425

Foundations of the New Field Theory.

By M. Borx and L. INvrLD,T Cambridge.

(Communicated by R. H. Fowler, F.R.8.—Received January 26, 1934.)

§ 1. Introduction.

The relation of matter and the electromagnetic field can be interpreted
two opposite standpoints :—

The first which may be called the unitarian standpoint] assumes only one

qnhysicsa.l entity, the electromagnetic field. The particles of matter are con-

i adered as singularities of the field and mass is a derived notion to be expressed
ﬂ*aay field energy (electromagnetic mass).

80 The second or dualistic standpoint takes field and particle as two essentially
1Eiiﬁerent agencies, The particles are the sources of the field, are acted on by
\Srhe field but are not a part, of the field ; their characteristic property is inertia
- Bmeasured by a specific constant, the mass.
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'© At the present time nearly all physicists have adopted the dualistic view,
: §which is supported by three facts.

57; 1. The failure of any attempt to develop a unitarian theory.—Such attempts

s://ro

aave been made with two essentially different tendencies: (@) The theories
witarted by Heaviside, Searle and J. J. Thomson, and completed by Abraham,

tz, and others, make geometrical assumptions about the *‘ shape ” and
‘gkinematic behaviour of the electron and distribution of charge density (rigid
‘éalectton of Abraham, contracting electron of Lorentz); they break down
'Ubeoanse they are compelled to introduce cohesive forces of non-electromagnetic
-moﬁgm (b) the theory of Mie§ formally avoids this difficulty by a generalization
“s:mf Maxwell's equations making them non-linear ; this attempt breaks down
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A 1 Research Fellow of the Rockefeller Foundation. I should like to thank the Rocke-

- feller Foundation for giving me the opportunity to work in Cambridge.

~ { This expression has nothing to do with * unitary » field theory due to Einstein, Weyl,

- Eddington, and others where the problem consists of uniting the theories of gravitational

~ and electro-magnetic fields into a kind of non-Riemannian geometry. Specially some of

- Eddington’s formule, developed in § 101 of his book “The Mathematical Theory of

 Relativity (Cambridge), have a remarkable formal analogy to those of this paper, in

- #pite of the entirely different physical interpretation.

© §"Ann. Physik,’ vol. 87, p. 511 (1912); vol. 39, p. 1 (1912); vol. 40, p. 1 (1913). Also
Bwn. Gottinger Nachr,’ p. 23 (1914).
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because Mie's field equations have the unacceptable property, that
solutions depend on the absolute value of the potentials.

2. The result of relativity theory, that the observed dependance of mags
on velocity is in no way characteristic of electromagnetic mass, but can he
derived from the transformation law.

3. Last, but not least, the great success of quantum mechanics which in its
present form is essentially based on the dualistic view. It started from the
consideration of oscillators and particles moving in a Coulomb field ; th.
methods developed in these cases have then been applied even to the electro-
magnetic field, the Fourier coefficients of which behave like harmonio
oscillators.

But there are indications that this quantum electrodynamics meets con-
siderable difficulties and is quite insufficient to explain several facts.

The difficulties are chiefly connected with the fact that the self-energy of a
point charge is infinite.f The facts unexplained concern the existence of
elementary particles, the construction of the nuclei, the conversion of these
particles into other particles or into photons, etc. ]

In all these cases there is sufficient evidence that the present theory (formu-
lated by Dirac’s wave equation) holds as long as the wave-lengths (of the
Maxwell or of the de Broglie waves) are long compared with the “ radius of
the electron ” e2/mec®, but breaks down for a field containing shorter waves.
The non-appearance of Planck’s constant in this expression for the radius
indicates that in the first place the electromagnetic laws are to be modified ;
the quantum laws may then be adapted to the new field equations.

Considerations of this sort together with the conviction of the great philo-
sophical superiority of the unitarian idea have led to the recent attempt] to
construct a new electrodynamics, based on two rather different lines of thought:
2 new theory of the electromagnetic field and a new method of quantmil'il:
mechanical treatment. 0

It seems desirable to keep these two lines separate in the further development. |
The purpose of this paper is to give a deeper foundation of the new ﬁéﬂl
equations on classical lines, without touching the question of the qnanm
theory. .

+ The attempt to avoid this difficulty by a new definition of electric force acting on !
particle in a given field, made by Wentzel (‘ Z. Physik,’ vol. 86, pp. 479, 635 (1933)’.' ki
87, p. 726 (1934) ), is very ingenious, but rather artificial and leads to new difficulties.
1 Born, ¢ Nature,’ vol. 132, p. 282 (1933) ; * Proc. Roy. Soc.,’ A, vol. 143, p. 410 (1

<cited here as 1.
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. In the papers cited above, the new field theory has been introduced rather
. ogmatically, by assuming that the Lagrangian underlying Maxwell’s theory

L =} (H®— E?) (1.1)

(Il and E are space-vectors of the electric and magnetic ﬁeld) has to be replaced

- I the expressionf
— \ﬁ+ z,l'e (H2 — E?) — 1), (1.2)

The obvious physical idea of this modification is the following :—

The failure in the present theory may be expressed by the statement that
violates the principle of finiteness which postulates that a satisfactory theory
wuld avoid letting physical quantities become infinite. Applying this
sinciple to the velocity one is led to the assumption of an upper limit of
0 slocity ¢ and to replace the Newtonian action function § mv* of a free particle
v the relativity expression mc? (1 — /1 — v?/c®). Applying the same condition
» the space itself one is lead to the idea of closed space as introduced by
linstein’s cosmological theory.f Applying it to the electromagnetic field one
i lead immediately to the assumption of an upper limit of the field strength
nd to the modification of the action function (1.1) into (1.2).

This argument seems to be quite convincing. But we believe that a deeper
hundation of such an important law is necessary, just as in Einstein’s mechanics
he deeper foundation is provided by the postulate of relativity. Assuming
hat the expression me? (1 —1/1 — %/c?) has been found by the idea of a velocity
it it is seen that it can be written in the form

Downloaded from https://foyalsbcie'typublishing org/ on 04 August 2022

me? (1 — dx/dt),
vhere

R = * dit — da® — dy* — d2?,

wnd therefore it has the property that the time integral of me? dr/dt is in-
rariant for all transformations for which d<® is invariant. This four-dimen-
ional group of transformations is larger than the three-dimensional group of
aransformations for which the time integral of the Newtonian function

Sy dmv? = I (ds/dt)?;  ds* = da® + dy® + d2?,
8 Invariant,

T Bee Born and Infeld, * Nature,’ vol. 132, p. 1004 (1933).
{ See Eddington, * The Expanding Universe,” Cambridge, 1933.
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So we believe that we ought to search for a group of transformations for
which the new Lagrangian expression has an invariant space-time integml
and which is larger than that for the old expression (1.1). This latter g i
the known group of special relativity but not the group of general space
transformations. Now it is very satisfying that the new Lagrangian bel
to fhis group of general relativity ; we shall show that it can be derived
the postulate of general invariance with a few obvious additional assumption
Therefore the new field theory seems to be a consequence of this very gen ,
principle, and the old one not more than a useful practical approximation,
just in the same way as for the mechanics of Newton and Einstein. '

In this paper we develop the whole theory from this general standpoint.
We shall be obliged to repeat some of the formuls published in the previous
paper. The connection with the problems of gravitation and of quanw
theory will be treated later. »

§ 2. Postulate of Invariant Action. *

We start from the general principle that all laws of nature have to be expressed
by equations covariant for all space-time transformations. This, howevﬁ_ﬁI
should not be taken to mean that the gravitational forces play an essential
part in the constitution of the physical world ; therefore we neglect the
gravitational field so that there exist co-ordinate systems in which the metrical
tensor g,; has the value assumed in special relativity even in the centre of an
electron. But we postulate that the natural laws are independent of the
choice of the space-time co-ordinate system.

We denote space-time co-ordinates by

ot o o® o=, ¥,z d.

The differential da* is, as usual, considered to be a contravariant
One can pull the indices up and down with help of the metrical tensor whi
in any cartesian co-ordinate system (as used in special relativity) has the fo
—1 0 0 0

0 —1 0

0 0 —1

0 0 0

(gu) = = (skl)'

O ©

+ The adaptation of the function L (1.1) to the general relativity by mnlhphaﬂ“'
v/ — g is quite formal. Anyexpmseionmbemadesenmnyinv‘ﬁmm'mm
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.} is not the unit matrix, because of the different signs in the diagonal. There-
. hre we have to distinguish between covariant and contravariant tensors even
1 the co-ordinate systems of special relativity. In this case, however, the
ule of pulling up and down of indices is very simple. This operation on the
ndex 4 does not change the value of the tensor component, that on one of the

ndices 1, 2, 3 changes only the sign.
We use the well-known convention that one has to sum over any index

o
§vhich appears twice.

+ To obtain the laws of nature we use a variational principle of least action
E:mf the form

3 3 j Pdr =0, (A = da' do® da® dab). (2.2)
S

§ We postulate : the action integral has to be an invariant. We have to find
%D:he form of ¢ satisfying this condition.

%b We consider a covariant tensor field a,, ; we do not assume any symmetry
Sproperty of a,;. The question is to define ¢ to be such a function of ay
=that (2.2) is invariant. The well-known answer is that % must have the
aform'!'

_‘E E =[ay|; (|@y| = determinant of a,;). (2.3)
Q

S

-C%If the field is determined by several tensors of the second order, & can be
§hny homogeneous function of the determinants of the covariant tensors of
Sthe order }.

7]

£ Each arbitrary tensor a,; can be split up into a symmetrical and anti-
';symmetrioal part :

S

ﬁ @ =G+ fus It = G 5 Ju=—Ju (2.4)
O

'§ The simplest simultaneous description of the metrical and electromagnetic
= field is the introduction of ome arbitrary (unsymmetrical) tensor a, ; we
%ndenﬁfy its symmetrical part g,; with the metrical field, its antisymmetrical
A part with the electromagnetic field.:

(l:%:)“ Eddington, “ The Mathematical Theory of Relativity,” Cambridge, § 48 and 101
2 (@ ... 7%

The proof is simple : by a transformation with the Jacobian I = T ) d~ is changed
‘ into dr = I dr and |ax| into @, = |ay| 1-* ; for the da® are contravariant, @y covariant.

1 This assumption has already been considered by Einstein, ‘ Berl. Ber.,' pp. 75/37
1923) and p. 414 (1925), from the standpoint of the affine field theory.
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‘We have then three expressions which multiplied by d+ are invariant

vV— ,“kll =V'— g+ ful; V= ngll 5 V lful,

where the minus sign is added in order to get real values of the square

for (2.1) shows that |8;;| = — 1, therefore always |g,;| <C 0. .l
The simplest assumption for < is any linear function of (2.5) :
¢ =V—|gu+ful + AV—lgu| + BV Ifkl . (3.%

But the last term can be omitted. For if f;; is the rotation of a potential vectq,f
as we shall assume, its space-time integral can be changed into a surfage
integral and has no influence on the variational equation of the field.f There-

fore we can take
B =0. (2.72:1.

We need another condition for the determination of A. Its choice is obvious,
In the limiting case of the cartesian co-ordinate system and of small values
of fi;, < has to give the classical expression

L =1fuf™ (2.8%/
‘We now leave the general co-ordinate system which has guided us to the expres-
sion (2.6) for 4 and calculate % in cartesian co-ordinates. Then we have
with g, = 8, (see (2.1) )
—1 fia fis Jfua
Ja —1 [ fau
Ja Sfa2 —1 fu
Ju S fas 1
=1+ (fos® +Sfa® + fr2® — il — o —Jad) — lfkll' .
For small values of f,; the last determinant can be neglected and (2.6) becomes
equal to (2.8) only if Py (ﬁ-ﬁ:

=1+ (fos® +faa® + f1a® — i
—fad —fu')}”
— (fasfra +ForSoa +fufnﬁ.

== Iskl“}‘szl =i

We have therefore the result :—
The action function of the electromagnetic field is in general co-ordinates

e
& =V=gu+fual —V— |gul @10
and in cartesian co-ordinates |

L=vV14+F—-G:—1,

+ See Eddington, loc. cit., § 101.
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e F =faas +f313 ’f‘fn2 —fua —fng —fa«:2 (2.12)

G = fasfrs + farSos + frafar (2.13)

Let us go back to the expression for ¢ in a general co-ordinate system.
We denote as usual
|9l =9

~and we develop the determinant [g, + fi;| into a power series in f;. We
S have then
|9 + fi] =9 + @ (g fia) + | fal-
S0Fhe transformation properties of |gu +fuls 9. |fu| and therefore also
< of ® (9,1, fi1) are the same. They transform in the same way as g. If we
S write

ugust 2

9+ P+ | ful =9(1 +9+Iﬁ‘—l), (2.14)

Dwe see, that all expressions in the bracket on the right side of (2.14) are in-
= variant. We have caleulated their value in a geodetic co- -ordinate system and
have found :

(D ar

g = Muf* =F =4ficfug"y"

@ /¢ is an invariant. We have therefore in an arbitrary co-ordinate system :
|9 +ful =90 + F —G?)

C=vV—gW1F+F—-G—1) J

B=4fuf®; Gr= |fiel _ (fasfra + frfon + frafa)* (2.16)
i —9 =4
Both F and G are invariant. We shall bring G into such a form, that its
invariance will be evident. For this purpose let us define an antisymmetrical
tensor j*" for any pair of indices, that ist

(2.15)

2;_. if sklm is an even permutation of 1, 2, 3, 4
V=g

aklm
e \/___ if skl is an odd permutation of 1, 2, 3,4 | ° (2.17)

0 in any other case

Downloaded from https://royalsocietypublishing.org/ on

We can write now G in the following form :

G = 31" fSime (2.18)
+ Einstein and Mayer, ‘ Berl, Ber.,' p. 3 (1932).

g
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From the last equation we can deduce the tensor character of j*™, -;‘
also write G in the form

G = 3fuf*, (218
where f*% is the dual tensor defined by
: Ukt o (2.20)
that is
1 1 1
e Tt SN *31 : e
f \/_gfu- f \/——_gfm f _gfa ( 9
*14 s 1 f f*“ ez -1— *34 = 1 L - ‘:
V—g T T

or also
P AR S O
f*l‘.:_\/:_g-./'%’ f*“=_\/~—yf3], f*uz—\/-—_gfu 3 a&)

because
salelin

f*sl-' =.jnklmflm 3 j.ﬂclm ==a% . yalgbkgclgdmjab“' (2‘

We shall need later the following formulse :

FrE == (2.24)
jwf ko an. =f *uf e = G3; (2.
free — £ (2.26)

(2.24)—(2.26) follow from the definition of f*,,, f**' and G given above.
The function ¢ represented by (2.15) is the simplest Lagrangian satisfying
the principle of general invariance. But it differs from that considered in I
by the term G® This is of the fourth order in the f;; and can, therefore, be
neglected except in the immediate neighbourhood of singularities (z.e., electrons,
see § 6). But the Lagrangian used in I can also be e in a gel
covariant form ; for G2 is a determinant, namely, | f,;|. therefore

j (V— g+ fal + [ful —V—lgul) d= @.27)
is also invariant ; in cartesian co-ordinates it has exactly the form
j(Vl +F —1)d= ‘,‘;f:

Which of these action principles is the right one can only be decided by their
consequences. We take the expression given by (2.15) and can then easiy
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. return to the other (2.27) or (2.28) by putting G = 0. In any case the solution
. of the statical problem is identical for both action functions because one has

(G = 0 in this special case.

§ 3. Aetion Principle, Field Equation and Conservation Larw.
We write (2.15) in the general form

¢ =v—gL=v—gL(gu F, G).

Au ugust 2022

S We shall see that all considerations hold if L is an invariant function of these
vg arguments. As usual we assume the existence of a potential vector ¢,, so
£ that '

_ 9 Oy
.fkl = 3:1;" aTl . (3‘1)
» Then we have the identity
Voo o Ly Lt (3.2)

which can with the help of (2.20) be written :

oV —gf** Z Mo (3.24)

//royalsocietypublishing org/ o

We introduce a second kind of antisymmetrical field tensor p,;, which has to

@ [ & relation similar to that which, in Maxwell’s theory of macrospic bodies,
= the dielectric displacement and magnetic induction have to the field strengths :
£

S . "

W = u=a'i.__ == L By skl o= Gf**)vV—g

§ V—gp o v 9(.2 aFf f J= AT =0 (3.3)
S

= The variation principle (2.2) gives the Eulerian equations

3

o —

o L;zlfuf e (8.4)

The equation (3.2) (or (3.24) ) and (3.4) are the complete set of field equations.
We prove the validity of the conservation law as in Maxwell’s theory.
~ Assuming a geodetic co-ordinate gystem, we multiply (3.2) by p'™

el .. 8
P ("a% -+ a&' 4 -a-é-},,) (3.5)
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In the second and third term we can take p™ under the differentiation symbhe
because of (3.4) ; in the first term we use the definition (3.3) of p™:

2 % (p'mfmk) =+ a_L %.E =0,

of;, Ox*
or
0 mi oL —
_28—1_1(}7 mk)+2"a'z_k—'0'
If we introduce the tensor '
Tk' _ Lskl == pm‘fmk’
where
8.1 1if k=1
& - £l
0if k1
we have
T _
¥ L

In an arbitrary co-ordinate system we have
2V —gT, 9
=5 =t =t
or, with the udual notation of covariant differentiation

T = 0.

It follows from (3.3) and (2.25) that we can write also T,' in the form

Tk' =L 8 _1 —M - (8‘ "‘}
VIt F -G -

§ 4. Lagrangian and Hamiltonian.

% can be considered as a function of ¢*' and f,;. We shall show that

\/—_2; -%9% is the energy-impulse tensor. We find
oV —a ——
_\a;__g =—3V—yg9a

: %=9"fuftr

e
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e 0% oL oF |, oL 0G)\)
_2’?t'= —_.q-{l‘ykl_z(éf?l—'l- 8—(—}-3?‘%
r i o G2
=v—yg {Lgkl —f—f———*:/ll__.i — é’s“} - (4.4)
. It follows from (3.6a) and (3.6)
0¥ s =
—35m =V—9Tu=V—9g(gu —fubug")- (4.5)

ugust 2022

50 Now it is very easy to generalize our action principle in such a way that it
<econtains Einstein’s gravitation laws ; one has only to add to the action integral

4

'Céthe term _( RV —-_g d-r, where R is the scalar of curvature. But we do not:

- Buliscuss problems connected with gravitation in this paper.
oob % was regarded as a function of ¢*!and f,;. 'We can, however, express ¥

Eal&o as a function of ¢* and p,;. It can be shown that it is possible to solve

.Zthe equations

=) K __ (3f%k

2 M= (3.3)
> V14 F — G2

(5}

éwith respect to f . For this purpose we have to calculate

<

3 ip*p*a =P, (4.6)
> 1P =Q (4.7)
iy

t

<i.e., P and Q corresponding to F and G. Using the formuls (3.3) and (2.24)-
E£(2.26), we obtain

-
T
.E Q=0aG. (4.9)
' % The last equations can be written in a more symmetrical form :
1 14 F—=G_  14Q
T+ i1 P_G (4.84)
= Q) (4.94)

We are now able to solve the equations (3.3). It follows from (3.3) and (2.26)

- that
\ *kl ki
=L +‘*1; (i ; , (3.34)
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Solving (3.3) a.nd (8.3a) we obtain (taking into account (4.84) and (4.94) )

f Eu = Qe*u f*”'= eﬂz_gzz .
TVITP— Q@ V1+P—Q?

The tensors f,; and p, can now be treated completely symmetrically,
Instead of the Lagrangian L we can use in the principle of action the Hamil-
tonian function H :

H =L —$p" fus (4.11).

where H has to be regarded as a function of g* and py. From (4.8), (4.9),
and (4.10) it follows for H as a function of ¢* and p,,; : ‘

#=HV=g=v=g(VIFP=Q=1), (4.12)
and this can be expressed in the form
H =V — g+ p*ul —V— |gul- (4.124)

The function H leads us to exactly the same equations of the field as the functio
L. We see that the equations

P*u ?—%‘—l % (4*, = anti-potential-vector) (4.13)

Y T ;’D—/f (4.14)
xl
) -\/'__’Tf-m ey (
ot =i

are entirely equivalent to the equations (3.4), (4.10), (3.24).
The energy-impulse tensor (3.6A) can also be expressed with help of
instead of L. One has

T = H3,! — f¥mip* . — (L — }p®fa) 8 — fEmigk (4_1

The identity of this expression with (3.6) is evident, if we appeal to the followin
formula which can be deduced from (2.21), (2.22)

famipe = pmif o — 3p® o 8 : (4.1

1 In T it has been stated that the two expressions for Ty!, obtained with help of L sad
H, are different ; this has turned out to be a mistake.
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.~ Generally, from each equation containing %, ¢, fi, Pu, one obtains
 another correct equation changing these quantities correspondingly into
~%‘! ""Iv p‘kh f *kl-
§ b. Field Equations in Space-vector Form.
. We now introduce the conventional units instead of the natural units. We
- denote by B, E and D, E, the space-vectors which characterize the electro-
magnetic field in the conventional units. We have in a cartesian co-ordinate

system :
(2, 22, 23, 2%) > (2, ¥, 2, of) (5.1)
(P15 Pas b3 ba) ~ (A, &) (5.2)
(fas: fars fra— B } (5.3)
Jras fas fa) = E

> Pa1s P12 > H
(223> Pars P12 } (5.4)

Pras Pass Pa) = D
The quotient of the field strength expressed in the conventional units divided
by the field strength in the natural units may be denoted by 6. This constant
of a dimension of a field strength may be called the absolute field ; later we shall
‘5 determine the value of b, which turns out to be very great, i.e., of the order of
= magnitude 10 e.s.u.

Downloaded from https://royalsocietypublishing.org/ on 04 August 2022

‘We have
L=v14+F—G—1, (2.11)
1 bl |
F=r(B—E); G=7(B.E) (2.124) ; (2.134)
oL B — GE
B0 = e |
B 1+ F—G®
oL E —GB $5:84)
D=b’—=_———'.
°E +/14+F—G2
18A
B = . P U e
rotA; E =% —edd (3.14)
rotB4+128 —0:  divB=0 (3.28)
c ot
12D : P
rOtH——c—é?—O, divD = 0. (3.4.A)

’ Our field equations (3.28) and (3.4a) are formally identical with Maxwell’s
X Mona for a substance which has a dielectric constance and a susceptibility,
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being certain functions of the field strength, but without a spatial distributio
of charge and current.
For the energy-impulse tensor we find :

. s AN IR
(=) T Lgs P o @
is, S8 28 U
[&] C C

4nX, = H,B, + H,B, — D.E, — b2L

4nY, = 4=X, = —H,B, — D, E,
4?" e TR T : (3.6
4nU = D,E, + D,E, + D,E, + b’L

One gets another set of expressions for these quantities by changing L, B, E,
H, D into H, H, D, B, E.
The conservation laws are :

oX, , 3%, 9%, _ 1%,

O oy 0z c? ot

8, _ _ U
oz ot

28 28 (3.84)
SRy
ox 5 0 +
The function H is given by
H=v14+P—-Q*—1 (4.12a)

(D*—H); Q= bl* (D . H). (4.64); (4.74)

Solving (3.3A) we obtain :
B—pdH__ H+QD
°H  +/1+4+P—Q?
E—pdd___DiQH
D 414 P—Q?

(3.104)

§ 6. Static Solution of the Field Equations.
We consider (in the cartesian co-ordinate system) the electrostatic case

where B = H = 0 and all other field components are independent of ¢. Then

the field equations reduce to :
ot E =0

div D = 0.

61
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-%ﬂ fe solve this equation for the case of central symmetry. Then (6.2) is
mply S
- = 6.3
df (rﬂD T) 0: ( )

 nd (6.3) has the solution
D, = e/r®. (6.4)

'« 0 this case the field D is exactly the same as in Maxwell’s theory : the sources
S£D are point charges given by the surface integral

Q
5! dme = | D, do. (6.5)
Zrhe equation (6.1) gives d;,s
By =iy == i {r) (6.6)
and from (3.34)
D, — E, e e m 67

I'he combination of (6.4) and (6.7) gives a differential equation for ¢ (r) of the
irst order, with the solution

() =>F(): fla) = IV%:- \/i (6.8)

This is the elementary potential of a point charge e, which has to replace
ulomb’s law ; the latter is an approximation for z > 1, as is seen im-
ediately, but the new potential is finite everywhere.
With help of the substitution z = tan { one obtains

S"

Downloaded from https://royalsocietypilblishing.org? on 04
B

— i3 —_—
e b s = O — k(75 ). (6.9)
where =
f = 2 are tan z, (6.10)
and F(k,£)is the Jacobian elliptic integral of the first kind for k = ~1§ =sin}n

(tabulated in many books)t

R L B dap
P(75F)= ot (611)

t B.g., Jahnke-Emde,  Tables of functions ™ (Teubner 1933), p. 127.
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For = = 0 one has

f(0)=F<%,i'n:>=l,8541.

The potential has its maximum in the centre and its value is

¢ (0) = 1,8541 e/r,,.
2-6

-8
6
-
.4}_
-
.2’_
o
L l 1 iz 1 1 — S
c | 2 3 4 5 6 7 8 9 0
x
Fic. 1.

The function f (z) is plotted in fig. 1. Tt has very similar properties to {
function arc cot #. For example, one has -

B (1/2) = 2 arc tan 1)z — 2 (4= — arc tanz) =« — B (2);
on the other hand
1

(32 gn=F)= ()



Foundations of New Field Theory. 441

- Therefore one has
S (@) + f (1/x) = [ (0). (6.14)
' |§ is sufficient, therefore, to calculate f (z) from z = 0 to z =1 or from § =0

o B =}n.
One sees, that the D field is infinite for » = 0 ; E and ¢, however, are always

inite. One has

D, =e/r, (6.4)
N ST | (6.15)
8 7'02\/1 S ("/"'0)4
g The components E,, E,, E, are finite at the centre, but have there a dis-
éfonﬁnuity

§ 7. Sowrces of the Field.

= In the older theories, which we have called dualistic, because they considered
Zpatter and field as essentially different, the ideal would be to assume the
- articles to be point charges ; this was impossible because of the infinite self-
é’n&rgy Therefore it was necessary to assume the electron having a finite
ﬁlmmeter and to make arbitrary assumptions about its inner structure, which
Head to the difficulties pointed out in the introduction. In our theory these
Sifficulties do not appear. We have seen that the p,; field (or D-field) has
gh singularity which corresponds to a point charge as the source of the field.
sp and E arve identical only at large distances (r > 7,) from the point charge,
§but differ in its nelghbourhood and one can call their quotient (which is function
%—of E) * dielectric constant ” of the space. But we shall now show that
Eu;nother interpretation is also possible which corresponds to the old idea of a
' Sspatial distribution of charge in the electron. It consists in taking div E
l E(mstead of div D = 0) as definition of charge density p, which we propose to
Eeall * free charge density.”

04

§ Let us now write our set of field equations in the following form :

s

o a A\ = ki

E “”PE{LL =0 (3.4)
Q 0 a o/ — *Ai

A aﬁf,f 4+ f'"‘ - C‘g'",' =0, or (——t_\ ang = (). (3.2)

P* s a given function of £* and if we put in (3.4) for p*' the expression (3.3),
in which L is not specified, we obtain :

o ~
—{ B/ + 2 V= )= i
~ We can now write the equation (7.1) in the form :

N — g f*t yd_ B
—\/—33¥L=4n9" vV—y, (7.2)
VOL. E V—A. 2 L&)
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where
s 8 ;oL o /6L
= 3 OLJoF G (a—F) R A - (m)}'

The equations (7.2) and (3.2) are formally identical with the equatio 18 o
the Lorentz theory. But the important difference consists in this, that g
is mot a given function of the space-time co-ordinates, but is a function q{
unknown field strength. If we have a solution of our set of equations, we u
able to find the density of the ** free charge ™ or the * free current ”* with hi
of (7.2) or (7.3). '

We see immediately that p* satisfies the conservation law :

aTP- =0
@ !
This follows from (7.2), that is from the antisymmetrical character of f *, and can
also be checked from (7.3).

In Lorentz’s theory there exists the energy-impulse tensor of the electro-
magnetic field, defined by

47 Skl — é 8;;‘ F —fufkn

but its divergence does not vanish, where the density of charge is not
Therefore to preserve the conservation principle in the Lorentz’s theory it wi
necessary to introduce an energy-impulse tensor of matter, M*, the meaning of
which is obscure. The tensor M,' had to fulfil the condition that the di
gence of S.' 4 M, vanishes. This difficulty does not appear in our the
We do not need to introduce the matter tensor M,' because the conservatiol
laws are always satisfied by our energy-impulse tensor T,.

We shall, however, show that it is possible by introducing the free charges
bring our conservation law

T ;i =0

into the form used in the Lorentz theory, namely,

Skxlk =f’k P
The calculations are similar to those used in § 3. The simplest way is #
choose a geodefic co-ordinate system. We have then :

of ki
L

oy Yin g Los o
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Mltiplying (3.2) by f* we find :

of ¥ Y B g
b (af™) =2 2 ) = L
- ad therefore 5 5
i 2 Fal™) = el (") = fund®, (7.8)
,gnd taking account of (7.5) :
2 B it ot (7.9)
Z ox*
z
<Cvne can derive the same equation directly from the conservation formula

=y .8) writing it, in a geodetic co-ordinate system, in the form
: aT .k
= i
2 =0, (3.8)
&
£ ad introducing the expression (3.6) for T, ¥, The two methods are equivalent.
== Let us now specialize our equntnons for the case in which L has the form given
ét (2.15). We obtain then for g* in (7.3)
S i 1 Y
Q
RS - de® — ki S = il cogny s Ao L |
.% AV (12[[ a-bl(\/l-i—F—G”“ f az‘(.-\/l—i-F——Gz)J'
2 (7.10)
= the space-vector notation, where
VJ
I
§ (P1s P2 P3s Pa) (\?: P)’
g @ have
=)
1 1 1 ; 1 :
ol i = = . PR — ]
g "o it \® x e (i)
% V14 F —G2/J
A 1 s @ 1 \
+c\/1+F—G2lE3f(\\/1+F—G2) ;
. (7.10a
ot\vV1+F— G2/)
L ‘1‘ 3 —“_ —————
T oy TE- gmd(x/H-F %)
= \)
— B. grd (i) J
262
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We shall now apply the results here obtained to the case of the st
field. In this case E is always finite and has a non-vanishing di
which represents the free charge. We can, therefore, regard an
either as a point charge, 7.e., as a source of the D (p,,) field, or as a conti
distribution of the space charge which is a source of the E (f,;) field.
casily be shown that the whole charge is in both cases the same (as is t
expected). Both

fdidev and jdivEd‘v

have the same value, #.e., 4we. For the first integral it has been shown i
§ 6. For the second we have

everywhere else E, is finite. The discontinuity of E,, E,. E, at the onigi
is also finite and gives no contribution to the integral. Therefore

j‘divEdv=47:j-pd'v=41:e.

Let us now calculate the distribution of the free charge in the statical case
We could calculate it from the equation (7.104), but it is easier to do it fron
the equation

) 1d
divE = 2 (rE, ) = 4mp,
where
S R (T
T 10 V1 (r)ry)
The result is
e
RS 182
e (14 (D))
Zmo fo <1 + (To 4 /)

For r > 7y, g = r 7, therefore diminishing very rapidly as r increases.
r< 7y, p % 1Jr, therefore p — o, but 7% —0 for r = 0. It is easy to Veri
that the space integral of g is equal to e. For one has, putting »/r, =

.dzk w_ﬂ—?ﬁ_— ~1r/2 b dy
JP” 3 r(1+r‘) —-ejo cos ¢pdy = e.

9 0 9’0 \ 9‘0‘
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Our theory combines the two possible aspects of the field ; true point charges
~ ad free spatial densities are entirely equivalent. The question whether the
. ne or the other picture of the electron is right has no meaning. This confirms

he idea which has proved so fruitful in quantum mechanics, that one

as to be careful in applying notions from the macroscopic world to the world of
. toms: it may happen that two notions contradictory in macroscopic use are
uite compatible in microphysics.

N
N

S

*%‘ § 8. Lorentz’s Equations of Point Motion and Mass.
~<%D We consider once more the problem of the electron at rest. We intend to
< alculate the mass and to determine the absolute field constant b in terms of
Hc; bservable quantities. It is convenient to use the space vector notation.
C\:D The impulse-energy tensor is according to (3.68)

3 B :

t =—D,E, — L= —

g - V1 — 1P°E*

= ol iy

E #(A/1-fE—1)

= E, E,

BET:X'= = D’ E' _— \/ﬁﬂ

g3 —1/B*E :
= . (3.60)
= S,, = S, = S, =)

> b,

RixU=D. E—i—b’L—baH—bz ,\/1__1«:2_1)

§ E2 1

= 3 ‘

g V1— 12 E \\/1_1/1,2[.;2 1>J

=

%Ws calculate the space integrals of these quantities. Obviously one has with
< v = dx dy dz

S

'ahc[x.dv=4nfy dv = 42, dv j—L

g; e =T

—b=J< \/1 —b~2E2 — ll)d'v (8.1)
jx, dv = 51(. o= j'z, @ = 0. (8.2)

- Using (6.15) and (6,8) we find :

|X. a0 =021, — 1), (8.3)

}
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where

L=, (- i) 2

L=i], A=V

The integral I, can be transformed by partial integration :
w0 2

L—3[ (1 _\/—l——m‘)%d"’:[%(,l_\/—%‘) | +§j:(1+ ;

The first term vanishes ; the second can be transformed by another partial
integration :
i Wt g s T j S D TRa
L——3[ s L(omml =3 rom— L=

The result is the so-called *‘ theorem of Laue "t
!’X,dvz IY,dv =jZ,= dv = 0.

In the statical case and in a co-ordinate system in which the electron is at
the integrals of all components of the tensor T’ vanish except the total e

b2
E=JUdv=erdv.
.

We find from (3.6¢), (6.15), and (8.4)
2 3
E = mg? — 33 (8I, — I) = & 21, — § = £(0) = 1-2861 2.

We have obtained a finite value of the energy or the mass of the electron with
definite numerical factor. This relation enables us to complete our th
concerning the value of the absolute field b in the conventional units.
(8.6) gives the “ radius ” of the electron expressed in terms of its charge ane
mass :

ro=1-2361 — = 2.:98 > 1072 em;
WG
and

b= -£ —9,18.10% es.u.
72

The enormous magnitude of this field justifies the application of the Maxwe

+ Mie, < Ann. Physik,” vol. 40, p. 1 (1913).
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quations in their classical form in all cases, except those where the inner

. tructure of the electron is concerned (field of the order b, distance or wave-
- ength of the order 7).
It can be shown that the motion of an elementary charge, on which an
»xternal field is acting, satisfies an equation which is an obvious generalization
»f the classical equation of Lorentz. To find this equation we shall use here a
sartesian co-ordinate system.

We assume that the strength of the external field in a region surrounding
the electron is very small compared with the proper field of the point charge.
- 3We denote the proper field of the electron by

(0) f (0) (8.9)

= fu'; (8.10)

st 2022

4 Aug

S and the external field by

= P> [0 P> 0 (8.11)
n

Tg inside the sphere surrounding the electron, it follows evidently that the real
%solution of the field equations cannot be very different from that obtained by
-8 adding the unperturbed proper field and the external field. We construct
@ therefore a sphere 89 with its centre at the singularity of H and with a radius
%r“” which is so small, that inside the sphere (8.11) is always satisfied. But the
£ radius 77 of the sphere has to be great compared with the radius of the electron,
Qso that we can assume the validity of Maxwell’s equations on the surface of
= the sphere just as outside the sphere.
&  We make the further assumption that the acceleration (curvature of the

S
“_3 world line) is not too large, i.e., one can choose the radius in such a way that
2 the field p,," inside 8 is essentially identical with that of the charge ein
_‘_3 uniform motion and can be derived from the formula of § 7 by a Lorentz
' § transformation. Now we split the integral
o
a Hd~ (8.12)
into a part corresponding to the sphere 89 and the rest of space R.  In 8@ we
have
H=v1—§p,p"—1 \L
=/1—1p,© p® F_ p“unfum — 3O fOR 5 (8.13)
Q=0 J
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Corresponding to (8.11) one can consider the terms f,,'9 f@* a5 small of
first order (compared with f,,'" fO%)  the terms f; f“* as small
second order, and these latter will be neglected. Then we have by devel
(8.13) and using (4.14) :

H=v1—3p"pY% — 1 — } f,, @ f Ok :.r ‘
which holds inside the sphere 8.  We can write (8.14) in another form :

H=H® _} f,0f@"__ 3l f Ry
HO — /T — }p9pO% — 1 ]

holds not only inside but also outside the sphere. Forin R the equation (8.1
takes, according to our assumptions about %, the following form :

H= — i_pkl(O)p(O)kl Ad. éf“((l)f(l)kl Y1k ifkl(e)f(a)kl
pmay if“m)f(mkt L %fkltc)f(o)kl e ifk‘(a)f(-)kt. ;-’.:

This is, however, the known expression for H in Maxwell’s theory ; (L = — H),
Therefors (8.15) holds as well in the sphere 8 as in R. One has

J. Hdr = J’ H®dr — 1 qu(o) Fem g 3 j fa@ fORdr,  (8.10)

‘We introduce the notation

e = j H® dy — } J‘fu(o’f(‘"" dv —} Isz“’f"’“ dv,

and have for the action principle

5 [ Aa=o.
The integral

j- f”'(a) f(a)kl dr

in (8.17) gives zero, because

(e)ki
Yo =05 (o=0).

If we bear in mind that in the co-ordinate system, where the point charge is 8
rest,jH‘“’ dv is proportional to the mass, we have :

J' HO gy — moc’j\/i_—_vT/c:-*dv,
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‘here v is the velocity of the centre of the electron. In the second integral

- £ (8.17) we have -
S =a—‘§§ — ?—‘g%- (8.23)
3 7

Af 0k
~ind by partial integration we find, using 14 e 4np* :

B oM ot = — 4n|’¢»lm ot dv dt. (8.24)

[he additional surface integral over the infinitely large surface can be omitted,
jecause it gives no contribution to the variation (8.19). The result is:

ublishing.org/ on 04 August 2022

A=me2V1 — v¥c — \ ' p" dv. (8.25)

We ean write (8.25) in the space-vector form :

-

A =me VI — vt — \ o dv |

| -

\' Al do. (8.254)

-~

An electron behaves therefore like a mechanical systemf with the rest mass m,
acted on by the external field f,,'“.]

If the external potential is essentially constant in a region surrounding the
electron considered, the diameter of which is large compared with r;, one gets
instead of (8.25) :

typ

F

j Ndl'= ‘ my* V1 — v¥e® + e (¢ — v A9 )e), (8.26)

and this is entirely equivalent to Lorentz's equations of motion. But our

T Born, ‘ Ann. Physik,” vol. 28, p. 571 (1909); Pauli, ** Relativititstheorie,” p. 642
(Teubner).

$ The method used in 1 for deriving the equation of motion is not correct. It started
from the action principle in the form

8[Ld-r=0 (instead SIHdr =0);

- Downloaded from https://royalsocie

then in the development instead of the coefficients f,(® the P! appear, which become
infinite at the centre of the electron. Therefore the transformation of the space integral
is not allowed. In the first approximation we have

x ”

iy = Drpl® - pral®
&k ot Piy = Pry iy

Sev=JFua® + frt®).

The mistake in the former derivation is also shown by the wrong result for the mass (the
~ numerical factor was half of that given here).

&

$
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formula (8.25) holds also for fields which are not constant. Any field ¢
split up in Fourier components or elementary waves; we may consider e
of those separately, and choosing the Z-axis parallel to the propagation of ft
wave, we can assume that ¢, is proportional to ¢***, Then we see
this Fourier component gives a contribution to the integral (8.25) of the
(8.26), where ¢, is now the amplitude of this component and e has to
replaced by an * effective ”* charge ¢, given by

‘e

e = ‘. Peﬂfrl’ﬂfhd,v_

Using the expression of p given by (7.12), and putting z = r cos ¥,
dv = r*sin & dY de dr,

w e 2 Lreir
&= ia —'—r_d:l_‘alﬁ i sin 9 d .
7o r (1 i )
0 0

The § integration can be performed, and one can write

one has

;:eglzﬂq‘ e

2% 1 #in
S s@=2| G pm®

decreasing wave-lengths the effective charge diminishes, as the little tabl

g (x) shows :(—
Table of g (z).T

|

. g (x). ‘ . g ().
0 1 1-25 0-796
0-1 0988 1-50 0-730
0-2 0-984 1-75 0-659
03 0-968 2-00 0-588
0-4 0-959 2-25 0-526
05 0-949 2-50 0-457
06 0-929 3-00 0-347
0-7 0-917 3:50 0-252
0-8 0-901 4-00 0- 186
0-9 0-880 5-00 0-094
1-0 0-856

The decrease begins to become remarkable where 2 ~ 1, or A ~ 27 4
large @ one has g (z) = 2/a2.

T Caleulated by Mr. Devonshire.
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If we introduce the quantum energy corresponding to the wave-length 2
oy B = he/», then using (8.6) one has

2nrg _ j.9362% B _1:286 E e
A he mg®  137-1mye® 111 mye®

$==

© = 1 corresponds to a quantum energy of about 100 myc* = 5. 107 e. volt.
For energies larger than this the interaction of electrons with other electrons
(or light waves excited by those) should become smaller than that calculated
. by the accepted theories. This consequence seems to be confirmed by the
astonishingly high penetrating power of the cosmic rays.

Summary.

The new field theory can be considered as a revival of the old idea of the
electromagnetic origin of mass. The field equations can be derived from the
postulate that there exists an ““ absolute field ”* & which is the natural unit for
all field components and the upper limit of a purely electric field. From the
standpoint of relativity transformations the theory can be founded on the
assumption that the field is represented by a non-symmetrical tensor a,;, and
that the Lagrangian is the square root of its determinant; the symmetrical
part g,; of a,, represents the metric field, the antisymmetrical part f;; the
electromagnetic field. The field equations have the form of Maxwell’s equa-
tions for a polarizable medium for which the dielectric constant and the magnetic
susceptibility are special functions of the field components. The conservation
laws of energy and momentum can be derived. The static solution with
spherical symmetry corresponds to an electron with finite energy (or mass) ;
the true charge can be considered as concentrated in a point, but it is also
possible to introduce a free charge with a spatial distribution law. The motion
of the electron inan external field obeys a law of the Lorentz type where the
- force is the integral of the product of the field and the free charge density.
From this follows a decrease of the force for alternating fields of short wave-
lengths (of the order of the electronic radius), in agreement with the observa-
tions of the penetrating power of high frequency (cosmic) rays.
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