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ABSTRACT. In this paper we study set expansion in finite fields. Fourier an-
alytic proofs are given for several results recently obtained by other authors
using spectral graph theory. In addition, several generalizations of these results
are given.

In the case that A is a subset of a prime field F}, of size less than p'/? it
is shown that [{a2 +b : a,b € A} > C1]A|147/146 and \{b%ll i a,be A} >
Ca|A|M0/109 " where | - | denotes the cardinality of a set and Cq and Ca are
absolute constants.

1. INTRODUCTION

Given a finite set © of maps {f; : X¢ — Y}, we say that © is a d-dimensional
expander from X? to Y with expansion index s > 1 if
max [fi(A9)] > C,lAl"

1<i<m
for all finite subsets A C X possibly under some structural or density assump-
tions. Several classical problems in additive and geometric combinatorics deal with
showing that certain sets of polynomials have the expander property. For example,
Erdds and Szemerédi [8] conjectured in 1983 that given a set A C Z that either
the size of the sum-set A 4+ A or the size of of the product-set A - A is essentially
quadratically large, that is

max(|A + Al, [A-AJ) > CJAP,
and proved that

max(|A+ A, |A-A]) = CilAl%,
for some k € (1,2), which means in the expansion language that {1 + @2, z122} is
a two-dimensional expander from Z? to Z. Explicit bounds on the expansion index

k later were given by Nathanson ([I9]), Ford ([9]), Elekes ([6]) and Solymosi ([26]).
The best-known bound, due to Solymosi ([28]), is given by

|]|4/3
m A+ Al |[A-A)> ——m—————.
aX(‘ + |? | D = 2’71Og2 |AH1/3

A similar sum-division estimate obtained by Shen and the second author ([17])
states that max(|]A + Al,|A/A]) > %.
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The sum-product problems also have been explored in the context of a variety
of rings. In the case of finite fields F,, the problem becomes more complicated due
to the fact that one may not rely on the topological properties of the real numbers.
It is known, however, via ground breaking work in [3] that in a prime field F,, for
any € € (0,1), there exists a £ > 1 such that for all A C F, with |A| < p'~¢,

max(|A + A, |A-A]) > C.|Al".

This bound was given via combinatorial means and did not yield a precise relation-
ship between k and e. In [I4] the first author, along with Tosevich and Solymosi,
used Fourier analysis to develop incidence theory between points and hyperbolas
in ]Fg, the two-dimensional vector space over F,. This led to, for the first time, a
concrete value of x, for |A| > ¢'/2. This bound on |A| is natural in finite fields
which are not necessarily prime fields where subfields of size ¢'/? give the trivial
bound. Later a pioneering work by Garaev ([10]) gives explicit bounds for all ranges
of |A| in prime fields.

For a variant of sum-product problems, Solymosi ([27]) applied spectral graph
theory to obtain the following bounds:

max(|4 + B, |£(4)+ C|) = M- min(|A]"/2g"2, |A|[B[2|C]"/2g~1/2),

for a class of functions f, where A, B, C are subsets of F, and M is a universal con-
stant depending only on the degree of f. Setting B = f(A) and C' = A immediately
gives a Garaev-type ([I1]) estimate |[A + f(A)| > M - min(|A|Y/2¢"/2,|A|2q~1/?),
which in turn implies that xz1 + f(z2) is a two-dimensional expander for “large
subsets”; here and afterwards, a subset of a finite field is called large or small if the
square of its size is greater than or less than that of the finite field. This result
is analogous to the work done by Elekes, Nathanson and Ruzsa ([7]) in the real
numbers. However it was shown later in 4] that the class of functions f in the
above estimates only contains quadratic polynomials.

In [31I] Vu used spectral graph theory to classify the polynomials f(x1,z9) for
which if |A + A| is small, then |f(A, A)| is large. Specifically, it was shown that if
f is a “nondegenerate” polynomial, then

max(|A+ Al, [f(A,A)]) > M -min(|APg 2, A2/,

as before, M is a universal constant depending only on the degree of f. This result
means that {z1 + 2, f(z1,22)} is a two-dimensional expander for large subsets
(also see [23] for the same problem in a real setting).

In this paper, we shall mainly use Fourier analytic methods to study set ex-
pansion phenomena for large subsets in finite fields. In particular, we develop an
incidence bound between points and polynomial curves in finite fields which is anal-
ogous to the main result in ([7]). Our incidence bounds not only give us nontrivial
results on the sum-product problems for a very general class of functions, but also
give us nontrivial lower bounds on the mixed-operations sum-product problems (see
section for details). We also use Fourier analytic methods to give a new proof
for the generalized Erdés distance problem studied by Vu ([31]).

In prime fields it follows from the result of Glibichuk and Konyagin ([13]) that
for |A| < p'/? one has that |A- A+ A| > C|A|7/S. This shows that 2,29 + x3 is a
three-dimensional expander for small subsets. Bourgain ([1]) answered Widgerson’s
two-variable expander construction problem, especially showing that z1(x1 + x2)
and z1(z2 + 1) are two-variable expanders. However, Bourgain did not give explicit
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expansion indexes. In the latter case, Garaev and the third listed author ([12])
showed that the expansion index could be taken to be 106/105+0(1). On the other
hand, from the work of Pudldk ([21]) or a private communication with Croot ([5]),
we know that when |A| < p'/? with p prime, then |{z + ¢ : z,y € A}| > C,|Al*
for some k > 1. Pudlék’s proof relied on the finite field Szemerédi-Trotter incidence
theorem while Croot’s one relied on the classical version of the Balog-Szemerédi-
Gowers theorem; thus no explicit expansion index has been determined yet. In this
paper we shall for the first time provide a concrete expansion index for x + y2.

Throughout this paper we will write X <Y to mean X < CY, where C' is a
universal constant, which may vary from line to line but is always universal. We will
use X Y tomean X < C(log|A|)*Y. It is also clear that when the quantities
X,Y have f(A) involved for some polynomial f, the implied constant may also
depend on the degree of f.

2. SUM-PRODUCT ESTIMATES FOR LARGE SETS

Let G¢ = Gy x --- x Gg, where G; € {Fg,F;} and the group operation © is
inherited from each coordinate group. Define the Fourier transform of any given
function f: G¢ — C by

FOO =167 Y f@)X(a),

zeGe

where X = (x1,...,xq) and x; denotes the additive or multiplicative character
corresponding to G; and by the function x(z) we mean xi(z1) - - xa(zq).
We also define the convolution of functions f, g by

(fxg)x) =Y fglzoy™),

yeGd
where y~! is the inverse of y in GY. Then the following are easy to verify:
(2.1) f(@) = x(@)F(x),
X
(2.2) Fx900 =16 f(00300),

(2.3) > F@)gle) = 169> F0ak0)-

Define (]29]) the uniformity norm (or Fourier bias) of f by

~

1/l = max [F(OI,

where by x° we mean (xJ,...,x9) for X? the trivial character of the coordinate
group. We first give a modified version of a lemma of Solymosi ([27]).

Lemma 2.1. Suppose that X,Y,P C G%. Then

{(z,y) € X xY 20y e P} - IX[IVIIPIG7!| < [ X[l VIYIIPIIGY.
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Proof. Since
{(z,y) e X XY iz 0y € P} =) (X*Y)(2)P(2)
=G> X *Y(x)P(x)
X

=1G*> X ()Y () PX),

we have
{(@,9) € X x Y iz 0y € P} - [X|IV[P|G 7| < G D [X(0)Y ()P
x#x°
<IG*PIX Nl > Y OOIPX,
x#x°
which in turn by Cauchy-Schwarz and Plancherel is < |G?||| X||.+/|Y | P|. O

We say that a set F' is Salem with constant C' if

IFll. < CVIFIIGY ™.

Let P = X ®Y, where X is a subset of a Salem set X with constant C. Then one
has that

< {(z,y) € XxY :x0y € P} < |X ® + X oY
XIIY] < [{(z,y) € XxY P} < XY XOY|IGY T +C\/|X|IY||X @ Y]

This gives the following theorem.

Theorem 2.2. Suppose X C G% is a subset of a Salem set X with constant C.
Then for any Y C G% one has that

X © Y| > min(|GY| X[ X]7!, CTXPYIIX|T.

Remark 2.3. This theorem can be viewed as a finite field version of the main
theorem in [7] by Elekes, Nathanson and Ruzsa, in which the authors investigated
the incidences between points and convex curves in the real plane, and applied
the incidence bound to show that |S + T'| > min(|S||T), |S|?/?|T|*/?) for any finite
subset S of a strictly convex curve in R?, while T is arbitrary.

2.1. Salem sets. Let F,; be a finite field with characteristic p, and Tr : F, = I,
be the absolute trace function. It is well known ([18]) that the function X defined
by
X(c) = exp(2miTr(c)/p) (c € Fy)

is a character of the additive group of Fy, and every additive character x of F, is of
the form x(c) = Xx(bc) for some b € F,. Note also that the group of multiplicative
characters of F, is a cyclic group. Denote by N(f) the number of distinct roots
of f € F,[x] in its splitting field over F,. Then it is easy to see that N(fig/) <
N(f)+ N(g) for any i,j > 0.

The classical bound due to Weil as well as its generalization for mixed character
sums may be used to show that certain sets X defined by polynomials are Salem.

Theorem 2.4 (Weil’s Bound [I8, 20]). Let x be a nontrivial additive character of
F, and v be a nontrivial multiplicative character of Fy of order s.
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(1) Suppose that f € Fy[x] satisfies ged(deg(f),q) =1. Then we have
|3 (@) < (deg() - Dva
z€F,

(2) Suppose that g € Fy[x] is not, up to a nonzero multiplicative constant, an
s-th power of a polynomial in Fy[x]. Then for any f € Fylx] we have

| > XU @)lg(@)| < (deg(h) +d~1)va

z€F,

where d is the number of distinct roots of g in its splitting field over Fy.
Particularly, taking f to be some constant function, we get

> vlele)| < @-1)va

€l

Corollary 2.5. Let p be the characteristic of F,. Suppose f,g € Fylz] with M =

deg(f) + deg(g) < p and define F = {(f(z),9(z)) € G*}.
(1) Let G* =TF, x F, and suppose 1 < deg(f) < deg(g). Or,

(2) Let G* =F, x F; and suppose ged(deg(g),q—1) = 1. Or,

(3) Let G? = Fy x 3. Suppose f contains some irreducible factors thal are
not factors of g such that the great common divisor of the powers of these
factors in the canonical factorization of f is 1, and vice versa.

Then F is a Salem set with constant M.
Proof.

Case 1. Suppose (x1,x2) # (X%, x%). There exist by,by € Fy, not all b; equal to
zero, such that

x1(c) = X(bic), xa(c) = X(b20).
Thus
F(x1,x2) Z xi(f (9(z)) = Z X(b1f(@) + bag(x)).

z€F, z€F,

Since (b1,b2) # (0,0) and 1 < deg(f) < deg(g), we have that by f(x) + bag(x) is a
polynomial of positive degree < max{deg(f),deg(g)} < M. By Theorem [24(1), F’
is a Salem set with constant M.

Case 2. Suppose (x,v) # (x°,¢°) and let ¥ be one of its generators of the group
of multiplicative characters of F,. If ¢ = ¢°, then by Theorem [Z4(2) we are done
since M < p. Next suppose 1 # ¥°. Thus there exists 1 < k < g — 2 such that

S (’(Z)k Thus
F(x.v) = > x(f@)lg() = > x(f(@)d(g" (@)

z€F, z€F,

Since 1 < k < ¢ — 2 and ged(deg(g),q — 1) = 1, g* could not be a (g — 1)-th power
of a polynomial. By Theorem 24(2), F' is a Salem set with constant M.

Case 3. By assumption, we may write
f — Qtlll (212 . Qgsplelpzw . Pﬁn’
g= R?lR? .. .thplf1p2f2 ) ..R{n7
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where Q1,--- ,Qs, P1, -, Py, Ry, -+, Ry all are distinct irreducible polynomials,
ei, fi >0, gcd(ar, -+ ,as) = ged(by, -+ ,by) = 1. Now suppose (wl,wg) # (Y0, wo)
Following the notation used in Case (2), we may write ¢ = ()%, ¢y = (¥)4,
OSk,qu—Q k+j > 0. Thus

F(r,2) = > n(f (9(x)) = > d(f(@)*g(x)’).

z€Fy z€Fy

Suppose f¥g7 could be a (¢—1)-th power of a polynomial. Then for all i < s,m <t
we have

(¢ — Dlkai, (g —1)|jbm.
Thus
(¢ = Dlged(kay, - kas) = k, (g —1)|ged(jb1, -+, jbm) = 7,
which implies j = k = 0, a contradiction. Therefore by Theorem 24(3), F is a
Salem set with constant M. O

2.2. Sum-product estimates. Let p be the characteristic of Fy and f, g € Fy[z].
Let F' = {(f(x),g(z)) € G?}. For A, B,C subsets of F, we let X = {(f(z),g()) €
G?:z€ A}, X =Fand Y = B x C. Then combining Theorem 2 with Corollary
gives the following generalization (at least if one’s attention is restricted to
polynomials of integer coefficients) of Solymosi ([27]).

Theorem 2.6. Let p be the characteristic of Fy and f,g € F,[z].
(1) If 1 < deg(f) < deg(g) < p, then

|£(A) + Bllg(A) + C| Z min(|Alg, |A]?|B||Clq™).
Particularly, one has
|f(A) + g(A)| Z min(|A]'/2¢"/2,[A]?q71/).
(2) Suppose ged(deg(g),q— 1) =1 and deg(f) > 1,deg(f) + deg(g) < p. Then
|f(A) + Bllg(A)C| Z min(|Alq, |A]’| B||Clg™).

(3) Suppose f contains some irreducible factors that are not factors of g such
that the greatest common divisor of the powers of these factors in the canon-
ical factorization of f is 1, and vice versa. Suppose deg(f) + deg(g) < p
Then

|f(A)Bllg(A)C| Z min(|Alq, [A[*|B||Clg™).
Particularly, one has

|/ (A)g(A)] Z min(|A]"/2¢"/2, |APPq~2).

2.3. Vu’s nondegenerate polynomials. We give a generalization of Vu’s result
([31]) using Theorem Following Vu, a polynomial P € F,[z1,z2] is said to be
degenerate if it is of the form @ o L, where @ € F,[z] and L is a linear form in
x1, 2. We first recall the Schwarz-Zipple lemma ([29]) and the Katz theorem in
[15].

Lemma 2.7 (Schwarz-Zipple). Let f € Fylz1,...,z,] be a nonzero polynomial with
degree < k. Then

e €T < f(x) = 0}] < kg™
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Theorem 2.8 (Katz). Let P(x1,x2) be a polynomial of degree k in FZ which does
not contain a linear factor. Let P~ = {(z,y) € F2 : P(x,y) = 0}. Then

1P~ S kg2,
that is to say, P~' is a Salem set with respect to Fg.

Theorem 2.9. Let P be a nondegenerate polynomial of degree k in Fy[x1, z2]. Then
for any E, F C ]Fg with |E| > Ck%*q, C > 1 is a fized constant, we have

. |Elg |E||F|'/2
P(E)| Z .
P 2 min (20 A
Proof. For each a € Fy, let
P_l(a’) = {(xl,l'g) € ]Fg : P(l’l,{[Q) = a}.

By Vu’s Lemma 5.1 ([31]), there are at least ¢ — (k — 1) elements a,; such that
P — a; does not contain a linear factor. We first call such a; good and the others
remaining bad, then form the bad elements into a set A. With these definitions,
|A] < k — 1. By Lemma 7] for each 2 € A one has |[P7!(z)| < kg. Hence
>sea [P7H(2)| < (k —1)kq, and considering that |E| > Ck?q we get

B\ Pl ~ 1B
zEA
Therefore,
B\ P
E|
> _ €80 |_
|P(E)| = i R

where M = ag[l@i{A |E N P~!(a)]. Now choose a good element a € F,\A which
achieves the above maximum and define

X=ENnP '), X=P'a), Y=F
Combining Lemma [Z7] Theorem 2.8 with the deduction of Theorem gives

M?|F
min(qM, | |>§|X—|—Y§E+F|.
Consequently,
|E + F| |E + F|Y/?
<
MNmax< , V4 F[1/2 ,
which in turn gives
_(_IElq E||F|'/?
P(E)| Z .
PE) 2 min (.

O

Remark 2.10. Applying Theorem Z0to E = F = A x A with |A| > Ckq'/?, C > 1,
gives Vu’s estimate:

max(|A + A, |P(A, A)|) = min(|A|*/3¢/3 | AP 214,
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Theorem 2.11. Let f € Fy[z1,22] be a nondegenerate polynomial of degree k and
define g(x1,22,y1,Yy2) = f(x1 — y1,22 — y2). Then the following two propositions
are equivalent:

(1) f — b does not contain a linear factor for any b € F,.

(2) |g(E, F)| = min(k~tq, k=2\/|E[|F|q~'/?) holds for all E,F C F2.

Proof. (1)=(2): Suppose (1) holds true. For any b € F,, apply Lemma [2] with
G*=F2,X = E,Y = —F,P = f, to get

IEIIFIIbe

My = [{(z,y) € EX F: f(z1 —y1, 32 —y2) = b}| < + 1 foll VBN Flg?,

where f, = {(z1,22) € F : f(z1, 22) = b}. By Lemma 2.7 and Theorem 2.8 we get

k|E||F ETTIE=Toe
M = mba,XMb 5 max(w, k2 |EHF|Q)7
q

which in turn gives

[EIIF]

>
9(E, F)| = =

> min(k~'q, k72\/|E[|Flg~'/?).

(2)=-(1): Suppose (2) holds true. We are trying to prove that (1) also holds true
and argue it by contradiction. Suppose there exists be F, such that f — b contains
a linear factor. Thus (f — b)~*(0) must contain a straight line, say for example L,
as a subset. Now we choose two straight lines E, F' in ]Fz such that £ — F = Z

Consequently, g(E, F) = {b}, a contradiction to (2). We are done.
O

2.4. Multi-fold sums and products.

Theorem 2.12. Given A C F, and © € {+, x}, suppose there exist a,b > 0 such
that for all B C Iy,

|A & B| > min(a, b|B|).
Then for all d > 2 we have

|d® A| > min(a, b1 A]),
where d® A is the d-fold ©-set of A.

Proof. Define a function ¢ : (0,00) — (0,00) by ¢(z) = min(a, bz), where b =
max(b, 1) > 1. It is easy to verify that ¢*)(z) = min(a, b°z), where o) = ¢, (*) =
©*=Y o . By the given assumption, for all B C F, we have |A ® B| > ¢(|B|).
Since ¢ is nondecreasing, we have

A4 = o(|(d = DFA]) = -+ = "V (A]) = min(a, 5" A]) > min(a, b""|A]).

This finishes the proof. |

Combining Theorem with the preceding theorem naturally gives the following
estimate, which improves the relevant results in [14] [30].
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Theorem 2.13. Let A be a subset of Fy and f € F,lz].

(1) If 1 < deg(f) < p, then

AL (A oy
£(A) + A qlf(A) + Al ’

qlA| AP a1
‘df( )| mln(|A+A‘7 |A|(q|A—|—A|) )

\wuzmm(

If 1 < deg(f) < p, then

. Al |A]? d—1
A% > min 4 Al (—————
40 2 min (e M Gy ) )
" 4 AP
q d—1
(A zmin ({0 141 (i)™
(2) If f contains a simple root not equal to zero, then
: Al AP 4
I G Y i
402 min (17cnar A Grena) ™)
and

. (qlA AP a1
) 2 min (A5 141 (),
where dB and B? denote the d-fold sum-set and product-set of B respectively.
3. EXPANDING PHENOMENA FOR SMALL SETS IN PRIME FIELDS
Theorem 3.1. Suppose A C F,, with p prime and |A| < p'/2. Then one has
1A+ A2 > |A|17/146,
where A% = {a®: a € A}.

Theorem 3.2. Suppose A C F;, with p prime and |A] < p
’ A+1

Y2 Then one has

‘ > | A|110/109

The authors believe the above three expanding indexes are far from optimal.
Before proceeding to prove the theorems, we recall two results. The first one is
a variant of the Balog-Szemerédi-Gowers theorem established by Bourgain and
Garaev (J2]). The second one is a Garaev-type sum-product estimate, which is
a slight variant of a theorem obtained by the second author ([I6]), improving upon
the one obtained by Bourgain and Garaev ([2]) and the third author ([24 25])%

Lemma 3.3 ([2], Lemma 2.2). Let A, B be two sets in an abelian group G, and E
be a subset of A x B. Then there exists a subset D C A with |D| 2 |E|/|B| such

that
|D - DI |E]°

A2 pp>
A= BER T BE

E A
where A — B={a—1b:(a,b) € E}.

Lemma 3.4. Suppose A C Fy with p prime and |A] < p'2/23 Then for any
@ e{+ -}, ®€{x,+}, one has |[A® A]® - |[A® A|* > |A]*3.

1'We note that a recent preprint of Rudnev ([22]) gives max{|A + A|, |AA|} > ‘A‘12/11'
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Proof of Lemma B4l Let E®(A, A) be the ®-energy of A, that is,

E®(A,A)=> > | N(y @ A).

r€eAycA
It is very easy to observe that E*(A, A) = E*(A7 A) (%), and from the Cauchy-
Schwarz inequality one has E®(A, A) > \,‘4129‘ ] (#). Tracing back the proof of

Theorem 1.1 in [16], we have E* (A4, A)* < |A]? - |A ® A|®, which in turn yields
E®(A, A)* < |APR - |A® AR (due to &), and 4|1 S |[A A[Y-|AD AR (due to #).
This finishes the proof. (I

Proof of Theorem 3.1l Denote
1 1
B ={(ety, =) smy € dw#ya # —yh < ((A+ NOD > (= y707):

E
Obviously, |E| ~ |A|? and ((A + A)\{0}) + (m) C A? — A% Applying
Lemma B:{I with the ambient group Fy, one can find a subset D C A + A with
|D| 2, ‘A AI so that
A% — A" JA+ A" |[A- AP 2 |D/D| - |A].

There are two cases to consider.

Case 1. Suppose |D| < p'?/23, Noticing the fact that D C A 4+ A and that a lower
bound for |D/D| can be simply established from Lemma B4 we have
A‘16‘5
A+ A+ A+ AP A% - A% A+ AP |A— AP > |DPP% . A10>|7
A+ At At AR A2 = 2204+ A A= AP 2 DA 2
which gives
A+ A+ A+ AP |A% — A2)10 . |A4 AP |A— AP > A%,

Noting % < |A?| < |A|, we apply the Pliinnecke-Ruzsa inequality several times as
follows:
[A+A%]0 A+ A%

|A2]? AP
A7 — (ZA)[-|(—4) — A% _ |A+ A%

A+ A+ A+ Al <

A% — A% < = ,
| < A A
|A+ A%)2  |A+ A%)?
A4+ Al < ~ ,
2] A
A= (—AY)]|(-42) — A |A+ A2
‘4_‘4|S ~ 5
| 2] A

to get |A + A2| > |A[147/146,

Case 2. Suppose |D| > p'2/23. Then |A + A| > |D| > p'¥/% > |A|**/23. From
Ruzsa’s inequality, we also have

|A+ A2 |A+ A%

vy ar
Therefore |A + A%|? > |A+ A| - |A] > |A|*7/23] which yields |A + A%| > |A[*7/46.
]

A+ Al <
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Proof of Theorem B2l Without loss of generality we may assume —1 ¢ A. Denote
B = % and
1 1
jo {(;,%) .2,y € A} C (1/A) x B.
E
Then |E| = |A|? and —A/A = (1/A) — B. Applying Theorem B3.3] with the ambient
AP

group F,,, there exists a subset D C 1/A with |D| > 7 so that
D—DI|-|A]°
A/AL > |7
aap 2 =20

which gives
(3.1) |A/APP? - |BI* Z |D — DI* - |A|*.
By Theorem [B.4],

26
_Jape
~ ‘3‘13

(3.2) |D—DI*-|D/DI* 2 |D|"?

We notice that D C 1/A; thus
(3.3) |A/Al* = |D/D|*.

Combining B1)), B2) and B3) we get |A/A[?6 - |B]3T > |A|™. Thus by applying
the Ruzsa inequality
[A/(A+ D[ [(A+1)/A] _ |BP?
|A+1] |4]
we get |B|1% > | A0, This finishes the proof. O

|A/A] <

Remark 3.5. One may notice that from Theorem we have
A+ A2 2 min(|AY2p1/2, A2 1/2),

Therefore combining Theorem 3.1} one has that x + 32 is an expander for all sizes
of |A]. In addition, we notice that if |A| > p?/3, then

A+ A% 2 V/p Al
Let us show by adopting the Garaev-Shen example ([12]) that this is optimal up to
the implied constant. Let N < 0.01p be a positive integer, M = [24/Np] and let X
be the set of z so that 2 modulo p belongs to the interval [1, M]. Then it is known
that | X| 2 M. From the pigeonhole principle, there is a number L such that

M2
(X O{L+ 1 L+ M} 2 5~ ~N.
p

Take A= X N{L+1,...,L+ M}. Then we have |A| > N and |A + A?| <2M <
VpN.

ACKNOWLEDGMENTS

The second author was supported by the NSF of China (11001174) and the
Texas Higher Education Coordinating Board (ARP 003615-0039-2007). He also
thanks Chunlei Liu and Jian Shen for helpful discussions. The authors thank the
anonymous referee for carefully reading the manuscript.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



472 DERRICK HART, LIANGPAN LI, AND CHUN-YEN SHEN

REFERENCES

[1] J. Bourgain, More on the sum-product phenomenon in prime fields and its applications, Int.
J. Number Theory 1 (2005), 1-32. MR2172328|(2006g:11041)

[2] J. Bourgain, M. Garaev, On a variant of sum-product estimates and explicit exponential sum
bounds in prime fields, Math. Proc. Cambridge Philos. Soc. 146 (2009), 1-21. MR2461864
(2009k:11019)

[3] J. Bourgain, N. Katz, T. Tao, A sum-product estimate in finite fields, and applications,
Geom. Funct. Anal. 14 (2004), 27-57. MR2053599 (2005d:11028)

[4] J. Cilleruelo, Combinatorial problems in finite fields and Sidon sets, arXiv:1003.3576, 2010.
Combinatorica, to appear.

[5] E. Croot, Private communication, 2009.

[6] Gy. Elekes, On the number of sums and products, Acta Arith. 81 (1997), 365-367.
MR1472816(98h:11026)

[7] Gy. Elekes, M. B. Nathanson, I. Z. Ruzsa, Convezity and sumsets, J. Number Theory 83
(2000), 194-201. MR1772612/(2001e:11020)

[8] P. Erdés, E. Szemerédi, On sums and products of integers, Studies in Pure Mathematics,
pages 213-218, Birkhauser, Basel, 1983. MR820223|(86m:11011)

[9] K. Ford, Sums and products from a finite set of real numbers, Ramanujan J. 2 (1998), 59-66.
MR1642873(99i:11014)

[10] M. Garaev, An explicit sum-product estimate in Fp, Int. Math. Res. Notices 11 (2007), Art.
ID rnm035. MR2344270 (2008g:11038)

[11] M. Garaev, The sum-product estimate for large subsets of prime fields, Proc. Amer. Math.
Soc. 136 (2008), 2735-2739. MR2399035| (2009e:11043)

[12] M. Garaev, C.-Y. Shen, On the size of the set A(A+1), Math. Z. 265 (2010), 125-132.
MR2606952(2011b:11022)

[13] A. Glibichuk, S. Konyagin. Additive properties of product sets in fields of prime order, CRM
Proc. Lecture Notes, 43, Additive combinatorics, 279-286, Amer. Math. Soc., Providence,
RI, 2007. MR2359478||(2009a:11054)

[14] D. Hart, A. Iosevich, J. Solymosi, Sum-product estimates in finite fields via Kloosterman
sums, Int. Math. Res. Notices 5 (2007), Art. ID rmn007. MR2341599 (2008i:11037)

[15] N. M. Katz, Sommes exponentielles, Astérisque 79, Société Mathématique de France, Paris,
1980. MR617009 (82m:10059)

[16] L. Li, Slightly improved sum-product estimates in fields of prime order, Acta. Arith. 147
(2011), 153-160. MR2771659

(17] L. Li, J. Shen, A sum-division estimate of reals, Proc. Amer. Math. Soc. 138 (2010), 101-104.
MR2550173|/(2010m:11033)

[18] R. Lidl, H. Niederreiter, Finite Fields, second edition, Cambridge University Press, 1997.
MR1429394/(971:11115)

[19] M. B. Nathanson, On sums and products of integers, Proc. Amer. Math. Soc. 125 (1997),
9-16. MR1343715//(97¢:11010)

[20] H. Niederreiter, Incomplete character sums and polynomial interpolation of the discrete log-
arithm, Finite Fields Appl. 8 (2002), 184-192. MR1894512 (2003a:11155)

[21] P. Pudldk, On ezplicit Ramsey graphs and estimates of the number of sums and products,
Topics in discrete mathematics, 169-175, Algorithms Combin., 26, Springer, Berlin, 2006.
MR2249270(2007h:05107)

[22] M. Rudnev, An improved sum-product inequality in fields of prime order, arXiv:1011.2738,
2010. IMRN, to appear.

[23] C.-Y. Shen, Algebraic methods in sum-product phenomena, Israel J. Math. 188 (2012), no. 1.

[24] C.-Y. Shen, An extension of Bourgain and Garaev’s sum-product estimates, Acta Arith. 135
(2008), 351-356. MR2465717/(2009i:11028)

[25] C.-Y. Shen, On the sum product estimates and two variables expanders, Publ. Math. 54
(2010), 149-157. MR2603593//(2011b:11023)

[26] J. Solymosi, On the number of sums and products, Bull. London Math. Soc. 37 (2005),
491-494. MR2143727|/(2006¢:11021)

[27] J. Solymosi, Incidences and the spectra of graphs, Building Bridges, 499-513, Bolyai Soc.
Math. Stud., 19, Springer, Berlin, 2008. MR2484652//(2010e:05189)

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=2172328
http://www.ams.org/mathscinet-getitem?mr=2172328
http://www.ams.org/mathscinet-getitem?mr=2461864
http://www.ams.org/mathscinet-getitem?mr=2461864
http://www.ams.org/mathscinet-getitem?mr=2053599
http://www.ams.org/mathscinet-getitem?mr=2053599
http://www.ams.org/mathscinet-getitem?mr=1472816
http://www.ams.org/mathscinet-getitem?mr=1472816
http://www.ams.org/mathscinet-getitem?mr=1772612
http://www.ams.org/mathscinet-getitem?mr=1772612
http://www.ams.org/mathscinet-getitem?mr=820223
http://www.ams.org/mathscinet-getitem?mr=820223
http://www.ams.org/mathscinet-getitem?mr=1642873
http://www.ams.org/mathscinet-getitem?mr=1642873
http://www.ams.org/mathscinet-getitem?mr=2344270
http://www.ams.org/mathscinet-getitem?mr=2344270
http://www.ams.org/mathscinet-getitem?mr=2399035
http://www.ams.org/mathscinet-getitem?mr=2399035
http://www.ams.org/mathscinet-getitem?mr=2606952
http://www.ams.org/mathscinet-getitem?mr=2606952
http://www.ams.org/mathscinet-getitem?mr=2359478
http://www.ams.org/mathscinet-getitem?mr=2359478
http://www.ams.org/mathscinet-getitem?mr=2341599
http://www.ams.org/mathscinet-getitem?mr=2341599
http://www.ams.org/mathscinet-getitem?mr=617009
http://www.ams.org/mathscinet-getitem?mr=617009
http://www.ams.org/mathscinet-getitem?mr=2771659
http://www.ams.org/mathscinet-getitem?mr=2550173
http://www.ams.org/mathscinet-getitem?mr=2550173
http://www.ams.org/mathscinet-getitem?mr=1429394
http://www.ams.org/mathscinet-getitem?mr=1429394
http://www.ams.org/mathscinet-getitem?mr=1343715
http://www.ams.org/mathscinet-getitem?mr=1343715
http://www.ams.org/mathscinet-getitem?mr=1894512
http://www.ams.org/mathscinet-getitem?mr=1894512
http://www.ams.org/mathscinet-getitem?mr=2249270
http://www.ams.org/mathscinet-getitem?mr=2249270
http://www.ams.org/mathscinet-getitem?mr=2465717
http://www.ams.org/mathscinet-getitem?mr=2465717
http://www.ams.org/mathscinet-getitem?mr=2603593
http://www.ams.org/mathscinet-getitem?mr=2603593
http://www.ams.org/mathscinet-getitem?mr=2143727
http://www.ams.org/mathscinet-getitem?mr=2143727
http://www.ams.org/mathscinet-getitem?mr=2484652
http://www.ams.org/mathscinet-getitem?mr=2484652

FOURIER ANALYSIS AND EXPANDING PHENOMENA 473

[28] J. Solymosi, Bounding multiplicative energy by the sumset, Adv. Math. 222 (2009), 402-408.
MR2538014/(2010h:11014)

[29] T. Tao, V. Vu, Additive Combinatorics, Cambridge University Press, 2006. MR2289012
(2008a:11002)

[30] L. A. Vinh, The solvability of norm, bilinear and quadratic equations over finite fields via
spectra of graphs, arXiv:0904.0441, 2009.

[31] V. Vu, Sum-product estimates via directed expanders, Math. Res. Lett. 15 (2008), 375-388.
MR2385648|/(2009¢:11023)

DEPARTMENT OF MATHEMATICS, RUTGERS UNIVERSITY, PISCATAWAY, NEW JERSEY 08854
E-mail address: dnhart@math.rutgers.edu

DEPARTMENT OF MATHEMATICS, SHANGHAI JIAO TONG UNIVERSITY, SHANGHAI 200240, PEO-
PLE’S REPUBLIC OF CHINA — AND — DEPARTMENT OF MATHEMATICAL SCIENCES, LOUGHBOROUGH
UNIVERSITY, LEICESTERSHIRE LE11 3TU, UNITED KINGDOM

E-mail address: 1iliangpan@gmail.com

DEPARTMENT OF MATHEMATICS AND STATISTICS, MCMASTER UNIVERSITY, HAMILTON, ON-
TARIO L8S 4K1, CANADA

E-mail address: shenc@umail.iu.edu

Current address: Department of Mathematics, Michigan State University, East Lansing, Michi-
gan 48824

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=2538014
http://www.ams.org/mathscinet-getitem?mr=2538014
http://www.ams.org/mathscinet-getitem?mr=2289012
http://www.ams.org/mathscinet-getitem?mr=2289012
http://www.ams.org/mathscinet-getitem?mr=2385648
http://www.ams.org/mathscinet-getitem?mr=2385648

	1. Introduction
	2. Sum-product estimates for large sets
	2.1. Salem sets
	2.2. Sum-product estimates
	2.3. Vu’s nondegenerate polynomials
	2.4. Multi-fold sums and products

	3. Expanding phenomena for small sets in prime fields
	Acknowledgments
	References

