '

F o u n d a t i o n s  o f  N e w  F i e l d  .

(2 . 1 2 )

(2 .13 )

431

L e t  u s  go  b a c k  to  th e  e x p re s s io n  f o r  in  a  g e n e ra l  c o -o rd in a te  s y s te m . 

W e  d e n o te  a s  u s u a l

l& tl = 9 ,

a n d  w e d e v e lo p  th e  d e te r m in a n t  \gkX + / * i |  in to  a  p o w e r  se rie s  in  f kl. W e  

h a v e  th e n

| 9kl + / f c l |  — 9 +  ®

T h e  tr a n s fo rm a t io n  p ro p e r t ie s  o f  | gki +  f ki | , | a n d  th e re fo re  a ls o

o f  <J) (gkl, f kl) a re  th e  sa m e . T h e y  t r a n s f o r m  in  t h e  s a m e  w a y  a s  g. I f  w e  

w r ite

j + ® + l / « l = ? ( i + |  + (2 .1 4 )

w e see, t h a t  a ll  e x p re ss io n s  in  t h e  b r a c k e t  o n  th e  r ig h t  s id e  o f  (2 .14) a re  in ­

v a r ia n t .  W e  h a v e  c a lc u la te d  th e i r  v a lu e  in  a  g e o d e tic  c o -o rd in a te  s y s te m  a n d  

h a v e  f o u n d :

I  =  ! / » , / “  =  F  =  1  y / j " .

<E> igis  a n  in v a r ia n t .  W e  h a v e  th e re fo re  in  a n  a r b i t r a r y  c o -o rd in a te  s y s te m  : 

I 0 m + / h  I =** 9(1 +  F  — G 2)

Se =  \ f — ~g (V I  +  F  — G2 — 1 )

F  == 'G2 =  I f k lI =  ( / 2 3 / 1 4  H~ / 3 1 / 2 4  4 ~ / 1 2 / 3 4 ) 2  

~ — 9 — 9

B o th  F  a n d  G  a re  in v a r ia n t .  W e  sh a ll  b r in g  G  in to  su c h  a  fo rm , t h a t  i t s  

in v a ria n c e  w ill b e  e v id e n t. F o r  th is  p u rp o s e  l e t  u s  d e fin e  a n  a n tis y m m e tr ic a l  

te n so r  j tklm fo r  a n y  p a ir  o f  in d ic e s , t h a t  i s f

1

(2 .15 )

3
: s k l m

2 V — 0 

— 1

i f  skim  is  a n  e v e n  p e rm u ta t io n  o f  1, 2, 3, 4  

i f  skim  is  a n  o d d  p e rm u ta t io n  o f  1, 2, 3, 4
2V — g

0 in  a n y  o th e r  case  

W e c a n  w rite  now  G in  th e  fo llo w in g  fo rm  :

6  =  i

t  E in s te in  a n d  M a y e r , ‘ B e r l.  B e r .,’ p .  3  (1 9 3 2 ).

► . (2 .17 )

(2 .18 )
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432 M. B orn an d  L. Infeld.

JTrom  tl ie  l a s t  e q u a tio n  w e c a n  d e d u c e  th e  te n s o r  c h a ra c te r  o f  j sklm, W e can 

a ls o  w r i te  G  in  t h e  fo rm

Cl =  if (2.19)

w h e r e / * sfc is  th e  dual t e n s o r  d e fin e d  b y

f%sk   ~8klm f
J  J  J i m ?

t h a t  is

/*2S — f  f
J  — / ----- /14?

V — g

^*31 _ f
J  — / -----  J  24?

V — g
/ * 12 =

-F* 14 —
J  / J  2 3 ’

V — g

F*24   1
J

V — g

y*34 _

o r  a lso

f * 2 *  =  - V - g f “ , / * 3i =  — V — g f 24. 11II<NrH
*

/ » , . = ------V - g f ™ ,  f * *  =  -  V - g f*  — _
J  34 —

b e c a u s e

V — g 

1

V —g'

( 2 . 20)

, (2.21)

■ h

( 2 . 22 )

f*ak ~jsklmflm J 

W e  s h a l l  n e e d  l a te r  th e  fo llo w in g  fo rm ulae  :

f * klf * u  =  ~ f klfk i  (2.24)

j Uabfksfab. = f * lsfks =  < W  

/ * * fe =  — f u. (2.26)

(2 .2 4 )- (2 .2 6 )  fo llo w  f ro m  th e  d e f in itio n  of f * kl, f * kl a n d  G  g iv e n  a b o v e .

T h e  fu n c t io n  re p re s e n te d  b y  (2.15) is  th e  s im p le s t L a g ra n g ia n  satisfying 

t h e  p r in c ip le  o f  g e n e ra l  in v a r ia n c e . B u t  i t  d iffe rs  f ro m  t h a t  co n sid ered  in  I  

b y  t h e  t e r m  G 2. T h is  is  o f  t h e  f o u r th  o rd e r  in  th e  f kl a n d  c a n , th e re fo re , be 

n e g le c te d  e x c e p t  in  t h e  im m e d ia te  n e ig h b o u rh o o d  o f  s in g u la r i tie s  (i.e., electrons, 

se e  § 6). B u t  th e  L a g ra n g ia n  u se d  in  I  c a n  a lso  b e  e x p re sse d  in  a  general 

c o v a r ia n t  fo rm  ; fo r  G 2 is  a  d e te r m in a n t ,  n a m e ly , | f H | , th e re fo re

j  ( V — I 9 k i  + fk i  | - f  I 

i s  a lso  i n v a r i a n t ; in  c a r te s ia n  c o -o rd in a te s  i t  h a s  e x a c t ly  th e  fo rm

J (V 'l +  F  — 1) dr. (2 -28>

W h ic h  o f  th e s e  a c tio n  p r in c ip le s  is  t h e  r ig h t  o n e  c a n  o n ly  b e  d e c id ed  b y  their 

c o n se q u e n c e s . W e  t a k e  th e  e x p re ss io n  g iv e n  b y  (2.15) a n d  c a n  th e n  easily
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r e tu rn  t o  t h e  o th e r  (2 .27) o r  (2 .28) b y  p u t t i n g  G  =  0 . I n  a n y  c a se  t h e  s o lu t io n  

o f  t h e  statical p ro b le m  is  id e n t ic a l  fo r  b o th  a c tio n  fu n c t io n s  b e c a u se  o n e  h a s  

G  =  0  in  th is  sp ec ia l case .

F o u n d a t i o n s  o f  N e w  F i e l d  T h e o r y .  433

§ 3. Action Principle, Field Equation and Conservation Law.

W e w rite  (2.15) in  th e  g e n e ra l  fo rm

&  =  ^ / ~ 9  L  =  ^ L  (9n, F ,  G ).

W e  sh a ll see t h a t  a ll  c o n s id e ra tio n s  h o ld  i f  L  is  a n  in v a r ia n t  fu n c t io n  o f  th e s e  

a rg u m e n ts . A s u s u a l w e a s su m e  th e  e x is te n c e  o f  a  p o te n t ia l  v e c to r  so  

t h a t
f    d<f>k /o jv

fkl ~  da? dad' 
T h e n  w e h a v e  th e  id e n t i ty

| Q f m k  l —  A  ( 3 .2 )

dxk dxl dxm ’

w h ich  c a n  w ith  th e  h e lp  o f  (2 .20) b e  w r i t te n  :

^ = ^ ‘ =  0 . (3.2a )

W e  in tro d u c e  a  seco n d  k in d  o f  a n t is y m m e tr ic a l  fie ld  te n s o r  p ki, w h ic h  h a s  to  

f kt a  r e la t io n  s im ila r  t o  t h a t  w h ich , in  M ax w e ll’s th e o ry  o f  m a c ro sp ic  b o d ies , 

th e  d ie le c tr ic  d isp la c e m e n t a n d  m a g n e tic  in d u c t io n  h a v e  to  t h e  fie ld  s tr e n g th s  :

V — a v kl — — a/ _  (o f*ki\
V  9P dfkl V  g V d E J  + dGJ )

( .fkl- G f * klW - 9

Vl  +  F  — G 8
(3.3)

T h e  v a r ia tio n  p r in c ip le  (2.2) g iv e s  th e  E u le r ia n  e q u a tio n s

d -y/— 

dxl
(3 .4 )

T h e  e q u a tio n  (3.2) (or (3.2a ) ) a n d  (3.4) a re  th e  c o m p le te  s e t  o f  fie ld  e q u a tio n s .

W e p ro v e  th e  v a lid ity  o f  th e  c o n se rv a tio n  law  a s  in  M axw ell’s  th e o ry . 

A ssum ing a  g eodetic  c o -o rd in a te  sy s te m , w e m u lt ip ly  (3.2) b y  p lm :
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434 M. B orn an d  L . Infeld .

I n  t h e  s e c o n d  a n d  t h i r d  t e r m  w e  c a n  t a k e  p 1™ u n d e r  t h e  d if fe re n tia tio n  symbol 

b e c a u s e  o f  ( 3 .4 ) ;  in  t h e  f i r s t  t e r m  w e  u se  t h e  d e f in itio n  (3.3) o f  p 1™ :

2  + £ | ? = < > >  1

o r

I f  w e  in tro d u c e  t h e  te n s o r

(3.6)
w h e re

(3.7)
l o  i f

w e  h a v e

\

oii

1 
&

(3.8)

I n  a n  a r b i t r a r y  c o -o rd in a te  s y s te m  w e  h a v e

^ I l _ i V zr-gT ^  =  0 , (3.9)

o r, w i th  t h e  u d u a l n o ta t io n  o f  c o v a r ia n t  d i f fe re n tia t io n

T'*,, =  0. (3.9a)

I t  fo llo w s f ro m  (3 .3 ) a n d  (2 .2 5 ) t h a t  w e  c a n  w r i te  a lso  T*.1 in  t h e  fo rm

T kl = L B kl — ~  . (3.6a )
V i  +  F  — G2

§ 4.  Lagrangian Hamiltonian.

££ c a n  b e  c o n s id e re d  a s  a  fu n c t io n  o f  gkl a n d  f ki. W e  s h a ll  show  th a t 

__ 2 dS£
.. . *8 t h e  e n e rg y - im p u lse  te n s o r .  W e  f in d

d V :

0 F

dg

i  V — 9 9ki

C * ~ k l  &  J k s J l r

(4.1)

(4.2)

0G

a /
~l — $®9kl-

(4.3)
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F o u n d a t i o n s  o f  N e w  F i e l d  . 435

T h e re fo re

—  2
d f l -

V —  g { \ - g kl —

V ^ g  —

/0 l  0 F  , a t -  0 G \ \  

2  \ 0 F  0 / 1 ^  0G  0 / 7  J

V l  +  F  -  G 2 /  *
( 4 . 4 )

I t  fo llow s f ro m  (3.6a ) a n d  (3 .6 )

3 C£ ___  ___

-  2  -^ E T  =  V -  ?  T »  =  V -  5  ( L f e  <4 6 >

N o w  i t  is  v e ry  e a s y  t o  g e n e ra liz e  o u r  a c t io n  p r in c ip le  i n  s u c h  a  w a y  t h a t  i t  

c o n ta in s  E in s te in ’s  g r a v i ta t io n  la w s  ; o n e  h a s  o n ly  t o  a d d  t o  t h e  a c t io n  in te g r a l

t i ie  t e r m  I R  V  —  g d r ,  w h e re  R  is  t h e  s c a la r  o f  c u rv a tu re .  B u t  w e  d o  n o t

d isc u ss  p ro b le m s  c o n n e c te d  w i th  g r a v i ta t io n  in  t h i s  p a p e r .

S£ w a s  r e g a rd e d  a s  a  f u n c t io n  o f  gkl a n d  W e  c a n , h o w e v e r , e x p re s s  

a lso  a s  a  fu n c t io n  o f  gkl a n d  p kl. I t  c a n  b e  sh o w n  t h a t  i t  is  p o s s ib le  t o  so lv e  

th e  e q u a tio n s

* » _  /* *  ~  Q f  *** 

V l  - b  F  —  G 2
( 3 . 3 )

w ith  re s p e c t  t o  f kl.For th is  p u rp o s e  w e  h a v e  t o  c a lc u la te

±P**lP*H =  P ,  (4 .6 )

I p MP \ i =  Q , (4 .7 )

i.e., P  a n d  Q  c o rre sp o n d in g  t o  F  a n d  G . U s in g  t h e  fo rm ulae  (3 .3) a n d  (2 .2 4 ) -  

(2 .26), w e  o b ta in

p  —  F  +  G2F  +  4G 2 

1 4 -  F  —  G 2

Q =  G .

(4 .8 )

( 4 . 9 )

T h e  la s t  e q u a tio n s  c a n  b e  w r i t te n  in  a  m o re  s y m m e tr ic a l  fo rm  :

1 +  F  — G 2 _  l  +  Q 2 

1 +  G 2 1 +  P  — Q 2

G  =  Q .

(4.8a )

(4 .9 a )

W e a re  n o w  a b le  t o  so lv e  t h e  e q u a tio n s  (3 .3 ). I t  fo llow s f ro m  (3.3) a n d  (2 .26) 
t h a t

r * * » -  / * ”  +  (¥**  

V l  +  F  —  G 2 ’
(3.3a )
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436 M. B orn and  L. Infeld .

S o lv in g  (3 .3 )  a n d  (3.3a ) w e o b ta in  ( ta k in g  in to  a c c o u n t  (4.8a ) a n d  (4 .9 a ) )

fki _  Pkl +  Qp*kl . f*kt __ — Q p fct

J  V i  +  P - Q 2 ’ V i  +  P - Q 2 '
(4.10)

T h e  te n s o r s  f kl a n d  p kt c a n  n o w  b e  t r e a te d  c o m p le te ly  sym m etrically . 

I n s te a d  o f  t h e  L a g r a n g ia n  L  w e  c a n  u se  in  t h e  p r in c ip le  o f  a c tio n  th e  H am il­

to n ia n  fu n c t io n  H  :

H  =  L  — lspklfk(4.11)

w h e re  H  h a s  to  b e  re g a rd e d  a s  a  f u n c t io n  o f  gkl a n d  F r o m  (4.8), (4.9),

a n d  (4 .10) i t  fo llo w s fo r  H  a s  a  f u n c t io n  o f  gkl a n d  :

=  H V — g =  V —  

a n d  th is  c a n  b e  e x p re s se d  in  t h e  fo rm

&  =  V —  | gki +  p*H | — V — | | . (4.12a )

T h e  fu n c t io n  H  le a d s  u s  t o  e x a c t ly  th e  sa m e  e q u a tio n s  o f  t h e  fie ld  a s  th e  function 

L . W e  see  t h a t  t h e  e q u a tio n s

v*  =  _  8 ^ * fc
F kl dxk dxl

( ^ * fc =  a n ti-p o te n tia l-v e c to r )  (4.13)

\ / — g f * k l  e s
8 J T

dp*u

d 's /  —  

dxl
0 ,

(4.14)

(4.15)

a r e  e n t ir e ly  e q u iv a le n t  t o  t h e  e q u a t io n s  (3 .4 ) ,  (4 .1 0 ) ,  ( 3 .2 a ).

T h e  e n e rg y - im p u lse  t e n s o r  (3.6a ) c a n  a lso  b e  e x p re s se d  w ith  h elp  of H 

in s te a d  o f  L . O n e  h a s

a y  =  H6Y =  <l  -  i p < * f a b )  a .1 (*•»«)

T h e  id e n t i t y  o f  th i s  e x p re ss io n  w i th  (3 .6) is  e v id e n t , t  i f  w e a p p e a l  t o  th e  following 

fo rm u la  w h ic h  c a n  b e  d e d u c e d  f ro m  (2 .21), (2.22)

=  p m,f m» -  i p Mf<« v

t  I n  I  i t  h a s  b e e n  s t a t e d  t h a t  t h e  t w o  e x p r e s s io n s  fo r  T k l ,  o b ta in e d  w it h  h e lp  o f  L an  

H , a re  d i f f e r e n t ;  t h i s  h a s  tu r n e d  o u t  t o  b e  a  m is ta k e .
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F o u n d a t i o n s  o f  N e w  F i e l d 437

G e n e ra lly , f ro m  e a c h  e q u a t io n  c o n ta in in g  f kl, o n e  o b ta in s

a n o th e r  c o rre c t  e q u a tio n  c h a n g in g  th e s e  q u a n t i t ie s  c o r r e s p o n d in g ly  i n to

4***, p \  * f*M-

§ 5. Field Equations in  Space-vector Form.

W e  n o w  in tro d u c e  t h e  c o n v e n tio n a l  u n i t s  in s te a d  o f  t h e  n a t u r a l  u n i ts .  W e  

d e n o te  b y  B , E  a n d  D , E , t h e  s p a c e -v e c to rs  w h ic h  c h a ra c te r iz e  t h e  e le c tro ­

m a g n e tic  fie ld  in  t h e  c o n v e n tio n a l  u n i ts .  W e  h a v e  in  a  c a r t e s i a n  c o -o rd in a te  

sy s te m  :
(a?1, a;2, sc8, cc4) -> ( , y, z, ct) ( 5 .1 )

(^l> <f>2> ^8> ^ 4 ) (^>  (^*2)

( / 2 8 . / 3 1 . A 2 - B  

/ l4 >  f z & >  4)  ®

(*>23> P s i ’ H

Pu> Pm > Pm ) ?+ D

( 5 .3 )

(5 .4 )

T h e  q u o t ie n t  o f  t h e  fie ld  s t r e n g th  e x p re s se d  in  t h e  c o n v e n tio n a l  u n i t s  d iv id e d  

b y  th e  fie ld  s tr e n g th  in  t h e  n a tu r a l  u n i ts  m a y  b e  d e n o te d  b y  T h is  c o n s ta n t  

o f  a  d im e n s io n  o f  a  f ie ld  s t r e n g th  m a y  b e  c a lle d  t h e  absolute field  ; l a t e r  w e  s h a l l  

d e te rm in e  th e  v a lu e  o f  b, w h ic h  tu r n s  o u t  t o  b e  v e ry  g re a t ,  i.e., o f  t h e  o rd e r  o f  

m a g n itu d e  1016 e .s .u .

W e  h a v e

L =  V l  +  F  — G 2 — 1, 

F  =  ~  (B 2 —  E 2) ; G  =  1 ( B . E )

( 2 . 1 1 ) 

(2.12a ); (2.13a )

w  __ 7 ,2 _  B  — G E

0 B  V l  +  F  —  G 2 ’

~  , 2  0 L  E  —  G B

0 E  V l  +  F  — G 2

B  =  r o t  A  ; E  =  — —  g ra d  <b
c

r o t  E  -f- -  ^  — 0  ; d iv  B  =  0  
c ot

r o t  H  — -̂  =  0  ; d iv  D  =  0.
c ot

► (3.3a )

(3.1a )

(3.2b )

(3.4a )

O ur fie ld  eq u a tio n s  (3.2b ) a n d  (3.4a ) a re  fo r m a lly  id e n t ic a l w ith  M a x w ell’s  

eq u a tio n s  for a  su b s ta n c e  w h ich  h a s  a  d ie lec tr ic  C on stan ce a n d  a  s u s c e p t ib il i ty ,
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438 M. B orn and  L. Infeld.

b e in g  c e r ta in  fu n c tio n s  o f  th e  fie ld  s tr e n g th ,  b u t  w i th o u t  a  s p a t ia l  d istribu tion  

o f  c h a rg e  a n d  c u r r e n t .

F o r  t h e  e n e rg y - im p u lse  te n s o r  w e f in d  :

X , X v X , cGx

Y * Y , Y ,

z * z v z , cG*

- s *
c *

- s v
c

U

(3.6a )

47CX, =  H yB y +  H 2B 2 -  D ^E *  -  62L "

4 7 r Y a. =  47 z X v  =  —

—  S* =  4:7zcGx =  B yB z -  
c

47cU  =  DgMx -f- D vEj, +  B zE 2 -f- 62L

(3.6b)

O n e  g e ts  a n o th e r  s e t  o f  e x p re ss io n s  fo r  th e s e  q u a n ti t ie s  b y  c h a n g in g  L, B, E, 

H , D  in to  H , H , D , B , E .

T h e  c o n s e rv a tio n  law s  a re  :

dx dy dz c2 dt

dSx . dSe dU

+  %■ +  S z = - - ¥

T h e  fu n c t io n  H is  g iv e n  b y

H =  V l  -f- P  — Q 2 — 1

(3.8a )

(4.12a )

P  =  i  (D 2 - H 2 ) ;  Q  =  p ( D . H ) .

S o lv in g  (3.3a ) w e  o b ta in  :

B  6,8 H  H  +  Q D  

0 H  V l  +  P — Q 2 

E = = f e 2 3 H  = = _ D  +  Q H =a

0 D  V l  4 -  p  — Q 2

(4.6a ); (4.7a )

► . (3.10a )

§ 6. Static Solution o f the Field Equations.

W e  c o n s id e r  ( in  th e  c a r te s ia n  c o -o rd in a te  s y s te m )  th e  e le c tro s ta tic  case 

w h e re  B  =  H  =  0  a n d  a ll  o th e r  fie ld  c o m p o n e n ts  a re  in d e p e n d e n t o f  t. Then 

th e  fie ld  e q u a tio n s  re d u c e  t o :
r o t  E  =  0  (®d 1

d iv  D  =  0 . (6-2)
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f e  so lve  th is  e q u a tio n  fo r  t h e  c a se  o f  c e n tr a l  s y m m e try .  T h e n  (6 .2 ) is  

im ply

f  (r3D r ) =  0 , (6 .3)
dr

n d  (6.3) h a s  th e  so lu tio n
D r =  e / r 2. (6.4)

n  th is  case  th e  fie ld  D  is  e x a c t ly  th e  sa m e  a s  in  M a x w e ll’s th e o r y  : th e  so u rc e s  

f  D  a re  p o in t  c h a rg e s  g iv e n  b y  th e  su rfa c e  in te g ra l

4ne =  1 D r da. (6-5)

H e  e q u a tio n  (6.1) g iv es

E r =  — ~j ~ — — 4>' W  
dr

m d  fr o m  (3 .3 a )

D „ .----------- i ------- ---------------- /  ( r)  . (6 .7 )
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The c o m b in a tio n  o f  (6.4) a n d  (6.7) g iv es  a  d if fe re n tia l  e q u a t io n  fo r  <f> (r) o f  t h e  

i r s t  o rd e r , w ith  th e  so lu tio n

*  M  -  ; f W  =  f "  -  ; =  a / «
ro Vo/ J * V i  +  V

This is the elementary 'potential o f a point charge e, w h ic h  h a s  t o  re p la c e  

Coulom b’s l a w ; th e  l a t t e r  is  a n  a p p ro x im a t io n  fo r  ^  1, a s  is  se e n  im ­

m ed ia te ly , b u t  th e  n e w  p o te n t ia l  is  f in ite  e v e ry w h e re .

W ith  h e lp  o f  t h e  s u b s t i tu t io n  x  — t a n  o n e  o b ta in s

w h er e

f  (x ) — \
P (* )V l — £  s in 2 p

=  / (  0)

(3 =  2 a rc  t a n  x,

(6-9)

(6 . 1 0 )

a n d  F  (& ,p)is th e  J a c o b ia n  e llip tic  in te g ra l  o f  th e  f ir s t  k in d  fo r  k — 

( ta b u la te d  in  m a n y  b o o k s )f

1

V 2
=  s in  J  7c

( 6 . 1 1 )

t  ^ .0 . ,  J a h n fce -E m d e , “  T a b le s  o f  f u n c t io n s  ”  (T e u b n e r  1 9 3 3 ) , p . 1 2 7 .
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4 4 0 M . B o m  a n d  L .  I n f e l d .

F o r  x  — 0 o n e  h a s
/ •< \

^ (0) =  F  v i  ’ ) =  1’8 5 4 1 '
(6.12)

T h e  p o te n t ia l  h a s  i t s m a x im u m  in  th e  c e n tre  a n d  i t s  v a lu e  is

<f> (0) =  1,8541 ejr0. (6.13)

1-0 _

F i g . 1.

T h e  fu n c t io n  /  (x)is p lo t t e d  in  fig . 1. I t  h a s  v e ry  s im ila r  p ro p e r tie s  to  the

fu n c t io n  a rc  c o t  x. F o r  e x a m p le , o n e  h a s

P (1/a?) =  2 a rc  t a n  1/a; =  2 — a rc  t a n  x) = n  — P (x) >

o n  th e  o th e r  h a n d
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F o u n d a t i o n s  o f  N e w  F i e l d  T h e o r y . 441

Therefore o n e  h a s

/ ( * ) + / ( ! / * ) = / ( < > ) •  (6-14)

It is  su ffic ien t, th e re fo re , t o  c a lc u la te  /  (xfro m  0  t o  

k> (3 =  J t c.
O ne  sees, t h a t  th e  D  fie ld  is  in f in ite  fo r  r =  0  ; E  a n d  <

in i te .  O ne h a s
e / r 2, (6 .4 )

(6 .15)E „
r0*V 1 +  ( r / r 0)4

T h e  c o m p o n e n ts  E e, E „ , E z a re  f in ite  a t  t h e  c e n tr e , b u t  h a v e  th e r e  a  d i s ­

c o n tin u ity .
§ 7. Sources o f the Field.

I n  th e  o ld e r  th e o r ie s ,  w h ic h  w e  h a v e  c a lle d  d u a lis t ic ,  b e c a u se  th e y  c o n s id e re d  

n a t t e r  a n d  f ie ld  a s  e s s e n t ia l ly  d if fe re n t,  t h e  id e a l  w o u ld  b e  t o  a s su m e  th e  

p a rtic le s  t o  b e  p o in t  c h a rg e s  ; th i s  w a s  im p o ss ib le  b e c a u s e  o f  t h e  in f in ite  self- 

energy . T h e re fo re  i t  w a s  n e c e s s a ry  t o  a s su m e  t h e  e le c tro n  h a v in g  a  f in i te  

i ia m e te r  a n d  t o  m a k e  a r b i t r a r y  a s s u m p tio n s  a b o u t  i t s  in n e r  s t r u c tu r e ,  w h ic h  

lea d  t o  t h e  d iff icu ltie s  p o in te d  o u t  in  t h e  in tr o d u c t io n .  I n  o u r  t h e o r y  th e s e  

d ifficu lties  d o  n o t  a p p e a r .  W e  h a v e  se en  t h a t  t h e  f ie ld  (o r  D -fie ld ) h a s  

a s in g u la r i ty  w h ic h  c o rre sp o n d s  to  a  p o in t  c h a rg e  a s  t h e  so u rc e  o f  t h e  fie ld . 

D  a n d  E  a re  id e n t ic a l  o n ly  a t  la rg e  d is ta n c e s  (r r 0) f ro m  t h e  p o in t  c h a rg e , 

b u t  d iffe r in  i t s  n e ig h b o u rh o o d , a n d  o n e  c a n  c a ll  t h e i r  q u o t ie n t  (w h ic h  is  fu n c t io n  

o f E )  “  d ie le c tr ic  c o n s ta n t  ”  o f  t h e  sp a c e . B u t  w e  s h a ll  n o w  sh o w  t h a t  

a n o th e r  in te r p r e ta t io n  is  a lso  p o ss ib le  w h ic h  c o rre s p o n d s  t o  t h e  o ld  id e a  o f  a  

s p a tia l  d is t r ib u t io n  o f  c h a rg e  in  t h e  e le c tro n . I t  c o n s is ts  in  t a k in g  d iv  E  

( in s te a d  o f  d iv  D  =  0) a s  d e f in itio n  o f  c h a rg e  d e n s i ty  p, w h ic h  w e p ro p o se  to  

ca ll “  f re e  c h a rg e  d e n s i ty .”

L e t  u s  n o w  w r i te  o u r  s e t  o f  fie ld  e q u a tio n s  in  t h e  fo llo w in g  fo rm  :

0 a /  — g p

dflcl_i_ dflm I' J f l  l v  l m  | ____

dxm dxk dxl

dxl

0,

0,

s V - g f
dxl

(3.4)

(3 .2)

Pkl is  a  g iven  fu n c tio n  o f /* *  a n d  i f  w e p u t  in  (3.4) fo r  p kl t h e  e x p re ss io n  (3.3), 

in  w h ich  L is n o t  specified , w e o b ta in  :

—  ( ( 2  —  4 -  —  f* kl) V — a l  =  0.
dx1̂  +  dGJ'  V

W e  can  now  w rite  th e  e q u a tio n  (7.1) in  th e  fo rm

4tc p *  V -
dV-fff*

dxl

(7.1)

(7 .2 )

V O L. CXL1V.--- A . 2 G
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4 4 2 M. Born and  L. Tnfeld.

w h ere

~  47Cp* =  2 S L /0 B  ( o t ) + ^ * fcZ 0» l ( s s ) } *  (7-3)

T h e  e q u a tio n s  (7.2) a n d  (3.2) a re  fo rm a lly  id e n t ic a l  w ith  th e  equations of 

th e  L o re n tz  th e o ry . B u t  th e  im p o r ta n t  d iffe ren ce  c o n s is ts  in  th is ,  th a t p* 

is  not a  g iv en  fu n c tio n  o f  th e  s p a c e - t im e  c o -o rd in a te s ,  b u t  is  a  fu n c tio n  of the 

u n k n o w n  field  s tr e n g th . I f  w e h a v e  a  so lu tio n  o f  o u r  s e t  o f  e q u a tio n s , we are 

a b le  t o  f in d  th e  d e n s ity  o f  th e  “  fre e  c h a rg e  ”  o r  th e  “  fre e  c u r r e n t  ”  w ith  help 

o f  (7.2) o r  (7.3).

W e  see  im m e d ia te ly  t h a t  p7c sa tis fie s  t h e  c o n se rv a tio n  law  :

M

T h is  fo llow s f ro m  (7.2), t h a t  is  f ro m  th e  a n tis y m m e tr ic a l  c h a ra c te r  o f /  and  can

a lso  b e  c h e ck e d  f ro m  (7 .3 ).

I n  L o re n tz ’s th e o r y  th e r e  e x is ts  t h e  e n e rg y - im p u lse  te n s o r  o f  th e  electro­

m a g n e tic  field , d e fin ed  b y

4 w S** =  i  8kl F  — f lsf ks> (7-5)

b u t  i t s  d iv e rg e n ce  d o es n o t  v a n ish , w h e re  th e  d e n s ity  o f  c h a rg e  is n o t zero. 

T h e re fo re  to  p re s e rv e  th e  c o n s e rv a tio n  p r in c ip le  in  th e  L o re n tz ’s th e o ry  i t  was 

n e c e ssa ry  to  in tro d u c e  a n  e n e rg y - im p u lse  te n s o r  o f  m a t te r ,  M K, th e  m eaning  of 

w h ic h  is  o b scu re . T h e  te n s o r  M /  h a d  to  fu lfil th e  c o n d it io n  t h a t  th e  diver­

gence  o f  S fcl -f- M /  v a n ish e s . T h is  d iff ic u lty  d oes n o t  a p p e a r  in  o u r  theory. 

W e  d o  n o t  n e e d  t o  in tro d u c e  th e  m a t te r  te n s o r  M fcl b e c au se  th e  conservation 

law s a re  a lw a y s  sa tis f ie d  b y  o u r  e n e rg y - im p u lse  te n s o r  T / .

W e  sh a ll, h o w e v e r, sh o w  t h a t  i t  is  p o ss ib le  b y  in tro d u c in g  th e  free  charges to 

b r in g  o u r  c o n se rv a tio n  la w

T \ , fe =  0

in to  th e  fo rm  u se d  in  th e  L o re n tz  th e o ry , n a m e ly ,

T h e  c a lc u la tio n s  a re  s im ila r  t o  th o se  u se d  in  § 3. T h e  s im p les t w ay is to 

ch oose  a  g e o d e tic  c o -o rd in a te  sy s te m . W e h a v e  th e n  :

d f ^

dxl
=  4tc p*

dfki , dfi™ _i_ 
dxm dxk ”t"

d f m k

dxk
=  0 .

(7.2a)

(3.2)
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F o u n d a t i o n s  o f  N e w  F i e l d  T h e o r y . 443

M tip ly in g  (3.2) b y / * 1 w e  f in d  :

i  3  / f f k i \  o  ^ ( f  )  —  2  ( 7 .7 )

*  a ?  ( / h /  } “ 2  a * * ( /  /s fc )  ~ z u

s d  th e r e fo r e

i  | a  ( / « / “ )  -  ^  ( / ' % * )  =  / « p*. <7 -8 )

ud ta k in g  a c c o u n t  o f  (7 .5 ) :

H  = / .* ? * •  p -»>

me ca n  d e r iv e  t h e  s a m e  e q u a t io n  d ir e c t ly  f r o m  t h e  c o n s e r v a t io n  fo r m u la  

i.8) w r it in g  i t ,  in  a  g e o d e t ic  c o -o r d in a te  s y s t e m , in  t h e  fo r m

(3.8)

ad in tro d u c in g  th e  ex p ress io n  (3.6) fo r  T s*. T h e  tw o  m e th o d s  a re  e q u iv a le n t. 

L e t  u s  now  specia lize o u r  e q u a tio n s  fo r  t h e  case  in  w h ic h  L  h a s  th e  fo rm  g iv e n  

i (2.15). W e o b ta in  th e n  fo r  p* in  (7.3)

- t o p  = v r + T r = T p

a th e  sp ace -v ec to r n o ta tio n , w h ere

(Pi> Pa> P3> P4)

re h av e

|  f ki -JL ( 1 \ ^ M__  _________ _  f*kv  / _ _ _ _ _ _ _  j l

dxl V V l  +  F  — G *) J dxl V V I  +  F  — G  '

(7 .10)

\c 4

'  4,1 c V l  +  F  -  G 2 ( B  x  g ra d  (•V l  +  F  —  Q*

— E x  g ra d  I
V 1 H— F

— ) \

— G 2/J

+
1

c V l  +  F  — G 2 \  \ V l  +  F  — G'2

d

B  r-
► . (7.10a )

& \ V l  +  F  — G 2/J

4,tp “  ~  v T+f - g4 e •grad(y i  +  y - 4

B. gKMl ( V J  4 - F  -  11

2 a 2
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444 M. B orn  and  L. Infeld.

W e  s h a ll  n o w  a p p ly  t h e  r e s u l ts  h e re  o b ta in e d  to  th e  c a se  o f  th e  statical 

fie ld . I n  t h is  c a se  E  is  a lw a y s  f in i te  a n d  h a s  a  n o n - v a n is h in g  divergence 

w h ic h  r e p re s e n ts  t h e  f re e  c h a rg e . W e  c a n , th e re fo re , r e g a rd  a n  electron 

e i th e r  a s  a  p o in t  c h a rg e , i.e., a s  a  so u rc e  o f  t h e  D  (pki) fie ld , o r  a s  a  continuous 

d is t r ib u t io n  o f  t h e  sp a c e  c h a rg e  w h ic h  is  a  so u rc e  o f  t h e  E  ( f kl) field. I t  can 

e a s ily  b e  sh o w n  t h a t  t h e  w h o le  c h a rg e  is  i n  b o th  cases  t h e  sa m e  (as is to be 

e x p e c te d ) . B o th

| d iv  D  dv an d  1 d iv

h a v e  th e  sa m e  v a lu e , i.e., 4ne. F o r  t h e  f i r s t  in te g r

§ 6. F o r  t h e  s e c o n d  w e  h a v e

T-i e
E r ~  —  a s  o •.

r2

e v e ry w h e re  e lse  E r is  f in ite . T h e  d is c o n t in u i ty  o f  E ^ , E v, E a a t  th e  origin 

is  a lso  f in ite  a n d  g iv e s  n o  c o n tr ib u t io n  t o  t h e  in te g ra l .  T h e re fo re

I d iv  E  dv — 4t c I p dv =

L e t  u s  n o w  c a lc u la te  t h e  d i s t r ib u t io n  o f  t h e  f re e  c h a rg e  in  th e  s ta t ic a l  case. 

W e  c o u ld  c a lc u la te  i t  f ro m  t h e  e q u a t io n  (7.10a ), b u t  i t  is  e a s ie r  to  do  i t  from 

th e  e q u a tio n

d iv  E  =  \  E r ) =  4np, 
r2 dr

w h e re

IT! — _iL _____ l --------  f6.151
r  V  V l  +  ( r / r 0)* * 1

T h e  r e s u l t  is

p =  2̂ Z T T + M T *  •
r0 X /

F o r  r r0, p oc r 7, th e re fo re  d im in ish in g  v e ry  r a p id ly  a s  r increases. For 

r r0, p oc 1 jr ,th ere fo re  p -> oo  , b u t  r 2p -> 0 fo r  - ^ 0 .  I t  is  e a s

t h a t  t h e  sp a c e  in te g r a l  o f  p is  e q u a l  t o  e. F o r  o n e  h a s , p u t t in g  rjr0 V ta n  <f>

— e cos <f>dy =  e.
Jo

.
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Foundations of New Field Theory. 445

Our th e o ry  c o m b in es  th e  tw o  p o ss ib le  a s p e c ts  o f  t h e  fie ld  ; t r u e  p o in t  c h a rg e s  

a d  free  s p a tia l  d e n s itie s  a re  e n t ir e ly  e q u iv a le n t .  T h e  q u e s tio n  w h e th e r  th e  

ae o r  th e  o th e r  p ic tu re  o f  th e  e le c tro n  is  r ig h t  h a s  n o  m e a n in g . T h is  c o n firm s  

lie id ea  w h ich  h a s  p ro v e d  so  f ru i t f u l  in  q u a n tu m  m e c h a n ic s , t h a t  o n e  

a s  to  b e  ca re fu l in  a p p ly in g  n o t io n s  f ro m  th e  m ac ro sco p ic  w o r ld  to  t h e  w o r ld  o f  

to m s  : i t  m a y  h a p p e n  t h a t  tw o  n o t io n s  c o n tr a d ic to ry  in  m a c ro sc o p ic  u se  a re  

iuite c o m p a tib le  in  m ic ro p h y sic s .

§ 8. Lorentz’s Equations of Point Motion and Mass.

W e co n sid e r o nce  m o re  t h e  p ro b le m  o f  t h e  e le c tro n  a t  r e s t .  W e  in te n d  to  

a lc u la te  th e  m a ss  a n d  to  d e te rm in e  th e  a b s o lu te  fie ld  c o n s ta n t  b in  te r m s  o f  

b se rv a b le  q u a n ti tie s .  I t  is  c o n v e n ie n t t o  u se  th e  sp a ce  v e c to r  n o ta t io n .  

T h e  im p u lse -e n e rg y  te n s o r  is  a c c o rd in g  to  (3 .6b )

ItcX .  =  — D x E B — L =  — - 7
E  *

V I  — 1 /62E 2

- * * (  V 1 -
p " - 1 ,

i " X , =  -  D » E » =  -

s .  =  s „ =  s » =  o

b tU  =  D  . E  +  b2 L =  b 2  H  =  

, E 2 1 \

V I  — 1 /62 E a l V l  — 1 /62 E 2 l ).

. (3 .6c)

We c a lc u la te  th e  sp ace  in te g ra ls  o f  th e s e  q u a n ti t ie s .  O b v io u s ly  o n e  h a s  w ith  

lv =  dx dy d z :

M X * dv — 4t c(y  dv =  47t [z z dv —  —  i f  — = £  = =  dv
* J J 3 J V I  — 1 /62 E 2

— 62 j (  \ / l - p E 2 - l (8.1) 

J X v dv = J X 2 dv = I Zv dv =  0 . (8.2)

U sin g  (6 .1 5 ) a n d  (6.8) w e fin d  :

j x *  dv =  b 2  (Ix —  I a), (8.3)
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446 M. B orn  an d  L. Infeld .

I i

12 ~  4 l o  V i T *  ~  i/(0 >

T h e  in te g r a l  I x c a n  b e  t r a n s f o r m e d  b y  p a r t i a l  in te g r a t io n

V l  +
dx

x 2 dx

(8.4)

r° /

t “ l f. (]
\  dx3

V l  -f- ;W  dx
dx  =

V l ~h
xxdx

5 Jo (1 +  affi*

T h e  f i r s t  t e r m  v a n is h e s  ; t h e  s e c o n d  c a n  b e  t r a n s f o r m e d  b y  a n o th e r  partial 

in te g r a t io n  :

_ i j „ 21 s U +  J dx  =  i  1  v r + >  =  1
i i 4 / ( 0 ) .

d x \ V  1 x t '  1
T h e  r e s u l t  is  t h e  s o -c a lle d  “  t h e o r e m  o f  L a u e  ” t

JXa, dv —  d  j* Z 2 =  0 .

I n  t h e  s t a t i c a l  c a se  a n d  i n  a  c o -o r d in a te  s y s te m  i n  w h ic h  t h e  e le c tro n  is a t  rest 

t h e  in te g r a l s  o f  a l l  c o m p o n e n ts  o f  t h e  t e n s o r  T kl v a n is h  e x c e p t  t h e  to ta l  energy

E  =  J u < f o  =  j ^ j  H (8.5)

W e  f in d  f ro m  (3 .6 c ) , (6 .1 5 ), a n d  (8 .4 )

E  =  =  8 V  (312 -  I , )  =  -  2 1 , =  § —/ ( 0 )  =  1 -2 3 6 1  f .  (8.6)
ro r0 To

W e  h a v e  o b ta in e d  a  fin ite  value o f the energy or the mass o f the electron w ith a 

d e f in i te  n u m e r ic a l  f a c to r .  T h is  r e l a t io n  e n a b le s  u s  t o  c o m p le te  o u r  theory 

c o n c e rn in g  t h e  v a lu e  o f  t h e  a b s o lu te  f ie ld  b i n  t h e  c o n v e n tio n a l  ru n ts .

(8 .6 ) g iv e s  t h e  “ r a d iu s  ”  o f  t h e  e le c tr o n  e x p re s s e d  in  t e r m s  o f  i t s  charge and 

m a s s  :

a n d

r 0 =  1 -2 3 6 1  — =  2 , 2 8  X  10 18 cm . 

9 , 1 8 . 1015 e .s .u .

(8.7)

( 8 .8)

T h e  e n o rm o u s  m a g n i tu d e  o f  t h i s  f ie ld  ju s t i f ie s  t h e  a p p lic a t io n  o f  t h e  M axw efif

f  M ie , ‘ A n n .  P h y s i k , ’ v o l .  4 0 ,  p .  1 ( 1 9 1 3 ) .
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Foundations of New Field Theory. 447

q u a tio n s  in  th e i r  c lass ica l fo rm  in  a l l  cases , e x c e p t  th o s e  w h e re  t h e  in n e r  

t r u c tu r e  o f  th e  e le c tro n  is  c o n c e rn e d  (field  o f  t h e  o rd e r  b, d is ta n c e  o r  w a v e ­

length  o f  th e  o rd e r  r 0).

I t  c a n  b e  sh o w n  t h a t  t h e  m o tio n  o f  a n  e le m e n ta ry  c h a rg e , o n  w h ic h  a n  

e x te rn a l field  is  a c tin g , sa tis fie s  a n  e q u a t io n  w h ic h  is  a n  o b v io u s  g e n e ra liz a tio n  

th e  c lassica l e q u a tio n  o f  L o re n tz . T o  f in d  th is  e q u a t io n  w e  s h a ll  u se  h e re  a  

3 a rtesian  c o -o rd in a te  sy s te m .

W e assu m e  t h a t  t h e  s t r e n g th  o f  t h e  e x te r n a l  fie ld  in  a  re g io n  s u r ro u n d in g  

th e  e le c tro n  is  v e ry  sm a ll c o m p a re d  w i th  th e  p ro p e r  fie ld  o f  t h e  p o in t  c h a rg e . 

W e d e n o te  th e  p ro p e r  fie ld  o f  t h e  e le c tro n  b y

Ph {0), (8-9)
a n d  th e  e x te rn a l  fie ld  b y

V e) ( 8 . 1 0 )

w e d o  n o t  ta k e  in t o  c o n s id e r a t io n  t h e  so u rce s  o f  t h e  e x te r n a l fie ld . F r o m  th e  

a ssu m p tio n , t h a t

p * r > / « • • ’ ; / h 10’ > / , (8 . 11 )

in s id e  th e  sp h e re  su rro u n d in g  th e  e le c tro n , i t  fo llo w s e v id e n t ly  t f i a t  th e  r e a l  

so lu tio n  o f  th e  fie ld  e q u a tio n s  c a n n o t  b e  v e ry  d if fe re n t f ro m  t h a t  o b ta in e d  b y  

a d d in g  th e  u n p e r tu rb e d  p ro p e r  fie ld  a n d  th e  e x te r n a l  fie ld . W e  c o n s tr u c t  

th e re fo re  a  sp h e re  $ <0) w ith  i ts  c e n tre  a t  t h e  s in g u la r i ty  o f  H  a n d  w ith  a  r a d iu s  

r <0), w h ich  is so sm a ll, t h a t  in s id e  th e  sp h e re  (8 .11) is  a lw a y s  sa tis fie d . B u t  th e  

ra d iu s  r !0) o f  th e  sp h e re  h a s  to  b e  g re a t  c o m p a re d  w ith  th e  r a d iu s  o f  t h e  e le c tro n , 

so t h a t  w e c a n  a ssu m e  th e  v a l id i ty  o f  M a x w e ll’s e q u a tio n s  o n  th e  su rfa c e  o f  

th e  sp h e re  j u s t  a s  o u ts id e  th e  sp h e re .

W e m a k e  th e  fu r th e r  a s su m p tio n  t h a t  th e  a c c e le ra tio n  ( c u rv a tu re  o f  th e  

w orld  fine) is  n o t  to o  la rg e , i.e., on e  c a n  ch o o se  th e  r a d iu s  in  su c h  a  w a y  t h a t  

th e  field p H(0) in sid e  S (0> is  e s se n tia l ly  id e n t ic a l  w i th  t h a t  o f  th e  c h a rg e  e in  

u n ifo rm  m o tio n  a n d  c a n  b e  d e r iv e d  f ro m  th e  fo rm u la  o f  § 7 b y  a  L o re n tz  

tra n s fo rm a tio n . N o w  w e s p l i t  th e  in te g ra l

H dx ( 8 . 1 2 )

in to  a  p a r t  c o rre sp o n d in g  to  th e  sp h e re  S t0) a n d  th e  r e s t  o f  sp ace  R . I n  S <0) w e 

h a v e

H =  V l  — it P k i P
1

1
=  V i  — W 0) p(0> kl— Pki0)f e) — i  

Q =  0  J

(8.13)
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448 M. B orn  an d  L. Infeld .

C o rre sp o n d in g  to  (8 .1 1 ) o n e  c a n  c o n s id e r  t h e  te r m s  f ki 0>f (e)kl a s  sm all of the 

f ir s t  o rd e r  (c o m p a re d  w i th  f k i 0)f lom)> t h e  t e r m s  f

s e c o n d  o rd e r , a n d  th e s e  l a t t e r  w ill b e  n e g le c te d . T h e n  w e  h a v e  b y  developing 

(8 .1 3 ) a n d  u s in g  (4 .1 4 )  :

H  =  V l  -  i  W ° ’« - l - i  /„ « » ’/  <«*>, (8.14)

w h ic h  h o ld s  in s id e  th e  s p h e re  S (0). W e  c a n  w r i te  (8 .14) in  a n o th e r  f o r m :

H  =  H (0) —  %fki ° f (e)kl 

H (0) =  Vl — 1 J
(8.15)

(8 .15) d iffe rs  f ro m  (8 .14) o n ly  in  t h e  t e r m s  o f  t h e  s e c o n d  o rd e r . B u t  (8.15) 

h o ld s  n o t  o n ly  in s id e  b u t  a lso  o u ts id e  t h e  sp h e re . F o r  i n  R  t h e  e q u a tio n  (8.15) 

ta k e s ,  a c c o rd in g  t o  o u r  a s s u m p tio n s  a b o u t  r (0), t h e  fo llo w in g  fo rm  :

H  =  -  W V * »  -  -  i / « l' 7 “ ,*‘ ij

=  -  ~  (8.16)

T h is  is , h o w e v e r , t h e  k n o w n  e x p re s s io n  f o r  H  in  M a x w e ll’s  t h e o r y  ; (L  =  — H). 

T h e re fo re  (8 .15) h o ld s  a s  w e ll in  t h e  sp h e re  S (0) a s  i n  R . O n e  h a s

j H  dx =  J H (0) dx — \  | / fcl(0) f ie)kl £ J

W e  in tro d u c e  t h e  n o ta t io n

4t tA  =  j  H (0) dv -  £ \ f i a (0)f {e)kl d v - i \  f kl(e)

a n d  h a v e  fo r  t h e  a c t io n  p r in c ip le

8 J A dt =  0.

T h e  in te g r a l

in  (8 .17) g iv e s  zero , b e c a u se

dx1
=  0 ; (P*(e)=  0).

(8.17)

(8.18)

(8.19)

( 8 .20) 

(8.21)

I f  w e b e a r  in  m in d  t h a t  in  t h e  c o -o rd in a te  s y s te m , w h e re  th e  p o in t  charge  is at 

r e s t , j H (0) dv is  p r o p o r t io n a l  t o  t h e  m a ss , w e h a v e  :

J*H(0) dv — m 0c2j 1 — \ 2/c?dv, (&f|jl
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Foundations of New Field Theory. 449

h e re  v  is  th e  v e lo c ity  o f  t h e  c e n tre  o f  t h e  e le c tro n . I n  th e  s e c o n d  in te g r a l

f  (8.17) w e h a v e

,  < e >  _ _

11 dxk dxl
(8 .23)

0r(O)W
id  b y  p a r t ia l  in te g ra t io n  w e fin d , u s in g  ■ . —- =  4rcpfc :

i  j  f 0klf klle) —  4t u| pl dv dt. (8 .24)

rh e  a d d it io n a l  su rfa c e  in te g r a l  o v e r  t h e  in f in ite ly  la rg e  su rfa c e  c a n  b e  o m it te d ,  

because i t  g iv es  n o  c o n tr ib u t io n  to  t h e  v a r ia t io n  (8 .19). T h e  r e s u l t  i s :

A  — m 0c2 a / 1 — v 2/c2 — | dv. (8 .25)

We c a n  w r i te  (8 .25) in  t h e  sp a c e -v e c to r  fo rm  :

A  =  w 0c2 \ / l  — v 2/c2 — j" F e)? -j- -  | A I  dv. (8.25a )

A n e lec tro n  b e h a v e s  th ere fo re  lik e  a  m e c h a n ic a l s y s t e m f  w ith  th e  r e s t  m a s s  m 0, 

a cted  o n  b y  th e  e x te r n a l fie ld  f k e (e ) .%

I f  t h e  e x te r n a l  p o t e n t ia l  i s  e s s e n t ia l ly  c o n s t a n t  i n  a  r e g io n  s u r r o u n d in g  t h e  

e le c tr o n  c o n s id e r e d , t h e  d ia m e te r  o f  w h ic h  i s  la r g e  c o m p a r e d  w i t h  r 0, o n e  g e t s  

in s te a d  o f  (8 .2 5 ):

|  A  dt =  |  m0c2 's/ 1 — v 2/c2 -j- e (<

a n d  t h is  i s  e n t ir e ly  e q u iv a le n t  t o  L o r e n t z ’s  e q u a t io n s  o f  m o t io n .  B u t  o u r

t  B o r n , 6 A n n . P h y s i k /  v o l .  2 8 , p . 5 71  ( 1 9 0 9 ) ;  P a u l i ,  “  R e la t iv i t a t s t h e o r ie ,”  p . 6 4 2  

(T eu b n er ).

+ T h e  m e th o d  u se d  in  I  fo r  d e r iv in g  t h e  e q u a t io n  o f  m o t io n  is  n o t  c o rr ec t . I t  s ta r te d  

fro m  th e  a c t io n  p r in c ip le  in  t h e  fo r m

8 j L d x  —  0  ( in s te a d  8 J H d x  =  0 ) ;

th e n  in  th e  d e v e lo p m e n t  in s te a d  o f  t h e  c o e ff ic ie n ts  f k i (°) t h e  ^>^(°) a p p e a r , w h ic h  b e c o m e  

in fin ite  a t  th e  ce n tr e  o f  t h e  e le c tr o n . T h ere fo r e  t h e  tr a n s fo r m a t io n  o f  t h e  sp a c e  in te g r a l  

is  n o t  a llo w ed . I n  t h e  fir st a p p r o x im a t io n  w e  h a v e

P k i  —  P k l ^  +  P k l ^

a n d  n o t

fkl  = /fcZ (0)

T h e  m is ta k e  in  th e  fo rm er  d e r iv a t io n  is  a ls o  s h o w n  b y  t h e  w r o n g  r e s u lt  fo r  t h e  m a ss  ( th e  

n u m e r ic a l  fa c to r  w a s  h a l f  o f  t h a t  g iv e n  h ere).
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4 5 0 M. B orn an d  L. Infeld.

fo rm u la  (8 .25) h o ld s  a lso  fo r  fie ld s  w h ic h  a re  n o t  c o n s ta n t .  A n y  field can be 

s p l i t  u p  in  F o u r ie r  c o m p o n e n ts  o r  e le m e n ta ry  w a v e s ; w e  m a y  consider each 

o f  th o s e  s e p a ra te ly , a n d  c h o o s in g  t h e  Z -a x is  p a ra l le l  t o  t h e  p ro p a g a tio n  of the 

w a v e , w e  c a n  a s su m e  t h a t  <f>s(e) is  p ro p o r t io n a l  t o  e2ni z/A. T h e n  w e see that 

t h i s  F o u r ie r  c o m p o n e n t  g iv e s  a  c o n tr ib u t io n  to  t h e  in te g r a l  (8 .25) o f  th e  form 

(8 .26 ), w h e re  <f>s{e) is  n o w  t h e  a m p l i tu d e  o f  t h i s  c o m p o n e n t a n d  e h as  to be 

r e p la c e d  b y  a n  “  e ffe c tiv e  ”  c h a rg e  e, g iv e n  b y

pe zlxdv.

U s in g  t h e  e x p re s s io n  o f  p g iv e n  b y  (7 .12 ), a n d  p u t t i n g

dv =  r2 s in  d& d(f> dr,

2 r r i r

C0R v s in  & .

o n e  h a s
r2dr

rp ( n/*̂ \3/2 'HHH

, f i 1 +  7i>o %j o 

T h e  -h in te g r a t io n  c a n  b e  p e rfo rm e d , a n d  o n e  c a n  w r ite

/2nrn\ , . 2 f

e “  6 9 [-if! ; 9 <*> ( T T ^

F o r  w a v e s  lo n g  c o m p a re d  w i th  r0 o n e  h a s  e — e, b e c a u se  (0) =  1. B u t for 

d e c re a s in g  w a v e - le n g th s  th e  e ffe c tiv e  c h a rg e  d im in ish e s , a s  th e  l i t t le  tab le for 

g ( x)sh o w s :—

T a b le  o f  g (cc).f

X . 9  ( * ) •

1

X • 9  (*)•

0 1 1 -2 5 0 - 7 9 6

0 1 0 * 9 8 8 1 -5 0 0 - 7 3 0

0 - 2 0 * 9 8 4 1*75 0 * 6 5 9

0 - 3 0 * 9 6 8 2 * 0 0 0 * 5 8 8

0 - 4 0 * 9 5 9 2 * 2 5 0 * 5 2 6

0 - 5 0 * 9 4 9 2 * 5 0 0 * 4 5 7

0 - 6 0 - 9 2 9 3 * 0 0 0 * 3 4 7

0 - 7 0 - 9 1 7 3 - 5 0 0 * 2 52

0 - 8 0 * 9 0 1 4 * 0 0 0 * 1 8 6

0 - 9 0 - 8 8 0 5 * 0 0 0 * 0 9 4

1 0 0 - 8 5 6

T h e  d e c re a se  b e g in s  t o  b e c o m e  re m a rk a b le  w h e re  — 1, o r  X 

la rg e  x  o n e  h a s  g {x) =  2 jx 2.
2tvr0. For

f  C a lc u la t e d  b y  M r . D e v o n s h ir e .
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Foundations of New Field Theory. 4 5 1

I f  w e in tro d u c e  th e  q u a n tu m  e n e rg y  c o rre sp o n d in g  t o  th e  w a v e - le n g th  X 

}y E  =  hcj'k, th e n  u s in g  (8 .6) o n e  h a s

=  1 - 2 3 6 -  J L  = S U 5 ® _ ® _  =  J _  J L  .
X he m<t? 1 3 7 -1  111 m„c2

x  — 1 c o rre sp o n d s  to  a  q u a n tu m  e n e rg y  o f  a b o u t  1 0 0  m Qc2 =  5 . 1 0 7 e. v o l t .  

F o r  en erg ies la rg e r  t h a n  th is  th e  in te r a c t io n  o f  e le c tro n s  w i th  o th e r  e le c tro n s  

(o r l ig h t  w av es e x c ite d  b y  th o se )  sh o u ld  b e c o m e  s m a lle r  t h a n  t h a t  c a lc u la te d  

b y  th e  a c c e p te d  th e o r ie s . T h is  co n seq u e n c e  seem s t o  b e  c o n firm e d  b y  th e  

a s to n ish in g ly  h ig h  p e n e tr a t in g  p o w e r o f  th e  co sm ic  r a y s . f

Summary.

T h e  n ew  field  th e o r y  c a n  b e  c o n s id e re d  a s  a  r e v iv a l  o f  th e  o ld  id e a  o f  th e  

e le c tro m a g n e tic  o r ig in  o f  m ass . T h e  fie ld  e q u a tio n s  c a n  b e  d e r iv e d  f ro m  th e  

p o s tu la te  t h a t  th e re  e x is ts  a n  “  a b s o lu te  fie ld  ”  b w h ic h  is  t h e  n a tu r a l  u n i t  fo r  

a ll  fie ld  c o m p o n e n ts  a n d  th e  u p p e r  l im it  o f  a  p u re ly  e le c tr ic  fie ld . F ro m  th e  

s ta n d p o in t  o f  r e la t iv i ty  t ra n s fo rm a tio n s  th e  th e o r y  c a n  b e  fo u n d e d  o n  th e  

a s su m p tio n  t h a t  th e  fie ld  is re p re s e n te d  b y  a  n o n - sy m m e tr ic a l  te n s o r  akl, a n d  

t h a t  th e  L a g ra n g ia n  is th e  s q u a re  ro o t  o f  i t s  d e t e r m i n a n t ; t h e  sy m m e tr ic a l  

p a r t  gkl o f  akt re p re se n ts  th e  m e tr ic  fie ld , th e  a n t is y m m e tr ic a l  p a r t  th e  

e le c tro m ag n e tic  field . T h e  fie ld  e q u a tio n s  h a v e  th e  fo rm  o f  M a x w e ll’s e q u a ­

tio n s  fo r  a  p o la r iza b le  m e d iu m  fo r  w h ic h  th e  d ie le c tr ic  c o n s ta n t  a n d  th e  m a g n e tic  

s u sc e p tib ili ty  a re  sp ec ia l fu n c tio n s  o f  th e  fie ld  c o m p o n e n ts . T h e  c o n se rv a tio n  

law s o f  en e rg y  a n d  m o m e n tu m  c a n  b e  d e riv e d . T h e  s ta t ic  so lu tio n  w ith  

sp h e rica l sy m m e try  c o rre sp o n d s  to  a n  e le c tro n  w ith  f in ite  e n e rg y  (o r m ass) ; 

th e  t ru e  c h a rg e  c a n  b e  co n sid e red  a s  c o n c e n tra te d  in  a  p o in t, b u t  i t  is  a lso  

possib le to  in tro d u c e  a  free  c h a rg e  w ith  a  s p a t ia l  d is t r ib u t io n  law . T h e  m o tio n  

o f th e  e le c tro n  in  a n  e x te rn a l  fie ld  o b ey s  a  law  o f  th e  L o re n tz  ty p e  w h e re  th e  

force is th e  in te g ra l  o f  th e  p ro d u c t  o f  th e  fie ld  a n d  th e  free  c h a rg e  d e n s ity . 

F ro m  th is  fo llow s a  d ec rease  o f  th e  fo rce  fo r  a l te rn a t in g  fie lds o f  s h o r t  w av e -  

len g th s  (of th e  o rd e r  o f  th e  e le c tro n ic  ra d iu s ) , in  a g re e m e n t w ith  th e  o b se rv a ­

tio n s  of th e  p e n e tra tin g  p o w e r o f  h ig h  f re q u e n c y  (cosm ic) ra y s .

f  B o m , ‘ N a tu r e ,’ v o l . 1 3 3 , p . 6 3  (1 9 3 4 ).
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